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Abstract. In this paper, we present Binet’s formulas, generating functions, and the summation formulas
for generalized Pentanacci numbers, and as special cases, we investigate Pentanacci and Pentanacci-Lucas
numbers with their properties. Also, we define Gaussian generalized Pentanacci numbers and as special
cases, we investigate Gaussian Pentanacci and Gaussian Pentanacci-Lucas numbers with their properties.
Moreover, we give some identities for these numbers. Furthermore, we present matrix formulations of
generalized Pentanacci numbers and Gaussian generalized Pentanacci numbers.
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1. Introduction and Preliminaries

In this work, we investigate generalized Pentanacci numbers and give properties of Pentanacci and
Pentanacci-Lucas numbers as special cases. We also define Gaussian generalized Pentanacci numbers and
give properties of Gaussian Pentanacci and Gaussian Pentanacci-Lucas numbers as special cases. First, in
this section, we present some background about generalized Pentanacci numbers.

There have been so many studies of the sequences of numbers in the literature which are defined recur-
sively. T'wo of these type of sequences are the sequences of Pentanacci and Pentanacci-Lucas which are special
case of generalized Pentanacci numbers. A generalized Pentanacci sequence {V,, }>0 = {Vi(Vo, V1, Va, V3, Vi) }n>o

is defined by the fifth-order recurrence relations
(11) Vn = Vp-1+ Vn—2 + Vn—3 + Vn—4 + Vn—57

with the initial values V) = ¢o, V1 = ¢1, Vo = ¢o, V3 = ¢3, V4 = ¢4 not all being zero.
1

© 2019 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints201906.0110.v1
http://creativecommons.org/licenses/by/4.0/

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 13 June 2019 d0i:10.20944/preprints201906.0110.v1

2 YUKSEL SOYKAN

The sequence {V,,},>0 can be extended to negative subscripts by defining
Ve ==V_ (1) = Vetm—2) = V_n-3) = V_(n—g) + V_(n—5)

for n =1,2,3,.... Therefore, recurrence (1.1) holds for all integer n.
The first few generalized Pentanacci numbers with positive subscript and negative subscript are given
in the following Table 1:

Table 1. A few generalized Pentanacci numbers

n Vi V_n
0 co Co
1 c1 —Ccp—Cl—Cy—C3+cy
2 ca 2c3 — ¢y
3 c3 2¢co9 — c3
4 C4 2c1 —co
) co+c1+ceo+ce3+cey 2co) — 1
6 co + 2¢1 + 2¢9 + 2¢3 + 2¢4 —3cg — 2¢1 — 2¢9 — 2¢3 + 2¢4
7 2co 4 3c1 + 4co + 4eg + 4ey co+c1+co+ 5eg — 3¢y
8 4co + 6¢1 + Tea + 8cs + 8¢y 4eg — 4des + ey
9  8c¢cp + 12¢1 + 14co + 15¢3 + 16¢4 4cq — 4eg + c3
10 16¢g + 24c¢c1 + 28co + 30c3 + 31y 4cg — 4eq + co
We consider two special cases of V,, : V,,(0,1,1,2,4) = P, is the sequence of Pentanacci numbers

(sequence A001591 in [20]) and V,,(5,1,3,7,15) = @, is the sequence of Pentanacci-Lucas numbers (A074048
in [20]). In other words, Pentanacci sequence {P,},>¢ and Pentanacci-Lucas sequence {Q,, } >0 are defined

by the fifth-order recurrence relations
(1.2) Po=P, 1+ P o+ P 3+Pra+Prs FP=0P=1PR=1,PR=2PFP=4
and

(13) Qn = Qn—l + Qn—2 + Qn—f’) + Qn—4 + Qn—57 QO = 57 Ql = 17 Q? = 37 Q3 = 77 Q4 =15

respectively. Pentanacci sequence has been studied by many authors, see for example [14], [15], [19].
Next, we present the first few values of the Pentanacci and Pentanacci-Lucas numbers with positive and

negative subscripts in the following Table 2:

Table 2. A few Pentanacci and Pentanacci-Lucas Numbers
n -10 -9 -8 -7 -6 -5 4 -3 -2 -1 012 3 4 5 6 7 8 9 10

r, -3 2 0 0 0 -1 1 0 0 0 0112 4 8 16 31 61 120 236
Q. 19 -1 -1 -1 -7 9 -1 -1 -1 -1 5 1 3 7 15 31 57 113 223 439 863
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For all integers n, usual Pentanacci and Pentanacci-Lucas numbers can be expressed using Binet’s

formulas
P an+3 5n+3
P ey (Y ) B ey e Ty
,Yn-i,-g 5n+3 >\n+3

=B -00-N  0-—a0-BG-10-2 G- -Ar-1(1-0)

(see Theorem 2.2) or

a—1 a”*1+ 571 ﬂn—l 77]‘ n—1 d—1 5n—1 A—1 )\n—l

14 P, =
(14) 6a — 10 60 — 10 67—107 60 — 10 61 — 10

(see for example [5])

and
respectively, where a;, 3,7,6 and A are the roots of the equation

(1.5) 2 —at -2~ —x—1=0.

Moreover, the approximate value of o, 3,,6 and A are given by

a = 1.9659

B = —0.67835+ 0.458 54¢
v = —0.67835— 0.458 547
0 = 0.19538 4 0.84885:

A = 0.19538 — 0.848 851.

In fact, there are no solutions of the characteristic equation (1.5) in terms of radicals, see [27].

Note that we have the following identities:

a+B+y+o+A = 1,
af+art+ay+BrA+ad+By+ Ay +Bo+A+v0 = -1,

afX+ afy+ ady+aBd+ald+ Ay +ayd + BN+ By + s = 1,
af Ay + afAd + afyd + alyd+ Ay = —1

afyir = 1.

2. Properties of Generalized Pentanacci Numbers

In this section, we present Binet’s formulas, generating functions, and the summation formulas for
generalized Pentanacci numbers.

