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ABSTRACT. Several specific types of generalized compactness of generalized
topological spaces have been defined, investigated and related to compactness
in ordinary topological spaces from time to time in the literature of topological
spaces. Our recent research in the field of a new class of generalized compact-
ness in a generalized topological space is reported herein as a starting point
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1. INTRODUCTION

Among the most fundamental topological properties (briefly, T-properties rela-
tive to ordinary topology, and 7Tg-properties relative to generalized topology), the
T-properties’, termed T-compactness and g-T-compactness in T-spaces (ordinary
and generalized compactness in ordinary topological spaces) and the 7g-properties
termed Tg-compactness and g-T  -compactness in Tg-spaces (ordinary and general-
ized compactness in generalized topological spaces) are verily the most important in-
variant properties [3, 4, 5, 7, 15, 16, 17, 20, 21, 22, 23, 25, 28, 29, 30, 31, 32, 33, 34, 35,
36]. In actual truth, T-compactness is an absolute property of a T-set [2, 13, 38, 33],
and g-T-compactness, Ty-compactness and g-T -compactness, respectively, are ab-
solute properties of a g-T-set, a Ty-set, and a g-T -set [18, 25, 29]. Typical examples
of g-%-compactness in T-spaces are «, 3, y-compactness [10, 19, 26]; examples of
Tg-compactness in Tg-spaces are semi-*a, s, gh-compactness [7, 14, 29], whereas ex-
amples of g-T ;-compactness in Ty-spaces are bT*, pu-rgb, mp-compactness [5, 22, 37],
among others.

In the literature of 7g-spaces, the study of g-T-sets by various authors has
produced some new classes of g-T;-compactness in 7g-spaces, similar in descriptions
to g-T-compactness in T-spaces [20, 21, 22, 25, 28, 30, 34, 35, 36]. In the paper
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of [21], the authors introduced, gave characterizations and studied the properties
of a new kind of g-T -compactness, called soft p-compactness, in 7g-spaces. [25]
introduced two types of g-Tj-compactness, called p-semi-compactness and p-semi-
Lindelofness in T4-spaces and, studied and gave characterizations of some of their
properties. [34] introduced five types of g-T -compactness in Tg-spaces, called g-
compactness, g-semi compactness, g-precompactness, g-a-compactness, and g-3-
compactness, and gave the characterizations of each of such g-compactness like
properties and established the relationships among them. [36] gave the definition of
the notion of D,-compactness in Tg-spaces and studied its properties. The authors
also investigated D,-compactness in 7T4-subspaces and products of Ty-spaces, just
to name a few.

In regards to the above references, it results that, from every new type of g- ;-
set defined in a 7Tg-space, there can be defined a new type of g-T -connectedness
in the 74-space. Having defined a new class of g-T -sets and studied from it some
Tg-properties in a Tg-space (see our works on theories of g-T4-sets, g-T-maps, g-F ;-
separation axioms, and g—fg—connectedness), it seems, therefore, worth considering
to introduce a new type of g-T -compactness in the 7g-space and discuss its 7Tg-
properties accordingly. In this paper, we attempt to make a contribution to such a
development by introducing a new theory, called Theory of g-%;-Compactness, in
which it is presented a new generalized version of T4-connectedness in terms of the
notions of g-T-sets, discussing the basic properties and giving its characterizations
in this direction.

The paper is organised as follows: In SECT. 2, preliminary notions are described
in SECT. 2.1 and the main results of g-T -compactness in a Tg-space are reported
in SECT. 3. In SECT. 4, the establishment of the relationships among various
types of g-T -compactness are discussed in SECT. 4.1. To support the work, a nice
application of the concept of g-Tj-compactness in a Tg-space is presented in SECT.
4.2. Finally, SECT. 4.3 provides concluding remarks and future directions of the
notion of g-%;-compactness in a Tg-space.

2. THEORY

2.1. PRELIMINARIES. Though many of the notations and definitions had already
been neatly discussed in complementary papers (see papers on theories of g-Tg-
sets, g-Ty-maps, and g-Ty-separation axioms) however, we thought it necessary to
recall some basic definitions and notations of most basic concepts presented in those
papers.

