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1. Introduction

The generating function of the two variable Laguerre polynomials (2-VLP) L,, (x, y)
[5] is defined by

(1 —1yt) exp (1—_x2t> = La(z,p)t", (| yt |< 1) (1.1)

n=0

which is equivalently [6] given by
exp(yt)Co(xt) ZL T y (1.2)

where Cp(z) denotes the 0! order Tricomi function. The n'" order Tricomi functions
Cy(x) are defined as:

Colw) = 3 T ey (1.3)

| |’
— rli(n+r)!

with the following generating function:

exp (t— 7) ZC’ (1.4)
for ¢ # 0 and for all finite x.

The Tricomi functions C,(z) are characterized by the following link with the
Bessel function J,, (x):

Cul@) = 2% Ju(2V). (L5)

From equations (1.2) and (1.3), we obtain

(z,y) fn'z s' xy” - [ =Y "Ln(z/y). (1.6)
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Thus, we have
(=1)"z" n
La(z,y) = — 17— La(0,y) = y", Ln(2, 1) = Ln(2), (1.7)

where L, (x) are the ordinary Laguerre polynomials [1].

The 2-variable Hermite Kampé de Fériet polynomials (2VHKAFP) H,(z,y) [2,
4] are defined as:

rn27‘

xy—nzrln_% (1.8)

and is supported by the following generating function:
X 2 - tn
ettt — ZHn(x,y)a. (1.9)

When y = —1 and « is replaced by 2z, (1.9) reduce to the ordinary Hermite polyno-
mials H,(z) (see [2]).

Currently, Dattoli et al. [8, p.241] introduced the 3-variable Laguerre-Hermite
polynomials (3VLHP) 1 H,(x,y, z) which is defined as:

n/2)
z Ln—Qk (IE, y)
=n! - hmerVv Il
LHy(z,y,2) =n! F(n — 2k (1.10)
k=0
The 3-variable Laguerre-Hermite polynomials (3VLHP) ; H, (z,y, z) of the following
generating function:

1 —xt
H,( 1.11
(1—zt)eXp<1— 1—zt2) ZL (9, 2)¢%, (L.11)
equivalent to
exp(yt + 2t%)Co(xt) ZLH T —. (1.12)
It is clear that )
LHn(m,% 75) = LHn(‘T7y)7

LHn(xa 1, 71) = LHn(x)a

where  H,(x,y) denotes the 2-variable Laguerre-Hermite polynomials (2VLHP) (see
[6]) and  H,(z) denotes the Laguerre-Hermite polynomials (LHP) (see [7]), respec-
tively.

Geometric polynomials (also known as Fubini polynomials) are defined as follows

(see [3]): :
F,(z) = b Rz, (1.13)
>{i}

where { Z } is the Stirling number of the second kind (see [9]).

For z = 1 in (1.13), we get n'" Fubini number (ordered Bell number or geometric
number) F, [3, 9, 10, 12, 16] is defined by

F,(1)=F, = i{ Z }k!. (1.14)

k=0
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The exponential generating functions of geometric polynomials is given by (see [3]):

1 — tn
. N R, 1.15
1—x(et —1) nz:% (x)n‘ (1.15)
and related to the geometric series (see [3]):
d\"™ 1 — 1 x
el = ket = —F,,(—), < 1.
<xdx> 1—=z kZ:o v l—=z (l—x)|x|

Let us give a short list of these polynomials and numbers as follows:

Fo(x) = 1, Fy(z) = 2, Fy(x) = 24222, F3(z) = o+62° 4623, Fy(x) = a+142?+3623+242*,

and
Fo=1F, =1,F,=3,F3=13,F, = 75.

Geometric and exponential polynomials are connected by the relation (see [3]):

Fo(x) = /0 " on(@)e P, (1.16)

Recently, Khan et al. [11] introduced three variable Laguerre-based Hermite-
Bernoulli polynomials is defined by means of the following generating function:

«

tm it > plem-1] tn
— | e Co(at) = ZLH " (x,y,z)ﬁ (1.17)
et — Z % n=0 ’

h=0

On setting o = 1 in (1.13), the result reduces to the known result of Pathan
and Khan [13] and further on taking o = 1, the result reduces to the known result of
Dattoli et al. [4].

