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The Hubble parameter H(z), as a function of redshift, is modified by the presence of a new term
originated from the extrinsic curvature in an embedded space-time. Assuming an asymptotic ex-
pansion factor a ∼ 0 or, equivalently z → ∞, it is obtained a nearly resemblance of the present
model (β-model) with quintessence wCDM model with H(z) ∼ HwCDM (z) at background level. In
conjunction with ΛCDM, we test the models using a pack of recent datasets like that of the “Gold
2018” growth data, the best-fit Planck2018/ΛCDM parameters on the Cosmic Microwave Back-
ground (CMB), the Baryon Acoustic Oscillations (BAO) measurements, the Pantheon Supernovae
type Ia and the Hubble parameter data with redshift ranging from 0.01 < z < 2.3. Performing the
Akaike Information Criterion (AIC) to ascertain the statistical viability of the model from Jeffreys’
scale, we apply a joint likelihood analysis to the data with the Markov Chain Monte Carlo (MCMC)
method. We find that the present model is in very good agreement with observations with a close
statistical equivalence with the ΛCDM and wCDM cosmologies at 1-σ level. We also show that
a mild alleviation of the σ tension between the growth amplitude factor and the matter content
(σ8-Ωm) of the observations from CMB and Large Scale Structure (LSS) probes. A comparison
of the aforementioned full pack of data in MCMC chains is made with the resulting MCMC from
Pantheon SNIa+H(z) in order to analyse the sensitivity of the models and how they respond to a
cosmography analysis on the evolution of H(z) and the deceleration parameter q(z). In this sense,
we find that only the β-model can be unaffected to the variations of the previous datasets due to its
several minima in the likelihood (degeneracies) of the related parameters with an overall percentage
relative difference only up to 4%.

I. INTRODUCTION

After compelling evidences, the accelerated expansion
of the universe is constituting one of the greatest chal-
lenges for theoretical physics and cosmology. In the last
20 years, the main proposal for the explanation of the
current accelerated regime is the well known dark energy
hypothesis, consisting in a sort of a cosmological energy
with negative pressure that drives the universe to speed
up. In this sense, the simplest model for explanation of
the accelerated expansion is the popular ΛCDM model.
Even though its success, the main components of this
model remain in the lack of a fundamental understand-
ing, since the Cosmological constant Λ and the Cold dark
matter (CDM) are problems of their own nature [1–7].
These particular problems motivated the investigation of
new possibilities for the explanation of the accelerated
phase of the universe.

The overall feeling consists in constraining both cos-
mological and model parameters to grasp an underlying
understanding of the fundamental physics on the accel-
eration expansion problem, whether such component is
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a time-independent (the cosmological constant) or pos-
sesses a dynamical origin. To this matter, an equation
of state turns a fundamental cornerstone to confront a
model to observational data. For instance, the related
dark energy equation of state (EOS) presents a negative
fluid parameter, w = −1 [8, 9] and competitive models
must comply with that value or mild deviations around
it with accordance with the latest indications [9].

One of the alternative routes of investigation is be-
ing explored by the possibility that the universe might
be embedded in extra dimensions. Most of these mod-
els have been Kaluza-Klein or/and string inspired, such
as, for instance, the seminal works of the Arkani-Hamed,
Dvali and Dimopolous (ADD) model [10], the Randall-
sundrum model [11, 12] and the Dvali-Gabadadze-Porrati
model (DPG) [13]. In all those models and variants, the
embedding of geometries is not properly worked as a the-
oretical background since it is generally fixed to a bound-
ary and specific conditions are needed to obtain their
dynamics. Hence, several authors explored embedding of
space-times as a promising mathematical structure for a
physical theory with the embedding equations as a fun-
damental mathematical guide [14–27].

In this paper, we perform the Markov Chain Monte
Carlo (MCMC) sample technique as a tool for analysing
fit-to-data [28–30] in order to constrain the cosmologi-
cal parameters. The joint likelihood is performed from
the latest data on Cosmic Microwave Background (CMB)
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Planck 2018 [9], the largest dataset of Pantheon SNIa [31]
with redshift ranging from 0.01 < z < 2.3, the Hubble
parameter as a function of redshift H(z) [32–37] and the
“extended Gold 2018” compilation to the Planck 2018
(TT, TE, EE + lowE) within the 68% intervals for the
best-fit parameters using the data points of SDSS [38–40],
6dFGS [41], IRAS [42, 43], 2MASS [42, 44], 2dFGRS [45],
GAMA [46], BOSS [47], WiggleZ [48], Vipers [49], Fast-
Sound [50], BOSS Q [51] and additional points from the
2018 SSSD-IV [52–54]. This large pack of data allows us
to investigate the tension on the σ8-contours revealed by
the mismatch of the data inferred from Planck CMB ra-
diation and the Large Scale Structure (LSS) observations
considering the concordance ΛCDM model as a back-
ground. The σ8 is the r.m.s amplitude of matter density
at a scale of a radius R ∼ 8h.Mpc−1 within a enclosed
mass of a sphere [55]. To allow a proper comparison, we
use another MCMC chain with only the model indepen-
dent measurements on Pantheon SNIa+H(z). Thus, we
analyse the response of the cosmography parameters fo-
cused on the Hubble function H(z) and the deceleration
parameter q(z) with the additional calculations of the re-
lated transition redshift zt. In this manner, we evaluate
the sensitivity of the models in combination of the probes
commonly used disjointedly in cosmography analysis but
explored in several works [56–63].

The paper is organized as follows: in the second sec-
tion, we make a brief mathematical review on the theoret-
ical framework and its resulting cosmological model. In
the third section, the perturbed equations are presented
in a conformal Newtonian frame and the related growth
equation. The fourth section presents the outcomes and
discussions from the comparison of the present model to
the models as ΛCDM, quintessense (wCDM) [64, 65] and
Chevallier-Polarski-Linder (CPL) [66, 67]. An analysis
on the statistical tension between the models is made by
using the Akaike Information Criterion (AIC) [68] from
the MCMC method. In the final section, we conclude
with our remarks and future prospects.

