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s 1 Introduction

16 Let X be a real normed space and Y be a real Banach space. In 1940, Ulam [15] raised the
17 question about the stability of group homomorphisms, and in the following year Hyers [5]
18 solved this question about the additive functional equation, which gives a partial answer
19 to Ulam’s question. In 1978, Rassias [14] generalized Hyers’ result (refer to [2, 3, 6, 8, 13]
20 for a more generalized result). Since then, many mathematicians investigated the stability
a1 of different types of functional equations [4, 16]. Rassias [14] investigated the stability
22 problem for approximately linear mappings controlled by the unbounded function 6(||z|”+
23 ||y|P) as follow:

Theorem 1.1 Let f : X — Y be a mapping from a real normed vector space X into a
Banach space Y satisfying the inequality

1f (2 +y) = @) = fFIl < 0(ll=]” + [ly]"),

for all z,y € X\{0}, where 0 and p are constants with 6 > 0 and p < 1. If f(tx) is
continuous in t for each fixed x, then there exists a unique linear mapping T : X — Y

such that
20 ||[|”

2 -2

[f(x) =T ()] <
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2  for all x € X\{0}.

25 The functional equation is said to have Hyers-Ulam Rassis stablity when the stability
2 can be proved under the control function 0(||z||” + ||y|*).
A mapping f: X — Y is called a general quintic mapping if f satisfies the functional
equation

6

S 6CH(=1)" f (i~ 3y)) = 0 (1)

1=0

which is called a general quintic functional equation. A mapping f : X — Y is called a
general sextic mapping

7

D 2Ci(=1) f(w +iy) = 0 (1.2)

1=0

27 which is called a general sextic functional equation. For example, the functions f,g :
s R — R defined by f(x) = Z?:o a;x’ and g(z) = Z?:o a;x', a; € R, satisfy the above
20 functional equations. More detailed term for the concepts of “a general quintic mapping”
s and “a general sextic mapping” can be found in Baker’s paper [1] by the terms “generalized
31 polynomial mapping of degree at most 5”7 and “generalized polynomial mapping of degree
32 at most 6”7, respectively. Kim etc. [7] has previously studied the stability of a general a
33 general cubic functional equation and Lee [9, 10, 12] has studied the stability of a general
3¢ quadratic functional equation, a general cubic functional equation, and a general quartic
35 functional equation.

36 In section 2, we will investigate the Hyers-Ulam-Rassias stability of the general quintic
37 functional equation. And in section 3, we will investigate the Hyers-Ulam-Rassias stability
33 of the general sextic functional equation.

» 2 Stability of a general quintic functional equation

Throughout this section, for a given mapping f : X — Y, we use the following abbrevia-

tions:
folx) := W folz) = W
6
Df($a y) ::Zﬁci(—l)(j_if(x + (’L _ 3y)),
i=0

Tf(2) :=Dfo(20,22) + 6D fo(32, ) + 36D fo(25, 7) + T0D fo(, z),
Af(x) :==Dfe(z,z) + 3D fe(0, )

for all z,y € X. By laborious computation we can get the equalities

Ff(CC) fo(8$) - 42f0(4x) + 336f0(2$) - 512fo(£)7
Af(x) =fe(4x) — 20fc(27) + 64fc() (2.1)

w0 forall z € X.
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Lemma 2.1 Let p be a fizred nonnegative real number such that p ¢ {1,2,3,4,5}. For a
given mapping f: X =Y with f(0) =0, let J,f : X =Y be the mappings defined by

_4n 16n+1
([~ Uelgr) ~ 160 (55m)) 4 " (fe o) = Ae(5ir))
4+ 2" —20x8" +64x f ( 40x 2 7680><8”+640>< f ( )

256x2n—%5280x8"+1o%4x32n x 45 ot .

+ 15 fo(z2) if 5<p,
n+1

3n(fe(2n) 16fe(2n+1)) 13, (fe(gr) = 4fe ()

42 f( 40x2M — 170><8 f( ) 256 x 2" —320><8"f( x )

4?0 o 1 o\ on 1 90 o 2n+1
+90><32" (f0(2n+ z) — 10fo(2n ) +16fo(2" ') if 4<p<5,
4n _ Afe(272)—fe 2n+1

