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Summary 
An analysis is presented of the possible existence of a second anomalous dipole moment of Dirac’s 
particle next to the angular one. It includes a discussion why, in spite of his own derivation, Dirac has 
denied its relevancy. It is shown why since then it has been overlooked and why it has vanished from 
leading textbooks. A critical survey is given on the reasons of its reject, including the failure of 
attempts to measure and its perceived violation of the CPT theorem. Moreover, by reference from 
literature, the possible impact is discussed in the nuclear domain and in the gravitational domain if it 
would exist.  
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Introduction 

In  his classic paper on electrons, Paul Dirac has derived a basic 4-dimensional wave equation 
for an electron in motion subject to a vector potential ),,,( 0 zyx AAAAA . In this equation [1, 

eq. 15/16], an anomalous electric dipole moment shows up, next to the well-known 
anomalous magnetic dipole moment. Dirac doubted whether it could have a physical 
interpretation, the more because it appeared in a quantity with an imaginary sign as 
compared with a similar expression for the magnetic dipole moment. Where a magnetic 
dipole moment makes sense as a manifestation of angular spin, a similar physical 
manifestation for an electric dipole moment is not obvious.  

This is a first reason why, since then, the electric dipole moment of an electron has been 
ignored. The second reason is, that experimental attempts to reveal an electric dipole 
moment (EDM), if it would exist, all failed. Presently, the Particle Data Group (PDG) has set 
an upper limit for its value as [2],  

EDM0.87 10-30 q m, 

where q  is the elementary charge. 

The third reason why an electron dipole moment for an electron has been rejected is 
because of its perceived violation of the CPT parity [3]. 

There is somewhat more. It is quite curious that in the highly reputed textbook of Bjorken 
and Drell, the electric dipole moment is no longer mentioned. Bjorken and Drell have 
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decomposed Dirac’s four-component wave function ),,,( 4321  into two two-

components wave equations for the non-relativistic domain,  a dominant one ),( 21  and 

a minor one ),( 21  . See [4, eq. 1.32 and 1.33]. Dirac’s electric dipole moment no longer 

shows up, while the magnetic dipole moment is clearly present. One might guess that its 
disappearance is due to the non-relativistic restriction. In Griffiths textbook [5], the 
electrons’s electric dipole moment is not mentioned.  

Let us inspect all those arguments step by step. First of all, Dirac’s doubt is not a proof. The 
imaginary signed term pointing to a possible existence of an electric dipole moment is just a 
term in a wave equation with complex quantities. It might well be that in a proper energetic 
interpretation of the wave equation, the term will contribute a real quantity. Furthermore, 
the difficulty of physical interpretation might be due to an unexpected property of an 
electron. Let us suppose that the electron, similarly like all physical particles, is subject to the 
Heisenberg uncertainty. Let us suppose, just by hypothesis, that its position d  in its center 
of mass frame can be explained as the result of a motion with ultra-relativistic speed near 
vacuum light velocity c , such that 

tcd Δ .                                                                                                                                                (1) 

Applying Heisenberg’s relationship 2/ΔΔ tE  , [6], on (1), we get  

c
md

mc
c

mc
cd

E
ctcd m 2

1

2

1

2Δ

1

2
Δ

22


 ,                                               (2)      

where m has the dimensions of a dipole moment, expressed in terms of Planck’s reduced 

constant   and a virtual mass m (not to be confused with the particle’s rest mass 0m ). 

Hence, it might well be that Dirac’s doubt might be fed by not considering the possibility of a 
Heisenberg type vibration as an elementary motion of a Dirac particle next to an elementary 
angular motion.     