The set 4 denotes the universe of discourse, fixed within the framework of the the-
ory of g-T4-compactness and containing as elements all sets (A-sets: A € {Q, E};
Ta, 0-Ta, Ta, g-Ta-sets; Tgn, 0-Tga, Tga, 9-Tg a-sets, to name a few) consid-

ered in this theory, and 10 {v e N°: v < n}; index sets I, I%, I%

are defined in an analogous way. Let A € {,X} C 4 be a given set and let

P(A) o {Og € A: v eI} be the collection of all subsets Og1, Oy, ...,

of A. Then every one-valued map of the type Tga : P(A) — P (A) satisfying
Taa () =0, Tga (Og) € Oy, and EaA(UVEI;Q Og) = UVEI;‘O Ta.a (Og,v) is called

a g-topology on A, and the structure Ty A def (A, Tg,a) is called a Ty p-space, on

which no separation axioms are assumed unless otherwise mentioned [12, 11, 27].
On the other hand, if P (T") f {Og, C T : v e I7} denotes the family of all
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subsets Og.1, Og.2, ..., of any subset I' C A of A, then every one-valued restriction
map of the type Tgr : P(I') —> Tyr def {Og Nnr: O4 € 7;,,,\} defines a relative
g-topology on I', and the structure €4 def (I, Tg,r) is called a Tg-subspace. The
operator clgp : P (A) = P (A) carrying each Ty a-set Sy C T4 4 into its closure
clga (Sg) = Tga —intga (Tga \ Sg) C FTg,a is called a g-closure operator and the
operator intg x : P(A) — P (A) carrying each Ty a-set Sg C Ty o into its inte-
rior intg A (Sg) = Tga —clga (Tga \ Sg) C Ty.a is called a g-interior operator; for
clarity, we will use clg (-), intg (-), respectively, instead of clg s (), intga ().

Let T4 be a Ty a-space, let Cp : P (A) — P (A) denotes the absolute comple-
ment with respect to the underlying set A C 4, and let Sy C T4 A be any FTq A-set.
The classes
Tan = {05 CTgat Og € Tyn},

)

(2.1) —\7—97/\ def {ICg C ‘Ig)A : EA (/Cg) S 7;,/\},

respectively, denote the classes of all 73 r-open and 7Ty a-closed sets relative to the
g-topology T4 A, and the classes

def

C%L;],JA [Se] = {Og€Tga: O €S},
(2.2) ISy K€ Ton: Ky 28}

respectively, denote the classes of 7y A-open subsets and 7y a-closed supersets (com-
plements of the Ty a-open subsets) of the Ty a-set Sy C Ty a relative to the g-
topology 7Ty a. To this end, the g-closure and the g-interior of a Ty-set Sy C T4 in
a Tg,a-space [6] define themselves as

. def def
(2.3)  intga (Sg) = U Oy, clga(Sg) = m Kq-

Ogec?::A [S¢] Ky ECT%YA [Sql

In this work, by clgointg (-), intgocly (-), and clgointgoclg (-), respectively, are
meant clg (intg (+)), intg (clg (+)), and clg (inty (clg (+))); other composition operators
are defined in a similar way. Furthermore, the backslash T, \ Sy refers to the
set-theoretic difference T4 — Sy. The mapping op, : P (A) — P (A) is called a
g-operation on P (A) if the following statements hold:

VSg € P(A)\ {0}, 3(Og,Kg) € Taa \ {0} x ~Tga \ {0}

(Opg (@) = @) \ (_‘ opg (@) = 0) ’ (SQ g Opg (OE)) \ (SE 2 _‘Opg (ICQ)) )
(2.4)
where —op, : P (A) — P (A) is called the "complementary g-operation” on P (A)
and, for all Ty-sets Sy, Sy, Sy, € P (A) \ {Q)}, the following axioms are satisfied:
AX. 1. (S5 Cop, (Og)) V (Sg 2 —op, (Kq)),
AX. 11 (op, (Sg) € opgoop, (Og)) V (m0p, (Sg) 2 —op, 0-0p, (Ky)),
AX. 1L (Sgp C Sgu = 0pg (Og) C 0pg (Ogu)) V (Sgu C Sg ¢
T 0Pg (ICQ,,U) 27 OPg (]CQ,V))’
AX. V. (Opg (Ua'zl/,p SQ>0) < Ua:u,p, Opg (0970)) v (_| Opg (Uazu,u ngg) 2
Uo’:l/,,u, _‘Opg (K:Gyg))’
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for some Ty a-open sets Oy, Og,, Og € Tga \ {0} and Ty a-closed sets Kg, Kgu,
Kgpu € =Tgn [8, 24]. The class L4 [Q] = L&[A] x L5[Q], where