II. THE EMBEDDED MODEL

The gravitational action functional in the presence of
confined matter field on a four-dimensional embedded
space with thickness l embedded in a D-dimensional am-
bient space (bulk) has the form

S = − 1

2κ2D

∫ √
|G|RdDx−

∫ √
|G|L∗mdDx , (1)

where κ2D is the fundamental energy scale on the embed-
ded space,R denotes de Ricci scalar of the bulk and L∗m is
the confined matter lagrangian. In this model, the matter
energy momentum tensor occupies a finite hypervolume
with constant radius l along the extra-dimensions. The
variation of Einstein-Hilbert action in Eq.(1) with respect
to the bulk metric GAB leads to the Einstein equations

for the bulk

RAB −
1

2
GAB = α?TAB , (2)

where α? is energy scale parameter and TAB is the
energy-momentum tensor for the bulk [16, 17, 20]. To
generate a thick embedded space-time is important to
perturb the related background and it can be done in
accordance with the confinement hypothesis of gauge in-
teractions that depends only on the four-dimensionality
of the space-time [69, 70] in accordance with current phe-
nomenology [71].

Nash’s original embedding theorem [72] used a flat D-
dimensional Euclidean space, later generalized to any
Riemannian manifold including non-positive signatures
by Greene [73] with independent orthogonal perturba-
tions. It guarantees that the embedded geometry re-
mains smooth (differentiable) after perturbations. With
all these concepts, let us consider a Riemannian man-
ifold V4 with a non-perturbed metric ḡµν being locally
and isometrically embedded in a n-dimensional Rieman-
nian manifold Vn given by a differentiable and regular
map X : V4 → Vn satisfying the embedding equations

XA,µXB,ν GAB = ḡµν , (3)

XA,µη̄Ba GAB = 0 , (4)

η̄Aa η̄
B
b GAB = ḡab , (5)

where we have denoted by GAB the metric components of
Vn in arbitrary coordinates, η̄ denotes a non-perturbed
unit vector field orthogonal to V4. Concerning notation,
capital Latin indices run from 1 to n. Small case Latin
indices refer to the only one extra dimension consid-
ered. All Greek indices refer to the embedded space-time
counting from 1 to 4. These set of equations represent
the isometry condition Eq.(3), orthogonality between the
embedding coordinates X and η̄ in Eq.(4), and also, the
vector normalization η̄ and ḡab = εaδab with εa = ±1
in which the signs represent the signatures of the extra-
dimensions. Hence, the integration of the system of equa-
tions Eqs.(3), (4) and (5) assures the configuration of the
embedding map X .

The second fundamental form, or more commonly, the
non-perturbed extrinsic curvature k̄µν of V4 is by defini-
tion the projection of the variation of η̄ onto the tangent
plane :

k̄µν = −XA,µη̄B,νGAB = XA,µν η̄BGAB , (6)

where the comma denotes the ordinary derivative.

To obtain the embedded four-dimensional equations,
one can take Eq.(2) written in the Gaussian frame em-
bedding veilbein {XAµ , η̄Aa }. This reference frame is com-

posed by a regular and differentiable coordinate {XAµ }
and a unitary normal vector {η̄Aa }. Accordingly, they
define the basis of the embedded geometry and one can
obtain the embedded four-dimensional field equations for
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the background

Rµν −
1

2
Rgµν +Qµν = 8πGTµν , (7)

k ρµ;ρ − h,µ = 0 , (8)

where in the trace of Codazzi equations in Eq.(8) we
denote the mean Gaussian curvature by h = gµνkµν and
h2 = h.h. The semi-colon denotes the ordinary covariant
derivative.

The related cosmological model is obtained when
considering the Friedman-Lemâıtre-Robertson-Walker
(FLRW) metric in coordinates (r, θ, φ, t) as

ds2 = dt2 − a2
[
dr2 + f2κ(r)

(
dθ2 + sin2 θdϕ2

)]
, (9)

where a = a(t) is the scale expansion factor, f(r)κ =
sin r, r,sinh r and κ corresponds to spatial curvature
(1, 0,−1), respectively. For the present application, we
consider a flat universe with κ = 0.

The Tµν tensor is the four-dimensional energy-
momentum tensor of a perfect fluid, expressed in co-
moving coordinates as

Tµν = (p+ ρ)UµUν + p gµν , Uµ = δ4µ , (10)

where Uµ is the co-moving four-velocity. The related con-
servation equation is given by

ρ+ 3H (ρ+ p) = 0 , (11)

where ρ and p denote non-perturbed matter density and
pressure, respectively.

Differently what happens to the usual General Relativ-
ity (GR) framework, the embedding between space-times
leads to the appearance of the extrinsic terms. The de-
formation tensor Qµν is a geometrical term given by

Qµν = gρσkµρkνσ − kµνH −
1

2

(
K2 − h2

)
gµν , (12)

where the term K2 = kµνkµν is the Gaussian curvature.
It follows that Qµν is conserved in the sense of Noether’s
theorem

Qµν ;ν = 0 . (13)

Using spatially flat Friedman-Lemâıtre-Robertson-
Walker (FLRW) metric in Eq.(9), one obtains a solution
of Eq.(8) that is given by

kij =
b

a2
gij , i, j = 1, 2, 3, k44 =

−1

ȧ

d

dt

b

a
,

where a ≡ a(t) is the usual expansion parameter and
b(t) ≡ b = k11 is the bending function that is function of
time. The dot symbol denotes the ordinary time deriva-
tive.