Let us proceed by discussing the failure of measurement. Now we have suggested, by 
argumentation, the possible existence of a mechanical vibration moment c2/ next to the 
mechanical angular moment  , the question has to be addressed how to relate these 
mechanical motions with the hypothetical existence of an electric dipole moment and the 
existence of a magnetic dipole moment of an electron with its elementary charge q  and its 

mass 0m . The magnetic one is well known from textbooks as [5], 

 
02m

qm


(9.27 10-24 C m2 s-1).                                                                                                   (3) 

The electric one needs to be derived by theory as shown later in this text. It appears being, 
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02 m

q

cel


 ( 3.09 10-32 C m ).                                                                                                        (4)       

This is quite different from the PDG value quoted before. The discrepancy is due to a basic 
difference between electric dipole moment EDM as defined in the context of PDG and the 
anomalous electric dipole moment el as meant by Dirac. The latter is a quantum 

mechanical phenomenon, while EDM is not. Instead, the EDM is a consequence of a 
presupposed spatial structure of an electron with some charge distribution. If the electron is 
pointlike indeed, there is no EDM. The anomalous one shows up as a quantum mechanical 
vector with eigenvalues, even if the particle is pointlike.       

Let us now discuss the perceived CPT violation, thereby using the arguments quoted in [3]. 
Here, the interaction Hamiltonians, EH  and MH for the electric dipole moment and the 

magnetic dipole moment are, respectively, expressed as, 

ES  .EE dH        and   BS  .MM dH ,                                                                                      (5) 

where Ed,,, BES  and Md , respectively, are the spin vector, the electric field strength and 

the magnetic field strength, and where Ed and Md are the strengths of the dipoles. The 

interaction takes place between external fields on the one hand and on the other hand the 
internal axial magnetic field aligned with the spin vector and the internal electric field set up 
between two poles. The violation is perceived on the consideration that, under parity 
reversal, both the spin vector Sand the axial magnetic field B  change sign, such that the 
magnetic dipole moment maintains its parity, while the electric dipole moment’s parity is 
violated because the internal electric field does not change sign, while the spin vector does. 
The same holds for time reversal. The fallacy here is, that, where the magnetic dipole 
moment ( mq 2/ ) is determined by a spin vector with eigen value 2/S , the electric 

dipole moment ( cmq 2/  ) is determined by an isospin vector with eigen value cS 2/ . It 

will be clear that the dimension of these two vectors is different. Parity reversal and time 
reversal change signs similarly as in the case of the magnetic dipole moment.      

After having discussed the three arguments physical interpretation, magnitude and parity 
violation, we are left with the problem why the electric dipole moment does not show up in 
the Bjorken-Drell (2 x 2)- wave function, while it does in Dirac’s  4-component one. 
Eventually, it will be an Hamiltonian expression that determines its viability. Hence, we shall 
straightforwardly analyze the problem by an inspection of the Hamiltonian. This will reveal 
the actual crux of the problem. The approach that we shall adopt is meant to get some 
understanding of three puzzles. All three have to do with my difficulty to understand Dirac’s 
result properly. The puzzles that I would like to address are, 

1. Why does Dirac’s result not show a full symmetry over the four space-time dimensions? A 
three component Pauli vector ),,( 321  is mixed up in in-products with, respectively, 
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an electric field and a magnetic field. Hence, over three dimensions. A full symmetry would 
show a mix up of a four component Pauli-type vector with the four components of a vector 
potential. Hence, the question is whether, under the separation of the 0p  component from 

the ip components in the 4D momentum vector ),,,( 0 zyx pppppp  , the full general 

relativistic character has been maintained.  

2. It is not immediately obvious why the interaction terms of Pauli’s vector with the vector 
potential would result in the rather simple energetic interpretation as quoted in (5). In (5), 
the additional energy due to a magnetic dipole moment in a magnetic field, is proportional 

with an in-product of a three dimensional spin vector S , with a quantized amplitude 2/ , 

with a three-dimensional magnetic field vector. This allows a simple interpretation of the 
effect of the electron’s angular spin, while the interaction term with the in-product of the 
Pauli vector with the magnetic field vector in Dirac’s wave equation does not immediately 
allow an energetic interpretation. 

3. The third issue that I would like to address is on the composition of the Pauli vector. It is 
well known that Majorana made a different choice. In this text, I wish to put Dirac’s particle 
in a more general text but electrons. In particular, I wish to model the particle in a general 
approach by considering different choices for the composition of the Pauli vector.  