(o]
First, we give the ordinary generating function . V,a™ of the sequence V,.
n=0
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o0
LEMMA 2.1. Suppose that fy,(x) = > Vaa™ is the ordinary gemerating function of the generalized
n=0
Pentanacci sequence {Vy,}n>0.Then fy, () is given by

(2.1)

fo () = Yot V= Vo) + (Vo = Va = Vo)a® + (Vs — Vo — Vi — Vo) + (Vi = Vs — Vo = Vi — Vo)
Vn B .

l—z—a?2—a3—a4—2ab

Proof. Using (1.1) and some calculation, we obtain

Fv(@) =z fv, (2) = 2° fv, (&) = 2* fv, (2) — 2" fv, (2) = 2° fv, (2)
= Vo+(Vi=Vo)z+ (Va = Vi = Vo)a? + (Vs = Vo = Vi = Vo)a® + (Vi — Vs — Vo — Vi — Vp)a*
which gives (2.1).

The previous Lemma gives the following results as particular examples: generating function of the

Pentanacci sequence P, is

T

(2.2) fou(@) =3 P =
n=0

l—z—a2—a3—a—2ab
and generating function of the Pentanacci-Lucas sequence @Q,, is

5 — 4z — 322 — 2% — gt
4

(2.3 fo.@) =3 Qua" =
n=0

l—x—a22—a3—z*—a5

We next find Binet formula of Pentanacci numbers by the use of generating function for P,.

THEOREM 2.2. (Binet formula of Pentanacci numbers)

an+3 /6n+3
24 E Y PO T P 5Py S (T ) (BN
,Yn+3 5n+3
N S o) e ey B ey (o T 'y
)\n+3
BN 15 W) T Ty
Proof. Let

h(z)=1—xz—a2? — 2% — g — 25,

Then for some «, 3,7, and A, we write

h(z) = (1 — az)(1 — Bz)(1 —yz)(1 — dx)(1 — Ax)

ie.,
(2.5) l—z—a?—2® 2" —2°=(1—ax)(1 - Bx)(1 —yz)(1 — 6z)(1 — \z)
Hence é, %3, %,% ve % are the roots of h(x). This gives «, 8,7, and A as the roots of
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ot

This implies 2° — 2* — 2% — 22 — 2 — 1 = 0. Now, by (2.2) and (2.5), it follows that

1—az)(1-Bz)(1 —~z)(1 —dx)(1 — Az)’

fe, (x) = Z P,z" = (
n=0

Then we write

(2.6) - -4 B, ¢ D &
T (1—ax)(1—-Bz)1—yx)(1 —6x)(1 —Az) (1—az) (1—pz) (1—vyz) (1-0z) (1-Azx)

So
z = A1 -pz)(1—vz)(1—0z)(1 —Az) + B(1 — az)(l —yz)(1 — dx)(1 — Az)
+C(1 —azx)(1 - pz)(1 —0z)(1 — Az) + D(1 — az)(1l — fz)(1 —yz)(1 — Ax)

+E(1 — az)(1 - Bz)(1 —~vz)(1 — dz).

If we consider z = 1, we get 2 = A(1 — g)(l — )1 —2)(1—2). This gives A = (a_ﬁ)(a_w‘g‘?a_é)(a_)\).

Similarly, we obtain

B 3 B 3
S B B B (B, Rl v vy vy o y &
D o 53 o 23

O=a)0=P0-=N0E-N" A=a)A=BA=71A=-0)
Thus (2.6) can be written as
fe, () =A(l —ax) ' + B1—pz) ' +C(1 —y2) ' + D(1 — ) ' + E(1 — \z) L.

This gives

fe, (x) = AZa”z" —|—BZ,6’"$” + C’Z’y”x” —|—DZ5"3:” + EZ/\":E"
n=0 n=0 n=0 n=0 n=0

= > (Aa"+ BB" + Cy" + D" + EA")a".

n=0

Using the values of A, B,C, D and FE we get

fre) = L= 2 @@=

N ﬂn+3 N ,.)/3
B=a)(B=NB=0B-2  G-—a)(=B)r—-0)r—-2)

53 N
(6 —a)(d=B)0—7)(6—A) * (A =a)(A=B)A=7)(A=0)

Therefore, comparing coefficients on both sides of the above equality, we get (2.4).

+

)"

Next, we give an identity related with generalized Pentanacci numbers and Pentanacci numbers.

THEOREM 2.3. Forn >0 and m > 0, the following identity holds:
(2.7)
Vm+n = m74vn+(Pm74+Pm75)VnJrl+(Pm74+Pm75+Pm76)Vn+2+(Pm74+Pm75+Pm76+Pm77)Vn+3+Pm73Vn+4
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Proof. We prove the identity by induction on m. If m = 0 then
V=P 4V, +(Poy+P5)Vyy1 +(Pu+Ps+Pg)Vpro+ (Pa+P s+ P+ P q)Viys+ PgVigu
which is true because P_.3 =0, P4y =1, P.5 = —1, P_g = 0, P_; = 0. Assume that the equaliy holds for
all m < k. For m = k + 1, we have
Vietr1)4n = Vark Va1 + Vagk—2 + Vage—3 + Vaiyra
= (PeaVi+ (Pooa+ Pe5)Var1 + (Pe—a + Poos + Pr6)Vit2
+(Pr—s+ Pps+ Pe—¢ + Pr7)Viy3 + Pr_3Vii4)
H(Pr—5Vn + (Pi—5 + Pr—6)Vas1 + (Po—s5 + Pr—6 + Pr—7)Vat2
+(Pr—5+ Pr—6 + Pr—7+ Pr—8)Viy3 + Pr_4Viia)
+(Pr—6Vn + (Pr—6 + Pr—7)Vas1 + (Pr—6 + Pr—7 + Pr—g) Va2
+(Pr—6 + Pr—7+ Prs + Pr—9)Vii3 + Pr—5Viya)
+(Pe—7Vi + (Pr—7 + Pe—8)Var1 + (Pe—7 + Posg + Pr9) Va2
+(Pi—7+ Pr—g + Pr—9 + Pr—10)Vot3 + Pr—6Vita)
+(Py—sVi + (Pr—s + Py—9)Vit1 + (Pi—s + Pr—g + Pr—10)Vat2
+(Pr—g + Pr—og + Pr—10+ Pr—11)Voya + Peo7Viya)
= (Pe3Vi+ (Po3+ Pea)Var1 + (Pe—3 + Poa + Pr5)Vito
+(Pr—3+ Pr—a+ Pes + Pr6)Vay3 + Pr_2Viya)
= Puy1)y-aVo + (Pry1y-a + Prs1)—5)Var1 + (Prery—a + Prr1)—5 + Prr1)—6)Vare
+(Pr+1)—4 + Per1)—5 + Plrg1)—6 + Per1)—7)Vars + Prr1)—3Vnta

