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ABSTRACT

We have shown that three astrometric solar-system anomalies can be explained
satisfactorily by using evolutionary gravitational constant G and speed of light ¢ in the
Einstein’s field equation. These are: a) the Pioneer acceleration anomaly; b) the
anomalous secular increase of Moon-orbit eccentricity; and c) the anomalous secular
change in the astronomical unit AU. The gravitational constant G and the speed of
light ¢ both increase as dG/dt = 5.4GH, and dc/dt = 1.8cH, with Hqy as the Hubble
constant. We also show that the Planck’s constant % increases as dz/dt = 1.8%H,.
Additionally, the new approach fits the supernovae la redshift vs distance modulus data
as well as the standard ACDM model with just one adjustable parameter H.

INTRODUCTION

The Pioneer anomaly originated from the work of
Anderson et al. (1998) based on the radiometric data
from Pioneer 10/11, Galileo, and Ulysses spacecraft that
showed an apparent anomalous, constant acceleration
acting on the spacecraft with a value of = 8.5 X
1071° m s~2 directed towards the Sun. Anderson et al.
(2002) improved this result to (8.74+ 1.33) X
107 ms™2 based on the additional analysis and
modeling of the data. By taking into account certain
thermal effects in the spacecraft, Feldman and Anderson
(2015) reduced the anomaly to 7.69 + 1.15X
10" ms~2.

The Moon’s orbit has an eccentricity that depends on
the tidal forces due to surficial and the geophysical
processes interior to the Earth and the Moon. After all
the known sources responsible for the eccentricity e were
included, Williams and Dickey (2003) estimated that
there remained a discrepancy of Aé = (16+5) %
10712 yr~1 between the observed and calculated values.
This value was revised downward by Williams and
Boggs (2009) to Aé=(9+3)x10"2yr ! and by
Williams, Turyshev and Boggs (2014) to Aé = (5 + 2) X
10712 yr~1 with updated data and tidal models.

Krasinsky and Brumberg (2004) from the analysis of
all the radiometric measurements they had available
between Earth and the major planets, which included
observations of Martian landers and orbiters over the

period of 1971 to 2003, determined a positive secular

trend in Astronomical Unit (AU) estimated as a4y _

dat
(15+4)mcy™ .

The astrometric solar system anomalies were reviewed
and discussed in detail by Anderson and Nieto (2009),
and more recently by lorio (2015) along with other
anomalies of the solar system. We will not therefore go

into discussing the possible explanations offered by
various researches for these anomalies. However, none
of the explanations have been considered satisfactory.

Our approach to estimate the anomalies is based on the
cosmological model that naturally and analytically yields
the gravitational constant G and speed of light ¢ that
increase in time rather than decrease as believed by
others (e.g. Dirac 1937, Barnes & Dicke 1961). Together
with the null results of Hofmann and Muller’s (2018)
attempts to determine the variation of gravitational
constant G by analysing several decades of LLR data, the
new model yields G/G = 5.4H, and ¢/c = 1.8H,. These
are the only two parameter (and of course the Hubble
constant H,) required for estimating all the three
anomalies. However, before we do that let us see how
we get G /G and ¢/c.

EVOLUTIONARY CONSTANTS MODEL

We will develop our model in the general relativistic
domain starting from the Robertson-Walker metric with the
usual coordinates x* (ct,r, 6, ¢):

dr?
1-kr?

ds? = c?dt? — a(t)?[ +1r2(d6? + sin? 0d$?)].(1)
Here a(t) is the scale factor and k determines the spatial
geometry of the universe: k = —1 (closed), 0 (flat), +1
(open). The Einstein field equations may be written in
terms of the Einstein tensor G*V, metric tensor g, energy-
momentum  tensor T#V,  cosmological constant A,
gravitational constant G and speed of light ¢, as:

G

I+ AghY = = 22T, @)

When solved for the Robertson-Walker metric, we get the
following non-trivial equations for the flat universe (k = 0)
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of interest to us here, with p as the pressure and ¢ as the
energy density:

i 1/a\? 416 1

at3() =-"Fp )
a?  8nG 1

a__ﬁg-i-gA (4)

If we do not regard G, ¢ and A to be constant and define
_ G . . P .

