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Abstract: In this effort we propose a data-driven learning framework for reduced order modeling of 
fluid dynamics. Designing accurate and efficient reduced order models for nonlinear fluid dynamic 
problems is challenging for many practical engineering applications. Classical projection-based 
model reduction methods generate reduced systems by projecting full-order differential operators 
into low-dimensional subspaces. However, these techniques usually lead to severe instabilities in 
the presence of highly nonlinear dynamics, which dramatically deteriorates the accuracy of the 
reduced-order models. In contrast, our new framework exploits linear multistep networks, based on 
implicit Adams-Moulton schemes, to construct the reduced system. The advantage is that the method 
optimally approximates the full order model in the low-dimensional space with a given supervised 
learning task. Moreover, our approach is non-intrusive, such that it can be applied to other complex 
nonlinear dynamical systems with sophisticated legacy codes. We demonstrate the performance of 
our method through the numerical simulation of a two-dimensional flow past a circular cylinder 
with Reynolds number Re = 100. The results reveal that the new data-driven model is significantly 
more accurate than standard projection-based approaches.

Keywords: Reduced-Order Model; Fluid Dynamics; Neural Network; Multistep Method; 
Optimization16

1. Introduction17

The full order model (FOM) of realistic engineering applications in fluid dynamics often represents18

a large scale dynamic system. High-fidelity CFD (computational fluid dynamics) simulations of the19

FOM are so computationally expensive that they put a heavy burden on the computational resources20

despite the available CFD software and supercomputers with thousands of cores. Consequently, the21

use of FOM for such simulations is often impractical and prohibitive for time-critical applications such22

as system identification, flow control, design optimization.23

The reduced order modeling in fluid dynamics is to construct an accurate low-dimensional24

approximation to the full system with orders of magnitude reduction in computational cost. The25

first usage of reduced order model (ROM) in fluid dynamics was by [1] for studying the intensity of26

turbulence and coherent structures. Many recent successful applications of ROM in fluid problems can27

be found in [2–9]28

The Galerkin projection based reduced order model (GP-ROM) is one of the most popular methods29

that has been widely used in practice. The GP-ROM, in an offline stage, first constructs a reduced space30

and then uses the Galerkin projection of the FOM operator to obtain a low-dimensional nonlinear31

dynamical system, i.e., ROM dynamics. The reduced space is often generated by proper orthogonal32

decomposition (POD), also known as principal component analysis. In an online stage, the obtained33

reduced dynamics can be used to approximate the full system efficiently for various applications,34

such as long-term prediction, flow control. However, the projection step requires that the full model35
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operators have to be available in order to obtain the ROM dynamics. This limits the applicability36

of projection based model reduction in situations where the full model is unknown [10,11]. More37

importantly, the computational cost of assembling the reduced operators – tensors from the projection38

of FOM operator – scales with the large dimension of the underlying high-dimensional of FOM. For39

this reason, the GP-ROM are efficient for problems where the reduced operators must be constructed40

only once.41

On the other hand, the GP-ROM generates inaccurate approximations for highly non-stationary42

(nonlinear) fluids, e.g., turbulence. In the literature, a common explanation for this failure is that the43

Galerkin projection does not preserve the stability properties from the full model. A deeper reason is44

that the low-dimensional space used in the Galerkin projection cannot resolve the nonlinear interaction45

of the fluid system [12,13]. Consequently, resulting in a projection based stability error which makes46

GP-ROM fail in nonlinear fluid applications, e.g., see [14–17]47

1.1. Related Work48

Closure modeling. Numerous stabilization strategies have been devised to address the instability49

problem, known as closure modeling. The fundamental idea of closure modeling is to model the50

lost information from the low-dimensional space since it is generated through POD truncation. This51

truncation is to keep the first few POD modes that extract the most dominant structure of the full52

system and discard the rest modes. Closure models generally can be categorized into two common53

approaches. One is physically model the effect of the discarded POD mode by adding artificial viscosity54

to the reduced system [6,14,15,18]. Another approach is to mathematically model the ROM dynamics55

by solving a related optimization problem [16,17]. The most recent development for closure modeling56

is to apply the neural network to approximate the lost information [19].57

Differential equations learning. Bridging numerical differential equations and deep neural networks58