By induction on m, this proves (2.7).
The previous Theorem gives the following results as particular examples: For n > 0 and m > 0, we have

(taking V,, = P,)

Prin = P aPo+(Pr—a+Pr—5) Po1 H(Pr—a+ Py 5+ P —6) Pago+(P—a+Pr—5+Pr—6+Prn—7) Puys+ P3Py

and (taking V,, = Q)

Qmtn = PraQn+(Pr—atPp—5)Qni1+(Pm—atPr—5+Pm—6)Qniot(Pm—at L5+ Prn—6+Lpn-7)Qni3+Pn—3Qnta.
Next we present the Binet’s formula of the generalized Pentanacci sequence.

LEMMA 2.4. The Binet’s formula of the generalized Pentanacci sequence {V,,} is given as

Vn - Pn74VO + (Pn74 + Pn75)V1 + (Pn74 + Pn75 + Pn76)‘/2 + (Pn74 + Pn75 + Pnfﬁ + Pn77)‘/3 + Pn73‘/;1~
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Proof. Take n = 0 and then replace n with m in Theorem 2.3.
For another proof of the Lemma 2.4, see [19]. This Lemma is also a special case of a work on the nth

k-generalized Fibonacci number (which is also called k-step Fibonacci number) in [2, Theorem 2.2].
COROLLARY 2.5. The Binet’s formula of the generalized Pentanacci sequence {V,} is given as

Vn :Alan—8+A2ﬂn78+A37n—8+A46n78+A5)\n78

where
A = 63:10(‘/210/1—1—(Vb+V1+V2+V3)a3+(‘/1_’_‘/2_’_%)@2_’_(%_’_%)&_'_‘/3)7
Ay = 6giio(wﬁ4+(%+vl+V2+V3)53+(V1+V2+V},)52+(V2+V3)5+1@),
A3 = 63:10(‘@74+(V0+‘/'1+V2+VB)73+(Vl+%+V3)72+(V72+V3)’Y+VB)7
Ay = 6?:10(V454+(V0+V1+V2+V3)53+(V—1+VQ+%)(52+(VQ+V3)§+%’)’
A = Gi:10(V4)‘4+(%+V1+V2+V3)>\3+(V1+Vz+%)>\2+(Vz+V},))\+V},).

Proof. The proof follows from Lemma 2.4 and (1.4).

In fact, Corollary 2.5 is a special case of a result in [2, Remark 2.3].

The following Theorem present some summation formulas of generalized Pentanacci numbers.

THEOREM 2.6. Forn > 1 we have the following summing formulas:

(a): (Sum of the generalized Pentanacci numbers)
- 1
S vi= 1Voa = Vaiz = 2Vai1 + Vo = Vi + Vo + 2V = Vh)
k=1

(b): ZZ:l ‘/2]“_1 = %(3‘/2n+2 + 4‘/2n+1 + ‘/Qn + 2‘/2n—1 - ‘/271,—2 - 3‘/4 + 4V3 - ‘/2 - 2Vvl + %)
(€): Yon_y Var = §(—Vansz + Vi1 4 5Van 4 2Van—1 + 3Van_2 + Vi — 4V5 + 3V — 2V; — 3Vp).

Proof.

(a): Using the recurrence relation
Vi=Voa+ Vot VstV utVos

i.e.

Vn—S = Vn - Vn—l - Vn—2 - Vn—S - Vn—4
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we obtain
Vo = Vs=Va-Vs-Va—-V;
Vi = Vo—Vs—Vi—-V3-V;
Vo = Ve—Ve—-Vs-Vi—-V3
Vs = Ve=Vi=Ve—Vs-Vi
Vi = Vo-W-Vi-Vs-V;
Vies = Vu—Voo1 —Vio =V 53—V,
Vaca = Va1 = Vo= Vo1 =V o —Vy3
Vies = Vape = Vg1 = Vo = Vior = Voo
Ve = Vags = Vago = Va1 = Vo = Vi
Vier = Vaga = Vars = Vg = Voun = Vi
Vi = Vays = Vogpa = Voys = Voo = Vi

If we add the equations by side by, we get

Vo+Y Vi = (—V4—V3—V'2—V1+ka> + <v3+vz+v1—§jvk>
k=1 k=1 k=1
n n n
+ <V2+V1 —Zw) + <V1 —Zw) + (—ZW)
k=1 k=1 k=1
_3Vn+1 - 2Vn+2 - Vn+3 + Vn+5
= 3Vor1 —2Vopo —Vius + Vs + (Ve + V2 +2V7) =3 Z Vi
k=1
and then

4> Vi =Voys = Vogs — 2Voya — 3Va — Va+ Vo + 21 = W
k=1

It follows that

Vi = ~(Vays = Vags —2Vaio =3V — Vi + Vo + 2V — 1)

ol
HMz
L

((Vn+4 + Vn+3 + Vn+2 + Vn+1 + Vn) - Vn+3 - 2Vn+2 - 3Vn+1 - VZL + VYZ + 2V']_ - VO)

N N B e N N

(Vn+4 —Varo =2V +V, = Vo + Vo +2V; — Vb)
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(b): When we use (3.1), we obtain the following equalities:

Vi = Vicr+ Vot Vs + Viea + Vs
Vi = V3+Vo+Vi+W+V,
Vo = Vs+VatVat+la+Wy
Vs = Vi+Ve+Vs+Va+Vs
Vio = Vo+Ve+Vr+Ve+ Vs
Vo = Vono1+Vono+Van3+Vana+ Vans
Voptz = Vopgr + Von + Va1 + Voo + Vaps.