K = —» We may easily derive the continuity equation by

taking time derivative of Eq. (4) and substituting in Eq. (3)

., 3a K A
€+7(£+p)+E£+ﬁ_0' (5)

It reduces to the standard continuity equation when K and A
are held constant. And since the Einstein field equations
require that the covariant derivative of the energy-
momentum tensor T*¥ be zero, we can interpret Equation
(5) as comprising of two continuity equations (Maharaj &
Naidoo 1993), viz

£+ (e+p) =0,and (6)
8meK + A = 0. (7

This separation simplifies the solution of the field equations
(Egs. 3 and 4). Eqg. (6) yields the standard solution for the
energy density & = g,a=3*"), Here w is the equation of
state parameter defined as p = we with w = 0 for matter,
1/3 for radiation and —1 for A.

As has been explicitly delineated by Magueijo in several
of his papers (e.g. Magueijo 2000), this approach is not
generally Lorentz invariant. Nonetheless it remains
relativistic and locally Lorentz invariant.

Since the universe expansion is determined by H(t) =
a/a, it is natural to assume the time dependence of any
time dependent parameter to be proportional to a/a (the so

called Machian scenario — Magueijo 2003). Let us
therefore write

K a\ A a H a\ .

e k(@) A=) =m (D). ie ®)
K = Koak, A= Aoal and H = Hoam. (9)

Here k (not the same as in Eq. (1))I and m are the
proportionality constants, and subscript zero indicates the
parameter value at present (t = t,). With this substitution
in Eq. (4) we may write
Z—z = Hia’™ = ?(Koak)eoa‘““w) + %Aoal. (10)
Comparing the exponents of a of all the terms, we may
write 2m = k —3 — 3w = [, and with w = 0 for matter,
we have 2m =k — 3 = L. Thus, if we know k, we know !
and m.

We can now have a closed analytical solution of Eq. (10)
as follows (since a(ty) = 1):

2
a(t) — a(t) _ (L)3+3W—k; E _ 2 t_l; (11)

a(ty)  \to a  3+3w-k
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= Q- g =5==5 @)
Here g is deceleration parameter. It may be noticed that g
does not depend on time, i.e. g, = q. As we know the
radiation energy density is negligible at present, so we need
to be concerned with the matter only solutions, i.e. with
w = 0.

The deceleration parameter g, has been analytically
determined on the premise that expansion of the universe
and the tired light phenomena are jointly responsible for the
observed redshift, especially in the limit of very low
redshift (Gupta 2018). One could see it as if the tired light
effect is superimposed on the Einstein de Sitter’s matter
only universe rather than the cosmological constant. By
equating the expressions for the proper distance of the
source of the redshift for the two, one gets q, = —0.4.
Then from Eq. (12) we get k=1.8, and also [ =
—1.2,and m = —0.6. We thus have from Eq. (8) K/K =
1.8H, A/A = —1.2H and H/H = —0.6H.

VARYING G AND ¢ FORMULATION

Having determined the value of k = 1.8, and since the
Hubble parameter is defined as H = a/a, we may write
from Egs. (8) and (9)

K = K,a®, and X = 1.8H. (13)
K

We may also write explicitly

K_G_2_18H. (14)
K G c

Taking H at the present time as H, ~ 70 km s™* Mpc™
(227 x 10718 s71) we get gz 4.09x 10718571 = 1.29
x 10710 yr=1,

The findings from the Lunar Laser Ranging (LLR) data
analysis provides the limits on the variation of G/G
(7.1 £ 7.6 x 107**) (Hofmann & Muller 2018), which is
considered to be about three orders of magnitude lower
than expected (Dirac 1937, Barnes & Dicke 1961).
However, the LLR data analysis is based on the assumption
that the speed of light is constant and non-evolutionary. If
this constraint is dropped then the finding would be very
different.