have gained enormous attention recently. Specifically, [20] proposed dynamical system viewing of59

residual networks (ResNet). [21] the first time introduced the linear multistep network architecture to60

analyze ResNet on classification task. Sparse regression, Gaussian process, multistep neural networks61

have been applied for dynamic system learning [22–25]. More recently, ordinary differential equation62

network (ODE-net) was introduced for supervised learning [26].63

1.2. Our approach64

In this paper, we propose a novel non-intrusive learning reduced order model framework for65

fluid dynamic system. The new framework provides a general concept of learning the optimal66

reduced dynamic system from the data. Inspired by the successful development in learning differential67

equations with deep networks, we apply the linear multistep neural network (LMNet) to learn the68

reduced order model (LMNet-ROM). Unlike closure modeling and the existed non-intrusive model69

reduction methods, in this work, we focus on a different perspective. First, we do not use Galerkin70

projection and model the closure problem. The optimal reduced dynamic system that can address the71

instability issue is learned for a given supervised learning task. Secondly, the new model does not72

approximate reduced operators whereas other non-intrusive models use interpolation or regression73

method to infer reduced operators [10,11]. Moreover, our viewpoint easily enables us to answer the74

common question – what is the best ROM dynamic system to approximate the full system for a given75

low-dimensional subspace? We demonstrate the performance of the new LMNet-ROM is better than76

GP-ROM in full order model approximation and long-term prediction. The main contributions can be77

summarized as follows:78

• A novel non-intrusive learning reduced order model framework for fluid dynamics, which is79

applicable to general nonlinear dynamical systems with sophisticated legacy codes.80

• Our framework overcomes the instability issue of the projection based model reduction, and81

provides accurate approximation and long-term prediction of the full system.82
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• The learning process of our approach is more computationally efficient than the construction of83

reduced operators in the classic projection based methods.84

2. Reduced Order Modeling85

In this section, we present the Galerkin projection based reduced order modeling framework in86

fluid dynamic system. The classical Navier-Stokes equations (NSE) are often used as a mathematical87

model in fluid dynamics,88

∂u
∂t
− Re−1∆u + u · ∇u +∇p = 0 , (1)

∇ · u = 0 , (2)

where u is the velocity, p the pressure, and Re the Reynolds number. We use the initial condition89

u(x, 0) = u0(x) and (for simplicity) homogeneous Dirichlet boundary conditions: u(x, t) = 0. For90

convenience, we use ∂u
∂t = f(u, Re) as the general notation for the NSE in the rest of the paper.91

Reduced Space. Proper orthogonal decomposition (POD) is the dimension reduction method that92

we used to generate the reduced space. It starts with the data matrix, U = [u0, u1, · · · , us] ∈ RDh×(s+1),93

collected by the numerical solutions or experimental observations of the full system (1) at s+ 1 different94

time instances. The POD method seeks a low-dimensional space Xr that approximates the data (U)95

optimally with respect to the L2-norm. It formulates the following eigenvalue problem:96

UUT ϕi = λi ϕi, i = 1, 2, ..., d (3)

where d is the rank of the data matrix UUT . λi and ϕi are the eigenvalues and POD basis, respectively.97

The reduced space is given after the truncation as Φr := {ϕ1, · · · , ϕr} ∈ RDh×r.98

Galerkin Projection-ROM (GP-ROM). For a given space Φr, the GP-ROM finds the
approximation of the velocity field spanned by the low-dimensional space,

u ≈ ur(x, t) ≡
r

∑
j=1

aj(t)ϕj(x) , (4)

where {aj(t)}r
j=1 are the sought time-varying coefficients. The GP-ROM can be obtained by projecting99

the FOM onto the POD space: ∀ i = 1, . . . , r,100 (
∂ur

∂t
,ϕi

)
= (f(ur, Re),ϕi) . (5)

Here, (·, ·) is the L2 inner product. The solution of GP-ROM can be determined by the following101

nonlinear dynamic system:102

ȧ = L a + a> N a , (6)

where L and N are ROM operators that can be obtained by projection103

Lim =
1

Re
(∆ϕm,ϕi) , Nimn = −

(
ϕm · ∇ϕn,ϕi

)
(7)

Note that the reduced system (6) efficiently approximates the full model of NSE as the dimension r is104

generally very small (∼ O(10)) compared to the high dimension of u (Dh ∼ O(≥ 105)).105

