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Abstract: In this work the general problem of the characterization of the topological phase of an open

quantum system is addressed. In particular, we study the topological properties of Kitaev chains

and ladders under the perturbing effect of a current flux injected into the system using an external

normal lead and derived from it via a superconducting electrode. After discussing the topological

phase diagram of the isolated systems, using a scattering technique within the Bogoliubov-de

Gennes formulation, we analyze the differential conductance properties of these topological devices

as a function of all relevant model parameters. The relevant problem of implementing local

spectroscopic measurements to characterize topological systems is also addressed by studying the

system electrical response as a function of the position and the distance of the normal electrode

(tip). The results show how the signatures of topological order affect the electrical response of the

analyzed systems, a subset of such signatures being robust also against the effects of a moderate

amount of disorder. The analysis of the internal modes of the nanodevices demonstrates that

topological protection can be lost when quantum states of an initially isolated topological system

are hybridized with those of the external reservoirs. The conclusions of this work could be useful in
understanding the topological phases of nanowire-based mesoscopic devices.
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1. Introduction16

In the last decade, the properties of Majorana zero-energy modes (MZMs) hosted in topological17

superconductors have gathered considerable interest. Indeed, their non-abelian statistics has been18

proposed as the working principle of a fault-tolerant topological quantum computation [1]. However,19

a crucial challenge towards the topological quantum computer is to implement quantum operations20

of nearly degenerate quantum states by a dynamical process involving Majorana fermions; the main21

one is the braiding dynamics in superconducting nanowires. From the theoretical side, the simplest22

model for realizing MZMs is the one-dimensional spinless p-wave chain proposed by Kitaev [2]. A23

realistic implementation of the Kitaev model has been proposed lately in the pioneering work by Fu24

and Kane [3] who have predicted the presence of MZMs as a result of the proximity effect between25

an s-wave superconductor and the surface states of a strong topological insulator.26

Many experimental works have been performed to realize the theoretical predictions of the Kitaev27

model and, in particular, Mourik and coworkers [4] have shown evidences of MZMs in the tunnel28

conductance of an InAs nanowire proximized by an s-wave superconductor. Two years later,29
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by implementing a previous theoretical proposal [5], Nadj-Perge et al. [6] exhibited an STM30

measurement of a long chain of iron atoms deposited on a lead substrate, in which local density31

of states (LDOS) highlighted the presence of MZMs localized at the system edges.32

Despite the existence of a rich literature on the topological phases of closed systems, or on different33

probes of MZMs in nanostructures (see e.g. [7–9]), it remains relevant to understand how the34

topological phases are modified by the measurement procedure which is realized, e.g., by coupling35

the system to the normal tip of a scanning tunneling microscope (STM). To this aim, we study36

the charge transport through a Kitaev chain (KC) and a Kitaev ladder (KL) coupled to a normal37

and a p-wave superconducting electrode acting, respectively, as source and drain of the topological38

nanodevice. Using a scattering matrix approach, we analyse in what extent the topological edge39

states are perturbed by the passage of a current, also varying the distance and the position of the40

tip (i.e., the normal electrode). To test the robustness of the topological phase, we also consider41

the effect of disorder on transport properties and show the persistence of a quantized zero-bias42

peak in the conductance. Beyond a robust zero-bias conductance peak, it is shown the existence43

of quasi-zero energy peaks that correspond to hybridized MZMs or quasi-Majorana modes, i.e.44

quantum states strongly coupled to the external leads which present a spatial distribution peaked45

at the edges and extended over the entire system. Our results can be useful for the interpretation46

of future experimental works involving STM characterization of topological superconductors. From47

the methodological viewpoint, the presented analysis can be relevant to characterize the transport48

properties of nanodevices based on innovative materials whose minimal model can be mapped49

into an effective multi-orbital Kitaev chain theory (e.g. the one-dimensional heterostructures50

exploiting the emergent properties of the LaAlO3/SrTiO3 interfaces [10]). Going beyond the context51

of condensed matter, our findings could be relevant for the emergent field of atomtronics [11]52

aiming at the high-precision control of atomic matter waves. Atomtronics experiments can be53

implemented with bosonic or fermionic atoms under extremely controllable conditions and are the54

ideal playground to implement concepts borrowed by quantum electronics, both in equilibrium and55

in non-equilibrium conditions.56

The paper is thus organized as follows. In Sec. 2 and Sec. 3 we summarize the main properties of57

the isolated Kitaev chain and ladder and discuss the topological phases. The tight-binding model for58

the normal/Kitaev-chain/superconductor (N-KC-SC) device is introduced and analyzed in Sec. 4,59

where we also report the results for the conductance and study the evolution of the zero-bias peak as60

a function of the parameters driving the topological phase transition. The charge transport through61

a normal/Kitaev-ladder/superconductor (N-KL-SC) device is analyzed in Sec. 5, also discussing the62

effect of disorder on the zero-bias peak (Sec. 6). Technical details on the analytical calculations and63

the tight binding Bogoliubov de Gennes (BdG) equations are given in the appendix A. Conductance64

lowering effects in branched quantum devices and the analogies with the Blonder-Tinkham-Klapwijk65

(BTK) theory of transport in N-SC junction are discussed in the appendix B. Charge neutrality of66

hybridized Majorana modes is analyzed in appendix C. Finally, the conclusions are given in Sec. 7.67

2. Majorana Fermions in the Kitaev chain68

In this Section we briefly discuss the main topological properties of the Kitaev chain. This69

discussion provides the appropriate starting point before treating the open quantum systems and70

serves to fix the notation. Following the Kitaev seminal work [2], we consider a system of spinless71

fermions confined to a one dimensional lattice and subject to a p-wave superconducting coupling72

described by the Hamiltonian:73

HK =
L

∑
j=1

(−ta†
j aj+1 + ∆ajaj+1 + h.c.)− µ

L

∑
j=1

a†
j aj, (1)
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Figure 1. A schematic representation of the ideal Kitaev chain model. Unpaired Majorana zero modes

c1 and c2L are localized at the system edges and do not enter the Hamiltonian H. The remaining

Majorana modes, namely c2j and c2j+1, recombine into ordinary fermionic excitations aj.