As is well known (Merkowitz 2010), a time variation of
G should show up as an anomalous evolution of the orbital
period P of astronomical bodies expressed by Kepler’s 3rd
law:

__4am?r3

pz=2" (15)

GM

where r is semi-major axis of the orbit, G is the
gravitational constant and M is the mass of the bodies
involved in the orbital motion considered. If we take time
derivative of Eq. (15), divide by P? and rearrange, we get

=E T2 (16)
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If we write r = ct then £= %+§ . We may now rewrite

Eq. (16) as
=i 2 _M (17)

Since LLR measures the time of flight of the laser photons,
it is the right hand side of Eq. (17) that is determined from
LLR data analysis (Hofmann & Miller 2018) to be
7.1 + 7.6 x 10~* and not the right hand side of Eq. (16).
Then, taking the right hand side of Eqg. (17) as 0 and
combining it with Eq. (14), one can solve the two equations
and get G/G =5.4H and ¢/c =1.8H. It should be
emphasized that both G /G and ¢/c are positive and thus
both of them are increasing with time rather than
decreasing as is generally believed (e.g. Dirac 1937, van
Flandern 1975). This may be considered the most
significant  observational finding of cosmological
consequences just by studying the Earth-Moon system.

PIONEER ANOMALY

Having determined the values of G/G and ¢/c we can
now proceed to calculate the anomalous acceleration
towards the Sun of Pioneer 10 and 11 spacecraft (Feldman
& Anderson 2015). Since gravitational pull of Sun on the

. . G
spacecraft decreases according the inverse square law, P

cannot be expected to give a constant acceleration
independent of the distance of the spacecraft. If the
acceleration is denoted by f, one can easily workout using
the Newtonian relation f = GM /r?, that f/f = —3.74 x
10719 571, which yields negligible anomalous acceleration.
Thus, we need to only consider the effect of ¢/c from a
different perspective. If the spacecraft is at a distance 7,
from Earth then the signal from Earth will have a two way
transit time At given by 2r, = c,At assuming c, as the
speed of light. But, if the speed of light is evolving as
¢/c = 1.8H, near t = t,, i.e. as ¢ = cye'8Ho(t=t0) during
the transit time then the actual transit time will be shorter
than At (since ¢ > ¢, for t > t;). Because of the shorter
actual transit time, an observer would consider the
spacecraft to be nearer to Earth than it actually is and thus
would think that there is a deceleration of the spacecraft
due to some unaccounted cause.

We could write the proper distance of the spacecraft r,
and its apparent distance 7, as:

21, = cyAt, and (18)

_ At 18Hot 44 _ €0 1.8HpAt
Zr—cofo e 0dt—m(e oAt _ 1),

14

and since 1.8H At «< 1,

C 1
2n, = T [(1 + 1.8HoAt + 3 (1.8Ho)?At? ) —1], or

1.8H,
4

r, = %CgAt + CoAt? =1, +§(0-9H0C0)At2: or

Ta =1, —2(6.129 X 10710 m s72)At, (19)
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Thus the acceleration is - 6.129 x 1071° m s~2, and since
it is negative, it is towards the observer at Earth.

Out of 7.69+1.17x107%m s~2 anomalous
acceleration of Pioneer 10 and 11 towards the Sun (truly
towards Earth) we are able to analytically account for
6.13 x 1071 m s~2, leaving only 1.56 + 1.17 x 10~1°
m s~2 as the anomaly.

It should be mentioned that Kopeikin (2012) has obtained
essentially the same result and explained it as due to the
cosmological effect of quadratic divergence between the
electromagnetic and atomic time scales governing the
propagation of radio wave in the Doppler tracking system
and the atomic clock on Earth respectively. However, his
approach is not conducive to explaining the other two
anomalies.