2(165f65§2 o)~ Je(2 40”121 )170 sf( x)X{6$L256 ””2) 320x8

n X &M X 2m X &M xn _ X &M T
B o (i) - fol ) + BRI £ ()
+90X32n (fo(212) — 10,(272) + 16£,(27 1) if 3<p<4,
Jnf(l‘) = n 4 2M ) — 2n+1
%(16]06(2_"1') - fe(2_n+1l')) - fe( f;X{%’El a:)
+4f0(2"+1x) _40fo(2™x) + 64f,(2""1z)  5fo(2"Tlx) 170fo(2"z)  320f0(2" " 'x)

2n90><32" 9%3%;; 90X322;6 on 90X 8" 90x8m 90x 8"

+ 35 fo(F5T) — 255 fo (5 ) + 2555 fo(557) if 2<p<3,
16fe(2"x)—fe(2" 1)  4fe(2"z)—fe(2"Tla)
12x4™ 12X 16"

Afo(2"Ta)  40f,(27z) | 64fo(2" " lz)  5fo(2ntlm) | 170f5(2"x)  320f,(2"lx)
+2n90><32" 9%3%;; + 90x322;6 on 90X 8" 90X 8™ _ 90x 8"
+gfo(tr) = 56 fo(57) + 2555 fo(zr) if 1<p<2,
16fc(2"a)—fe(2"H1a)  4fe(2"m)—fc(2"H12)

12 % 4™ 12x16™
fo(2M22)  10fo(27H1a) + 16f0(2"2)  5fo(2"F2x) | 170f,(2"F 1)  320f,(2"x)
20533" a0 73%13271 256 7§9x32n 720 % 8" 720X 8" 720X 8"
\ +fo(2 z)— flo8(0X2nfr)+ fo(2"x) if 0<p<l1
for all x € X and all nonnegative integers n. Then
Jnf(x) - Jn—l-lf(x) =
2n+1 n n n n .
(5= - 3)Af () + (5 - 25 + 9550 (75%) if 5 <p,
42n+1 qn on 8N 2 f (2™ 1 .
( 3~ ?)Af(zn%) + (% - *)Ff(2n+2) - 45x(32n+1) if 4 <p<5,
4n Af(2"x) on 2 (2" 1) .
ﬁAf(Qnil) — Tooxter T+ (% - Ts)rf(QnH) - 45><32"+:f if3<p<4, (2.2)
qn Af(2"x) | 2n Lfer—tz)  orf2n~'z) '
ﬁAf(znﬂl) — Toosaer T %Ff(2n+2) + 18><8“+Lf - 45><32”+915 if2<p<3,
Af(2rz)  Af@2rz) | 2n Lf@r—lz)  oTf(2n1lz) .
i — moaxier T %Ff(rrﬂ) + S8eE T — dx3zeT fl1<p<2,
Af(2rz)  Af(2"z) rf(2"z) rf(2"z) rf(2"z) .
48><4f - 192><16m" + 180x2nﬁ1 + 144x8nx+1 - 720x32f+1 f0<p<1

a  for all x € X and all nonnegative integers n.

Proof. For the case 2 < p < 3, from the definition of J,, f and the equalities (2.1), we
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obtain that

Inf (@) = Jngr f(2)

4” x 4“”rl x
5 (160 (55) = 2 () = 53 (10 () = 72 (55))
4fe(2n ) _ fe(2n+1$) 4fe(2n+l )_ fe(2n+2 )

B 12 x 16" + 12 x 1671
Afo(2" ) 40f,(2"x) | 64f,(2" )

90 x 327 90 x 320 00 x 321
Afo(2" %) 40f,(2" ) 64f,(2"x)

© 90 x 3271 T 90 x 3271 9( x 32nt1
5fo(27Ftx)  170f,(2"z)  320f,(2" 'x)

90 x 8" 90 x 8" 90 x 8"
5f,(27F2x)  170f,(2" 1) 320f,(2"x)

90 x 8+l 9 x gntl 90 x gntl

o5 (Fols) — 1050 53) + 25605 (7))
2““ 5 (Folge) = 100u(Gzr) +25600(552))

~1z (-4 (5r) 208 (55) - 017 (551

B fe(2n+2 )_20fe(2n+1 )+64fe(2n )

12 x 167+
41, (27 2x) — 168f,(2" o) + 1344 f,(2"x) — 2048 f,(2" 1)
a 90 x 32n+1
N 5f0(27F2x) — 210£,(2"1z) 4+ 1680 f,(2"x) — 2560 f,(2" Lx)
90 x 8+l
2" T
+ o5 (Folgr) —420(55) +336£(57) — 5120(55) )
4 x Af(2" ) 2m x rfen-te) 20 f(2" 2)
12 f(2n+1) 192 x 16" T 90 f(2n+2) 18 x 87+l 45 x 32n+1