Denoting the usual Hubble parameter by H ≡ H(t) =

ȧ/a and the extrinsic parameter B ≡ B(t) = ḃ/b, one
obtains the following quantities by direct calculation of

Eqs.(7) and (8)

k44 = − b

a2
(
B

H
− 1), (14)

K2 =
b2

a4

(
B2

H2
− 2

B

H
+ 4

)
, h =

b

a2

(
B

H
+ 2

)
,(15)

Qij =
b2

a4

(
2
B

H
− 1

)
gij , Q44 = −3b2

a4
, (16)

Q = −(K2 − h2) =
6b2

a4
B

H
, (17)

where in Eq.(16), we have denoted i, j = 1..3, with no
sum on indices. Moreover, as shown in Refs.[20, 74], the
dynamics of extrinsic curvature is formally completed
in five-dimension by the analysis of the spin of a lin-
ear massless spin-2 fields in Minkowski space-time. As a
consequence, it allow us in the cosmological context to
find uniquely the bending function b(t) starting from the
Einstein-Gupta equations given by

Fµν = 0 , (18)

where they are defined as a copy (concerning its struc-
ture) of the usual Riemannian geometry. Hence, once
can define a “f-Riemann tensor”

Fναλµ = ∂αΥµλν − ∂λΥµαν + ΥασµΥσ
λν −ΥλσµΥσ

αν ,

Υµνσ =
1

2
(∂µ fσν + ∂ν fσµ − ∂σ fµν) ,

Υµν
λ = fλσ Υµνσ.

that were constructed from a “connection” associated
with kµν and

fµν =
2

K
kµν , and fµν =

2

K
kµν , (19)

in such a way that the normalization condition fµρfρν =
δµν applies. Thus, taking flat Friedman metric in Eq.(18),
and with the results from Eqs.(7), (8) and (13) (by means
of calculating Qµµ,i = 0 ), one obtains the Friedman equa-
tion modified by the extrinsic curvature as(

ȧ

a

)2

=
8

3
πGρ+ α0a

2β0−4eγ
±(t) , (20)

where α0 denotes an integration constant. As previously
stated, with the aid of Gupta equations and the conser-
vation of the deformation tensor, we can solve the homo-
geneity problem of Codazzi equations in Eq.(8) and we
are able to define univocally the value of the k11 compo-
nent of the extrinsic curvature, denoted by the bending
function b(t). Moreover, concerning the total energy den-
sity ρ, we denote ρ = ρmat + ρrad, which are the matter
and radiation energy densities. The γ-exponent in the
exponential function in Eq.(20) is defined as γ±(t) =

±
√
|4η0a4 − 3| ∓

√
3 arctan

(√
3
3

√
|4η0a4 − 3|

)
that can

be written in terms of redshift by means of the standard
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relation a = 1
1+z .

Based on previous cosmography tests [20, 22–24, 26],
the parameter β0 measures the magnitude of the decel-
eration parameter q(z) and the values of parameter η0
control the width of the transition phase redshift zd from
a decelerating to accelerating regime. In the aforemen-
tioned works, it was found that η0 has a very small value
η0 → 0 that leads to a transition redshift constraint
zt < 1 in compliance with observations. Hence, the re-
lated model is defined by Hubble evolution H(z) as

H(z) = H0

√
Ωm(z) + Ωrad(z) + Ωext(z)e±γ(z) , (21)

where H(z) is the Hubble parameter in terms of red-
shift z and H0 is the current value of the Hubble con-
stant. The matter density parameter is denoted by
Ωm(z) = Ωm0(1 + z)3. The radiation density is given
by Ωrad(z) = Ωrad0(1+z)4 with Ωrad0 = Ωm0zeq and the
term Ωext(z) = Ωext0(1 + z)4−2β0γ0 stands for the den-
sity parameter associated with the extrinsic curvature.
The integration constants were merged in the term γ0.
Concerning notation, the upper script “0” indicates the
present value of any quantity. The equivalence number
for the expansion factor aeq given by

aeq =
1

1 + zeq
=

1

(1 + 2.5× 104Ωm0h2(Tcmb/2.7)−4)
,

(22)
where zeq is the equivalence redshift. The CMB temper-
ature is adopted for the value Tcmb = 2.7255K and the
Hubble factor h = 0.67. The complete form for Hubble
parameter as in Eq.(21) at background level has been pre-
viously investigated in a series of studies [20, 22–24, 26].

In this work, we are based on the fact that competitive
models must comply mild deviations of ΛCDM to repro-
duce its results, to correct its difficulties and to expand
the theoretical landscape. In a search of such soft-after
intents, we start dealing with cosmological perturbations
with an approximation of Eq.(21) in high asymptotic red-
shift z → ∞, or equivalently in terms of the asymptotic
expansion factor around a ∼ 0. At linear approximation,
limz→∞ eγ(z) ∼ 1 +O(γ) it leads directly to a nearly re-
semblance with wCDM model with H(z) ∼ HwCDM (z)
at background level. At the moment, this allows us to
obtain a more stable solutions. In these terms, the η0 pa-
rameter vanishes accordingly. The current extrinsic con-
tribution Ω0

ext is given by the normalization condition for
redshift at z = 0 that results in

Ω0
ext =

(
1− Ω0

m − Ω0
rad

)
. (23)

Hence, we can write the dimensionless Hubble parameter
E(z) as

E2(z) = Ωm0(1 + z)3 + Ωrad0(1 + z)4 + (24)

(1− Ωm0 − Ωrad0) (1 + z)4−2β0 .

Hereon, the present model is denoted as β-model to fa-

cilitate the referencing.

III. MATTER EVOLUTION EQUATIONS IN
CONFORMAL NEWTONIAN GAUGE

In longitudinal conformal Newtonian gauge, the metric
in Eq.(9) is given by

ds2 = a2[(1 + 2Φ)dη2 − ((1− 2Ψ)δijdx
idxj ] , (25)

where Φ = Φ(~x, η) and Ψ = Ψ(~x, η) denotes the Newto-
nian potential and the Newtonian curvature, respectively.
The conformal time η is related with physical time as
dt = a(η)dη.

The perturbed field equations of Eqs.(7) and (8) can
be written as

δGµν = 8πGδTµν − δQµν , (26)

δkµν;ρ = δkµρ;ν . (27)

Concerning notation, hereon the background quantities
are represented by the tilde symbol.

To obtain the explicit form for perturbed field equa-
tions in Eqs.(26) and (27), we need to determine both
perturbed metric δgµν and perturbed extrinsic curvature
δkµν . Using the main result of the Nash-Green theorem
[72, 73], one can use the relation

δgµν = −2k̃µνδy , (28)

where δy denotes an infinitesimal displacement of the ex-
tra dimension y in the bulk space and it is not considered
in the line elements as in the case of rigid embedding
models [11, 12].