ROM closure models. The ROM closure models can be generally written as the following106

dynamic system:107

ȧ = L a + a> N a + τ, (8)
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τ is an artificial term that model the effect of the discarded POD modes using various approaches108

e.g., see [17,19,27–29]. We note that the dynamics of closure model (8) is more accurate than GP-ROM109

dynamics (6) in approximation of the model. The challenge of closure modeling is that the τ is110

unknown, i.e., no explicit formula. Therefore, closure models are empirical modification of the111

GP-ROM from physical or mathematical perspective.112

3. Learning Reduced Order Model113

In this section, we present the architecture of learning the reduced order model from deep neural114

networks. In contrast to the standard GP-ROM framework, we learn the reduced dynamical system115

from the data without intrusively using ROM operators (e.g., L, N)116

3.1. ROM dynamics117

We consider the low dimensional ROM dynamic system as a general function,118

ȧ = fr(a). (9)

We claim that this function fr has a general representation of the ROM dynamics including system (6)119

and (8). Our goal is to learn the ROM dynamics (9) in a given set of temporal data and return a closed120

form model that can be used to accurately approximate and predict the full system.121

For a given data-set of snapshot solutions of NSE (1), U = u0, ..., us ∈ RDh×s+1, at time steps122

t0, ..., ts. The best approximation of snapshots data by the POD space is given by, uj = ∑r
i=1 bj

i ϕi,123

j = t0, ..., ts. The reduced dynamics (9) is to find coefficients a such that,124

ur =
r

∑
i=1

aj
i ϕi ≈ u =

r

∑
i=1

bj
i ϕi (10)

It indicates that the optimal solution from the r-dimensional ROM dynamic system is given by the full125

model data, bj, such that126

ḃ = fr(b) (11)

This provides a framework that the ROM dynamics can be learned from the data-set B = [b0, ..., bs] ∈127

Rr×(s+1), i.e., time-varying coefficients of FOM data. The training data-set can be computed by the128

following,129

B = ΦT
r WU (12)

The formula is derived by the L2 projection of data U to the low-dimensional space Φr. W ∈ RDh×Dh130

is the weight matrix of the L2 inner product, we use finite element weights in this work.131

3.2. Linear Multistep Network (LMNet)132

Motivated by differential equation learning, we adopt the linear multistep network architecture133

[21,30] to construct a structured nonlinear regression model that can learn the reduced dynamics. In134

this work, we only consider the implicit multistep method, Adams-Moulton (AM) scheme [31] as it135

has better stability property. The K-step AM method is defined as follows:136

an =
K

∑
i=1

(αian−i + βi∆tfr(an−i)) + β0∆tfr(an) (13)
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We discretize the ROM dynamic system (9) by using AM scheme (13) with a neural network. The137

parameters of this neural network can be learned by minimizing the mean squared error loss function:138

MSE :=
1

N − K + 1

N

∑
n=K
|Ln|2 (14)

Where S is the total number of time instance in the ROM dynamic system. Ln is the local truncation139

error from the Taylor expansion of K-step AM method (13),140

Ln =
K

∑
i=0

αian−i + ∆tβifr(an−1). (15)

One advantage of this nonlinear regression is that we do not have to approximate the temporal141

gradients [11,23] since the time derivatives are discretized by the AM method.142

3.3. LMNet-ROM143

We use the trained neural network as the ROM dynamic system (9) to approximate the full system144

of NSE. We emphasize that the novelty of our approach is the non-intrusively learning of the reduced145

system, whereas GP-ROM and closure models require the use of FOM operators. Fig.1 is the flowchart146

of the LMNet-ROM and GP-ROM framework.