where aj (a†
j ) is the fermionic annihilation (creation) operator for a site j (j = 1, ..., L), t > 0 is the74

amplitude of nearest-neighbor hopping, ∆ > 0 is the amplitude of the superconducting pairing, while75

µ represents the chemical potential. For the Kitaev-special case (t = ∆, µ = 0), using the Majorana76

basis c2j−1 = a†
j + aj and c2j = −i(aj − a†

j ), the Hamiltonian in Eq.(1) becomes:77

H = it
L−1

∑
j=1

c2jc2j+1,

where the hermitian Majorana operators fulfill the anticommutation relation {ck, cl} = 2δkl .78

In this case, the Hamiltonian has two zero-energy Majorana modes, namely c1 and c2L, which are79

located at the end of the wire and combine to form a zero-energy non-local fermion f = (c1 + ic2L)/2.80

The other N − 1 fermionic modes (Bogoliubov modes) ã†
j = (c2j+1 + ic2j), j ∈ [1, N − 1], are81

degenerate with energy 2t and connect the neighbouring sites in the bulk as depicted in Figure 1.82

83

For arbitrary values of ∆, t, µ, the Kitaev Hamiltonian HK can be diagonalized by the Bogoliubov84

transformation aj = ∑m(uj,mαm + v∗j,mα†
m), where the quasiparticle fermionic annihilation and85

creation operators αm and α†
m obey canonical anticommutation relations. The Bogoliubov amplitudes86

uj,m and vj,m satisfy the Bogoliubov-de Gennes (BdG) equations:87

−µuj,m − t(uj+1,m + uj−1,m) + ∆(vj−1,m − vj+1,m) = Emuj,m

µvj,m + t(vj+1,m + vj−1,m) + ∆(uj+1,m − uj−1,m) = Emvj,m, (2)

with excitation energy Em ≥ 0. The diagonal form of HK reads:88

HK = E0 + ∑
m

Emα†
mαm, (3)

where E0 is the energy of ground state |0〉 of Bogoliubov modes so that αm|0〉 = 0 for all αm.89

This model admits a topological phase for |µ| < 2t with a robust zero-energy edge mode, which90

is here labeled by setting m = M. The energy EM of this mode is not exactly zero, as expected91

in thermodynamic limit, and presents an exponential decay with the system size L (i.e., EM ∽92

exp(−L/ξ), where ξ represents a characteristic decay length). The remaining non-topological modes93

of the spectrum are gapped and form a band.94

The zero-energy Majorana modes are localised at the left/right edge of the wire and decay inside the95

bulk; the annihilation operators of such modes are given by:96
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Figure 2. Energy bands of the Kitaev chain in the non-topological phase µ = 3 (panel (a)), at the phase

transition point µ = 2 (panel (b)), and inside the topological region µ = 0.5 (panel (c)). Panel (d)

represents the modulus squared of Majorana zero-modes wave functions in the topological phase (c).

Energy is expressed in units of the hopping amplitude t, while the remaining model parameters have

been fixed as L = 100, µ = 0.5, ∆ = 2.

γL = αM + α†
M = ∑

j

fL,j(aj + a†
j ) = ∑

j

fL,jc2j−1

γR = −i(αM − α†
M) = −i ∑

j

fR,j(aj − a†
j ) = ∑

j

fR,jc2j

where the real valued eigenfunctions fL,j = (uj,M + v∗j,M) and fR,j = (uj,M − v∗j,M) are97

obtained by explicit solution of the BdG equations (2). Following Ref. [12], it is possible to show98

that fL,j = 2|A|ρj sin(jθ) and fR,j = 2|A|ρL+1−j sin((L + 1 − j)θ), where ρ =
√

t−∆
t+∆

< 1 and99

−µ±
√

µ2−4(t2−∆2)
2(t+∆)

= ρe±iθ.100

In the thermodynamic limit (L → ∞), the presence of such edge modes results in an exact101

degeneration of the ground state that corresponds to the presence or absence of the non-local fermion102

αM = (γL + iγR)/2. In fact, in this limit, the two ground states (zero-energy states) |+〉,|−〉 have103

different parity and thus αM|−〉 = 0 and α†
M|−〉 = |+〉.104

3. Ladder of two Kitaev chains105

Various generalization of the single Kitaev chain have recently appeared [13–18], the simplest106

one being obtained by coupling two single Kitaev chains with transversal hopping and pairing terms107

to form a Kitaev ladder (KL) [19]. The Hamiltonian of the system is given by:108

H = HK1
+ HK2

+ HK1,K2
(4)

where HK1
and HK2

are the Hamiltonians of the isolated Kitaev chains given in Eq.(1), while109

HK1,K2
describes the interchain coupling whose expression is given by:110

HK1,K2
=

L

∑
j=1

[−t1a†
j,1aj,2 + ∆1aj,1aj,2 + h.c.]. (5)
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The labels 1, 2 in Eq. (5) denote the two chains, j is the site index, t1 represents the transversal111

hopping amplitude and ∆1 is the transversal pairing term. All the model parameters, namely t, t1,112

∆ and ∆1, are taken as real numbers. In the momentum representation the Hamiltonian (4) can be113

written as114

H =
1

2 ∑
k

Ψ†(k)H(k)Ψ(k), (6)

where115

Ψ(k) = (ak,1, a†
−k,1, ak,2, a†

−k,2)
t (7)

represents the Nambu spinor. The Hamiltonian is given by116

H(k) =











ǫk i∆k t1 −∆1

−i∆k −ǫk ∆1 −t1

t1 ∆1 ǫk i∆k

−∆1 −t1 −i∆k −ǫk











, (8)

with ǫk = −2t cos k − µ and ∆k = 2∆ sin k. By construction, the Hamiltonian (8) satisfies the117

particle-hole symmetry (Ξ)118

ΞH(k)Ξ† = −H(−k)

implemented by the operator119

Ξ = I⊗ σxK,

which is defined in terms of the complex conjugation operator K and of the Pauli matrix σx,120

while I represents the identity operator. The Hamiltonian satisfies also the time-reversal symmetry121

(τ = K)122

τH(k)τ† = H(−k)

and the chiral symmetry (Π = Ξτ = I⊗ σx)123

ΠH(k)Π† = −H(k).