As just noted, it is rather curious that Dirac’s article shows the possible existence of two 
different dipole moments, while this doesn’t show up in most, if not all, textbooks. It might 
well be that this is related with the general relativity issue. As already stated, from that point 
of view, one should expect an analysis that includes a four-component Pauli-type vector 
instead of a three-component one. In fact, Dirac did so, by defining a four-component Pauli-
type vector ),,,( 4321  , functionally related with the Pauli-matrices, but with a 

higher dimensionality than the Pauli-vector ),,( 321  . However, the full symmetry in 

his analysis disappeared due to the asymmetry in the metric (-,+,+,+) for space-time 
),,,( zyxct . In spite of this, Dirac maintained all features. Dirac could have avoided the 

seeming asymmetry by using the “Hawking metric” (+,+,+,+) for space-time ( zyxct ,,,i ), 

which would have considerably simplified his analysis. Nevertheless, the rigor of his analysis 
showed the arise of two dipole moments, while other texts don’t, possibly by not 
recognizing the subtlety of the metric. 

A general approach for covering these issues is rather complicated because of the 4D 
dimensionality. However, a simplified analysis in 2D might give a lead. Where a 2D analysis 
cannot provide full knowledge, the results of a proper 4D analysis should encompass the 
results of a proper 2D analysis. Hence, it might well be that useful insight can be provided 
from a 2D view. The basic elements in such an analysis are a two-dimensional momentum 
vector ),( 0 xpppp  , and a two-dimensional Pauli-vector ),( 21  .  
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Dirac/Majorana particles in free space 

Let us first consider a generic free moving particle.  
 
Its Einsteinean energy is given as, 
 

222
0 )()( pccmEW  ,                                                                                                                   (6) 

 
where 0m  is the particle’s rest mass and where p is the three-vector momentum ( dtds / , 
not be confused with the fourvector momentum p ). Without loss of generality, the 
particle’s free motion can be aligned along the x axis in a system of Carthesian 

coordinates, for which we shall adopt the Hawking metric ( zyxct ,,,i ), 1i  . Squaring (6) 
gives, 
 

2
1

222
0

22
0

2 )( pccmcpEW  ,                                                                                                        (7)                                                        
 
which can be normalized as, 
 

012
1

2
0  pp ;      

cm

p
p

0


  .                                                                                                       (8) 

 
Note: As long as the temporal dimension is included, the bold italic notation for the vector p
will be maintained.   
 
In retrospect, in Dirac’s single mode representation, this equation can be written as, 
 
   0))((12

1
2

0  pppp ,  with ),( 10   and ),( 10 pp p ,             (9a) 
 
while in Majorana’s dual mode representation, this equation can be written as, 
 
   0)i)(i(12

1
2

0  pppp ,                                                                               (9b) 
 
where the components of the two-dimensional vector ),( 10  are given by the Pauli 
matrices, 
 











01

10
10   ,   











10

01
31 ,    

 
and where   is a matrix that is slightly different for Dirac’s case and Majorana’s case, 
respectively as 
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






 


0i

i0
2  and   










10

01
I ,                                                                                                 (10)      

 
where   I  is the identity matrix.  
 
After transforming the momenta into operators on wave functions,  
 

         pp ˆ      with      


 xcm
p





i

1
ˆ

0

     ,                                                                           (11)  

 
(axiomatic quantum mechanical hypothesis), the momentum relationship (9) is transformed 
under consideration  (11) into the following two  two-dimensional wave equations  
 

                        0
ˆ

ˆ

ˆ

ˆ
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0 
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p

p

p

p
.                                                                     (12)         

 
The single mode condition is met for a single equation with a  sign in front of  , while the 
dual mode falls apart into two simultaneous equations.. This set can be heuristically solved 
by 10 ,(  ) such that, 
 

  )expi(),( 1 t
W
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p

utx ii


 ,                                                                                                       (13) 

 
resulting into, 
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The dual mode allows equating 31 uu  and 20 uu  and subsequent combining to the wave 

function set ba  ,( ), where 
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                                                                                                                  (14)     
 
Hence, where the Dirac’s single mode solution is a complex wave function, Majorana’s dual 
mode allows a real wave function solution.   
 