2 for all x € X and all nonnegative integers n. Also we easily show that the equality (2.2)
a3 holds by the similar method for the other cases, either 0 <p < lorl <p<2or3<p<4
s ord<p<borb<<p. O

Lemma 2.2 If f: X — Y is a mapping such that

Df(x,y) =0
for all z,y € X with f(0) =0, then

s for all x € X and all positive integers n.


https://doi.org/10.20944/preprints201905.0389.v1
https://doi.org/10.3390/math7060510

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 31 May 2019

46

47

48

49

Proof. If f: X — Y is a mapping such that

Df(z,y) =0
for all z,y € X with f(0) = 0, then it follows from the definitions of Af(x) and I'f(x)

that Af(z) = 0 and I'f(x) = 0 for all x € X. Therefore, together with the equality
flz) = Jof(z) = Z?:_Ol(Jif(:c) — Jit1f(x)) and the equality (2.3), we conclude that

for all x € X and all positive integers n. O

From Lemma 2.2, we can prove the following stability theorem.

Theorem 2.3 Let p # 1,2,3,4,5 be a fized nonnegative real number. Suppose that f :
X =Y is a mapping such that

1D f (@, y)ll < Ol ]l” + [lyl[”) (2.3)

for all x,y € X. Then there exists a general quintic mapping F such that

1f(2) = f(0) = F(2)]| <

(45><22P w—2) T 45((211728;;;2;31));){22? + 2p(2p 156)(2P 4))9Hx”p if 5<p,
(4 2123X?;p 2119 Ig w T 45(322[(217)2? + @ 16)(217 4))9||$||p if4<p<5,
(45(;20)(? 2:17)12 7+ 45(3221(210)217 + @o 4)(16 7)) OllzllPif 3 <p <4, (2.4)
(90><2P 32y T 90(3(21—2311)%2)—[;?)% + (2P—4)(16—2P))9H$”p if2<p<3, |
(soz¢. @—2) T 90(3(21—255)%2)—1;9)% + (16_2p?(4_2p))9||$||p if1<p<2,

L (180 = 3y T 180((83821’2)125)35—21’) + (16—2??(4—217))9“95”117 f0=p<l

for all x € X and F(0) =0, where K = 182 4 38 x 2P 4+ 6 x 3P.

Proof. If f is the mapping defined by f (z) = f(x)— f(0), then the mapping f satisfies
the properties Df(x,y) = Df(x,y) and f(0) = 0. By (2.3) and the definitions of I'f and
Af, we have

ITf(2)|| =||Dfo(22,22) + 6D f,(3z, x) + 36D f,(2z, 2) + T0D fo(z, z)||
<O(182 + 38 x 2P 4 6 x 3P)|z|P,
|Af(2)|| =||Dfe(z,2) + 3D fe(0,2)|| < 50|z |]”

for all z € X. It follows from (2.2) and (2.3) that

d0i:10.20944/preprints201905.0389.v1
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10 f () = Tngr f(2)] <

(45x2272£3)p - 9i§(§ln+§)p + ﬁiﬁ%ﬁgp 5§4jg<+nl+_2§l:))9||ﬂf|!” if 5<p,
(S + B + Xyl if4<p<s,
(e + el + 45 oy + lggfzgnwuxup i3 < p <,
(s + S st — K + 4t + ) OllelP £2<p <3,
(QOXQQTE’{L{*‘?)P + (5X4n;10;?;2+(f Dpg 5(4:921“23@)0” ”p i1<p<2,
\ (183?<p21"{+1 + 144217:)8]7SH - 7202:§§z+1 5(417:;2;116"2”?)9” kg ifo<p<1

for all # € X. Together with the equality Jnf (@) = Jpimf(x) = SN f(2) —
Jit1f(x)) for all z € X, we obtain that

1T f () = Jnsmf(@)]| <

(T (R + ) Ol if 5<p,
Al (L [ if4<p<s,
Sl (GBI | D) b L + lsgfizzv)enxnp if3<p<d,
e (AU DI | 4l + i) OlalP if2<p <3
”“”1@““ﬁaziiﬁhf”” 5%;$fﬁm|w if1<p<2,
S (R R - K M 0lalP 0 <p<

(2.5)

for all z € X and n,m € NU{0}. It follows from (2.5) that the sequence {Jof(z)} is a
Cauchy sequence for all z € X. Since Y is complete, the sequence {.J, f(x)} converges for
all x € X. Hence we can define a mapping F': X — Y by