The manuscript of this paper as follows: In section 2, we consider generating
functions for Laguerre-based Hermite-Fubini numbers and polynomials and give some
properties of these numbers and polynomials. In section 3, we derive summation for-
mulas of Laguerre-based Hermite-Fubini numbers and polynomials. In Section 4, we
construct a symmetric identities of Laguerre-based Hermite-Fubini numbers and poly-
nomials by using generating functions.

2. Laguerre-based Hermite-Fubini numbers and polynomials

In this section, we define three-variable Laguerre-based Hermite-Fubini polyno-
mials and obtain some basic properties which gives us new formula for ; H" (z, y, z; w).

We introduce 4-variable Laguerre-based Hermite-Fubini polynomials by means
of the following generating function:

oo tn
Z LH™ (x,y,z;w)ﬁ. (2.1)

n=0

eyH_thCo(xt) _
1—w(et —1)

Clearly from definition (2.1), we have
LH™(0,0,0;w) = Fy(w), LH™(0,0,0;1) = F,.

On setting = z = 0 in (2.1), we obtain 2-variable Fubini polynomials which is de-
fined by Kargin [12].
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eyt bl tm
= ;Fn(x; Z)E. (2.2)

1—wet -1

Theorem 2.1. For n > 0, the following formula for Laguerre-based Hermite-Fubini
polynomials holds true:

LHF"(:TJ,y,Z;U)) = Z < ;L )Fn—m(z)LHm(xay) (23)
m=0

Proof. Using definition (2.1), we have

iLHF"(:z:,y,z;w)
n=0
=3 B 3 LH(y)
n=0 " m=0
s (z
n=0 =0

> )an<z>LHm<x,y>> a3

o eytJthQC'o(xt)
n! 1—w(et —1)

’I’LOO

tm

n
r
Comparing the coefficients of tn—T: yields (2.3).

Theorem 2.2. For n > 0, the following formula for Laguerre-based Hermite-Fubini
polynomials holds true:

LHy(z,y,2) = LHFW (7,9, 2;w) — wLHF" (7,9, 2;w) + wLHFn (7,9, 2;w). (2.4)
Proof. We begin with the definition (2.1) and write

1—w(e —1) >
yt+zt20 ) — yttzt® ox (p
¢ o(at) 1—w(et—1)e o(at)
2
eyttt Co(l't) w(et _ 1) eyt+zt2 Co(xt)

B L—w(et—1) 1—z(et—1)
Then using the definition of Laguerre-based Hermite polynomials rH,(z,y,z) and
(2.1), we have

o0

0o

tn o
Z LHTL(:E’ Y, z)ﬁ = Z [LHFn (.’E, Y, 23 ’LU) - wLHFn (.’E, Y, 23 w) + wLHFn (.’E, Y, 23 w)] E
n=0 : n=0 :

Finally, comparing the coefficients of %, we get (2.4).

Theorem 2.3. For n > 0 and w; # ws, we have

n

n
E ( i )LHFnk(xlyylaZl;'wl)LHFk(xszQyZ%w2)
k=0

_ wor, H (21,31 + y2, 21 + 22;w1) — wip H " (22, 41 + y2, 21 + 22; w2) (2.5)
W — W1

Proof. The products of (2.1) can be written as

tk €y1t+zlt2 Co(l‘lt) ey2t+z2t2 Co(l‘gt)

oo (e o) t"
HEn . Z HEx . i
q;)kZ—OL (3317y1721,w1)n!L (9327y2,227w2)k! 1—wi(et —1) 1—wa(el —1)

oo n tn
Z (Z ( Z ) LHF"’“(azhyhzuwl)LHFk(x?’y27Z25w2)> n!

n=0 \k=0
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Wa e(y1+y2)t+(21+22)t2 Co(!ht) wy e(y1+y2)t+(21+22)t2 CO (.’L‘Qt)
T we — wn 1—wi(et —1) Wy — wy 1— wa(et — 1)
_ wor, HE (21,91 + Yo, 21 + 22;w1) — w1 L HE (22,91 + Y2, 21 + 225 w2) r
wg — Wy nl’

By equating the coefficients of % on both sides, we get (2.5).