According to the mentioned symmetry properties enjoyed by H(k), the hamiltonian model124

belongs to the BDI symmetry class with Z topological index [20]. The spectrum of the Hamiltonian125

can be easily obtained and is given by126

Ek = ±
√

t2
1 + ∆2

1 − ∆2
k + ǫ2

k ± 2
√

−∆2
1∆2

k + t2
1(∆

2
1 + ǫ2

k).

The topological phase diagram can be obtained by the calculation of the winding number [18,21].127

Using the chiral basis, the Hamiltonian (8) assumes the following off-diagonal form [21]128

H̃(k) = UH(k)U† =

(

0 Ak

A†
k 0

)

, (9)
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where U is the basis change matrix and Ak is the 2 × 2 matrix129

Ak =

(

−ǫk − i∆k −t1 − ∆1

−t1 + ∆1 −ǫk − i∆k

)

. (10)

Following Zhou et al. [18], we calculate the winding number as130

W = Tr
∫ π

−π

dk

2πi
A−1

k ∂k Ak = −
∫ π

−π

dk

2πi
∂k ln DetAk (11)

and compute the topological phase diagram, which is systematically analyzed in the following131

discussion. To evidence the richness of the topological phases of the model, in the following we132

present our results using an extended parameters range, which in principle could be completely133

explored in cold atoms experiments rather than in condensed matter systems. In Figure 3 we present134

the topological phase diagram in the (t1, µ) plane by fixing ∆ = 0.8 and setting different values of ∆1135

(∆1 = 0, 0.09,0.5, 0.8, respectively), while taking t as energy unit.136
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Figure 3. Topological phase diagram of the ladder in the (t1, µ) plane, given by the winding number

for different values of ∆1, (∆1 = 0, 0.09, 0.5, 0.8 from top left to bottom right) and for ∆ = 0.8, t = 1.

The orange, blue and green regions are respectively the regions with 2, 1 and 0 MZMs per edge. The

black line represents the cut on which we take the spectra in Figure 5.

The integers in the figures correspond to the winding number and are related to the number137

of MZMs at every edge of the ladder. By direct inspection of Figure 3, we notice that an increase138

of the pairing term ∆1 produces an enlargement of the trivial region, labeled by 0. The expansion139

of the trivial region changes the phase boundaries and induces a modification of the linear phase140

boundaries, which are peculiar to the ∆1 = 0 case. A further consequence of the enlargement of141

trivial region is the possibility, changing the chemical potential and setting appropriate t1 values, to142

have a direct transition from the 2 MZMs region to the trivial phase without crossing the 1 MZMs143

phase. Interestingly, an additional consequence of the interchain coupling is that the critical value of144

the chemical potential, µc, defining 2-0 phase boundary is progressively lowered as ∆1 increases. As145

a consequence µc becomes smaller than the one established by Kitaev for the 1-0 phase boundary of146

a single chain, i.e. µc < 2t.147
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Figure 4. Topological phase diagram of the ladder in the (∆1, µ) plane given by the winding number.

The two plots are realized for ∆ = 0.8, t = 1 and t1 = 0.6 (left panel) and t1 = 2.1 (right panel).

In Figure 4 we present the topological phase diagrams in the (∆1, µ) plane. The different panels148

are realized by setting two values of t1, namely t1 = 0.6 (left panel) and t1 = 2.1 (right panel), while149

retaining the remaining parameters as in Figure 3. Direct observation of Figure 4 shows that for weak150

interchain hopping parameter (t1 = 0.6) a phase with 2 MZMs is favored compared to the 1 MZM151

phase. On the other hand, when the transverse hopping is increased (Figure 4, right panel), the phase152

with one Majorana mode per edge is favored and the system behaves like an effective two-orbital153

single Kitaev chain.154
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Figure 5. Low energy part of the ladder energy spectra as a function of µ, evaluated for different

values of ∆1 and t1. From the left to the right and from the top to the bottom the parameters are:

(∆1, t1) = (0, 0.3), (0.09, 1.2), (0.5, 0.6), (0.8, 0.4).

In order to verify the bulk-edge correspondence, in Figure 5 we present the low-energy part of155

the energy spectra of a ladder of N = 250 lattice sites as a function of the chemical potential µ. The156

analysis of the finite-size system confirms the presence and the multiplicity of zero-energy modes as157

prescribed by the winding number analysis.158

Up to now we have explored an extended topological phase diagram in order to emphasize the159

richness of the topological phase plane of a ladder model. Hereafter, in Figure 6, we specialize to160

the case of a condensed matter system and present phase diagrams showing a parameters region161

containing the device working point considered in the transport properties simulations (Figure 11).162

In particular, in Figure 6 (left panel) the asymmetric pairing case (i.e. ∆ = 0.02 and ∆1 = 0.09)163

is analyzed, while the equal pairing case (∆ = ∆1 = 0.09) is presented in the right panel. In the164

asymmetric situation (∆ 6= ∆1), a trivial region is found for t1 ≤ 0.1 and arbitrary µ values, the165

latter region being reduced in the symmetric case (right panel). Let us finally note that the situation166
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Figure 6. Topological phase diagram of the ladder in the (t1, µ) plane. The orange, blue and green

regions are respectively the regions with 2, 1 and 0 MZMs at one end. The fixed parameters for both

the panels are t = 1, t1 = 0.6, while we set ∆ = 0.02 and ∆1 = 0.09 for the left panel and ∆ = ∆1 = 0.09

for the right panel.