The impact of the vector potential on Dirac/Majorana particles in motion 
 
Let us proceed by considering the impact of a field vector potential A on the free moving 
particle. To do it properly, an extension of the time-space dimension is required. To avoid 
the complexity of a full 4D analysis, we shall adopt a second spatial dimension next to the 
x axis. Hence, we wish to consider now a slightly less simplified system with as basic 

elements: a “1 + 2”- dimensional momentum vector ),,( 0 yx ppppp  , a three-dimensional 

Pauli-vector ),,( 321   and a three-dimensional vector potential ),,( 0 yx AAAA . In 

these terms, the free-space Einsteinean energy (9) is expressed as 
 
  0))((  ppI ,                                                                                                                   (15) 
 
A basic property of the Pauli-vector says, 
 

   )(i)())(( wvwvwv I ,                                                                                         (16) 
 
where vand w are two generic three-component vectors. 
 
Applying (16) in (15) yields two possible results, 
 

wvwvwv  ))(( .                                                                                                          (17) 

 
Hence, from (15) and (17) 
 
  010))((  ppppppI .                                                                      (18) 

 
This might seem a trivial result, because the vector product of a vector with itself is zero. 
Hence, this is just a retrieval  of the Einsteinean energy expression (8). However, under 
influence of the presence of a conservative field of forces, characterized by a (normalized) 
vector potential A , the expression changes under the change of momenta components,  
 

A pp .                                                                                                                                      (19) 
  
such that (18) transforms to, 
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0)()()()(101  AAAA pppppppp                         (20) 

 
The vector product in this expression still seems being irrelevant, because of its zero value. 
This, however, changes after the quantum mechanical transform from momenta to 
operations on a wave function, defined by  
 

 pp ˆ      with      


 xcm
p





i

1
ˆ

0

  .                                                                                       (21)  

 
Applying these transforms on the generic identity 
 

)()()()( vwxvwvwv   
 
we have  
 

 )ˆ()ˆ()()( pAApApAp  .                                                                      (22)                                          
 
Where the operator in the first term operates on   as well as on A , the operator in the 
second term only operates on  . As a consequence (22) is evaluated as, 
 

)(
i

)()(
0

A
cm




pAAp .                                                                                         (23) 

 
Where the vector product of the momentum representation is zero, the equivalent wave 
function representation is not. Apparently, the Einsteinean energy of a particle moving with 
a momentum ),,( 0 yx ppppp   under influence of a three-dimensional vector potential 

),,( 0 yx AAAA  is given by, 

 

0)(
i

1))((
0

 AApAp
cm

 .                                                                                  (24) 

 
The last term in the right hand part of this expression represents the energy added by the 
interaction of the particle’s spin with the vector potential.  
 
If we would have considered a 4D dimensionality in our analysis instead of the simplified “1 
+ 2” one, we would have met the difficulty to generalize the curl operation, which shows up 
in (24), to a 4D equivalent. In many texts on the subject, the problem is avoided by giving up 
symmetry and separating the temporal momentum from the spatial momenta, thereby 
excluding the temporal momentum from the curl operation. This, for instance, can be seen 
in Bjorken and Drell’s textbook by moving from [4, eq. 1.32) to (4, eq.1.34). Here, the 
temporal momentum is not included in the curl operation. As a consequence only a single 
dipole moment shows up, while in Dirac’s comparable expression [1, eq. 15/16] two dipole 
moments are shown, albeit that Dirac could not maintain full symmetry in his representation 
because of the asymmetry in the metric (-,+,+,+). At this point, it is interesting to note that 
Lanczos [7] has been able to maintain full symmetry in the curl operation owing to his special 
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quaternion algebra, which enabled him to give an interpretation to “isospin” and that 
Hestenes [8,9] developed his special STA algebra for the purpose, which enabled to explain 
the “zitterbewegung” of electrons. Dirac’s second dipole moment, Lanczos’ isospin and 
Hestenes’ zitterbewegung are related and can be traced back to the inclusion of the 
temporal moment in the curl operation that shows up as a consequence of the interaction of 
the Pauli vector with the vector potential. The simplification from 4D space-time to “1 + 2” 
space-time may have its limitations, but, on the other hand, it enables maintaining full 
symmetry under the use of the “Hawking” metric (+,+,+,+) for space-time ( zyxct ,,,i ).  
 