Figure 1. Flowchart of projection based model reduction and the new non-intrusive learning reduced
order modeling framework

147

We outline the algorithm of the framework in the following: We claim that the learned reduced

Algorithm 1 Linear Multistep Network Reduced Order Model Learning (LMNet-ROM)

Compute the reduced POD space from the data of NSE by (3)
Compute the training dataset B via (12)
Train the neural network using loss function (14)
The LMNet-ROM for NSE is obatined from the trained low-dimensional dynamic system:

ȧ = fNet
r (a) (16)

148

dynamics (16) has a better approximation to the full model than system (7) and (8) since it is learned149

optimally from the FOM data. The new framework, see Fig.1, only requires input data from a system150
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and does not use any FOM operator, which can be generally applied to reduced order modeling of151

any fluid dynamical system. The main offline computational cost of the LMNet-ROM is training the152

neural network whereas the GP-ROM is the construction of ROM operators in (7). In the numerical153

experiment, we show that the offline computation of our model is faster than the GP-ROM.154

4. Numerical Experiment155

In this section, we present the preliminary numerical results to demonstrate the advantages of our156

new model. The test case is a 2D channel flow past a circular cylinder at a Re = 100. It is a benchmark157

problem that has been used as a numerical test in fluid dynamics, see [8,17,32–34].158

4.1. Implementation Details159

The domain is a 2.2× 0.41 rectangular channel with a radius=0.05 cylinder, centered at (0.2, 0.2),160

see Figure 2. No slip boundary conditions are prescribed for the walls and on the cylinder, and161

the inflow and outflow profiles are given by [17,34] u1(0, y, t) = u1(2.2, y, t) = 6
0.412 y(0.41 −162

y) , u2(0, y, t) = u2(2.2, y, t) = 0. The kinematic viscosity is ν = 10−3, there is no forcing, and163

the flow starts from rest.164

0.2

0.2
0.1 0.41

2.2

Figure 2. Channel flow around a cylinder domain.

The velocity snapshots of NSE (1) are generated by finite element method with meshsize165

approximately 103K which gives a fully resolved solution. The lift and drag computation agree166

well with results from references in [35]: cd,max = 3.2261, cl,max = 1.0040.167

A total number of 2500 snapshots U are collected from T = [0, 5] at every time step ∆t = 0.002.168

The LMNet-ROM is built and trained in Tensorflow.169

4.2. Full Order Model Approximation170

After obtaining the trained neural network, we use the ROM dynamic system (16) to approximate171

the full model of NSE (1). The following average L2 error formula has been used to quantify the172

accuracy of the model,173

E =
1

s + 1

√√√√ s

∑
j=0

∫
Ω
(uj − uj

r)dΩ. (17)

We first evaluate the model with different layers and neurons. The dimension of the ROM174

dynamics is fixed to be r = 8 with the one step Adams Moulton method. Table 1 provides a crude175

estimate that increasing network width (256 neurons) might have the potential over-fitting issue176

whereas decreasing units (64) may not be enough to reach a good accuracy. Also, the network depth177

(number of hidden layers) have a positive effect on the performance of the model. To reduce the178

numerical efforts, we use one hidden layer and 128 neurons for the neural network in the rest of our179
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evaluations. We emphasize that to fully understand the model sensitivity with respect to network180

architecture, a systematic study involving regularization, batch normalization and drop out is needed181

in future research.

Table 1. Average L2 error between trajectories of the learned reduced order model with dimension
r = 8 and the exact data for the different number of hidden layers and neurons

layers

neurons
64 128 256

1 5.62e-02 7.22e-03 4.31e-01

2 4.01e-03 5.75e-03 2.95e-02

3 1.64e-02 4.04e-03 3.11e-03

182

We also test the LMNet-ROM with different steps in the training. Table 2 lists the error between183

the new model and the exact data. As a comparison, we add GP-ROM result in the last entry. Table 2184

shows that the LMNet-ROM consistently provide more accurate results as increasing steps of Adams185

Moulton (AM) method. An intuitive explanation is that the stability property of AM method helps186

to regularize the network and eventually achieve a good calibration. Large steps (K) requires high187

computational cost of training the network. To balance the output accuracy and training cost, we use188

step K = 1 for the rest of our numerical tests.189

Table 2. Average L2 error between the new model and exact data for the different number of steps and
dimensions

K/model

dimension
r=4 r=6 r=8

1 1.88e-03 3.05e-03e 7.22e-03

2 2.83e-04 6.04e-04 1.45e-03

3 2.67e-04 6.22e-04 7.14e-03

4 3.79e-04 6.20e-04 6.37e-04

GP-ROM 1.66e-01 7.30e-02 1.92e-02

Table 3. Average L2 error for different noise magnitudes.