∆1 > ∆, considered here, is realizable in multiorbital materials where the magnitude of different order167

parameters may well be different.168

4. Quantum transport through a Normal/Kitaev Chain/Superconductor device169

Using the scattering matrix approach, we study the transport properties of a Kitaev chain170

coupled to a normal and a superconducting p-wave lead (Figure 7). The Kitaev chain and the171

superconducting lead define a T-stub configuration (i.e. a waveguide with a closed sidearm [22])172

with the junction point located in the middle of the Kitaev chain, while the normal electrode position173

can be changed to simulate an STM measurement configuration. The tN parameter defines the174

hopping between the normal and the KC, while tS represents the hopping between the KC and175

the superconducting lead, while ∆S defines the pairing amplitude. In the following we study the176

topological signatures on the transport properties of the system considering a finite Kitaev chain of177

N = 121 sites.178

The scattering state of the normal electrode is given by (see appendix A.1 for details)179

ΨN(n) =

(

1

0

)

eiken + ree

(

1

0

)

e−iken + reh

(

0

1

)

eikhn, (12)

which represents an electron coming from the normal bulk having an ordinary reflection180

probability |ree|2 and an Andreev reflection probability given by |reh|2. The wave vectors ke/h are181

obtained by the solution of the BdG equations:182

ke/h = arccos

(

µN ± E

−2t

)

, (13)

where E is the energy of the scattering process, µN the chemical potential and t the hopping183

amplitude of the normal lead. Inside the superconducting electrode the propagating state is given by184

(see appendix A.2 for details):185

ΨS(n) = tee

(

ue

ive

)

eiqen + teh

(

vh

−iuh

)

e−iqhn, (14)

where tee and teh are transmission coefficients of an e-like and h-like quasiparticle. The BCS186

coherence factors ue,h, ve,h for a p-wave superconductor are given by:187
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Figure 7. Panel (a): Schematic of a tunnel conductance measurement setup where the normal tip

position can be changed along the nanowire. Panel (b): tight binding model of the N-KC-SC device.

The black chains represent the normal and superconducting p-wave leads with hopping amplitude

t, chemical potential µN , µS and pairing ∆, respectively. The vertical finite line represents the Kitaev

chain with parameters: µ, t, ∆. The couplings parameters between the leads and the Kitaev nanowire

are given by tN , tS, ∆S.

ue/h =

√

√

√

√

E +
√

E2 − ∆2
qe/h

2E

ve/h =

√

√

√

√

E −
√

E2 − ∆2
qe/h

2E
, (15)

where ∆qe/h
= 2∆ sin qe/h is the momentum-dependent superconducting gap.188

Resorting to a numerical solution of the scattering problem, we obtain the transmission and reflection189

coefficients and the wave functions of the resonant modes along the Kitaev chain (we call these modes190

Kitaev modes by analogy with the Majorana zero-energy modes introduced by Kitaev [2]). The wave191

functions of modes belonging to the Kitaev chain, being a byproduct of the solution of the scattering192

problem, are not normalized with respect to the position since scattering states are normalized with193

respect to the particle flux.194

The conservation of probability of all scattering processes can be written in terms of the scattering195

coefficients implying the following relation:196

|ree|2 + |reh|2 + (|ue|2 − |ve|2)|tee|2 + (|uh|2 − |vh|2)|teh|2 = 1, (16)

written under Andreev approximation ke/h ≈ qe/h ≈ k which has been adopted in numerical197

evaluations. Once the scattering coefficients are known, the conduction properties of the system198

can be computed adopting a BTK-like approach. Accordingly, the zero-temperature differential199

conductance can be written as:200

G =
dI

dV
=

2e2

h
(1 − B +A), (17)
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where A = |reh|2 and B = |ree|2 represent the Andreev reflection and the normal reflection201

probability, respectively [23].202

Figure 8. N-KC-SC device: Zero-temperature differential conductance (in the unit of 2e2

h ) as a function

of the energy in the sub-gap regime. Panels (a), (d), (g) are obtained by setting different linking

positions, specified by n, between the normal lead and the Kitaev wire. The panels (b), (c), (e), (f), (h),

(i) represent the modulus squared |Φ|2 ≡ | fn|2 + |gn|2 of the resonant modes along the Kitaev chain

evaluated at energy values corresponding to the resonant sub-gap peaks in the conductance. From the

left to the right and from the top to the bottom the parameters used are: (b): n = 1, E = 5 · 10−5. (c):

n = 1, E = 6 · 10−3. (e): n = 61, E = 5 · 10−5. (f): n = 61, E = 6 · 10−3. (h): n = 121, E = 5 · 10−5. (i):

n = 121, E = 6 · 10−3. The remaining model parameters have been fixed as: ∆ = 0.02, tN = tS = 0.2,

t = 1, µ = 0.5, µS = µN = 0.

Using the quantum transport theory presented above, we have studied the differential203

conductance and the internal resonant modes of the N-KC-SC topological device. In particular, in204

Figure 8, we study the differential conductance of the N-KC-SC device as a function of the N-KC link205

position and setting the model parameters inside the topological non-trivial region, where Majorana206

modes are expected to be relevant. Panels (a), (d), (g) show the conductance curves at selected N-KC207

link positions (specified within the figures inset) corresponding to the left end (n = 1), the middle208

(n = 61) and the right end (n = 121) of the nanowire. In Figure 8 (a), two peaks are clearly visible:209

a quantized zero-bias peak (E = 5 · 10−5) and its satellite at higher energy (E = 6 · 10−3). The210

analysis of the internal modes puts in evidence that the quantized zero-bias peak, which is expected211

when the system undergoes a topological phase transition (the so-called zero-bias anomaly (ZBA)),212

corresponds to a MZM peaked at the left end of the wire (panel (b)). On the other hand, the peak at213

higher energy (E = 6 · 10−3) corresponds to hybridized Majorana modes which originate an U-shaped214

wave function peaked at the two ends of the wire (panel (c)) and extended along the whole length215
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of the Kitaev chain. The width of the resonant conductance peaks depends on the amplitude of216

the internal mode wave function at the N-KC linking point, the latter quantity being relevant in217

defining the overlap between the scattering states of the normal electrode and the internal modes of218

the Kitaev chain. The overlap increases with the wave function amplitude and depends on the normal219

electrode position and on the conductance peak considered. As a consequence, a narrow (broaden)220

peak is observed when the normal lead is weakly (strongly) coupled with the Kitaev chain internal221

modes, the latter situation corresponding to poor (strong) overlap between the normal electrode and222

the nanowire quantum states. These overlap effects are clearly visible in Figure 8 (a), (b) and (c) in223

which the two broadened conductance peaks originates from the non-vanishing values of the wave224

function amplitudes at the n = 1 position, i.e. the N-KC linking point. It is worth mentioning225

here that changing the linking point does not produce a qualitative change of the internal modes226

amplitude along the system. As a consequence, in panel (d) and (g) we observe the progressive and227

monotonic width reduction of the zero-bias peak which follows the lowering of the wave function228

amplitude as the normal electrode is moved towards the right end of the Kitaev chain (panels (e)229

and (h)). The broadening of the satellite of the zero-bias peak is not monotonic as a function of the230