(25) Lo[A] € {opg, () = (0pg, (), m0pg, () (o) € IS x 19}

in the 74 a-space T4 A, stands for the class of all possible g-operators and their
complementary g-operators in the 7y a-space Ty a. Its elements are defined as:

L9TA] % {opgo (), 0Dg (), 0Dg2 (), 0Dgs ()}

= {intg (), clgointy (-), intgoclg (-), clgointgocly (-)};

m

ODPyg ()

0Py () € ﬁg [A] déf {ﬂopg,O () » ODPg1 () y O0DPg 2 () y 7'ODg 3 ()}
(2.6) = {clg (), intgoclg (-), clgointy (-), intgoclyointy ()}

A Ty a-set Sga C Tgin a Ty a-space is called a g-Tg A-set if and only if there exist
a pair (Og,Kg) € Ty X =Tg.a of Ty a-open and Ty a-closed sets, and a g-operator
op, () € L4[A] such that the following statement holds:

27)  (3) [(€ € Sa) A ((Sq C 0pg (Og)) V (Sq 2 ~opg (Kqg)))] -

The g-T4 a-set Sg C Fq 4 is said to be of category v if and only if it belongs to the
following class of g-v-%4 a-sets:

g-v-S[Tga) o {Se C T : (HOgJCg’OPg,V ()

(2.8) [(Sg C opg,, (Og)) v (Sg =2 70Dy, (’Cg))] }

It is called a g-v-%4 p-open set if it satisfies the first property in g-v-S [Tg, A] and a
g-v-% 4 a-closed set if it satisfies the second property in g-v-S [‘Ig, A]. The classes of
g-v-% 4 a-open and g-v-T4 A-closed sets, respectively, are defined by

gv-0[Fgn] = {Sq CTya: (30g,0p,, () [Sy € opy, (Og)]},
gv-K[Tgn] E {Se CTon: (3 0py, () [Se 2 ~opg., (Ko)] }-
(2.9)
From these classes, the following relation holds:
0S[Tga] = Uerg ov-S[Tga]
Uverg (8-0[F,] U g--K[T,])
(Unerg 8-0[Tan]) U (Uerg 9-v-K[Tg a])
(2.10) = g-0[Tga] Ug-K[Tgal.

By omitting the subscript g in almost all symbols of the above definitions, we obtain
very similar definitions but in a Tx-space.

A T)h-set S C T in a Ty-space is called a g-T-set if and only if there exists a pair
(O,K) € Ta x =Tx of Ta-open and Tx-closed sets, and an operator op () € E[A]
such that the following statement holds:

(2.11) (36 [(€ € S)A((S Cop(0) V(S 2-op(K)))].
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The g-Tr-set S C T, is said to be of category v if and only if it belongs to the
following class of g-v-Ta-sets:
def

g--S[Ta] = {SCTa: (30,K,0p, ()
(212) [(S Cop, (0) V(S 2 ~op, (K))] 1.

It is called a g-v-Tr-open set if it satisfies the first property in g—V—S[TA] and a
g-v-Ta-closed set if it satisfies the second property in g-v-S [‘IA]. The classes of
g-v-Tpr-open and g-v-%p-closed sets, respectively, are defined by

¢r-0[Ta] & {ScTa: (30,0p, () [S Cop, (0)]},
(213)  gK[Ta] ¥ {ScTa: (3K0p, () [S 2 —op, (K)]}.
As in the previous definitions, from these classes, the following relation holds:
05[] = Uyergo-S[Tn]
Uyers (6-4-0[Ta] Ug-K[T2])
= (Uyerg 9-0[Tn]) U (Uyerg 00K [Ta])
g-0[Tx] Ug-K[Za].

(2.14)

The classes O [T4 2] and K [T, o] denote the families of T x-open and Ty z-closed
sets, respectively, in Ty, with S[TgA] = O[Ty 4] UK [Ty a]; the classes O [Ty]
and K [%,] denote the families of T-open and Tx-closed sets, respectively, in Tx,
with S[T)] = O[TA] UK[Za]. (Whenever we feel that the subscript A € {Q, X}
is understood from the context, it will be omitted for clarity.) We are now in a
position to present a carefully chosen set of terms used in the theory of g-%,-maps
between 7T4-spaces.

A (T, Ts)-map and a (T4 0, Ty »)-map, respectively, are mappings in the usual
sense between T-spaces and Tg-spaces.