F(x):= lim J,f(z)

n—o0

for all z € X. Note that F(0) = 0 follows from f(0) = 0. Moreover, letting n = 0 and
passing the limit n — oo in (2.5) we get the inequality (2.4). For the case 2 < p < 3, from
the definition of F', we easily get

f;< Df. <2x 2y> + 16D/, (7 2‘2))

N Df. (2"t tz, 2" y) — 4D f. (2", 2"y)

|mmew—hm\

12 x 16™
4Dfo(2n+1x’ 2n+ly) B 40Dfo(2nl‘, Qny) N 64Df0(2n_1$7 2n_1y)
90 x 327 90 x 327 90 x 327
5[Dfo(2n+lx, 2"+1y) — 34Df0(2n1" 2ny) —+ 64Dfo(2n—1$’ 2n—1y)]
90 x 8"

2” 2xr 2y Y x Y
[ f0<2n 2n> — 40Df0< 2n> + 256D f, <2n+1, St
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7
o iy (F@PA16)  2P(2P +4) AP 10X 2P+ 16)2(n—1p
1m
“nSoo \| 12 x 2% 12 x 167 90 x 32n
5(4P + 34 x 2P + 64)2(n=1P 74P 4 40 x 2P + 256) » »

=0

for all z,y € X. Also we easily show that DF(xz,y) = 0 by the similar method for the
other cases, either 0 < p<lorl<p<2ord3<p<4ord<p<>ord<p. Toprove
the uniqueness of F', let F' : X — Y be another general quintic mapping satisfying (2.4)
and F'(0) = 0. By Lemma 2.2, the equality F'(z) = J,F’(x) holds for all n € N. For the
case 2 < p < 3, we have

d0i:10.20944/preprints201905.0389.v1

1T f () = F'(@)|| =[|Jnf () = JuF' ()|
a2z x |z 2 4|[(fe — Fo)(2")]|
< e Fe on 19 e Fe on
- 12 (f )<2n>H+12 ( )<2n>H+ 12 x 16"
4 e~ Fe)(2M )| n 4)|(fo — Fo) 2" a)|| | 40[|(fo — Fo)(2 )|
12 x 16™ 90 x 32n 90 x 327
64(|(fo — Fo) (2" ') n 51(fo = Fo) 2" )| 170((fo — Fo)(2"2) |
90 X 32" 90 x 8 90 x 8»
320((fo — Fo) (2" '2)| | 2"
90 x 8n KT 90 (
40 x 2™ 256 x 2™ T
o  an o Fo ant1
ilo-m(E)] - 25 ><W>
_ 4rt2 pgnop 4o 9 4 2P 4 (4P 410 x 2P 4 16)2(n P
- 12 x 2np 12 x 16" 90 x 327
5(4P 4 34 x 2P 4+ 64)2(7=DP (4P 4 40 x 2P + 256)2"
90 x 8» 90 x 2(n+1)p
K (128 — 2P)K 5
X + 0||x||”
90 x 2r(2P —2)  90(32 —2P)(8 —2P)2P (2P —4)(16 — 2P)

for all x € X and all positive integer n. Taking the limit in the above inequality as
n — 0o, we obtain the equality F'(x) = lim,_e0 Juf(z) for all € X, which means that
F(z) = F'(z) for all z € X. Also we easily show that F(x) = F’'(x) by the similar method
for the other cases, either 0 <p<lorl<p<2or3<p<4dord<p<borbH<p O

When n is a fixed number such that n € {1,2,3,4,5}, if f : R — R is a solution of the
functional equation Y 1 ,Ci(—=1)'f(iz +y) —n!f(z) =0 for all z,y € R, then f: R - R
is a solution of the functional equation Df(z,y) = 0 for all z,y € R.

So Example 1 in [11] shows that the assumption p # 1,2,3,4,5 cannot be omitted in
Theorem 2.3.

Example 2.4 (Example 1 in [11]) There is a mapping f : R — R

Z Ci(—1)' fliz +y) — nlf(x)] <4 x (n+D(n+ 12" (2™ + |[y]™). (2.6)
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so for all x,y € R, but there do not exist a mapping F' : R — R and a constant d > 0 such
o that Y1 o nCi(—1)'F(iz +y) —n!F(x) =0 and |f(z) — F(x)| < d|z|" for all z € R.