MOON’S ECCENTRICITY ANOMALY

The eccentricity e of the orbit of Moon may be written as
(Bates et al. 1971)

2€h?

e= |1+ e ,ore2—1=

(20)

Here € = —u/2a,, is the specific orbital energy, u=
G(m, + my,) is the gravitational parameter for Earth-Moon
system, h = r X vm,/M, is the specific relative angular
momentum, a,, is the semi-major axis of the orbit, m, is
mass of the Earth, m,, is the mass of the Moon, r is the
radius vector and v is the velocity vector of the Moon, and
M, = m,m,,/(m, + m,,) is the reduced mass. Taking
a,, = r and assuming r is normal to v, we may write Eq.
(20) as

2 __Zzi Me+mpy,
1e_G(m§)' (21)
Differentiating this equation with respect to time, assuming
the mass factor to be constant, and dividing by the same
equation, we get

20 G

~=-4+2Z_Z andsincee « 1, (22)
1-e T v G

. G 1 29
ee—E—;—?. (23)

Since r is measured optically, the speed of light enters in it,
ie.r=ctorf=v= c‘t+ci,or£=§+% . Since all the
parameters are expressed at current time, t in the
denominator must be expressed in terms of the Hubble time
1/H,. However, it is better to write t = pHy! where
(1 —p) is the small factor very close to 0 that may be
considered to correct for the approximations made in our

model (p here is not pressure). We can also determine f:
v=%=¢_¢t+ ¢+ ¢=2¢ assuming ¢ as constant. Thus

14 2¢ 2¢ ,,C .
S = o= o /Gt +1). We may therefore write Eq. (23)
as

ee=S— S+ =% Cr+ 1), 0r (24)

G c t
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eé 1 7.2
= =54 (18+ ;) e (25)
For p= 1, eé/HO = 0.0285715. And taklng Ho =

0.716 x 1071° yr=1 and e = 0.0549 for Moon, we get
é = 37 x 10712 yr~1, This is about twice the original value
of the anomalous rate of eccentricity increase

The value determined is very sensitive to the value of the
parameter p. It can be approximated near p = 1 with an
expression:

= = 0.0285714 + 2.65306(p — 1) . (26)

0

There are three values of é that are significant here:
a) é=16+5 x107'2 yr~!  originally estimated
(Williams & Dickey 2003); it gives p = 0.993855 +
0.001445.
b) é =94 3 x 1072 yr~* updated value using more data
and ‘better’ tidal effect model (Williams and Boggs 2009);
it gives p = 0.991832 + 0.000867.
c) é =542 x 10712 yr~! updated value with even more
data and ‘even better’ tidal effect model (Williams et al.
2014); it gives p = 0.990676 + 0.000578.
All the values of p are very close to 1, indicating that our
model is very good approximation to the exact solution of
the Einstein field equations, at least locally, with variable
candG.

AU ANOMALY

The orbit of Earth around Sun is Keplerian and thus is
governed by Eq. (15). A radiometric measurement will
therefore vyield a null result in our approach using
evolutionary G and c¢. However, the eccentricity evolution
is equally valid for the Moon and the Earth. Thus applying
Eq. (25) to the Earth’s orbit, and assuming p = land e =
0.0167, we get é =122.5x 1072 yr~t. This can be
translated easily into AU increase as follows. The semi-
major axis a and semi-minor axis b of an orbit may be
written as (Bates et al. 1971)

a=-"andb = 2= (27)

1-e Ji-e?2’

Here, p, = a = b defines a circle when e = 1. AU may
then be written as

_atb _ps. 1 1
AU = 2 2 (1—e2+ /1_62)’

=p(1+ %ez + i—ze“ + 0(e®). (28)

Suppose now that the eccentricity e increases by Ae to e’ in
atime period At. Thene’ = e + Aeand e’? = e? + 2e2Ae
when we ignore higher order terms in Ae. We may now
write the increase in AU as AAU:

AAU =§pseer, Or%=§ezé X AU. (29)
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Here we have approximated p, = AU since e? «< 1.
Taking AU = 1.496 x 10'* m and using Eq. (25) for eé
with p =1, we get dAU/dt = 0.77 mcy~! against its
measured value of 1.5mcy~. As can be seen from Eg.
(26), if we took p = 1.010 instead of 1, we would get the
desired value. The reason could be the same as discussed at
the end of previous section. Alternatively, there may be
other phenomena contributing to the anomalous AU.