DEFINITION 2.1 ((Tq, Tx), (T4.0,%4,5)-Maps). Let To = (2,7q) and Ty, = (X, Tx)
be T-spaces and, let Ty o = (2, Tg,0) and Ty 5, = (X, Ty,n) be Tg-spaces. Then, a

map:

o 1. m:Tq — Ty is called a (Tq, Tx)-map from Tq into Ty.
o II. T: %30 — Ty v is called a (T4,0, Ty x)-map from T, o into Ty 5.

A g- (%q,Tx)-map is a generalization of a (Tq, Tx;)-map and, hence, is a distin-
guished mapping between T-spaces which does not exhibit mapping properties in
the usual sense but does exhibit mapping properties in the generalized sense.

DEFINITION 2.2 (g-v- (Tq,%s)-Map). Let Tq = (Q,7Tq) and Ty = (X, Ts) be T-
spaces, and let op (+) € L[E]. Then, a map 7y : T — Ty is called a g- (T, Tx)-
map if and only if, for every pair (O,,Ky) € To x =T of To-open and To-closed
sets in Tq there corresponds a pair (O,, K,) € T x =Tx of Ts-open and Tx-closed
sets in Ty, such that the following statement holds:

(2.15) (75 (Ou) € op (05)] V [mg (Ku) 2 —0p (Ko)].
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A g- (Tq, Tx)-map is said to be of category v if and only if it belongs to the following
class of g-v- (T, Tx)-maps:

g'V' gQ,SE dﬁf {779 : (VOwJCw) (300—7’(:0—70pu ())

(2.16) [(Wg (O,) Cop, (Oo)) \ (ﬂ'g (Kw) 2 —op, (KU))] }

It is called a g-v- (T, Tx)-open map if it satisfies the first property in g-v-M [Tq; Ts)]
and a g-v- (T, Tx)-closed map if it satisfies the second property in g-v-M [Tq; Tx].
The classes of g-v- (Tq,Ts)-open and g-v- (Tq, Tx)-closed maps, respectively, are
defined by

g--Mo [To; Ts] & {7g ¢ (VO,) (30,,0p,, () [1 (Ou) C op, (0,)] },

ef
g-v-Mg [Tq; Tx) d— {mg: (VKs) (3Ks, 0p,, () [7g (Kw) 2 0p, (Ks)] }-
(2.17)
From the class g-v-M [Zq;%x], consisting of the classes g-v-Mg [Tq;Tx] and

g-v-Mg [Tq; Tx], respectively, of g-v- (g, Tx)-open and g-v- (Tq, Ty )-closed maps,
where v € Ig , there results in the following definition.

DEFINITION 2.3. Let Tq = (,7q) and Ty, = (X, Tx) be T-spaces. If, for each
v € I3, g-v-Mg [Tq; Tx] and g-v-Mg [Tq; Tx], respectively, denote the classes of
g-v- (Tq, Tx)-open and g-v- (Tq, Tx)-closed maps, then

gM[T; %] = Uep 9-v-M[Ta; Tx
= Uyen (6-v-Mo [Ta; Tx] U g-v-M [To; Ts))

= (Uvery 8v-Mo [Ta; Tsl) U (U, e 9 8-v-Mi [Ta; Tx))
(2.18) = g—MO [SQ; Sg] U g—MK [QQ; 32] .

As above, the g- (T4,0, T4 x)-map is a generalization of the (T4 o, Ty »)-map and,
thus, is a distinguished mapping between 7g-spaces which does not exhibit mapping
properties in the usual sense but does exhibit mapping properties in the generalized
sense.

DEFINITION 2.4 (g—l/— (3979,3972)—1\431)). Let 1979 = (Q,EVQ) and ng = (Z, 7-9,2)
be Tg-spaces, and let op, (-) € Ly [Z] Then, a map g : Tg 0 — Tyx is called a
g- (Tg,0, Tg,x)-map if and only if, for every pair (Og,,, Kq.0) € Tg,0 X Tg,0 of Tg.0-
open and 7y o-closed sets in Ty o there corresponds a pair (Og,0,Ky,0) € Tg 5 X

—Tg,5 of Ty x-open and Tx-closed sets in Ty 5 such that the following statement
holds:

(2.19) [Wg (Og,w) - ODPyg (Og,a)} N [Wg (’Cg,w) 2 T 0Dg (’Cg,a)]'

A g-(%40,%, x)-map is said to be of category v if and only if it belongs to the
following class of g-v- (T4 0, %4 x)-maps:

g_V_M [Sg Q’ dCf {7'('9 : (Vogiw7 ,Cg’w) (309107 ’Cg’a’ Opg’V ())
(2.20) [(”g (Og,w) C opg., (Og»a)) v (”g (Kgw) 2 70pg, (’Cg,a))] }