If we rearrange the above equalities, we obtain

V= u-Vo-Vi—-Vo—-V_4

Voo = Ve=-Va-V5-V2-V1;

Vii= WB=Ve—-Vs-Vai—-13

Vo = Vip—Vs—=Ve=Vs—-V5

Vil = Via—=Vig—Vo— Vs — V7

Vis, = Via—=Via—=Vii—Vig—Vp

Vis = Vie—Via—Viz—Via —Vnu
Vonor = Vo = Voo = Vo — Vap—a — Vo
Vopyr = Vopgo — Vop — Va1 — Voo — Vops.

Now, if we add the above equations by side by, we get (as a I. Method)

n 2n—2
D Vakpr = Va-Vo-Vat+ (-Vi-Va—Vs—Vi— .. = Vo 1) — (Z Vk> + Voo
k=1 k=1
n 2n—2
= “Va-W-V+ <V2n+1 -Vi— ZV21€+1> - (Z Vk) + Vanto
k=1 k=1

and then, using (a), we obtain

n
E Vogy1 =
k=1

(3‘/2n+2 + 4V2n+1 + ‘/Qn + 2‘/277,71 - ‘/277,72 - 3‘/21 + 4‘/3 - ‘/2 - 2‘/1 + VO)

| =
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Note that, as an alternative method (II. Method), the following equality can be used:

> Vaky = (-Vz + Vansa + V2k> + <— > V2k> + <—V1 + Vo1 — Y V2k+1>
k=1 k=1

k=1 k=1
n n
+ (—vo +Ven =) m) + (—v_1 ~ Vit Vano1 + Vans1 = ) V%H> :
k=1 k=1

(c): (c) follows from (a), (b) and the equality

2n+1
ZV% = Z Vi —ZV%H Vi.
This completes the proof.

All the listed identities in Theorem 2.6 may be proved by induction, but that method of proof gives no
clue about their discovery.
As special cases of the above Theorem, we have the following two Corollaries. First one present some

summing formulas of Pentanacci numbers.

COROLLARY 2.7. Forn > 1 we have the following formulas:
(a): (Sum of the Pentanacci numbers)

Z n+4_Pn+2_2Pn+1+Pn_1)
k=1

(b): > iy Pogs1 = é(3P2n+2 +4Popi1 + Pop + 2Py 1 — Poyo — 1)
(€): Yop_y Por = (= Pony2 + 4Poyi1 + 5Py + 2P2p—1 + 3Pap_2 — 3).

Second Corollary gives some summing formulas of Pentanacci-Lucas numbers.

COROLLARY 2.8. Forn > 1 we have the following formulas:
(a): (Sum of the Pentanacci-Lucas numbers)
Z Qn+4 - Qn+2 - 2Qn+1 + Qn - 15)
k=1
(b): Y, Qaki1 = 2(3Q2n+2 +4Q2n41 + Q2 + 2Q27-1 — Q2n—2 — 17)
8
(©): Ypi Qo = §(—Q2n+42 + 4Q2n+1 + 5Q2p + 2Q2n—1 + 3Q2y— — 21).

Sometimes, we need to start summing from zero, such as when dealing with Pentanacci quaternions,

sedenions, etc. We can state Theorem 2.6 in the following form.

THEOREM 2.9. Forn > 0, we have the following formulas:
(@): Yp_o Vi = 1 (Vaga — Viro — 2Viy1 + Vi, — Vi + Vo 4 2V1 + 314),
(b): Yo Vars1 = 5(3Vanyo + 4Vapi1 + Van 4 2Van—1 — Van—o — 3Va + 4V5 — Vo + 6V4 + V)
(©): Yo Var = &(—Vonto + 4Vapy1 + 5Van + 2Von_1 + 3Vay_z + Vi — 4V3 + 3Va — 2V + 5Vj).


https://doi.org/10.20944/preprints201906.0110.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 13 June 2019 d0i:10.20944/preprints201906.0110.v1

ON GENERALIZED PENTANACCI AND GAUSSIAN GENERALIZED PENTANACCI NUMBERS 11

As special cases of above Theorem, we have the following two Corollaries. First one present some

summation formulas of Pentanacci numbers.

COROLLARY 2.10. For n > 0, we have the following formulas:

(a): ZZ:OP]’C = %(Pn+4—Pn+2 —2Pn+1 +Pn —1)
(b): >r_o Port1 = §(3Panq2 + 4Popi1 + Poy 4+ 2P2p—1 — Pa—2 + 1)
(€): Yoh_o Por = §(—Pany2 + 4Poni1 + 5Py + 2P2p—1 + 3Pap_2 — 3).

Next Corollary gives some summation formulas of Pentanacci-Lucas numbers.

COROLLARY 2.11. Forn > 0, we have the following formulas:

(a): ZZ:O Qk = i(Qn+4 - Qn+2 - QQn—H + Qn + 5)
(b): Yo Qar+1 = 5(3Q2n+2 + 4Q2n+1 + Qa2n + 2Q2n—1 — Q2n—2 — 9)
(€): Yor_oQor = 2 (—Q2nt2 + 4Q2n41 + 5Q2p + 2Q2n—1 + 3Q2p—2 + 19).

3. Gaussian Generalized Pentanacci Numbers

In this section, we introduce Gaussian generalized Pentanacci numbers and present Binet’s formulas,
generating functions, and the summation formulas for Gaussian generalized Pentanacci numbers.