Generically, the vector potential A consists of a scalar component Φ  next to a vector 
component A . If the particle would be spin less,  a free motion along the x axis would be 
possible under the equilibrium of a force from a transversal component of the scalar field Φ  
and the Lorentz force from a orthogonal component zB created from A , i.e. from 
components xA and yA . The interaction of the vector potential with the Pauli spin vector, 

however disturbs such an equilibrium. Let us consider the energetic influence of the 
interaction. Let the momentum vector and the vector potential, respectively be given by,  
 

),( 0 xpp pp  and  ),,
/Φ

i(
0

yx AA
cm

c  AA .                                                                              (25) 

 
Note: The i factor in the scalar component is due to the (Hawking) metric choice (+,+,+,+) / 
(ict,x,y,z). It can be easily seen from the Lorenz gauge 
 

0
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1
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





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
ct

c
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/
AA .                                                                                       (26) 

 
Note also that 2

0/Φ cm is a dimensionless quantity. Under the conditions of stationarity of 
A  and exclusive dependence of Φ on y , we have, under consideration of (25) 
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
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

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



















                             (27) 

 
where yx ,ee and te , respectively, are unit vectors along the two spatial axes and the 

temporal axis.   
 
Because of AB  , we have 
 

zxy BA
y

A
x









.                                                                                                                           (28) 

 
Because te is a unit vector along the imaginary axis, both contributions in (27) are imaginary, 
thereby making a real contribution in (24). Hence, the additional energy EΔ  due to the 
interaction of the Pauli vector with the vector potential amounts to 
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 .                                                                                                        (29) 

 
Adding this amount to the energy of the moving particle, we have 
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After denormalization,  
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Supposing that the term between brackets is much smaller than 1, 
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So far, the Dirac particle has been considered in general terms, i.e. without identifying it as 
an electron. To do so, the potential Φ has  to be interpreted by the force equity F  as,  
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where q is the electric charge of an electrical particle under consideration and where eΦ and 

em
zB , respectively, are the electric potential and the magnetic field.  Hence, from (32) and 

(33), 
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From (34) the influence of the Pauli spin on the motion of the particle under influence of the 
balance between the force of a transversal electric field and the Lorentz force from a 
magnetic field perpendicular on the motion as well as on the electric field, becomes clear 
from the last two terms in the right-hand part (34). Here, two dipole moments are identified. 
Apart from the well-known dipole moment 02/ mq  operating on the magnetic field, as 

mentioned before in (3), there appears a second dipole moment 02/ cmq  operating on the 
electric field, as mentioned before in (4).  
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Comparison with Dirac’s analysis 
 
Similar as in Dirac’s analysis two dipole moments show up. However, where Dirac concluded 
that the electric dipole moment is not feasible, because of the imaginary term that shows up 
after evaluation of [1, eq. (15)], the electric dipole moment in (34) shows up as real. Let us 
try to understand what the origin could be of the difference. To do so, let us closely inspect 
Dirac’s [1,eq.(15)]. His Hamiltonian contains the term 
 
Trm = )}ˆ(){ˆ()ˆ)}(ˆ([{ 00001 ApAp  qAqpAqpq  ,                                          (35) 
 
where 1 is a 4 x 4 matrix derived from the 2 x 2 identity matrix to account for the four 
modalities of Dirac’s equation. 
 
Let us simplify this term by omitting all time dependencies. Hence 
 
Term = )ˆ({)}ˆ([{ 001 ApAp qAqAqq  ].                                                                     (36) 
 
(Note that, in Dirac’s analysis 0A  is real as e0 ΦA ). 
 