« 3 Stability of a general sextic functional equation

Throughout this section, for a given mapping f : X — Y, we use the following abbrevia-
tions:

7
Df(ZE, y) = Z 702(_1)7_Zf(1" + Zy)a
i=0
[(z) :=Df,(—6x,2x) + 6D fo(—x, ) + 42D fo(—22,x) + 112D fo(—3x, ),
Af(z) :=Df.(—6x,2x) + 8D fe(—x,x) 4+ 56D fe(—2x, ) + 112D f.(—3z, x)

for all z,y € X. By laborious computation we can get the equalities

Ff('r) :fo(&r) - 42f0(456) + 336f0(2$) - 512f0($)7 (31)
Af(x) =fe(8z) — 84 fc(4x) + 1344 f.(2x) — 4096 f.(x) (3.2)
62 forall z € X.
63 The proofs of the following two lemmas are very similar to the proofs of lemma 2.1

64 and lemma 2.2, so we omit them and just describe them.

Lemma 3.1 Letp #1,2,3,4,5,6 be a fized real number. For a given mapping f : X =Y
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with f(0) =0, let Jof : X = Y be the mappings defined by

44— 20><16"+64><64” ( ) 80x4"— 1360><16”+1280><64"f (
49 n 45 €
1024 x4" — 5120><16”+409 6% 64"
+ 45 f(i n+2
2" —20x8™4-64x32™ 40x2™ —680x8™+640x32™ T
+ fo(am) = fo(zr)

45 2n 45
+256><2" 1280><8”+1024><32”f ( T )
45 o\2n+2

371)

d0i:10.20944/preprints201905.0389.v1

180 180
4
+180><64" (fe(QnH )_20fe(2n )+64f (2n ! ))
_|_2"720><8"+64><32”f _40x2n— 680><8“+640><32"f ( )
45 o 2 45 o\gn+l
+256><2" 1280><8"+1024><32"f (
45 o\gn+2

4" —5x16™ fe (Qnm_l ) 80x4"™— 340>< 16™ fe( ) + 1024><4”18%)280>< 16™ fe ( T )

if 5<p<6,

180 180

SNIET (2 ) S0x47B10XI6" £ (o )+ 1024X4"™ —1280X 16"
e\gn= 8
+ Te0er (f6(2n+1 ) = 20fc(2"x) + 64f. (2" 'x))

+2°= 5x8”f0( 1) 40x2"— 170><8"fo( ) 256x 2™ — 320><8”f0(
2n
+90><32" (f0(2n+1 ) 10fo(2n )+16f0(2n 1 ))

Af.(2ntlx)  80f.(2"x) 256fe(2"_1:r) 5fe(27t1x) | 340fc(27x)

if 4<p<?5,

1280 f. (2" 1x)

180x64" 180X 8661”4 + 0><64"1 024_4 180x 16™ 180x16™
X X
1§0fe( )_ INEO fe(Qn) 18 f@(2n+1)

Jnf(z) f (2 ) 40x 27~ 170><8nf0( T 256><2”90320><8"f (
nJ\X) = o\an=1 ” 3
+90><32" (f0(2n+1 ) 10fo<2n ) + 16fo(2n ! ))

4fe(2"tlz)  80fe(2") 256fe<2"*1a:) 5fe(2"“w) 340fe(2"x)

if 3<p<A,

1280 f. (2" 1x)

180 x 64" 180x 64" + 0x647  — “180x16™ + 180x16™

80x 4™ 1024 x4™
+180f6(%" 1) B 1§0 fe(zn) 18>(() fe(2n+1)
Af,(2ntlg 40f,(2"x) | 64fo(2"tx)  5fo(2"T1a) 170f,(2"z)

3204, (2" 1z)

+ 90 x 32 90 x32™ + 90x32™ 0><8” 90x 8"

Afo(212)  40fo(2"z) | 64fo(2""'z)  Bfo(2"tla) | 170fo(2")

27 x 40><2” 256><2” :
+%fo(2n—1) fo(zn) fo( ) if 2<p<3,
fe(2n+22)  20f.(2"Tlx) + 64f.(2"x)  5fe(2"T2x) + 340fc (27 1z)

2880 64™ 2880 64™ 2880 64" 2880 16™ 2880 16™
+4fe(2"+21)7320fe(2”+1x)+4096fe(2":1:)
2880 x 4™

320f,(2" 1x)

+ 90 x 32 90 x32™ + 90x32™ 0><8" + 90x 8"

n n n .
+55fo(5mr) — 5 fol3h) + 2565 fo(5i%r) if 1<p<2,
fe(2n+22)  20f.(2"Tlx) + 64f.(2"x)  5fe(2"T2x) + 340fc (2" +1lz)