The linear perturbations of a new geometry ḡµν is given
by ḡµν = g̃µν + δgµν that can be written as

ḡµν = g̃µν − 2δyk̃µν , (29)

and the related perturbed extrinsic curvature

k̄µν = k̃µν − 2δy g̃σρk̃µσk̃νρ , (30)

where we can identify δkµν = g̃σρk̃µσk̃νρ. Using the Nash

relation δgµν = −2k̃µνδy, we obtain

δkµν = g̃σρk̃µσδgνρ . (31)

The perturbation of the deformation tensor Qµν can
be made from its background form in Eq.(12) and the
resulting kµν perturbations from Nash’s fluctuations in
Eq.(31). Thus, one obtains

δQµν = −3

2
(K2 − h2)δgµν . (32)

It is worthy noting that due to the Nash fluctuations in
Eq.(29), we notice that Codazzi equations in Eq.(27) and
the Einstein-Gupta equations in Eq.(18) are invariant un-
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der perturbations and are confined to the background.
Then using the background relations in Eqs.(14), (15),
(16), and (17), we can determine the components of δQµν

δQij = γ0a
2β0−2Ψδij , (33)

δQi4 = 0 , (34)

δQ4
4 = γ0a

2β0−2Φδ44 , (35)

where γ0 is an integration constant that carries an ex-
trinsic curvature term from the bending function b(t) as
seen in Eq.(20).

For a perturbed fluid with pressure p and density ρ,
one can write the perturbed components of the related
stress-tensor

δT 4
4 = δρ , (36)

δT 4
i =

1

a
(ρ0 + p0)δu‖i , (37)

δT ij = −δp δij , (38)

where δu‖i denotes the tangent velocity potential and ρ0
and p0 denote the non-perturbed components of density
and pressure, respectively.

Moreover, we adopt the simplest condition for pertur-
bations Ψ = Φ and obtain the following set of equations
in the wave-number k-space of Fourier modes as

k2Φk + 3H
(

Φ
′

k + ΦkH
)

= −4πGa2δρk + 9γ0a
2β0Φk ,

(39)

(aΦk)′ = −4πGa2(ρ0 + p0)θ , (40)

Φ
′′

k + 3HΦ′k + (H2 + 2H′)Φk − 9γ0a
2β0Φk (41)

= 4πGa2(c2sδρk) ,

where H ≡ aH and θ = ikjδu‖j denotes the divergence
of fluid velocity in k -space. We also use the relation
δpk = c2sδρk in which cs denotes the sound speed. Hence,
combining the aforementioned equations, we obtain the
gravitational potential formula in k-space:

Φ
′′

k + 3(1 + c2s)HΦ′k +
[
k2c2s + (1 + 3c2s)H2 + 2H′

]
Φk (42)

= γ0a
2β0(1 + c2s)Φk .

It is important to notice that when γ0 → 0 in Eq.(42),
the standard GR correspondence is obtained. Thus, one
recovers the subhorizon approximation with k2 >> H2

or k2 >> a2H2. Thus, Eq.(42) turns the Newtonian

formula Φk ∼ δρk
k2 .

After a Fourier transform, we perform the definition of
the “contrast” matter density δm ≡ δρ

ρ0
. For a pressure-

less matter and a null anisotropic matter stress, we use
Eq.(39) and obtain a relation of Φk and δm given by

k2Φk = −4πGeffa
2ρ0δm , (43)

where Geff is the effective Newtonian constant and is

given by

Geff (a, k) =
G

1− γ0
k2 a

2β0
, (44)

where G is the Newtonian gravitational constant.

The corresponding equation of evolution of the con-
trast matter density δm(η) in conformal longitudinal
Newtonian frame can be written as

δ′′m +Hδ′m − 4πGeffa
2ρ0δm = 0 , (45)

where the prime symbols denote derivatives with respect
to conformal time η. And, in terms of the expansion
factor a(t), we obtain the contrast matter density δm(a)
as

δ̈m(a) +

(
3

a
+
Ḣ(a)

H(a)

)
δ̇m(a)− 3Ωm0Geff/G

2(H2(a)/H2
0 )
δm(a) = 0,

(46)
where the dot symbols denote derivatives with respect
to scale factor a. As a matter of comparison, for GR
Geff = G with the fluid parameter w and one obtains
the solution

δ(a) = a.2F1

(
− 1

3w
,

1

2
− 1

2w
; 1− 5

6w
; a−3w(1− Ω−1m )

)
,

(47)
where 2F1(a, b; c; z) is a hypergeometric function.

IV. OBSERVATIONAL CONSTRAINTS:
ANALYSIS AND RESULTS

A. Statistical considerations on the data

In the following, we point out the main equations and
statistical tools for the observational data on Growth
fluctuations, CMB, BAO and the Pantheon SNIa. A
complete set and description of these formulas can be
found in details in Refs.[28–30, 61, 75].

1. Growth fluctuations

We use the σ8 parameter that measures the growth
of r.m.s fluctuations on the scale of 8h−1Mpc. This is
performed by the measure of the quantity

fσ8(a) ≡ f(a).σ8(a) , (48)

where f(a) = ln δ
ln a is the growth rate and the growth

factor δ(a) is given by Eq.(46). To compatibilize the
data dependence from the fiducial cosmology and another
cosmological survey, it is necessary to rescale the growth-
rate data by the ratio r(z) of the Hubble parameter H(z)
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and the angular distance dA(z) by using the relation

r(z) =
H(z)dA(z)

Hf (z)DfA(z)
, (49)

where the subscript “f ” corresponds a quantity of fiducial
cosmology. Accordingly, the angular distance dA(z) is
defined as

dA(z) =
c

(1 + z)

∫ 0

z

1

H(z′)
dz′ . (50)

Likewise, the regulation of the χ2 statistics is also neces-
sary that relies on the definition

χ2(Ωm0, w, σ8) = V iC−1ij Vj , (51)

where V i ≡ fσ8,i−r(zi)fσ8(zi,Ωm0, w, σ8) denotes a set
of vectors that goes up to ith-datapoints at redshift zi
for each i = 1...N number of datapoints of a related col-
lection of data. The set of fσ8,i datapoints come from

theoretical predictions [28]. The set of C−1ij denotes the
inverse covariance matrix. A final important correction
concerns the necessity to disentangle the datapoints re-
lated to WiggleZ dark energy survey which, at first, are
correlated. Then, the covariant matrix Cij [48] is given
by

Cwigglezij = 10−3

6.400 2.570 0.000
2.570 3.969 2.540
0.000 2.540 5.184

 (52)

and the resulting total matrix Ctotij

Ctotij = 10−3

σ2
1 0 0 ...