N-KC link position and follows the U-shaped behavior characteristic of the wave function amplitude231

(see panels (c), (f), (i)) of the internal Kitaev modes. From the experimental side, these observations232

suggest the possibility to reconstruct the wave function amplitude profile of the internal modes of233

the Kitaev chain by measuring the conductance peak broadening as the normal tip of an STM is234

moved along the system, being the latter method an interesting tool in characterizing the survival235

of topological properties under non-equilibrium conditions. It is here worth mentioning that pure236

Majorana modes are neutral excitations and thus they are not able to sustain a charge current. For237

this reason a certain degree of hybridization of these topological modes is a necessary condition238

to have a finite charge current flowing through the system. The degree of hybridization of the239

Majorana modes inside the Kitaev chain can be quantified by studying the site-dependent charge240

density ρn = | fn|2 − |gn|2 associated to the internal modes profile presented in Figures 8 (b), (c),241

(e), (f), (h), (i). The complete analysis, which is reported in appendix C, shows that the average242

charge density ρ̄ = (∑L
n=1 ρn)/L corresponding to the internal modes presented in panels (b), (e), (h)243

is much lower than the corresponding quantity computed for panels (c), (f), (i). This circumstance244

suggests that zero-bias conductance peak originates from a genuine Majorana mode presenting a245

weak hybridization with a hole-like non-topological mode, the latter conclusion being supported by246

the negative sign of ρ̄. On the other hand, satellite conductance peaks at higher energy are associated247

with internal states, presented in panels (c), (f) and (i), with a strong electron-like character (i.e., ρ̄ > 0).248

As a final comment, we notice that, despite the wave guide spatial configurations corresponding249

to the (a) and (g) panels are one the mirror reflected of the other with respect to a reflection line250

coincident with the superconducting electrode, the Hamiltonian of the entire system does not satisfy251

this symmetry and thus the conductance curves pertaining to these cases are not coincident. This252

statement can be easily proven. Reflection transformation of the isolated Kitaev chain Hamiltonian253

(Equation 1) can be implemented by the change of indices j → L + 1 − j. The reflection does not254

modify the structure of the Hamiltonian but transforms the initial pairing term ∆ into −∆. The255

transformed Kitaev Hamiltonian is equivalent to the initial one via a U(1) gauge transformation256

of the fermionic operators (aj → ei π
2 bj). For the above reasons physical properties of the isolated257

Kitaev chain are invariant under reflection. When the KC is connected to external reservoirs the258

above procedure is still applicable with a different outcome. Indeed, the electrodes Hamiltonians259

are invariant under reflection transformation, which is only implemented on the Hamiltonian of the260

Kitaev chain. On the other hand, the N-KC junction position is altered by the transformation (i.e.261

n = 1 → n = 121), while the position of the KC-SC link (n = 61) remains unaffected since it is a fixed262

point. Thus the described reflection transformation not only provides a reflected spatial configuration263

of the initial system but also determines a phase difference between the superconducting pairing264

terms of the Kitaev chain and the superconducting electrode. Implementing a gauge transformation265
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Figure 9. N-KC-SC device: Differential conductance (in units of 2e2

h ) as a function of the energy.

Different plots are obtained by setting tN = 0.1, 0.4, 0.8, 1, while fixing the remaining parameters

as: ∆ = 0.02, tS = 0.2, t = 1, µ = 0.5, µS = µN = 0, n = 2.

as the one used for the isolated Kitaev chain does not eliminate the phase gradient (which is now266

transferred to the N-KC and KC-SC hopping amplitudes), the latter producing observable effects.267

We have verified that conductance curve of the system described by the transformed Hamiltonian268

is coincident with the curve shown in Figure 8 (a), obtained for the initial Hamiltonian. Moreover269

the transformed Hamiltonian does not correspond to the Hamiltonian used in Figure 8 (g), where270

the mentioned phase gradient is absent. These arguments prove our conclusions and can be equally271

applicable to the ladder case discussed in Section 5 (see Figures 11 (a) and (i)).272

Up to now we have shown that the overlap between quantum states of the normal electrode273

and the internal modes of the Kitaev chain can be changed by varying the normal electrode position274

along the nanowire. From the experimental viewpoint, an alternative way to modify this coupling275

consists in changing the N-KC distance, e.g. by modifying the distance of an STM normal tip (normal276

electrode) from the topological nanowire to be measured. In this way, the transmission at the N-KC277

interface becomes exponentially suppressed at increasing distance due to the vacuum tunneling278

phenomenon and the same effect is induced on the overlap between quantum states belonging279

to the normal electrode and the Kitaev chain. Within the considered transport model the above280

mentioned effects can be considered by acting on the hopping amplitude tN , which is related to281

the transparency of the N-KC interface. In order to perform this analysis, in Figure 9 we present282

the differential conductance curves of the topological device for selected values of tN going from283

tunneling (tN = 0.1) to the metallic (tN = 1) regime. Direct observation of Figure 9 shows that284

the resonance broadening of the conductance peaks increases when tN increases, the latter condition285

being related to a reduced N-KC distance. On the other hand, a smaller hopping amplitude induces286

a resonance shrinking which reflects a reduced overlap between the tip and system modes, this287

condition being appropriate to describe an increased N-KC spatial gap. The analysis of Figure 9 also288

suggests that the transparent limit of the BTK theory, characterized by a constant subgap conductance289

plateau sustained by the Andreev reflection, is not accessible within the considered T-stub geometry290

in which additional scattering events are originated at the waveguide junctions. The BTK transparent291

limit can be approached using the geometry described in appendix B, which, in general, does not292

correspond to the experimental conditions of an STM measurement and thus presents a limited293
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Figure 10. N-KL-SC device. A Kitaev ladder (central region) coupled to a movable normal lead and

to a superconducting p-wave lead.

relevance in our discussion.294

To complete our analysis, let us note that the emergence of topological phases in closed systems295

is commonly discussed in terms of properties of the Hamiltonian spectrum. For the open system296

considered here, the mentioned classification can be done by studying the scattering matrix properties.297