First we recall Gaussian integers. A Gaussian integer z is a complex number whose real and imaginary
parts are both integers, i.e., z = a + ib, a,b € Z. These numbers is denoted by Z[i]. For more information
about this kind of integers, see the work of Fraleigh [6].

If we use together sequences of integers defined recursively and Gaussian type integers, we obtain a new
sequences of complex numbers such as Gaussian Fibonacci, Gaussian Lucas, Gaussian Pell, Gaussian Pell-
Lucas and Gaussian Jacobsthal numbers; Gaussian Padovan and Gaussian Pell-Padovan numbers; Gaussian
Tribonacci numbers.

In 1963, Horadam [11] introduced the concept of complex Fibonacci number called as the Gaussian
Fibonacci number. Pethe [17] defined the complex Tribonacci numbers at Gaussian integers, see also [7].
There are other several studies dedicated to these sequences of Gaussian numbers such as the works in [1],
[3], [4], [8], [9], [10], [12], [13], [16], [21], [22], [24], [25], [26], among others.

Gaussian generalized Pentanacci numbers {GV), },>0 = {GV,,(GVy, GV1, GVa, GV3, GVy) } >0 are defined
by

(3.1) GV,=GV, 1+GV, s+ GV, 3+GV,,_4+ GV, _5,
with the initial conditions

GVy = co+(—co—c1—ca—cg+cq)i, GVh = 1 + i, GVa = o + ¢4,

GV = ¢34+ ct,GVy=cq + c3i
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not all being zero. The sequences {GV,, },>¢ can be extended to negative subscripts by defining

GV_, = —GV_(n_l) — GV_(n_g) — GV_(n_g) — GV_(n_4) + GV_(n_5)

for n = 1,2,3,.... Therefore, recurrence (3.1) hold for all integer n. Note that for n > 0

(3.2) GV, =V +iVy 4

and

GV_p,=V_,+iV_p_

The first few generalized Gaussian Pentanacci numbers with positive subscript and negative subscript

are given in the following Table 3 and Table 4:

Table 3. A few Gaussian generalized Pentanacci numbers with positive subscript

co + (—CQ —C] —Cy—C3+ C4)i
C1 —+ Coi
co + c1t
c3 + Cat

cq + c30

(co 4 2¢1 4 2¢o + 2¢3 + 2¢4) + (co + ¢1 + c2 + 3+ ¢q)i
(2¢c0 4 3c1 + 4co + 4eg + 4ey) + (co + 2¢1 + 2¢2 + 2¢3 + 2¢4)i
(deg + 6¢q1 + Tea + 8¢ + 8cq) + (2¢0 + 3c1 + 4ea + 4eg + 4eq)i
(8co + 12¢1 + 14co 4 15¢3 + 16¢4) + (4eg + 6¢1 + Tea + 8¢z + 8cy)i
10 (16co 4 24c¢1 + 28ca + 30cs + 31leq) + (8co + 12¢1 + 14co + 15¢3 + 16¢4)i

0
1
2
3
4
5 (co+c1+ca+cs+cq)+cai
6
7
8
9

Table 4. A few Gaussian generalized Pentanacci numbers with negative subscript
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GV_,

o+ (—co—c1—ca—c3+cq)i
(—co—c1 —ca—c3+cq)+ (2¢3 — cq)i
(2¢3 — ¢4) + (2¢c2 — ¢3)i
(2c2 —¢3) + (2¢1 — ¢2)i
(2¢1 — c2) + (2¢9 — 1)
(2¢o — ¢1) + (—3co — 2¢1 — 2¢2 — 2¢3 + 2¢4)i
(=3co — 2¢1 — 2¢9 — 2¢5 4 2¢4) + (co + €1 + c2 + bes — 3yt
(co+c1 4 ca+5cg3 — 3cyq) + (deg — des + cq)i
(deg —4eg 4 cq) + (dey — deo + ¢3)i
(4ep —4eg + ¢3) + (dep — 4ey + ¢2)i
10 (dco — 4ey + co) + (deg — 3ep — deg — ez — 8cp)i

© 0 N O Ul A W NN R o3

We consider two special cases of GV;, : GV,,(0,1,1+ 4,2 + 4,4 + 2i) = GP, is the sequence of Gaussian
Pentanacci numbers and GV, (5—1, 1454, 3414, 7+ 3i, 15+ 7i) = GQ,, is the sequence of Gaussian Pentanacci-
Lucas numbers. We formally define them as follows:

Gaussian Pentanacci numbers are defined by
(3.3) GP,=GP,_1+GP, 2 +GP, 3 +GP,_4 +GP,_s,
with the initial conditions
GPy=0,GP,=1,GP,=1+4+4,GP3=2+19,GP, =4+ 2i
and Gaussian Pentanacci-Lucas numbers are defined by
(3.4) GQn=GQn 1+GQn 2+GQ, 3+GQpu 4+ GQn 5
with the initial conditions
GQo=5-1,GQ1 =1+51,GQ2=3+1,GQ3 =7+ 3i,GQ4 = 15+ Ti.

Note that for n >0
GP, =M, +iM,_1, GQ, =R, +iR,_1
and
GP_,=M_p,+iM_,,_1,GQ_p, = R_,, + iR_,,_1.

Next, we present the first few values of the Gaussian Pentanacci and Pentanacci-Lucas numbers with

positive and negative subscripts in the following Table 4:

Table 4. A few Gaussian Pentanacci and Pentanacci-Lucas Numbers
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n 0 1 2 3 4 ) 6 7 8 9
GP, 0 1 142 2+1 4+ 2 8§+ 4i 16 +8 31+4+16¢ 61+ 31: 120 + 612
GP_, 0 0 0 T 1—1 -1 0 0 21 2—-31
GQ, 5—i 1+5i 347 743 1547 31415 57+31i 1134577 223+ 113¢ 439+ 223
GQ-, 5—% —-1—-4 —-1—4% —-1—% —-149i 9-T¢ —7—1 —1— —1—1 —1+19%

o0
The following Theorem presents the generating function fgy, (z) = > GVa™ of Gaussian generalized
n=0
Pentanacci numbers GV,,.