2880% 64" 2880x 64" 2880x 64™ 2880x 16™ 2880x 16™
+4fe(2"+2m)—320fe(2"+1z)+4096fe(2”z)

2880 % 4"
+fo(2"+2a;) _10fo(2"H12) 4 16f0(2"z)  5fo(27F22) | 170fo(2"T1x)

720X 32™ 720 % 32™ 720 32™ 720X 8™ 720 8™
+ Jo(2722)—40f, (27 12) 4256 f, (2™)

\ 180x 2™

for all x € X and all nonnegative integers n. Then
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Inf(x) = Jnp1f(z) =

(% 4><916" + 64><64")Af(2nw_~_3) + (% 4><98” + 64><32")Ff(2n:ﬁ_3)

if 6 < p,
4n 16” Af(2nlx) on 4x 8" 64 32"
(W )Af(2n+2) T 45x64nF1 + (E_ Xg + X )Ff(2n+3)
if 5 <p <6,
4n 16" Af(2nx) on gn orf(27 a)
(m )Af(2n+2) T 45x64nt1 + (% B ﬁ)rf(zn%ﬂ) T T45x32ntT
if 4 <p<b,
Af@rlz)  AfErTla) 2n 2rf(2" )
180Af(2"+2) T Box16FT — dsxoaFl T (% a ﬁ)rf(an) T T45x32n T (3.3)
if 3 < p<4,
Aferte)  AfeRMTlz) | o2m Lf@er—tz)  2Tf(2" 'a)
ISOAf(2n+2) t 3ox167TT T I5wean Tl +%Ff(2,f’;2) t Hgxgn T T Ixgzl
if 2 <p<3,
Af(2"x) Af(2"x) Af(2"x) rfer—1lz)  2Uf(2" 'a)
T 720xan T T 576x16n+T  2830x64n T T gorf(an) T Hgxgn T T dhxaanTT
ifl<p<2,
Af(2™x) Af(2™x) Af(2™x) Lf(2"x) Lf(2™x) L'f(2™x)
TT20x a7 T T 576167 T  2830x647TT  180x27 T T Tdaxsntl T 720x32n T

o5 for all x € X and all nonnegative integers n.

o6 Lemma 3.2 If f: X — Y is a mapping such that Df(x,y) = 0 for all x,y € X, then
s Jnf(x) = f(z) for all x € X and all positive integers n.

¢ Lemma 3.3 If f : X — Y is a mapping such that f(0) = 0 and Df(x,y) = 0 for all
o x,y € X\{0}, then Df(x,y) =0 for all z,y € X.

70 Proof. Since Df(x,0) =0 and Df(0,y) = Df(7y,—y) = 0 for all z,y € X\{0}, the
7 equality Df(x,y) =0 holds for all z,y € X. O

7 From Lemma 3.2 and Lemma 3.3, we can prove the following Hyers-Ulam-Rassias
73 stability of the sextic functional equation.

Theorem 3.4 Letp #1,2,3,4,5,6 be a fized real number. Suppose that f : X =Y is a
mapping such that

1D F (@ )l < Ol=[” + [ly[}”) (3-4)

for all x,y € X\{0}. Then there exists a unique general sextic mapping F such that
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1f (@) = f(0) = F(2)|| <
( (128+44x2P)K K’ (256+44x2P)K'\ 0||z||? ;
(o= 2) + Gr—syar=8) + @1 T (Z—ea)@-16)) B2 if 6<p,
(128+44x2P)K (2P—1)K’ K’ 0l|z||P :
(zoras @3y T (gp 8w + onerTe T Gy mew ¥ 5 <p <6,
(2x2P—1)K 2K (2P-DK’ K\ Ollz||P ;
( 2P 8)(2p ;) (32 2p) + @—ner—16) T G- 217))45;6217 if4<p<5,
(2x2P—1)K K’ (256—2P)K’  \ O||=||? ;
( pI 8)(217 5 T Gy T i t 16 16=3)) X if3<p<4,  (3.5)
(128—2P)K K’ (256—2P)K’  \ 0|l=||? ;
( 5 2) + 32 ) (8—2r) + 22p—4) T 2(61—27)(16— 2?))90i2p f2<p<3,
(128—2P)K (44+27)K’ K’ Ollz)”
(o + more-ew T ey ) T BmE)) - ¥1<p<2
(22+2P VK K (44427 K’ K\ Ol=z|? ;
\ ( 8 op)(2—27) T (32-27) T I(16-2)(4—27) T (64— zp)) 720 fp<l

for all z € X\{0} and F(0) = 0, where K := 166 + 43 x 2P 4+ 112 x 3P + 6P and K' :=
75 184 4+ 57 x 2P 4112 x 37 + 67.