Indeed, following the work by Beenakker et al. [24], we consider the reflection submatrix r of the298

scattering matrix S:299

r =

[

ree reh

rhe rhh

]

, (18)

and introduce the topological number Q = sign[Det(r)]. We have verified that a numerical300

estimate of Q gives the same topological phase boundary in the tN − µ plane as the one of an isolated301

Kitaev chain, confirming that one can characterize the non-trivial phase of the system under study302

via the scattering matrix properties.303

5. Quantum transport through a Normal/Kitaev ladder/Superconductor device304

In this Section, we consider the transport properties of the N-KL-SC device depicted in Figure 10.305

Proceeding as done for the N-KC-SC device, we have determined the scattering matrix elements by306

imposing appropriate matching conditions on the incident and transmitted scattering states and we307

have evaluated the differential conductance in terms of Andreev and normal reflection probability.308

The results of this analysis are shown in Figure 11 where the conductance curves and the internal309

modes of the Kitaev ladder are shown. The model parameters used in the computations are those that310

determine the emergence of a topological phase with two Majorana fermions per edge for the closed311

system [19] discussed in Sec. 3 (Figure 6). The conductance curves (panels (a), (e), (i)) show a multiple312

peaks structure containing a zero-bias conductance peak accompanied by two satellite peaks at higher313

energy (E = 4.5 · 10−3 and E = 6.5 · 10−3). The zero-bias conductance peak is related to a Majorana314

mode peaked at the left end of the ladder, while satellite peaks are related with U-shaped internal315

modes peaked at the ladder edges (see panels (c), (d), (g), (h), (m), (n)). Internal modes pertaining316

to the satellite peaks can be associated to quantum states coming from hybridization processes of317

genuine Majorana modes. The hybridization of such states, which is favored by the opening of the318

system, produces a degradation of the initial topological properties and gives rise to quasi-Majorana319

states[25]. As discussed before, the degree of hybridization of the ladder internal states can be320

deduced by measuring the resonance width of the conductance peaks. In close analogy with the321
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Figure 11. N-KL-SC device: zero-temperature differential conductance (in the unit of 2e2

h ) as a function

of the energy. Different panels, namely (a), (e), (i), are obtained by changing the linking position, given

by n, between the normal lead and the nearest Kitaev wire of the ladder. The Blue and purple modes

in panels (b), (c), (d), (f), (g), (h), (l), (m), (n) represent the modulus squared of the resonant modes on

the upper and lower chain of the ladder (shifted by a convenient vertical offset) evaluated at energy

values corresponding to the sub-gap conductance peaks. From the left to the right and from the top to

the bottom, we have set the following parameters: (b): n = 1, E = 5 · 10−5. (c): n = 1, E = 4.5 · 10−3.

(d): n = 1, E = 6.5 · 10−3. (f): n = 61, E = 5 · 10−5. (g): n = 61, E = 4.5 · 10−3. (h): n = 61,

E = 6.5 · 10−3. (l): n = 121, E = 5 · 10−5. (m): n = 121, E = 4.5 · 10−3. (n): n = 121, E = 6.5 · 10−3. The

remaining model parameters have been fixed as: ∆ = 0.02, tN = tS = 0.2, t = 1, µ = 0.5, µS = µN = 0,

∆1 = 0.09, t1 = 0.6.

discussion reported for the N-KC-SC device, we do observe a clear correspondence between the322

internal modes wave function at the N-KL interface and the resonance broadening of the conductance323

peaks. In the next section we describe disorder effects on quasi-Majorana states.324

6. Disorder effects in a Normal/Kitaev ladder/Superconductor device325

In order to test the robustness of the topological phase in the N-KL-SC device, we include326

a random potential in the ladder model which emulates, for instance, the intrinsic effect of327

impurities and inhomogeneities in semiconducting nanowires. On the other hand, when Majorana328

quasiparticles are realized using ordered assemblies of magnetic atoms on the surface of conventional329

superconductors [26,27], extrinsic disorder effects can be induced by the random strength of the330

atom-surface coupling. We model these effects assigning random values of the on-site potential331

Un at any system site; the random realizations have been obtained generating random numbers332

Un with uniform distribution in the interval (−δ, δ), with δ fixed as δ = 0.02, 0.04, 0.08 (Figure333

12). Accordingly, the statistical average of the on-site potential is zero, while its variance is given334

by U 2
n = δ2/3. The remaining model parameters have been fixed as in panel (a) of Figure 11.335

When the conductance of a single disordered realization is analyzed (panels (a), (e), (i)), we observe336
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the progressive degradation of the three-peaks structure observed in Figure 11 (a), which has been337

obtained in absence of disorder. Disorder has a different impact depending on the peak considered. In338

particular, the zero-bias peak, which corresponds to a robust Majorana mode, remains quantized and339

disorder only produces a broadening effect on the resonant peak. The above result reflects the fact that340

disorder introduces a finite mean free path (related to the variance of the random on-site potential)341

which renormalizes the quasi-particles lifetime and induces a resonance broadening. The the two342

satellite peaks at quasi-zero energy (see Figure 11 (a)) are fragile against disorder effects. Indeed,343

in presence of disorder, one peak is completely suppressed, while the one at higher energy appears344

broadened and no more quantized (at high disorder). The presented phenomenology suggests that345

quasi-zero energy modes are related to the hybridization of genuine Majorana states. Such states,346

being distribute along the whole system, are quite fragile to disorder effects. The suppression of347

the intermediate resonant peak in presence of disorder is easily explained looking at panel (c) of348