Theorem 2.4. For n > 0, the following formula for Laguerre-based Hermite-Fubini
polynomials holds true:

wrH™ (2,y + 1 ziw) = (L+w)  H™ (2,y, z5w) — L Ho(,y,2). (2.6)
Proof. From (2.1), we have
o0 2
o eVtTE Oy (at)
Z F, ) F, . Lo 0 t_
[LH (1‘7Z/+1a27w)—LH (x,y—i—l,z,w)} n! - 1—w(et—1)(e 1)

n=0

t+2t?
1] Co(zt) put+at?

Tw | 1—w(et —1) Co(at)

1 — i
= Enz_;) I:LHFn(,’L‘7y7Z7w) _LHn(-T7y,Z):| E

Comparing the coefficients of % on both sides, we obtain (2.6).

Remark 2.3. On setting z =y =2 =0 and y = —1 in Theorem 2.4, we find
wr H(0,1,0;w) = (1 +w), H™(0,0,0; w), (2.7)
and
wr, H(0,0,0;w) = (1 4+ w) H™(0,-1,0;w) — (—=1)". (2.8)
Theorem 2.5. Forn > 0, p, q € R, the following formula for Laguerre-based Hermite-

Fubini polynomials holds true:

n (5]

. 1
F, . — Fr_ . _ k((qg— g -
LH" (2, py, gz w) = nl ;);LH oy y 25 0) (-1 (DY =501
(2.9)
Proof. Rewrite the generating function (2.1), we have
e t" 1 2 2
F, . v =yttt (p—1)yt (g—1)zt
T;LH (x,qy,qz,w)n! =T - 1)ey e'PmHvteld Co(xt)
P ") [ AL 12
= | 2 pH ™ @y ze) g )| 2 (- Do) g ) | 2l - Dy =
n=0 ’ k=0 ) j=0 ’
oo - m [SSINeS) . ) tlc+2j
= | 2 eH @y zmw)— | [ DD (0= Do) (= Dy s
n! / nlk!j!
n=0 k=0 j=0
Replacing k by k — 2j in above equation, we have
= F t" > k_924 . tk
L.H.S. = HF ) DY (g — DY

oo oo ) ) n+k
=303 Ll ) - D) (0= D) g

n=0 k=2;
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Again replacing n by n — k in above equation, we have

LHS =Y 3> tH"*(x,y,zw)((p— 1)2)* > ((¢— 1)y)jm'

n=0 k=0 j=0

Finally, equating the coefficients of ¢™ on both sides, we acquire the result (2.9).

Theorem 2.6. For n > 0, the following formula for Laguerre-based Hermite-Fubini
polynomials holds true:

n l
LH (@, zw) =) ( 5 ) LHai(2,y) > w*kISo (k). (2.10)

1=0 k=0
Proof. From (2.1), we have
& F tn eyt+zt2
H™ jw)— = ———Cp(at
nE::OL (l'7y,z7w)n! 1—w(et—1) O(x)
— eyttat’ Co(xt) Zw el — 1)k = oyt Z Zk'SQ (, k

k=0

= iLHn(m,y, Zw Zk'SQ l, k )
n=0 " 1=0

Replacing n by n — [ in above equation, we get

oo n [eS) n 1 n
> LH™ (x,y,Z;w)% => (Z ( ; ) LHyi(2,y.2) Zwkk!Sg(l,k)> %

n=0 ’ n=0 \[1=0 k=0

Comparing the coefficients of % in both sides, we get (2.10).