Proof. If f is the mapping defined by f(z) = f(x) — £(0), then Df(z,y) = Df(x,v)
and f(0) = 0. By (3.4) and the definitions of T'f and Af, we have

IPF (@) =||DSo(~62,22) + 6D fo(~2,2) + 42D fo(~20,w) + 112D fo(~3z, )|
<6(166 + 43 x 2P 4+ 112 x 37 + 67) ||z |7,
|87 @)l =||DS.(~62,22) + 8Dfo(~z,2) + 56D fo(~2a,z) + 112D fo(~3a,2)

<O(184 + 57 x 27 + 112 x 37 + 67) | =||?

for all z € X\{0}. It follows from (3.3) and (3.4) that
[ Jnf (@) = Jngr f ()] <

(

(45><2272£{+3)P 9;4<>2<<8"72§)P + g;g%ﬁiﬁ, + 45;l;<ﬁ3)17 o 94;213?3(); + fs4xxz6<fjrl3{>;)9”x P if 6 <p,
(oo — oy + Szl 1 OO+ B )llalr if 5<p <,
(G + sz + Soaeedn + o )0l if4<p<s,
(G + il + roagtaem + O i)l if3<p<d
(s + e + gty + O g 6lel? i£2<p <3,
(s + i+ B — e + )bl 1 <p <2,
L (18§zp2€$+1 - 14421?8[51“1 + 7202:Q§L+1 + 72%n:4Kn:r1 - 57(?31?7:“ + 2882()n;£;+1)9||x”p itp<1

for all z € X\{0}. Together with the equality Jnf (@) = Jngmf(z) = S0 (T f () —
Jit1f(x)) for all x € X, we obtain that
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||Jnf(x) - Jn—‘rmf(l’)u <

( n+m 1 (21K 20><81K+64><32;é(>j—24€ﬁ’)p2O><161K’+64><64‘K’)QH Hp if 6<p,
T (BB + S Sl it 5<p <
S (G + S+ S+ Tpar Dolelr i4<p<s,
S (o e o g <<
n+m 1 (32><6411;X53;1ji2é)+>;>2;22+1>PK 44Z+3+g;<;1;;;142)(jf;)2;“)”(’)9ch||?’ it2 <p<3,
Sopml (RGN | (OB | e el i1 <p<2,
St (183:5'*‘1 - 14z21;ps§+1 + 7202;p3[2<z+1 (427;;_82&51)6?;‘7‘{(/ 2882(;:;22:“'1)0”:6 [ ifp <1

(3.6)

for all z € X\{0} and n,m € NU {0}. It follows from (3.6) that the sequence {Jnf(z)}
is a Cauchy sequence for all x € X\{0}. Since Y is complete and f(0) = 0, the sequence
{Jnf(z)} converges for all x € X. Hence we can define a mapping F' : X — Y by

for all x € X. Moreover, letting n = 0 and passing the limit n — oo in (3.6) we get the
inequality (3.5). For the case 2 < p < 3, from the definition of F', we easily get

Df.(2n gz 27 ly) 20D f.(27x,2y) 64D f,(2" 1z, 27 1y)

|DF(z, ) = lim H

45 x 64n 45 x 64n 45 x 64"
— Dfe(2" 'z, 2" y) — 68D f(2"x,2"y) + 256D f (2" 'z, 2" y)
36 x 16™

4m 2r 2y Ty T Y
180[ f<2 2> - 80Df@<2n’2n) ! 1024Dfe(2n+1’2n+1
ADfo(2" 12, 27y 40DS,(2",2") | G4DS(2" @, 2" 1y)

90 x 327 90 x 32n 90 x 327
5[Df0(2n+1377 2n+1y) — 34Df0(2naj’ 2ny) + 641).]00(2714*1.%7 2n71y)]
90 x 8"

s [ f0<2x 2y> —40Df0< 2n> +256Df0(2n+1,2ny+1>”‘

< lim ((4p +20 x 27 +64)2" P (4P 4 68 x 2P + 256)2(" 1P

T n—oo 45 x 64™ 36 x 167
47(4P 480 x 2P +1024)  4(4P 4 10 x 2P 4 16)2(»— D
180 x 2(nt1)p 90 x 327
(4P 4 34 x 2P 4+ 64)2(7= 1P 97 (4P 4 40 x 2P 4 256)

p p
e 4 ) (el + 1)