Figure 11 and (c), (g), (m) of Figure 12. Indeed, the internal mode in Figure 11 (c) (in the absence349

of disorder) is peaked at the system edges. Accordingly, the latter state is well coupled with the350

scattering states of the normal electrode. When the disorder is included, the overlap of this state with351

the normal electrode states goes to zero, producing the disappearance of the conductance peak. This352

effect originates from the disorder-assisted localization of the ladder resonant mode at a system edge353

which is not connected with the normal electrode (see panels (c), (g), (m)). The latter effect is not354

observed for quasi-zero energy mode at higher energy, which starts to be severely degraded only at355

high disorder (δ = 0.08). This is confirmed by the internal modes analysis which has been shown356

in panels (d), (h), (n). In this case, the analysis evidences that internal modes are peaked at both the357

system edges and thus are well coupled with the normal electrodes states, the latter being a requisite358

to observe a finite conductance.359

The above findings suggest that topological protection of quantum states can be lost as an effect of the360

opening of the isolated quantum system. Indeed, the connection of a topological system with external361

reservoirs produces hybridization of the internal modes, which is the prerequisite to manifest fragility362

against the detrimental effects of disorder.363

7. Conclusions364

We have addressed the problem of the topological phase characterization of open quantum365

systems by studying the paradigmatic cases of a Kitaev chain and a Kitaev ladder. We have366

characterized the topological phase diagram for the closed systems and we have found that,367

differently from the case of a single Kitaev chain, a Kitaev ladder displays topological phases with368

two Majorana states per edge. Concerning the topological phases with multiple Majorana states, the369

question of their stability against the opening of the system arises. In order to prove the stability of370

the topological phases of open systems subject to measuring processes (e.g. tunneling spectroscopy371

measurements), we have studied the quantum transport through a Kitaev chain and a Kitaev ladder372

by coupling them to a normal and a superconducting electrode. Using a lattice version of the373

usual Bogoliubov-de Gennes scattering theory, we have studied the differential conductance of these374

devices and we have found a correspondence between the conductance peaks and the resonant375

states confined inside the topological scattering region (i.e. the Kitaev chain or ladder). It has been376

proven, both for the Kitaev chain and ladder, that zero-energy peaks of the differential conductance377

correspond to robust Majorana states, while quasi-Majorana quantum states are signaled by almost378

zero-energy resonant peaks. Quasi-Majorana states originate from the hybridization of Majorana379

states, the latter being favored by the coupling with the scattering states of the electrodes. By studying380

the differential conductance of a topological device based on a Kitaev ladder, we have demonstrated381

that quasi-Majorana states and the associated conductance peaks are fragile against disorder effects.382

These findings are relevant in studying topological systems with multiple Majorana states, which are383

supposed to be important in multimode quantum wires or in multi-orbital topological systems.384
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Figure 12. N-KL-SC device in the presence of disorder. The panels (a), (e), (i) show the

zero-temperature differential conductance (in the unit of 2e2

h ) as a function of the energy for a normal

lead attached to the first site of the first Kitaev wire of the ladder and for the three different values of

δ, related to the variance of the random on-site potential. The panels (b), (c), (d), (f), (g), (h), (l), (m),

(n) represent the modulus squared of the resonant modes of the upper and lower chain of the ladder

evaluated at energy values corresponding to the sub-gap conductance peaks. Model parameters have

been fixed as done in first line of Figure 11.
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Appendix A The tight binding Bogoliubov-de Gennes equations394

The BdG equations describe the e-like and h-like excitations of a system with superconducting395

correlations. Hereafter we adopt a lattice BdG approach similar to the one presented in Ref. [28]396

and [29] for the s-wave pairing. Thus, in the next subsections, adopting a tight binding formulation397

specialized to the p-wave superconducting pairing, we derive the scattering states of a normal and a398

superconducting lead which provide the appropriate boundary conditions for the scattering problem399

discussed in the main text.400

Appendix A.1 Tight binding Bogoliubov-de Gennes equations for the normal lead401

The tight binding BdG equations for a normal lead in the stationary case for a fixed energy E are:402

{

−µ f j − t( f j+1 + f j−1) = E f j

µgj + t(gj+1 + gj−1) = Egj

(A1)

where f j and gj are the e-like and h-like components of the Nambu spinor, µ is the chemical403

potential of the lead, t is the hopping amplitude for nearest sites and E represents the excitation404

energy measured from the Fermi level. Requiring translational invariance, we can write the Nambu405

spinor in the following form:406

(

f j

gj

)

=

(

f

g

)

e±ikj. (A2)

Solving the Eq. (A1) using the ansatz in Eq. (A2), we obtain the electron- and hole-like407

independent solutions, namely ψe/h(j), with the corresponding energy E:408



























ψe(j) =

(

1

0

)

e±ikj, E = −µ − 2t cos k,

ψh(j) =

(

0

1

)

e±ikj, E = µ + 2t cos k

. (A3)

Using the dispersion relations for electron and hole solutions of Eq. (A3), we obtain the wave409

vectors of main text ke/h = arccos
[

(µ ± E)/(−2t)
]

(Eq. (13)). An electron-like (hole-like) solution410

describes a particle with group velocity vg = 1
h̄

∂Ek
∂k parallel (anti-parallel) to the particle wavevector411

ke (kh).412

Appendix A.2 Tight binding Bogoliubov-de Gennes equations for the superconducting p-wave lead413

The tight binding BdG equations for a p-wave superconducting lead in the stationary case can414

be written as:415

{

−µ f j − t( f j+1 + f j−1) + ∆(gj−1 − gj+1) = E f j

µgj + t(gj+1 + gj−1) + ∆( f j+1 − f j−1) = Egj

, (A4)
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where the pairing term ∆, responsible for the electron-hole correlation, induces the p-wave416

superconductivity. Due to translational invariance, the system admits translational invariant417

solutions for the Nambu spinor and thus, reasoning as done before, we can set the following418

eigenvalues problem:419

(

−µ − 2t cos q ∓2i∆ sin q

±2i∆ sin q µ + 2t cos q

)(

f

g

)

= E

(

f

g

)

, (A5)

in which the ± sign in the off-diagonal blocks of the Hamiltonian is related to the mode420

propagation direction. The solution of Eq. (A5) gives the excitation energy E:421

E =
√

ξ2
q + ∆2

q (A6)

and the following relation between the electron and hole component of the spinorial wave422

function:423

g = ∓E − ξq

i∆q
f , (A7)

where we have introduced the quantities ξq = −µ − 2t cos q and ∆q = 2∆ sin q. Using Eq.(A6)424

and the explicit expression of ξq, we obtain the wave vectors of e-like and h-like bogoliubons of the425

main text:426

qe/h = arccos

(−tµ ∓
√

(t2 − ∆2)(E2 − 4∆2) + ∆2µ2

2(t2 − ∆2)

)

.