Theorem 2.7. For n > 0, the following formula for Laguerre-based Hermite-Fubini
polynomials holds true:

n l
LtH (z,y +r, 2;0) = Z ( 7 ) LHooi(x,y,2) Zwkk!Sg(Z +rk+r). (2.11)

1=0 k=0
Proof. Replacing y by y + r in (2.1), we have

00 . n e(y+r)t+zt2
2 el @y 4zl = gy Colet)
— euttat’ o o(xt) ”Zw el —1) *eyt“tC’ at) ”Zw Zk'Sglk)l
1=k

:ZLHn(fE,:% Zw Zk'SQZ'FT’ k+T)l
n=0 T 1=0

Replacing n by n — [ in above equatlon, we get

0o 0o n l
F, A n k "
> LH (a:,err,z,w)ﬁfZ ; ;) ey, 2) Y kIS (k) —

n=0 ’ n=0 k=0

Comparing the coefficients of % in both sides, we get (2.11).

3. Summation Formulae for Laguerre-based Hermite-Fubini polynomials
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First, we prove the following result involving the Laguerre-based Hermite-Fubini
polynomials 7 H " (x,y, z; w) by using series rearrangement techniques and considered
its special case:

Theorem 3.1. The following summation formula for Laguerre-based Hermite-Fubini
polynomials g F,(z,y; z) holds true:

q,l
LHI (2,0, 250) = (Z)( ; ) (v —g)™HP L H s (2, g, 20). (3.1)
n,p=0

Proof. Replacing ¢t by t + w in (2.1) and then using the formula [15,p.52(2)]:

nm

Zf x“’ Zofner—'—' (3.2)

in the resultant equation, we find the following generating function for the Laguerre-
based Hermite-Fubini polynomials 7 Hf" (x,y, z;w):

oo
2 _ tqul
" Oy (wt) = e~y E [ H o+ (x,y,z;w)aﬁ.
q,1=0

1

1—w(ette —1) (3.3)

Replacing y by v in the above equation and equating the resultant equation to
the above equation, we find

9 4! 9 !
exp((v —y)(t+u)) Z pH (2 y, 2 w) = ) Z pH (20, 2 w)q'ﬁ. (34)
q,1=0 q,1=0
On expanding exponential function (3.4) gives
(oo} [ee] oo
[(v—y)(t+u)]Y 9 ! 19 !
Z NI ZLHFq+l(m7y7Z;w)aﬁ: ZLHFQJrl(:E,U ZIU) ' l|7
N=0 q,l=0 4,1=0
(3.5)
which on using formula (3.2) in the first summation on the left hand side becomes
= (v —y) PP S 19 ! = iy
> g D H 2,y 2w) 1 D H (0, 2w) Q1
n,p=0 q,1=0 q,l1=0
(3.6)
Now replacing ¢ by ¢ — n, I by [ — p and using the lemma ([15, p.100(1)]):
0o 00 ook
S5 Ak =3 Ak —n), (37)
k=0n=0 k=0n=0
in the Lh.s. of (3.6), we find
Sad 4 ul
> Z | 1 HFq+l7n7p(x’y’Z;w) 1l —p)!
q,l=0n,p=0 np: (qgfn)( 4’p)
14
Z L H i (2,0, 2;w) '1;' (3.8)

q,l=0
Finally, on equating the coefficients of the like powers of ¢ and w in the above
equation, we get the assertion (3.1) of Theorem 3.1.
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Remark 3.1. Taking I = 0 in assertion (3.1) of Theorem 3.1, we deduce the following
consequence of Theorem 3.1.