THEOREM 3.1. The generating function of Gaussian generalized Pentanacci numbers is given as

GV + (GVi — GVo)z + (GVa — GV; — GV)z? + (GVs — GVa — GV; — GVp)a®
+H(GVy — GV — GV, — GV, — GVp)a

l—z—a2—a3—a*—2b

(3.5) fav,(z) =

Proof. Using (3.1) and some calculation, we obtain

fav, (z) — zfav, () — 2° fav, (z) — 2° fav, (z) — 2" fov, (z) — 2° fav, (2)
= GV + (GV1 — GVo)z + (GVa — GVi — GVp)z? + (GVs — GVa — GV — GVy)a®

+(GVy — GV3 — GV, — GVy — GVy)z*

which gives (3.5).
The previous Theorem gives the following results as particular examples: the generating function of

Gaussian Pentanacci numbers is

x + ix?

1l—z—a?—a%—2%—2ab

(3.6) fap, (2)

and the generating function of Gaussian Pentanacci-Lucas numbers is

5—i—(4—6i)x— (3+3i)a? — (2+2i) 23 — (1 +4)a?
1l—az—22—a3—z2%—2b '

(3.7) feq.(z) =

We now present the Binet formula for the Gaussian generalized Pentanacci numbers.

THEOREM 3.2. The Binet formula for the Gaussian generalized Pentanacci numbers is

GV = (A1a" %+ 438" % + Agy" 8 4+ A" % + AsA"P)

o, (Aloén_g+A2,3n79+A3’yn_9—|—A45n79+A5)\n79)
where Ay, As, Az, Ay and As are as in Corollary 2.5.

Proof. The proof follows from Corollary 2.5 and GV,, =V,, +1V,,_1.


https://doi.org/10.20944/preprints201906.0110.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 13 June 2019 d0i:10.20944/preprints201906.0110.v1

ON GENERALIZED PENTANACCI AND GAUSSIAN GENERALIZED PENTANACCI NUMBERS 15

The previous Theorem gives the following results as particular examples: the Binet formula for the

Gaussian Pentanacci numbers is

ap an+3 ﬁn+3 ,.yn+3
o ((a—ﬁ)(a—v)(a—5)(0¢—>\)+(5—04)(5 (B —=0)(B— A) (Y—a)(y=B)(vy =)y =)
6n+3 >\n+3
MO R I RSy ey o) o W e
) a2 B"H-Q ,)/n+2
QAP TT  o  Rl Ee(  J EBS R o oy ey y
5n+2 >\n+2
6= -AG-6-N O =HO - =)
a—1 n—1 6_1 n— y—1 n—1 0-1 n— A n—
Gh = <6a—100‘ +6ﬂ—106 1+67—107 T =100 1+6)\—10)\ 1)
N B S s EPUIPRD TS S
“(6@—10“ t 66 — B Ty =10 e’ Teo) )

and the Binet formula for the Gaussian Pentanacci-Lucas numbers is
GQn _ (an +Bn +’)/n _|_5n +An) 41 (anfl +Bn—1 _|_,Yn71 +5n—1 +>\n—l) )
The following Theorem present some summation formulas of Gaussian generalized Pentanacci numbers.

THEOREM 3.3. Forn > 1 we have the following formulas:

(a): (Sum of the Gaussian generalized Pentanacci numbers)

Z GVj = Gvn+4 GVipys — 2GVni1 4+ GV, — GVy + GVy + 2GV; — GV))

(b): Y i i GVars1 = §(38GVanga + 4GVayi1 + GVay + 2GVay_1 — GVan—g — 3GVy + 4GV5 — GV —
2GV; + GVp)

(€): S ; GVap = £(—GVapys + 4GVan i1 + 5GVay, + 2GVop_1 + 3GVop—o + GVi — 4GV3 + 3GVs —
2GV; — 3GVp).

Proof. (a), (b) and (c) can be proved exactly as in the proof of Theorem 2.6.
As special cases of the above Theorem, we have the following two Corollaries. First one present summa-

tion formulas of Gaussian Pentanacci numbers.

COROLLARY 3.4. Forn > 1 we have the following formulas:

(a): (Sum of the Gaussian Pentanacci numbers)

Z GP, = Gpn+4 GP,iy —2GP, 1+ GP, — 1 —1)

(b): p_) GPoji1 = (3G Payio +AGPoyi1 + GPoy + 2GPay_1 — GPop_o — 7~ 3)
(C): ZZ:l GPQk = %(—Gp2n+2 + 4GP2n+1 + 5GP2n + 2GP2n71 + 3GP2n,2 -3 + Z)
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Second Corollary gives summation formulas of Gaussian Pentanacci-Lucas numbers.

COROLLARY 3.5. Forn > 1 we have the following formulas:

(a): (Sum of the Gaussian Pentanacci-Lucas numbers)

> GQx = 1(GQnia — GQni2 = 2GQn i1 + GQn — 15+ 5i)
k=1

(b): > i GQaky1 = %(3GQ2n+2 +4GQon+1 + GQ2pn +2GQ2n—1 — GQ2pn—2 — 17 — 214)
(€): Yr_1 GQa = :(—GQant2 + 4GQ2n11 + 5GQ2y + 2GQ2n—1 + 3G Q2,2 — 21 — 90).

4. Basic Relations and Simson Formulas

In this section, we obtain some identities of Pentanacci numbers and Pentanacci-Lucas numbers and
some identities of Gaussian Pentanacci numbers and Gaussian Pentanacci-Lucas numbers. Moreover, we
present Simson formulas of these numbers.

First, we can give a few basic relations between {P,,} and {Q,}.