0 Cwigglezij 0 ...
0 0 ... σ2

N

 (53)

where the set of σ2’s denote the N -variances.

2. CMB Planck2018 data

For the CMB data, we used the Planck2018 released
[9] with χ2-statistics

χ2
CMB = XT

Planck2018C
−1
CMBXPlanck2018 , (54)

where the covariant matrix for the parameters for
R, lA,Ωb0h

2 is given by

XPlankc2018 =

 R− 1.7502
lA − 301.471
ωb − 0.02236

 (55)

where ωb = Ωb0h
2. The two shift parameters R and

lA are defined as the scale distance and acoustic scale,

respectively, as

R =

√
Ωm0

c
dA(zCMB)(1 + zCMB) , (56)

lA =
πdA(zCMB)(1 + zCMB)

rs(zCMB)
, (57)

where the angular distance dA is given by Eq.(50) and
the related redshift at recombination zcmb is given by

zCMB = 1048[1+0.00124(Ωbh
2)−0.738][1+g1(Ωm0h

2)g2 ] ,
(58)

and the parameters (g1, g2) are defined accordingly as

g1 =
0.0783(Ωbh

2)−0.238

1 + 39.5(Ωbh2)0.763
, g2 =

0.560

1 + 21.1(Ωbh2)1.81
.

(59)
The comoving sound horizon rs(z) is given by

rs(z) = c

∫ ∞
z

cs(z
′)

H(z′)
dz′ , (60)

and the related sound speed cs

cs(z) =
1√

3(1 + R̄b/(1 + z))
, (61)

with R̄b = 31500Ωb0h
2(TCMB/2.7K)−4. Moreover, the

inverse of the covariant matrix C−1CMB for the parameters

for la, R,Ωb0h
2 is given by C−1CMB = σiσjC, with σi =

(0.0046, 0.090, 0.00015) for the normalized covariance
matrix given by

C =

 1.00 0.46 −0.66
0.46 1.00 −0.37
−0.66 −0.33 1.00

 (62)

3. BAO joint data

In a similar manner, we summarize some the useful
formulas to work with BAO from the set of probes on
SDSS [38–40], 6dFGS [41], IRAS [42, 43], 2MASS [42,
44], 2dFGRS [45], GAMA [46], BOSS[47], WiggleZ [48],
Vipers [49], FastSound [50], BOSS Q [51] and additional
points from the 2018 SSSD-IV [52–54].

We use the χ2 statistics for WiggleZ in a form

χ2
WiggleZ = (Āobs − Āth)C−1WiggleZ(Āobs − Āth)T , (63)

where we denote the set of observational value
Āobs = (0.447, 0.442, 0.424) for data vectors at z =
(0.44, 0.60, 0.73) compared with the theoretical predic-
tions Āth = (z, pi) is defined as

Āth = dV (z)

√
Ωm0H2

0

cz
, (64)
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with the dilation scale

dV (z) =
1

H0

[
(1 + z)2dA(z)2

cz

E(z)

]1/3
. (65)

Moreover, the inverse of the covariant matrix C−1WiggleZ
is given by

C−1WiggleZ =

 1040.3 −807.5 336.8
−807.5 3720.3 −1551.9
336.8 −1551.9 2914.9

 . (66)

Likewise, we adopt the same analysis on SDSS data such
as

χ2
SDSS = (d̄obs − d̄th)C−1SDSS(d̄obs − d̄th)T , (67)

from the comparison with the observable and theoretical
distances dobs and dth, respectively. The distance dobs =
(0.1905, 0.1097) is calculated at z = 0.2 and z = 0.35,
and dth is given by the definition

d̄th =
rs(zd)

dV (z)
, (68)

where the related comoving sound horizon rs(z) and
sound speed cs(z) were given previously by Eqs.(60) and
(61), respectively. In addition, the drag redshift is de-
fined

zdrag =
1291(Ωmh

2)0.251

1 + 0.659(Ωmh2)0.828
[1 + b1(Ωmh

2)b2 ] , (69)

where b1 = 0.313(Ωmh
2)−0.419[1 + 0.607(Ωmh

2)0.674] and
b2 = 0.238(Ωmh

2)0.223.
The inverse of the covariant matrix C−1SDSS is given by

C−1SDSS =

(
30124 −17227
−17227 86977

)
. (70)

Finally, using the maximum likelihood, we combine all
the data in

χ2
BAO = χ2

WiggleZ + χ2
SDSS + χ2

6dF + χ2
SDSS−MGS +(71)

χ2
BOSS−LOWZ + χBOSS−Lyα .

4. The Pantheon supernova type Ia data

We determine the theoretical distance modulus µth(z)
to obtain the constraints from SNIa and is given by

µth(z) = 5 log10(dL(z)) + µ0, (72)

where µ0 = 42.38 − 5 log10 h and h = 0.672. The lumi-
nosity distance dL related to Hubble expansion rate is
given by

dL(z|s, µ0) = (1 + z)

∫ z

0

du

E(u|s)
, (73)

where s denotes the free parameters of a model. We use
the prior for the density parameter of visible baryonic
matter Ωb0 = 2.236/100h2. The χ2 statistics are used in
a form

χ2
SnIa(s|µ0) =

n∑
i=1

[µth,i(s, µ0|zi)− µobs,i(zi)]
σ2
µi

, (74)

where n = 1048 is the number of events of the Pantheon
SNIa data [31], the distance modulus obtained from ob-
servations is denoted by µobs,i(zi), and σµi is the total
uncertainty of the observational data.