=0

for all x,y € X\{0}. Since DF(z,y) = 0 for all z,y € X\{0}, F' : X — Y satisfies
the equality DF(z,y) = 0 for all z,y € X by Lemma 3.3. Also we easily show that
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DF(z,y) = 0 by the similar method for the other cases, either p < 1 or 1 < p < 2 or
3<p<dord<p<bord<p<6orb<p Toprove the uniqueness of F, let
F’': X — Y be another sextic mapping satisfying (3.5) and F’(0) = 0. By Lemma 3.2,
the equality F'(z) = J,F'(z) holds for all n € N. For the case 2 < p < 3, we have

|0 f () — F' ()|
=||Jnf () = JnF' ()]
H(fe Fe)(2" )| +20||( Fe)(2"z)| +64H( Fo)(2" o)
- 45 x 64" 45 x 64" 45 x 64™

I(fe — Fe) (2" a)|| n 68| (fo — Fo)(2"x)| n 256/ (f — Fe)(2" )|
36 x 16™ 36 x 16™ 36 x 16™

) e ol M L G|

4||(f0 Fo) 2 )| | 40l(fo = Fo)(2"2)]| | 64)I(fo — Fo)(2" o)
90 x 321 90 x 32" 90 x 32"

5l[(fo — Fo) (")l | 170)|(fo — Fo)(2 )| | 320]|(fo — Fo)(2" )|
+ 90 x 8n + 90 x 8n + 90 x 8n

I o)l e

- ((4? +20 x 2P + 64)207= 1P (4P 4 68 x 2P + 256)2(n P
= 45 x 64n 36 x 16m
(4P 4+ 80 x 2P +1024)2"  2(4P + 10 x 2P 4 16)2(»—1rp
180 x 2(n+1)p * 45 x 32m
(47 + 34 x 2P 4 64)2(n—Dp N (47 + 40 x 2P + 256)2”)
18 x 8 90 x 2(n+1)p
y < K (128 — 2°)K K’ (256 — 2P) K’ > 0||x||
20 —2 ' (32-2°)(8—20) ' 2(2P —4)  2(64 —2P)(16 —2P) ) 90 x 2P

_l’_

76 for all x € X\{0} and all positive integer n. Taking the limit in the above inequality as
77 n — 00, we obtain the equality F'(z) = lim, o Jnf(z) for all z € X\{0}, which means
7 that F(z) = F'(z) for all x € X\{0}. Also we easily show that F(x) = F'(z) by the
70 similar method for the other cases, either p<lorl <p<2or3<p<4ord<p<b5bor
g0 H<p<borb<p. 0

81 From Theorem 3.4, we also prove the hyperstability of the sextic functional equation
g2 when p < 0.

83 Theorem 3.5 Letp < 0 be a real number. If a mapping f : X — Y satisfies the inequality
sa (3.4) for all x,y € X\{0}, then f: X =Y is a sextic mapping itself.

Proof. According to Theorem 3.4, there is a unique sextic mapping F' of the functional
equation DF'(z,y) = 0 such that

] (22 + 27)K K (44 + 2)K’ LS
[f(z) = F(z)] < <(8 o) 2—2) | (32— ) T 4(16 — 27)(4 — 2¢)  4(64 — 2p)> 720

d0i:10.20944/preprints201905.0389.v1
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for all x € X\{0} and F'(0) = 0. From the equality

Df(nz,—(n— 1)z ):Df(nz —(n—1)z) — DF(nz, —(n — 1)x)
—270 1 (f = F)(nz —i(n — 1)z)

for all z € X\{0} and n € N, we have the inequality

WO (F - F)@)] —HDﬂm, “(n—1)a) + (F - F)(na)
7
SO — Pz — ifn — 1))
=2

SGHme[nP—l—(n—l (nP+Z7C (n—1) )”)

(22 + 2°)K K (44 + 2°)K' K’
((8 —ony(2—20) " (32—20) | 4(16—27)(4—27) | 4(64— 217))]

ss for all x € X\{0} and n € N\{1,2}. Since f(O)Nz F(0) and n?, 27,‘7:2 7Ci(i(n — 1) — n)?P,
ss and (n — 1)P tend to 0 as n — oo, we get f(r) = F(x) for all z € X. Therefore
s7 Df(z,y) =Df(x,y) = DF(z,y) =0 for all z,y € X. O
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