THEOREM 4.1. The following equalities are true:

(4.1) Qn = —Puy3+ TPy — 2P, — Py,

(4.2) Qn = —Puis+ 6Py —3P, — 2P, 1 — Py_o,

(4.3) Qn = 3Pnpis—TPuis—9P, —8P,_1 — 4P, >,

(4.4) Qony1 = 287P,.o— 286P, 1 — 281P, — 264P,_; — 213P,_s,
and

(4.5) 1198P, = 27Qui3 + 18Qui2 +3Qnt1 — 22Qn + 136Qy—1,
(4.6) 1198P, = 45Quni3 — 15Qn41 — 40Q, + 118Q,_1 — 18Qn_o.

Proof. Note that the last six identities hold for all integers n. For example, to show (4.1), writing
Qn :aPn+3+an+2+CPn+1 +dP, +ePp_

and solving the system of equations

Qo = aP3+bPy+cP+dPy+eP_y
Q1 = aPy+bP3+cPy+dP +ePy
Q2 = aPs+bPy+cP3+dP;+ePy
Qs = aPs+bPs+cPy+dPs+ePs
Qs = aPr+bFPs+cPs+dPy+ePs

we find that a = —1,b=0,c =7,d = —2,e = —1. The other equalities can be proved similarly.
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We present a few basic relations between {GP,} and {GQ,}.

THEOREM 4.2. The following equalities are true:

(4.7) GQ, = —-GP,3+7GP,1—2GP,—GP, 1,

(4.8) GQ, = —GPyis+6GPys1—3GP, —2GP,_1 — GP,_,,

(4.9) GQ, = 3GP,.4—TGP,o—9GP, —8GP, 1 — 4GP, o,

(4.10) GQans1 = 287GP, o —286GP,. 1 — 281GP, — 264G P,,_1 — 213GP, o,
and

(4.11) 1198GP, = 21GQn43+ 18GQny2 +3GQn11 — 22GQ, + 136GQ, 1,
(4.12) 1198GP, = 45GQu13 — 15GQp 11 — 40GQ, + 118GQ,_1 — 18GQ,,_».

Proof. Note that the last six identities hold for all integers n. For example, to show (4.7), writing
GQn = G,G_Pn+3 + bGPn+2 + CGPn+1 + dGPn + 6Gpn,1

and solving the system of equations

GQoy = aGP3+bGP,+cGP, +dGPy 4+ eGP_,
GQ1 = aGPy+bGP3+ cGPy +dGP; + eGPy
GQa2 = aGP;+bGPy+ cGPs+ dGPy + eGPy
GQs = aGPs+bGPs+ cGPy+ dGP; + eGPy
GQs = aGP; +bGPs+ cGPs 4+ dGPy + eGP

we find that a« = —1,b = 0,c = 7,d = —2,e = —1. Or using the relations GP, = P, +iP,_1, GQ, =
Qn+1iQn—1 and identity Q,, = —Pyy3+ 7Pp11 — 2P, — P,_1 (see Theorem 4.1) we obtain the identity (4.7).
In fact, note that
GQn = Qn + Z.Qn—l
= (=Puy3+7Pyy1— 2P, — Py_1) +i(—Puy2+ 7P, — 2P, 1 — P,_2)
= _(Pn+3 + ’iPn+2) + 7(Pn+1 + ZPn) - 2(Pn + iPn_l) - (Pn—l + ipn_g)

= —GPui3+T7GPyi1 — 2GP, — GP,_;.

The other equalities can be proved similarly.

We can also give a few basic relations between {GQ,,} and {P,}.

(4.13)  GQn = (5—1i)Pus1— (4—6i) Py — (3+3i) Po_y — (24 2i) Py_g — (1 +1i) P,_3,

(4.14) GQuya = (154 7i) Puyr + (16 +8i) Py + (11 +9i) Py + (10 + 4i) P, 5 + (74 3i) P, _s.
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We present an identity related with Gaussian generalized Pentanacci numbers and Pentanacci numbers.
THEOREM 4.3. Forn >0 and m > 0, the following identity holds:

(4.15) GVisn = PuosGVp+ (Po—s+ Prs5)GVis1 + (Pt + Prs + Pr_g)GVirso

(416) +(Pm—4 + P7rL—5 + Pm—6 + PTIL—7)G‘/TL+3 + Prn—3GVn+4

Proof. The identity (4.15) can be proved by induction on m as in Theorem 2.3.
The previous Theorem gives the following results as particular examples: For n > 0 and m > 0, we have

(taking GV,, = GP,)

GPm+n = Pm74GPn + (Pm74 + Pm75)GPn+1 + (Pm74 + Pm75 + Pm76)GPn+2

+(Pm—4 + Pm—5 + Pm—6 + Pm—?)GPn-i-?) + Pm—3GPn+4
and (taking GV,, = GQ,,)

GQm+in = Pn-aGQn+ (Pn-a+ Pus5)GQni1 + (Pn—a + Prns + Pr6)GQn2
+(Pm—a+ P—s5 + Po—6 + Py—7)GQni3 + Prn—3GQu4.
One of the oldest and best known identities for the Fibonacci sequence {F,} is
Fop1 Py — F = (-1)"
which was derived first by R. Simson in 1753 [18]. This can be written in the form

Fn+1 Fn
Fn anl

= (-1

and called as Simson or Cassini formula (Identity). The following Theorem gives generalization of this result

to generalized Pentanacci numbers.

THEOREM 4.4. (Simson’s formula of generalized Pentanacci numbers) For all integers n, we have

Vata Vags Varz Vapr Vi Vi Vs Vo Vi W

Vats Varz Vo Voo Vi Vs Vo Vi Vo Vo,

(4.17) Vive Va1 Vi Vior Voo | = V2 W Vo Vi Voo
Vier Vo Vaor Vi Vies i Vo Vo1 Voo V_j

Vi Vaci Vaea Vaoz Vig Vo Voo Voo Vo3 V4

Proof. (4.17) is given in Soykan [23].