Corollary 3.1. The following summation formula for Hermite-Fubini polynomials
uFn(x,y; z) holds true:

q
Pz = 30 (0 ) wop e ). (59)
n=0
Remark 3.2. Replacing v by v+ y in (3.9), we obtain
q
L HY(z,0 +y, z;w) = Z ( 1(]1 )U”LHFQ‘"(ac,y,z;w). (3.10)
n=0

Theorem 3.2. The following summation formula for Laguerre-based Hermite-Fubini
polynomials g F),(z,y; z) holds true:

LH ™ (2w, 03w) [H (X, U, VW) = Y ( f ) ( Zf )Hr(u—y,v—Z)LHF”T(:v,yw;w)
r,k=0
xHy(U =Y,V = Z) H (X, Y, Z;W). (3.11)
Proof. Consider the product of the Laguerre-based Hermite-Fubini polynomials, we
can be written as generating function (2.1) in the following form:
1 1

YT+ZT?
1—w(et — 1) 1-Wel —1)° ColXT)

evttat’ Co(xt)

m

tn e T
= ZLH 2,9, 2 w)— > LH™(X,Y,Z; W) (3.12)
m=0

Replacing y by u, 2z by v, Y by U and Z by V in (3.12) and equating the resultant to
itself,

oo o0

ZZLHF (z,u,v;w) H™ (XUVW)

n=0m=0
=exp ((u—y)t+ (v —2)t*) exp (U -Y)T + (V — Z2)T?)
Xy i LH (x,y, z;w) H (XY, Z; W)tn Z‘L

n=0m=0

tn ™
I'm!

which on using the generating function (3.7) in the exponential on the r.h.s.,
becomes
ZZLH m(x,u,v;w)L H ’"(XUVW) Tl
n=0m=0
> n+r m—+k
= Z H,(u—y,v—2)  H™ (x,y, z;w) tnw Z H (U-Y,V-Z) H" (XY, Z; W)j;n.k‘! .

n,r=0 m,k=0

(3.13)

Finally, replacing n by n — r and m by m — k and using equation (3.7) in the

r.h.s. of the above equation and then equating the coefficients of like powers of ¢ and
T, we get assertion (3.11) of Theorem 3.2.

Remark 3.3. Replacing v by y and U by Y in assertion (3.11) of Theorem 3.2, we
deduce the the following consequence of Theorem 3.2.
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Corollary 3.2. The following summation formula for Hermite-Fubini polynomials
wFn(z,y; 2) holds true:

n,m
YR e SO D Sl (S | (A [ R L EY
r,k=0
x(V — Z)F  HE (XY, Z; W). (3.14)
Theorem 3.3. The following summation formula for Laguerre-based Hermite-Fubini
polynomials 7 Hf"(x,y, z;w) holds true:

n
L H (94 u, 2 + v;w) = Z ( : ) L H == (2, u,v; w)Hy(u, v). (3.15)
s=0

Proof. We replace y by y + v and z by z + v in (2.1), use (1.9) and rewrite the
generating function as:

1 tn > ts
mexp((y+u)t+(z+v )Co(xt) ZLH xu,v;w)ag}[s(u,v)g

_ZLHF T,y + u,z + v; w)—'
n=0

Now replacing n by n — s in L.h.s. and comparing the coeflicients of ¢” on both sides,
we get the result (3.15).

Theorem 3.4. The following summation formula for Laguerre-based Hermite-Fubini
polynomials 7 Hf"(x,y, z;w) holds true:

n
L H (2,y, z;w) = Z ( :} ) LFn—r(z,y — u;w)H, (u, 2). (3.16)
r=0
Proof. By exploiting the generating function (1.2), we can write equation (2.1) as
1 > > " — tr

= (y—uw)t juttat _ . v v
L y=uwite Co(xt) = ZLFn(x,y s w) — TZ:OHT(u,z)T!. (3.17)

On replacing n by n — r in above equation, we get

n
ZLHF T, Y, 2 W) ZZLF’I’L (2, — )Hr(u,z)ﬁ.

n=0 ! n=0r=0
Equating the coefficients of the like powers of ¢ on both sides, we get (3.17).

Theorem 3.5. The following summation formula for Laguerre-based Hermite-Fubini
polynomials 7 H"(x,y, z;w) holds true:

L HP (2,941, 2,w) = Z ( :’ ) LH = (x,y, 2 w). (3.18)
r=0
Proof. Using the generating function (2.1), we have
F, tn F, "
ZLH a:y—|—1zw ZLH (z,y,z;w)—
n=0 n=0 n!