Let us now skip the terms that obviously cancel. This gives, 
 
Term = )]ˆ()ˆ[( 001 pp  AqAq .                                                                                               (37) 
 
This term evolves as, 
 

Term = )(i 000
1 kji

z

A

y

A

x

A
q












  .                                                                                         (38) 

 
Expanding this term gives 
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Let us simplify even more by considering the same condition as in our “1 + 2” approach. This 
gives 
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Hence, in spite of Dirac’s opinion, Term shows different modes that reveal a real electric 
dipole moment. Hence, after all, the conclusion drawn from the simplified analysis in the “1 
+ 2” domain is not in conflict with Dirac’s generic result as shown in [1,eq.(15)]. However, 
Dirac’s interpretation that the electric dipole moment is imaginary seems doubtful.   
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Discussion 
 
At first glance, it might seem that the impact of the conclusion that Dirac’s second dipole 
moment is real, is of limited value. The view on its possible impact might change if we put a 
Dirac/Majorana particle in a more general context. Let us suppose that a quark can be 
conceived as a Dirac/Majorana particle as well. In such a scope, we may assign a nuclear 
field quΦ to a quark and, in addition, we may suppose that an antiquark may couple to this 
field by a coupling factor g  (from the electromagnetic fine constant expression  

2
0

2 4 cgq  ) such that,  
 

gyy
gF

Φ
ΦΦΦ ququ 








 .                                                                                                  [41] 

 
In a recent preprint [10], I have demonstrated the consequences of such a model, thereby 
revealing that it gives an adequate explanation for the mass spectrum of leptons and 
hadrons. Because the second dipole moment of the quark is shown as being the origin of 
isospin as well as being the gluing force between the quarks, such an approach is considered 
being in conflict with the QCD color force binding by gluons. Hence, this theory meets fierce 
opposition, in spite of the unprecedented successful calculation of mass values with an 
undeniable match with experimental evidence. Some years ago, before being aware of the 
second dipole moment I have used the very same model for successfully expressing 
Newton’s  gravitational constant into quantum mechanical quantities [11]. Another 
generalization of Dirac/Majorana particles is conceivable in the gravitational domain with 
gravitational potential GΦ . 
 

0
GG0

Φ
ΦΦΦ

myy
mF 


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



 .                                                                                                [42] 

 
In attempts to give an explanation for cosmological phenomena as dark matter and dark 
energy, the universe is modeled as a tenuous gaseous medium with background energy [12]. 
By modeling the gaseous molecules as Dirac/Majorana particles these cosmological 
phenomena can be explained as a consequence of vacuum polarization and verified by 
observational evidence [13]. 
 
Conclusion 
 
A Dirac/Majorana particle has two anomalous dipole moments. One of these is the 
consequence of an elementary angular moment assigned to the pointlike particle. For 
electrons It becomes manifest as a magnetic dipole moment. The second one comes forward 
as the result of Dirac’s modeling, but remained forgotten because of a number of reasons. 
The main one is Dirac’s perception that it has no physical relevance as an electric dipole 
moment, because of its seeming imaginary value. A second one is its disappearance in Dirac-
type analyses in standard textbooks. A third reason is the failure of proof by measurements. 
A fourth reason is the perceived violation with the quantum mechanical CPT theorem. In this 
article, first of all a proof is given for the inconsistency between Dirac’s result on the dipole 
moments and the Bjorken and Drell textbook result. The reason why has been shown. By 
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simplifying the analysis to a domain with, next to the temporal axis, only two spatial axes 
and comparing the result with the result from Dirac’s analysis, it could be shown that Dirac’s 
conclusion on the perceived imaginary value of the second dipole moment is doubtful, if not 
incorrect. Subsequently, the remaining issues of failure of experimental evidence and CPT 
violation have been removed by argumentation. Moreover, it has been argued that the 
Heisenberg vibration uncertainty, as an elementary motion next to the angular one, allows a 
physical interpretation Finally, from referenced literature, it has been indicated that beyond 
the domain of electrons, Dirac’s second dipole moment may have a significant impact in the 
nuclear domain and the gravitational domain.   
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