COROLLARY 4.5. For all integers n, we have


https://doi.org/10.20944/preprints201906.0110.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 13 June 2019 d0i:10.20944/preprints201906.0110.v1

ON GENERALIZED PENTANACCI AND GAUSSIAN GENERALIZED PENTANACCI NUMBERS 19
(a): (Simson’s formula of Pentanacci numbers)

Piya Puys P2 P Py
Poiz P2 Popn P Poa
Pito Poy1n P, Py Py |=1,
Puii Py Pyi Puo Pus
P, P,y P,y Pos P.,

(b): (Simpson’s formula of Pentanacci-Lucas numbers)

Qnis Qniz Qniz Qni1  Qn
Qnis Qniz Qui1 Qn  Qn
Qniz Qni1 Qn  Qu-1 Qn_o | =9584.
Qi1 Qn  Qno1 Qu_2 Qn-_3
Qn Qn-1 Qn-2 Qn-3z Qn_s

Note that Simson’s formula of Gaussian Pentanacci numbers is

GP,,y GP,.3 GP, GP,.1 GP,
GP,.35 GPh,.» GP,.1 GP, GPn_,
GP,i» GP,.1 GP, GP,1 GP,o |=1+i,
GP,.1 GP, GP,1 GP,o GP._s
GP, GP,_1 GP,5 GP,3 GPn_.4

and Simson’s formula of Gaussian Pentanacci-Lucas numbers is

GQn+a GQnis GQuiz GQni1  GQp
GQnys GQniz GQnir  GQn  GQp
GQnio GQui1 GQn GQn1 GQn_o | = 9584 + 9584i.
GQuni1  GQn  GQuo1 GQu2 GQu-3
GQn  GQno1 GQu—2 GQu-3 GQn_a

5. Matrix Formulations of V,, and GV,

In this section, we present some matrix formulation of generalized Pentanacci numbers and Gaussian
generalized Pentanacci numbers.

We define the square matrix A of order 5 as:

11 1 11
100 00
A=10 1 0 0 0
0 01 0O
0 00 1O
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such that det A = 1. Induction proof may be used to establish

Poy1i P+ P, 1+P, 2+P,3 P,+P, 1+ P2 P,+ P, P,
P, P,1+P,os+P, 3+P,_y Po_1+P,—o+P,_3 P,_1+P,_2a P,_1
A=\ P,y Py o+Py,3+P,4+P,5 Poo+P,3+P,y P,o+P,3 P,
Pro Pos+PoatPos+Pog Pos+PostPos Pos+Poas Pos
P, s P, 4+P, s5+P, ¢6+P, 7 Py s+P, s5+P, ¢ P, s+P, 5 P,y

Matrix formulation of P, and @, can be given as

Proia 11111 P
P 1000 0 Py
(5.1) Poo =l 01000 Py
Pt 00100 P
P, 00010 Py
and
Quia 11111\ Qe
Qn+3 100 00 Q3
(5.2) Oniz | =1 0100 0 Qs
Qni1 00100 Q1
Qn 00010 Qo

Induction proofs may be used to establish the matrix formulations P, and @,,. Similarly, matrix formulation

of V,, can be given as

Vi 11111 Vi
Viis 10000 Vs
Voo |=]10 1 0 0 0 Vs
Vi 00100 Vi
v, 00010 Vo
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Consider the matrices Np, Ep defined by as follows:

4+21 240 1+ 1 0
241 141 1 0 0
Np = 1+1 1 0o 0 O )
1 0 0 0 1
0 0 0 1 1—1

GPn.y GPhi3 GPyo GPy1 GP,
GP,.35 GP,.y GP,. GP, GP,_;
Ep = | GPysy GPuyy GP, GPuy GP,_,
GP,.1 GP, GP,1 GP,o GPn_s
GP, GP,_1 GP,5 GP,5 GPyr_4

Next Theorem presents the relations between A™, Np and Ep.

THEOREM 5.1. Forn > 4, we have

A"Np = Ep.
Proof. Using the relations
GP, = P,+iP,_,
GPyyy = Py +iPyy3=(44+20)Pp1+ A +20)P,+(4+2)Py1+(B3+2i) Py_a+ (2+1) Py_s,
GPoys = 24+ P11 +2+9) P+ 2+ Pr1+2+49) Pra+ (1+1i)P,_s,

we get A"Np = Ep.
Above Theorem can be proved by mathematical induction as well.

Consider the matrices Ng, Eg defined by as follows:

15+7 743t 34+¢ 145 5—1
7+3 3+7 145 5—-¢ —1-—1
Ng = 3+7 145 b5—-t —-1—-% —-1-1
1+5 5—-¢ —-1—-3% —-1—-7 —-1-—3%
5—1 —-1—-4% —-1—-4 —-1—-¢ —1+4+%

GQnias GQnis GQniz GQui1  GQ,
GQnis GQniz GQny1 GQn  GQp
Eq = GQn+2 GQni1 GQn  GQuno1 GQu—2
GQny1 GQn  GQuno1 GQu—2 GQu-3
GQn GQno1 GQu—2 GQn-3 GQn-a

The following Theorem presents the relations between A™, Ng and Eg.
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THEOREM 5.2. We have

A"Ng = Eq.

Proof. The proof requires some lengthy calculation, so we omit it.

The previous Theorem, also, can be proved by mathematical induction.

6. Conclusions

e In the section 1, we present some background about generalized Pentanacci numbers.

e In the section 2, we present Binet’s formulas, generating functions, and the summation formulas
for generalized Pentanacci numbers.

e In the section 3, first we recall Gaussian integers and then we define Gaussian generalized Pentanacci
numbers and as special cases, we investigate Gaussian Pentanacci and Gaussian Pentanacci-Lucas
numbers, with their properties such as the generating functions, Binet’s formulas and sums formulas
of these Gaussian numbers.

e In the section 4, we obtain some identities of Pentanacci numbers and Pentanacci-Lucas numbers
and some identities of Gaussian Pentanacci numbers and Gaussian Pentanacci-Lucas numbers.
Furthermore, we present Simson formulas of those numbers.

e In the section 5, we give some matrix formulation of generalized Pentanacci numbers and Gaussian

generalized Pentanacci numbers.
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