B. Results and discussion

The methodology used in this paper relies on the
Markov Chain Monte Carlo (MCMC) sample technique
adapted from the publicly available code of a modified
Metropolis–Hastings algorithm [29, 30] to infer the pa-
rameter likelihoods. We perform our analysis using the
joint likelihood of kinematical probes on the CMB Planck
2018 data [9], the Pantheon SNIa [31] with redshift rang-
ing from 0.01 < z < 2.3, the Hubble parameter H(z)
as a function of redshift [32–37] and the “extended Gold
2018” compilation of the CMB Planck 2018 (TT, TE,
EE+lowE) within the 68% intervals best-fit parameters
using the data points of SDSS [38–40], 6dFGS [41], IRAS
[42, 43], 2MASS [42, 44], 2dFGRS [45], GAMA [46],
BOSS [47], WiggleZ [48], Vipers [49], FastSound [50],
BOSS Q [51] and additional points from the 2018 SSSD-
IV [52–54].

To apply our χ2-statistics, we extract the data
points from the Pantheon SNIa, CMB, BAO, Hubble
parameter and growth, with the amount of 1048, 3,
9, 36 and 25 data points, respectively, with a total
of 1121 data points. In order to keep the analysis
on the sub-horizon linear scale, we set the minimum
value of expansion parameter as amin = 0.001 and
k = 300 H0 ∼ 0.1hMpc−1. Thus, we use the parameter
vectors {Ωm0, 100Ωbh

2, h, β0, σ8} with the adopted priors
{(0.001, 1), (0.001, 0.08), (0.4, 1), (1.9, 2.001), (0.1, 1.8)},
respectively. To the CMB temperature, we adopt a
reference value Tcmb = 2.7255K. Moreover, the joint
analysis was also implemented by the product of the
particular likelihoods L for each data set

Ltot = LPantheon.LBAO.LCMB .LH(z).Lgrowth (75)

and the sum of individual χ2 to get the total χ2

χ2
tot = χ2

Pantheon + χ2
BAO + χ2

CMB + χ2
H(z) + χ2

growth .

(76)
The list of full values for the H(z) data can be found in
Table 1 and 2 in Ref.[30].

We compare our results with three phenomenological
models to ascertain how the β-model is constrained to
available data. In Table I and II, we present the best-fit
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TABLE I. A summary of best-fit values of the background parameters calculated by using MCMC chains with the resulting
χ2 values. The χ2

bf denotes the χ2 best-fit values from MCMC and χ2
red refers to reduced χ2 from the value of the total χ2 of

minimizing all data and the related degree of freedom. For the sake of convenience, we refer the present model in this paper as
β-model as shown below. Errors were obtained directly from the covariant matrix of the MCMC chain.

Model Ωm0 100Ωb0h
2 h σ8 Model parameters χ2

red χ2
bf

ΛCDM 0.317± 0.006 2.234± 0.015 0.674± 0.004 0.758± 0.028 w = −1 0.974 1087.82
wCDM 0.312± 0.008 2.233± 0.015 0.679± 0.008 0.760± 0.028 w = −1.023± 0.033 0.974 1087.40

CPL 0.309± 0.007 2.223± 0.015 0.688± 0.007 0.757± 0.028
w = −0.939± 0.027
wa = −0.595± 0.090

0.982 1095.15

β-model 0.316± 0.006 2.238± 0.015 0.674± 0.004 0.756± 0.028 β0=1.992± 0.013 0.975 1088.16

TABLE II. A summary of mean values of background parameters calculated by using MCMC chains with the main parameters.

Model Ωm0 100Ωb0h
2 h σ8 Model parameters

ΛCDM 0.316± 0.006 2.235± 0.015 0.674± 0.004 0.761± 0.028 w = −1
wCDM 0.312± 0.007 2.234± 0.015 0.680± 0.008 0.759± 0.028 w = −0.993±0.027

CPL 0.301± 0.006 2.223± 0.015 0.699± 0.007 0.755± 0.029
w=-0.944± 0.028
wa=-0.795± 0.122

β-model 0.320± 0.006 2.238± 0.016 0.669± 0.005 0.761± 0.028 β0=1.965± 0.014

and mean values for the studied models.
In Fig.(1), it is shown the results of (σ8 − Ωm) con-

tours from the MCMC chains. From the right-to-left top
panels show the results of the β-model and ΛCDM. From
the bottom right-to-left panels show the results of the GR
quintessence and CPL model, respectively. We also com-
pare the values of σ8 from Planck 2015 (red points) and
Planck 2018 (blue points) with the mean values (black
points) of the related models. For the β-model, it shows
a close proximity with the ΛCDM results with a de-
crease of the σ8 tension from 3-σ to 2-σ contours. A
similar result is presented in the bottom left-panel with
GR-quintessence. On the other hand, in the CPL-model
(bottom right-panel) the σ8 tension is aggravated. In
addition, Fig.(2) shows the probability density function
(PDF) of the cosmological parameters of the β-model. In
particular, due to its several minima in the likelihood the
obtained degeneracies in the values of the β-parameter
show an interesting situation to decrease more the σ8
tension to 1-σ contour, which is not possible to happen
in the ΛCDM model.

In order to check the statistical relevance of the mod-
els as compared to observations, a reference can be made
with using the AIC classifiers to estimate the tension be-
tween the data fitting and particular models. To sum
up, they are used to infer how much information is lost
when the true (unknown) model is replaced by a partic-
ular one. In this sense, the model with higher AIC tends
to aggravate the tension which commonly happens when
more parameters are allowed. To apply this criteria, we
firstly adopt the errors from the data being as Gaussian
and use AIC to evaluate the fit-to-data for small samples
sizes [77, 78] by the formula

AIC = χ2
bf + 2k

2k(k + 1)

N − k − 1
, (77)

where χ2
bf is the best fit χ2 of the model, k represents the

number of the uncorrelated (free) parameters and N is
the number of the data point in the adopted dataset. The
difference |∆AIC| = AICmodel (2) − AICmodel (1) repre-
sents the Jeffreys’ scale [79] that measures the intensity
of tension between two models. Higher values for |∆AIC|
denotes more tension between models and more statisti-
cally uncorrelated they are. For |∆AIC ≤ 2| the models
are statistically consistent with a considerable level of
empirical support. For 4 < ∆AIC < 7 indicates a pos-
itive tension against the model with a higher value of
AIC. For |∆AIC ≥ 10| defines a strong evidence against
the model with a higher AIC.