noise

model
GP-ROM LMNet-ROM

0.0% 1.92e-02 7.22e-03

0.5% 1.93e-02 2.44e-03

1% 2.05e-02 2.20e-02

5% 2.92e-02 8.76e+01

Noisy data. The above numerical tests are carried out on the deterministic data. In some situations,190

however, problems may contain noise measurements. We study the robustness of the new method191

with respect to noise data by adding Gaussian noise to the data-set for both models. Table 3 lists192

the error comparison between the LMNet-ROM and GP-ROM for different level of noise data. The193

results show that the LMNet-ROM cannot preserve good performance when the noise magnitude194

(≥1%) is high while GP-ROM does. The argument is that the learned dynamical system fully depends195

on the data which makes it vulnerable to noise interference. The GP-ROM, however, requires the196

use of FOM operators making it less sensitive than LMNet-ROM to noise. Further approaches197
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should be investigated for the potential improvement for this problem. As for deterministic data, the198

LMNet-ROM is better than GP-ROM in full system approximation.199

4.3. Long-Term Prediction200

In this section, we make a thorough study of long-term predictability of the new LMNet-ROM.201

The solution to our new model and the GP-ROM are computed by the dynamic system (16) and (6),202

respectively. We use direct numerical simulation (DNS) to denote the exact solution (data) of NSE.203

We use snapshots data that are collected from the time interval T = [0, 3] to generate the POD space204

and train the neural network. We then run the reduced systems (16) and (6) for T = [0, 5] to make the205

prediction. Fig. 3 plots the phase portraits of the first few coefficients, a2, a3, a4, from both models and206

the DNS data. The red line that depicts the result from LMNet-ROM has a closer mimic of DNS data,207

whereas the portraits from the GP-ROM have small deviation. This behavior tells that the dynamics of208

LMNet-ROM predict future states better than GP-ROM with the given information. Note that a1 is a209

constant and not meaningful to discuss since the first POD mode ϕ1 represents the mean flow.

-0.06

-0.04

-0.5

-0.02

0

0.02

-0.4

0.04

0.06

-0.20
0

0.2
0.5 0.4

DNS

LMNet-ROM

GP-ROM

Figure 3. phase portraits of the coefficients a2, a3, a4 from LMNet-ROM (red), GP-ROM (green) and
DNS data (blue) with dimension r = 8

210

We also looked at the prediction of the time evolution of energy (E(tj) = 1
2‖uj‖L2), vorticity211

construction, and drag coefficients. Fig. 4 shows the long-term prediction of energy travel and drag.212

The main observation is that the LMNet-ROM performs much better than GP-ROM. The energy213

and drag generated from GP-ROM have a huge deterioration when time evolves, which means the214

prediction is not accurate. Clearly, the prediction from LMNet-ROM is impressively good as it is stable215

and close to DNS, see Fig. 4. Vorticity describes the local spinning motion of a fluid system. Fig. 5216

plots the vorticity construction from the velocity field around the cylinder at the end time T = 5. As217

depicted in Fig. 5, the LMNet-ROM correctly predicts the vortex street behind the cylinder while218

GP-ROM not. The above results are presented for dimension r = 8, but similar results can be found for219

r = 4, 6. Overall, the long-term predictability of LMNet-ROM is much better than GP-ROM.220

4.4. LMNet-ROM vs. Closure Models221

In this section, we present a preliminary numerical comparison between the LMNet-ROM and222

the closure models. Due to the wide class of stabilization closure models and the availability of223

their open source implementation, a thorough comparison between our new model and all other224

models is not practical. Therefore, we use the two most recent models (open source implemenation),225

Data-Driven-Filtered ROM (DDF-ROM) and Evolve-then-Filter ROM (EF-ROM), to illustrate the226

numerical comparison. The EF-ROM uses a two steps regularization strategy to improve the GP-ROM227

[29]. The DDF-ROM solves an optimization problem to approximate the τ in system (8) [17]. Table 4228
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Figure 4. Plots of the time evolution of energy E(tj) (top) and drag (bottom). The solutions are
generated from LMNet-ROM and GP-ROM with dimension r = 8

lists the average L2 error from the three models with different dimensions. It surprisingly indicates229

that the closure models with mathematical methods cannot outperform the LMNet-ROM. This result is230

impressive, given that the LMNet-ROM is learned through the neural network from the data without231

acquiring any FOM information.232

We note that the goal of both the stabilization closure models and our new model is to provide233

an accurate reduced dynamics to approximate the full system from different perspective. The former234

generally model the artificial term (τ) in the system (8) physically or mathematically, whereas the235

latter use data to learn the dynamics (16). We claim that the non-intrusive learning framework has the236

generality that can be applied to any nonlinear fluid system since it only requires the training data.237