Using normalization, we fix the e-component of Eq.(A7) and obtain the final expression of the427

Nambu spinor in the form:428

(

f

g

)

=





√

E+ξq

2E

±i

√

E−ξq

2E



 . (A8)

Using ξq = ±
√

E2 − ∆2
q, derived from Eq. (A6), Eq.(A8) can be presented in the form:429

(

f

g

)

±
=









√

E±
√

E2−∆2
q

2E

±i

√

E∓
√

E2−∆2
q

2E









. (A9)

Introducing the BCS coherence factors recalled in the main text, we obtain four different430

solutions for the BdG equations corresponding to e-like and h-like excitations, namely (ue,±ive)t
431

and (vh,±iuh)
t, characterized by different propagation direction (±). The above arguments justify432

the form of the scattering states used in Eq.(14) of the main text.433

Appendix B Conductance lowering effects in branched quantum waveguides434

The conduction properties of the device described in the main text (see Fig. 7) are affected by the435

tN value, describing the interface opacity, and by the network geometry. Indeed, the so-called T-stub436

configuration in quantum wave guides enhances scattering events and may induce a lowering of the437

device conductance. According to these considerations, one easily argues that the transparency of438

the scattering region (i.e. the Kitaev chain) not only depends on the tN value, which plays the same439

role of the dimensionless barrier strength Z of the BTK theory [23], but it is also affected by the wave440

guide geometry. As a consequence it is plausible that the transparent limit, in which the conductance441

is maximized, cannot be obtained within the relevant experimental configuration described in the442

main text.443
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Figure A1. In-line configuration of the N-KC-SC device.

For the sake of completeness, in order to study the transparent limit of the proposed model, we define444

a new system geometry presenting an in-line configuration which avoids branching points along the445

current path (see Fig. A1).446

We numerically solve the tight binding equations for this model and compute the differential447

conductance. The results of the analysis are reported in Figure A2, where analogies with the448

conductance plots of the BTK theory [23] are present. Differently from the usual BTK conductance449

curves derived for the s-wave superconducting pairing, a zero-bias peak, reminiscent of the p-wave450

coupling, is always present in our simulations.451

A similar analysis can be performed for the N-KL-SC device (Figure A3). Compared to the452

differential conductance of the single Kitaev chain (see Fig. A1), a peculiar two-peaks structure is453

present in the ladder differential conductance curve. The two-peaks structure is more pronounced454

for opaque N-KL interfaces (i.e. for low tN values), while for higher tN values the two-peaks455

structure is substituted by a peculiar conductance minimum originated by the incomplete coalescence456

of two broadened resonant peaks. Moreover, the zero-bias peak and its satellite at higher energy,457

constituting the two-peaks structure mentioned before, are related to the presence of a quantum state458

with Majorana character accompanied by a quasi-Majorana quantum state, as discussed in the main459

text.460

Appendix C Charge neutrality of quasi-Majorana modes461

Majorana modes in closed systems are neutral excitations. Electrical neutrality implies that they462

cannot transport charge current unless a certain degree of hybridization with other quantum states463

occurs. These hybridization phenomena are supposed to be relevant when the topological system is464

connected with external reservoirs and a current is forced to flow through it. Under this circumstance,465

Majorana modes are expected to be subject to hybridization with the reservoir quantum states in order466

to warrant the current conservation. The degree of hybridization is expected to be variable with the467

system geometry, which defines the path followed by the charge current along the device. On the468

light of these general arguments, in Figure A4 we have investigated the site-dependent charge density469

ρn = | fn|2 − |gn|2 (with fn and gn the electron-like and hole-like component of the Nambu spinor)470

corresponding to the internal modes presented in Figure 8 (b), (c), (e), (f), (h), (i). Different ρn versus471

n curves in Figure A4 present a complicate oscillating behavior with the position along the Kitaev472

chain with average charge density given by ρ̄ = (∑L
n=1 ρn)/L. Our findings confirm that zero-bias473

peaks in the conductance curves are related to Majorana modes which are weakly hybridized with474

the electrodes quantum states, the degree of hybridization being related to the deviation of the475

internal mode charge from the charge neutrality condition. On the other hand, satellites peaks in the476

differential conductance curves (Figure 8 (a), (d), (g)) are related to internal modes characterized by477
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Figure A2. N-KC-SC device. Zero-temperature differential conductance of the model depicted in

Figure A1. The model parameters have been fixed as: ∆ = 0.02, tS = t = 1, µ = 0.5, µS = µN = 0,

while tN = 0.1, 0.4, 0.8, 1 has been used in obtaining the different plots.
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Figure A3. Transparent limit of the N-KL-SC device. Zero-temperature differential conductance as

a function of energy. The model parameters have been fixed as: ∆ = 0.02, t = tS = 1, µ = 0.5,

µS = µN = 0, ∆1 = 0.09, t1 = 0.6, while tN = 0.1, 0.4, 0.8, 1 has been used in obtaining the different

plots.
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a relevant deviation from the charge neutrality requirement, the latter condition evidencing a strong478

contamination of the Majorana character of the internal mode.479
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Figure A4. site-dependent charge density ρn = | fn|2 − |gn|2 as a function of the position along the

Kitaev chain device discussed in Figure 8 of the main text. Curves in panels (a), (c), (e) correspond to

the zero-bias conductance peak in Figure 8 (E = 5 · 10−5), while the remaining panels correspond to

the satellite conductance peak (E = 6 · 10−3). Panel (a) is computed by setting the model parameters

as done in Figure 8 (b). The average charge density is given by ρ̄ ≈ −0.05. Panel (b) corresponds to

Figure 8 (c) with ρ̄ ≈ 5. Panel (c) corresponds to Figure 8 (e) with ρ̄ ≈ −0.6. Panel (d) corresponds to

Figure 8 (f) with ρ̄ ≈ 6. Panel (e) corresponds to Figure 8 (h) with ρ̄ ≈ −0.25. Panel (f) corresponds

to Figure 8 (i) with ρ̄ ≈ 2.5. Strong deviations from the charge neutrality condition evidence an

important contamination of topological properties. Hybridized modes with prevalent electron-like

(hole-like) character are defined by ρ̄ > 0 (ρ̄ < 0).
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