In Table III, it is shown the results of the classifica-
tion of the AIC analysis showing a statistical equivalence
between the ΛCDM and wCDM models and a nearly
equivalence of these models with the β-model that has
∆AIC roughly close to 2. On the other hand, the CPL
model is ruled out with a strong evidence against it.

As previously mentioned in the introduction section,
we proceed further adopting a different direction in the
analysis. We apply again the MCMC chains to our χ2-
statistics with no consideration of CMB nor BAO data, in
order to realize the consequences on the evolution of kine-
matical parameters H(z), q(z) and the transition redshift
zt. This relies on the fact that the kinematical probes are
model independent and we use the data on the Pantheon
SNIa and H(z) with some galaxy clustering [32–37] with
the total amount of 1084 data points with a particular
likelihoods L for each data set

Ltot = LPantheon.LH(z) (78)

and the sum of individual χ2 to get the total χ2

χ2
tot = χ2

Pantheon + χ2
H(z) . (79)

Due to the previous results of the AIC analysis in Ta-
ble III, we do not consider the CPL model for this new
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TABLE III. A summary of the obtained values of AIC for the studied models.

Model AIC ∆AIC Evidence against the model
ΛCDM 1095.86 0 null
wCDM 1097.45 1.60 weak
CPL 1107.23 11.37 strong
β-model 1098.21 2.36 substantially weak
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σ
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FIG. 1. Contour regions at 1-σ, 2-σ and 3-σ with 68.3%, 95.4% and 99.7% confidence levels, respectively, in the plane (σ8−Ωm).
Red points mark the CMB Planck 2015 data, whereas the blue points indicate CMB Planck 2018 data. Black points refer to
the mean values of the parameters resulting from MCMC chains.

0.30 0.31 0.32 0.33 0.34

Ωm

2.182.202.222.242.262.282.30

100·Ωbh
2

0.65 0.70 0.75 0.80 0.85

σ8

1.95 1.96 1.97 1.98 1.99 2.00

β0

FIG. 2. One-dimensional PDF likelihood of the cosmological parameters for the cosmological parameters in the β-model used in
this study. The vertical dashed lines indicate the CMB Planck 2018 values. In particular, the panel also shows the degeneracies
for the β0 values.

MCMC analysis. Accordingly, the results are shown in
Tables IV and V. The results of the AIC analysis is
presented in Table VI that reinforces the statistical com-

patibility between the models.

The transition redshift can be found from the deceler-
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TABLE IV. A summary of best-fit values of the background parameters calculated by using MCMC chains with the resulting
χ2 values for the Pantheon SNIa and H(z) data. The χ2

bf denotes the χ2 best-fit values from MCMC and χ2
red refers to reduced

χ2 from the value of the minimum χ2 and the related degree of freedom. For the sake of convenience, we refer the present
model in this paper as β-model as shown below. Errors were obtained directly from the covariant matrix of the MCMC chain.

Model Ωm0 h Model parameters χ2
red χ2

bf

ΛCDM 0.285± 0.016 0.685± 0.014 w = −1 0.978 1056.56
wCDM 0.263± 0.021 0.687± 0.016 w = −0.918± 0.046 0.978 1055.45
β-model 0.270± 0.018 0.687± 0.015 β0=1.915± 0.014 0.978 1055.56

TABLE V. A summary of mean values of background parameters calculated by using MCMC chains with the main parameters.

Model Ωm0 h Model parameters
ΛCDM 0.285± 0.016 0.684± 0.014 w = −1
wCDM 0.276± 0.021 0.685± 0.015 w = −0.963±0.044
β-model 0.276± 0.017 0.686± 0.017 β0=1.952± 0.014

ation parameter in a form

q(z) =
1

H(z)

dH(z)

dz
(1 + z)− 1 . (80)

Hence, we can write

q(z) =
3

2

[
Ω m(z) + Ωrad(z) + γ∗Ω ext(z)

Ω m(z) + Ωrad(z) + Ω ext(z)

]
− 1 , (81)

where γ∗ = 1
3 [4− 2β0].

We use the best-fit values of the cosmological parame-
ters in Tables III and IV for the calculation of the result-
ing H(z) and q(z) from Eqs.(21) and (81). The behaviour
of the transition redshift zt in terms of the matter dis-
tribution Ωm. Taking equation Eq.(81) and calculating
the deceleration parameter q(z) = 0 (neglecting the ra-
diation contribution), we can find the transition redshift
zt as

zt =

(
2(β0 − 1)(1− Ωm0)

Ωm0

) 1
2β0−1

− 1 . (82)

It it worth noting that the same formula of zt for ΛCDM
model is obtained for β0 = 2. From the related MCMC
chains, in Fig.(3) shows the one-dimensional PDF like-
lihood that presents several minima for the values of β0
values of the β-model that allows more possibilities to
compatibilize the current and future observations on the
acceleration expansion. In Fig.(4) we show the evolution
of the Hubble function H(z) for the complete pack of
data considering CMB, BAO, cosmic growth, the Pan-
theon SNIa and H(z). In Fig.(5), it is shown the related
evolution of the models for Pantheon SNIa+H(z), and
some clustering on H(z). For both situations, the best-
fit values for the parameters are shown in the panels. The
differences of both figures are noted from z > 1 where the
effects of CMB and BAO are more pronounced. This can
be noted in Fig.(4) that shows larger values on H(z). On
the other hand, Fig.(4) shows the curves that tend to a
mild damping on the H(z) values for late times. This

1.92 1.94 1.96 1.98
β0

FIG. 3. One-dimensional PDF likelihood of that shows the
degeneracies for the β0 values.

difference may be originated in the mild tension between
CMB Planck data and growth measurements at low red-
shift. This may be solved by the degeneracies of the β0
values since the percentage relative difference is up to
3.87%.