4.5. Computational Cost238

In this section, we discuss the computational efficiency of the proposed LMNet-ROM. The main239

computational cost of reduced order models is the offline computation since the cost of solving a240

small ODE system is negligible at the online stage. The FOM simulation (DNS) time is used as a241

benchmark to evaluate the performance of each model. The computation is carried out on a 64-bit242

Linux system with a single 2.70 GHz CPU. The DNS CPU time is 36828.53(s). Table 5 lists the CPU time243
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DNS

GP-ROM

LMNet-ROM

Figure 5. Vorticity prediction plots from the solution of LMNet-ROM (right) and GP-ROM (middle)
with dimension r = 8. The exact data (DNS) is plotted on the left.

Table 4. Average L2 error from different models

model

dimension
r=4 r=6 r=8

EF-ROM 1.23e-01 7.31e-02 1.84e-02

DDF-ROM 2.27e-01 1.14e-02 1.22e-02

LMNet-ROM 1.91e-03 3.57e-03 7.22e-03

from each ROM and the associated speed-up factor. The LMNet-ROM time is only computed from244

one step AM method with one layer and 128 neurons, given the fact that this network architecture245

achieves good accuracy in the previous test. The result in Table 5reveals that the LMNet-ROM is more246

efficient compared to other models. This is a huge advantage of our new method since reducing the247

computational cost while maintaining good accuracy is the primary goal of reduced order modeling.

Table 5. offline cost (second) and speed up factor from each ROM with dimension r = 8

model cost speed-up factor ( DNS
ROM )

GP-ROM 855.52s 43.05

EF-ROM 867.20s 42.47

DDF-ROM 6373.97s 5.78

LMNet-ROM 445.25(s) 82.71

248

5. Conclusions and Outlook249

In this paper, we proposed a novel learning reduced order model framework for the numerical250

simulation of fluid flows. This framework was based on the recent development of linear multistep251
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network architecture. We numerically studied the LMNet-ROM in the simulation of a 2D flow past a252

cylinder. The numerical results demonstrate that the LMNet-ROM was significantly more accurate253

than the GP-ROM in system approximation and long-term prediction. Furthermore, we compared the254

new model with the two most recent stabilization closure models, EF-ROM and DDF-ROM. The results255

show that our new method outperforms the two closure models. Overall, the LMNet-ROM beats the256

aforementioned models both in accuracy and computational efficiency, which provides a promising257

and encouraging approach in model reduction of fluid dynamics. However, the LMNet-ROM’s258

potential still needs to be explored. We outline some research directions that could be pursued.259

Probably the most important next step is to study the parametrized system prediction of the260

LMNet-ROM. The current neural network is trained under the data-set given by one parameter value261

(Re) from the full order model of NSE. How does the LMNet-ROM predict systems with different262

parameter values, such as initial conditions and boundary conditions? Parametrized system prediction263

is a challenging problem in engineering applications. We hope to provide a systematic investigation264

with the new LMNet-ROM in later research.265

Another important research direction is to improve the robustness of the model with respect to266

noise data. Table 3 shows the drawback of this model for high magnitude noisy (≥1%) data. We plan267

to address this issue by improving the neural network architecture. Also, regularization for preventing268

over-fitting needs to be fully studied in future research.269

Finally, the generality study of LMNet-ROM is worth investigation. Although we constructed270

and tested the LMNet-ROM in a fluid dynamics setting, the LMNet-ROM framework can be applied to271

any type of nonlinear partial differential equations (PDE) that is amenable to reduced order modeling.272

The only input needed in the LMNet-ROM framework is the data from the FOM of any system, see273

Algorithm 1. The LMNet-ROM procedure does not restrict it to the particular physical system modeled274

by the given nonlinear PDE. Since the LMNet-ROM is built by fully data-driven learning, we expect it275

to be successful in the numerical simulation of general mathematical models (e.g., from elasticity or276

bioengineering).277
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