_ (1_10(1&_1)) (! — 1)eV+ Cy (at)
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(oo} ” t" (oo} tr
n=0 r=0
:ZLH n(xuyazﬁw)ﬁzg_ZLH n(xvyvz;w)a
n=0 r=0 n=0
o0 n o0
n t" t"
ZZ( r >LHF"T($,y,Z;’w)n!ZLHF"($,y,Z;w)m.
n=0r=0 n=0
Finally, equating the coefficients of the like powers of ¢ on both sides, we get
(3.18).

4. General identities

Recently, Pathan and Khan [13, 14] have been introduced symmetric identities. In
this section, we establish general symmetry identities for the generalized Laguerre-
based Hermite-Fubini polynomials 7 H"(x,y, z;w) by applying the generating func-
tion (2.1) and (2.2).

Theorem 4.1. Let z,y,z € R and n > 0, then the following identity holds true:

n

Z < : >bra”TLHF"T(b:c,by,bzz;w)LHF" (az,ay, a®z;w)

=0

n

Z < :f >arb"TLHF"’”(ax,ay,a2z;w)LHF" (bz, by, b2 z; w). (4.1)

r=0
Proof. Start with
1
(1 —w(e* —1))(1 —w(eb* — 1))
Then the expression for A(t) is symmetric in @ and b and we can expand A(t) into
series in two ways to obtain:

At) = W+ VS Oy (abat).

A(t) = ;::OLHF“ (bx, by, b*z; w) (a;!) TE::O LH " (az, ay, a®z;w) (b:')
o0 n n
A= 'r;) (;) ( 77} ) b a" " LH " (ba, by, bz w) L H™ (ax,ay,agz;w)> %
(4.2)

Similarly, we can show that

(bt)"

n!

o0 t r

S LHE (b, by, b w) 2
!

r=0

AW =3 LH P (az, ay, a2z w)

n=0

n

= - n rin—r t
At) = Z (Z ( , )a b LHF"‘T(aa:,ay,a2z;w)LHF"(bm,by,b2z;w)> —

r=0
(4.3)
By comparing the coefficients of % on the right hand sides of the last two equa-
tions, we arrive at the desired result (4.1).
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Theorem 4.2. For each pair of integers a and b and all integers and n > 0, the
following identity holds true:

n a—1b—1
n n—kpk  pyFn_ b. .9
H n—k _ . F
S (1) S Sttt (e Lie s s Ao

k=0 i=0 j=0

I
—_

n a—1b
Z ( ) bRk g (ay + 2 + 7 a2z,am;w) Fy(bu, w). (4.4)

k=0 7=0 i=0 b
Proof. Let
B(t) _ eab(y+u)t+a2b22t2 (eabt _ 1)200(ab$t)
(= w(e® — 1))(1 — (e — 1))(ect — 1)(e — 1)
_ eabyiﬁ+a2bzztz CO (Jit) eabit -1 eabut eabt -1
1—wle® —1) et —11—w(ebt —1) et —1
abyt—‘,—ar"bzzt2 abxt a—1 eabut
_ bti at
B(t)_ 1—w eat_l Ze 1—w ebt Ze ’
=0
eo b2zt2C a—1b—1 k
o(abxt) btV (bt)
T w1 DS S Fyan, ) m
=0 j=0 k=0
o) n n a—1b—1 b m
B(t) = a Rk <b + —i 47, bzz,bx;w> Fr(au,w) | —.
=R (B ()R meran (i o) |

(4.5)
On the other hand

oo n a—1b—1
B(t) = Z Z ( Z > ZO y kg HE (ay + %i + 7, azz,ax;w) Fy.(bu, w)
J

n=0 \ k=0 =0 1=

n
n!

(4.6)
By comparing the coeflicients of ¢™ on the right hand sides of the last two equations,
we arrive at the desired result.
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