In Figs.(6) and (7), it is shown the behavior of the de-
celeration parameter q(z) as a function of redshift when
considering the set of CMB, BAO, cosmic growth, the
Pantheon SNIa and H(z), and the other group as that
of the Pantheon SNIa+H(z), respectively. For both sit-
uations, we have an accelerated regime for late times
and decelerating pattern for early times. The best-fit
values for the parameters are shown in the panels. In
Fig.(6) shows an overall transition of the models roughly
at zt ∼ 0.6 with a related value of the deceleration pa-
rameter as measured today q0 roughly at ∼ −0.5.

The situation is changed when analysing Fig.(7) that
indicates an earlier transition around zt ∼ 0.7. What
concerns the value of q0, it maintains the same pattern
for β-model with q0 = −0.533±0.027 with a low percent-
age relative difference is up to 2.30% in comparison with
the previous case. Due to the present degeneracies on the
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TABLE VI. A summary of the obtained values of AIC for the studied models. We adopt ΛCDM as a reference.

Model AIC ∆AIC Evidence against the model
ΛCDM 1064.60 0 null
wCDM 1065.51 0.91 weak
β-model 1065.62 1.02 weak

values of β parameter, the β-model is not sensitive to the
variations of model dependent probes, as that of CMB
and BAO data, with a percentage relative difference up
to 3% that makes the possibility to gather feasible in-
formation for cosmokinetics analysis considering a larger
pack of data, even the Pantheon SNIa and H(z) data
are model independent, apart from systematics eventu-
ally involved. This is also in accordance with indepen-
dent fits in literature as in, e.g., with zt = 0.64+0.11

−0.07 [80],
and BAO/CMB + SNIa constraints, with MLCS2K2
light-curve fitter zt = 0.56+0.13

−0.10 and with SALT2 fitter,

zt = 0.64+0.13
−0.07 with 68% confidence level [81].

β0=1.992± 0.013

w=-1

w=-1.02± 0.033
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250

redshift

H
(z
)

FIG. 4. Evolution of the Hubble parameter H(z) as a func-
tion of redshift. The related best-fit values are show in the
panel for the models with the full data on CMB, BAO, cosmic
growth, the Pantheon SNIa and H(z).

β0=1.915± 0.014

w=-1

w=-0.918± 0.046
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FIG. 5. Evolution of the Hubble parameter H(z) as a function
of redshift. The related best-fit values are show in the panel
for the models with the data on the Pantheon SNIa+H(z).

β0: zt= 0.629± 0.015, q0= -0.521±0.013

ΛCDM: zt= 0.627±0.015, q0= -0.524±0.009

WCDM: zt= 0.648±0.022, q0=-0.567±0.051

0.0 0.5 1.0 1.5 2.0
-0.6
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q
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)

FIG. 6. Evolution of the deceleration parameter q(z) as a
function of redshift. The best-fit values of the transition red-
shift is also indicated. The related values are show in the
panel for the models with the full data on CMB, BAO, cos-
mic growth, the Pantheon SNIa and H(z).

β0: zt= 0.759±0.057, q0= -0.533±0.027

ΛCDM: zt= 0.712± 0.045, q0= -0.573± 0.024

WCDM: zt= 0.75± 0.075, q0= -0.483± 0.076

0.0 0.5 1.0 1.5 2.0
-0.6
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FIG. 7. Evolution of the deceleration parameter q(z) as a
function of redshift. The best-fit values of the transition red-
shift is also indicated. The related values are show in the panel
for the models with the data on the Pantheon SNIa+H(z).

V. REMARKS

In this paper, we discussed the dark energy problem
with a proposal of a geometric model based on the Nash-
Green embedding theorem. Using the corresponding
modified Friedman equation in a flat background, we con-
fronted the present model to popular models like ΛCDM,
wCDM and CPL through a joint analysis on recent pack
of datasets on the Pantheon SNIa, CMB, BAO, cosmic
growth and the Hubble H(z) evolution. We also pro-
posed a comparison of the aforementioned pack with the
model-independent data of the Pantheon SNIa+H(z) to
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the analysis on the cosmokinetics quantities, i.e., H(z)
and the deceleration parameter q(z). The cosmography
analysis on CMB and BAO observations is model de-
pendent and may lead to higher statistical and/or sys-
tematic errors, but they can be attenuated by the joint
analysis and/or improvement of the technical observa-
tional measurements through the years to come. For in-
stance, BAO measurements involves the assumption of
fiducial cosmology in the construction of the observables
that lead to the necessity of rescaling and homogenizing
the raw data. From the CMB part, the high signal-to-
noise CMB map should be cleaned by both kinetics and
thermal Sunyaev-Zel’dovich effects in clusters [82, 83].
These difficulties turn the jointly analysis an additional
issue to cosmography and cosmological models must deal
with such subtleties in a search of a complete description
of the universe.

In this direction, we used a Markov Chain Monte
Carlo analysis (MCMC) from a modified Metropo-
lis–Hastings algorithm [29, 30] to determine the cosmic
parameters. We found that in the studied models,
except for CPL model, are nearly statistically equivalent
at 1-σ confidence level with the ∆AIC values roughly
around 2. The 3-σ tension of the CMB Planck 2015
and growth data was reduced to a mild 2-σ tension
using the CMB Planck 2018 and may be reduced to 1-σ
contour by the appearance of degeneracy values of the
β-model consistent with the behaviour of fσ8. When
studying the cosmography parameters H(z) and q(z),
we found that the inclusion of the CMB+BAO+Growth
data gives larger values for H(z) in early times and a
later transition zt ∼ 0.6 as compared with the analysis

using the Pantheon+H(z) data alone. These differences
cease to be in the context of the β-model since their
degeneracies on the β-parameter allow to reduce the
observed mild discrepancy of the curves in H(z) from
z > 1 as shown in Figs.(4) and (5). As an overall
conclusion, this turns the β-model capable of analysing
the cosmography parameters within a feasible range of
confidence level with a more complete jointly data, apart
from systematics. It reinforces the evidences for cosmic
acceleration in a truly model-independent regardless of
the nature of the probes. As future prospects, we intend
to investigate the evolution of the background with the
evaluation of the evolution equations of the perturba-
tions in order to confront the behaviour of the viscosity
parameter and growth index rate and signatures on the
Integrated Sachs–Wolfe (ISW) effect. This process is in
due course and will be reported elsewhere.
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