It should be mentioned that recently the AU has been
redefined (e.g. Capitaine 2012) and just by definition the
AU anomaly has been eliminated. One has to resort to the
old definition of AU to appreciate the AU anomaly and its
resolution.

36 § 1 SNelaData
New Model
34 —=—=ACDM Model| -
0.5 1 15 2
z

FIG. 1. Supernovae la redshift z vs distance modulus p
data fit based on the model developed in Sec. Il as
compared to the fit using the ACDM model.

SUPERNOVAE la z-u DATAFIT

We tried the new model developed here to see how well it
fits the best supernovae la data (Scolnic et al. 2018)) as
compared to the standard ACDM model. The data fit is
shown in Fig. 1. The new model requires only one
parameter to fit the data (H, =68.92+0.26 km
s71Mpc™!) whereas the ACDM model requires two
parameters (H, = 70.18 + 0.43 km s~* Mpc~* and Q,, o =
0.2854 + 0.0245 with Q,,, as the matter energy density
relative to the total energy density). The excellent
goodness-of-fit provides added confidence in the new
approach for its cosmological relevance. The details of the
work are beyond the scope of this short paper.

VARIATION OF PLANCK’S CONSTANT h

The variation of the fine structure constant a =
(1/4mey)e? /hc (here €, is the vacuum permittivity and e is
electron charge) has been studied extensively. Since
€0 = 1/uoc?, where pu, is the vacuum permeability,
a = (ug/4m)e?c/h. Recent estimates put a very low value
on ¢ (Gohar 2017, Rosenband et al. 2008). We may write

e h ' . . .
—=2-—-+°. If @¢/a and &/e are zero, or varying very
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little compared to i/h and ¢/c, and y, is a constant, then it
is implied that i/h = ¢/c = 1.8H.

CONCLUSION

We wish to make several points:

1. One could see that the approach taken here to
explain the three anomalies is based on a very simple
analytically derived expression for the evolution of the
speed of light and gravitational constant. Thus one could
infer that the Occam’s razor principle would favour the new
approach over other approaches. In the case of the Pioneer
anomaly, it should be rather easy to implement it in the real
time modeling of the astrodynamics of long range
spacecraft.

2. The expression of eccentricity variation involves G
and c in a manner that the contribution of G/G and ¢/c
almost cancels each other except for a small residual.
This may be compared with the case of using Kepler’s
Eq. (15) when the two contributions cancel out entirely.

3. Based on G variation alone, one can see from Egs.
(23-25) that calculated é is more than two orders of
magnitude higher than measured é. Current work corrects
this by including ¢ variation.

4. There may be bias factors in the models (say in
favour of tidal effects) used for data analysis since a
model is not considered good enough unless it can
account for all the observed value. We believe that one
may be able to remove this bias by the inclusion of local
effect of cosmology, as presented here, in the data
analysis models.

5. As mentioned above both G/G and ¢/c are positive
and thus both of them are increasing with time rather than
decreasing. The simple model presented above effectively
eliminates the need for the cosmological constant. The
existence of cosmological constant A in Friedmann
equation leads to a continuous addition of dark energy to
the universe as the universe expands, i.e. it causes the total
energy of the universe to increase. The same is achieved
by the increase of G and ¢ through the second continuity
equation (Eq. 7).

6. Variability of all the constants is expressed in terms
of the Hubble parameter H(t), and at the present time
relative to the Hubble constant H,. In summary the
physical constants evolve as follows: ¢/c = 1.8H, G/G =
5.4H,h/h = 1.8H, A/JA = —1.2H, and H/H = —0.6H.
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