In the above description, it is called a g-v- (%4 o, %4 5)-open map if it satisfies the
first property in g-v-M [T .0; Ty 5] and a g-v- (T4.0, Ty 5)-closed map if it satisfies
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the second property in g-v-M [Ty 0; % x]. The classes of g-v- (T4, %, x)-open
maps and g-v- (T4.0, Ty x)-closed maps, respectively, are defined by

g-v-Mo [To.0: Tas] < {715 : (VOu) (305,004, ()
[7g (Ogw) C OPg,. (Og.0)] },
v My [Tg.0;Tgs] € {mg 1 (VKu) (Ko, 0Dy, ()
(2.21) [7g (Kgw) 2 0Dy, (Kgo)] }-

From the class g-v-M [T4,0; T4 5], consisting of the classes g-v-Mg [T4,0; Tq,5]
and g-v-My [Tg4.0; Tg 5] of g-v- (4.0, Ty 5)-open and g-v- (4.0, Ty 5)-closed maps,
where v € Ig, respectively, there results in the following definition.

DEFINITION 2.5. Let T30 = (2, Tg0) and Ty 5 = (2, 7y,x) be Tg-spaces. If, for
each v € 1Y, g-v-Mg [T4.0;T4,5] and g-v-Mg [T4.0; Tg.n), respectively, denote the
classes of g-v- (Tg,0, Ty, x)-open and g-v- (T4 o, Ty 5 )-closed maps, then

g-M[Tg.0;Tg ] = Uyelg g-v-M [T 0; Tg 5]
= Uyejg (Q‘V‘MO [Tg,0; Tg,n] U g-v-Mg [T4.0; SE,E])

= (Uuelg g-v-Mg [T4.0; TQ,E]) U (Uyeg g-v-M [Tg.0; s9,2])
(2.22) = g—MO [‘IQ; ‘Ig,z] U g—MK [‘Ig’g; ‘Ig)z] .

DEFINITION 2.6 (g-v- (T4,0,%4,x)-Continuous). Let Ty o = (2, 7g,0) and Ty 5 =
(3, Tg.2) be Tg-spaces, and let op, (-) € Ly [Q]. Then, a map 7y : Tgo — Ty
is said to be g- (T4,0, Ty x)-continuous if and only if, for every pair (O »,Kq,») €
Tgxn x =Tgx of Ty s-open and Tx-closed sets in T, s there corresponds a pair
(Ogw, Kgw) € Tga x 7Tg.0 of Ty a-open and Ty o-closed sets in Ty o such that the
following statement holds:

(2.23) [ﬂ'g_l (Og,0) C oD, ((’)g,w)} vV [7Tg_1 (Kg,o) 2 —0p, (ICQW)].

A g- (%4.0, %4 x)-continuous map is said to be of category v if and only if it belongs
to the following class of g-v- (T4 0, T4 5)-continuous maps:

g-v-C[Tg0; Ty 5] def {779 (Vog o ’Cg U) (309 ws Kg,w, OPg » ())
(2.24) (75 (Og,0) C0pg, (Og0)) V (15! (Kg,o) 2 70Dy, (Kgw))] }-

DEFINITION 2.7. Let T30 = (977;79) and Ty, = (3, 7Tg,x) be Tg-spaces. If,
for each v € I9, g-v-C[T4.0; T4.5] denotes the class of g-v- (T4, T4 5)-continuous
maps, then

(2.25) g-C [‘Ig,Q; T&E] = UUEI?? g-v-C [‘Ig’Q; (Eg;;] .

DEFINITION 2.8 (g-v-(%4.0,%g 5)-Irresolute). Let Tgo = (2, 7Ty.0) and Ty 5 =
(3, Tg.x) be Tg-spaces, and let op, (-) € Ly [Q] Then, a map 7y : Tgo — Ty 5
is said to be g- (T4 0, T4 x)-irresolute if and only if, for every pair (Og,Kq,0) €
Tgx X =Tgx of Tgs-open and Tx-closed sets in Ty s there corresponds a pair
(Og,u: Kgw) € Tg.a X 7 Tg,0 of Tg.a-open and Ty o-closed sets in Ty o such that the
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following statement holds:
[ﬂ-g_l (Opg (Og,a)) c ODPyg (Og,w)] \ [Trg_l (_‘ ODPg (Icg,a)) 2 0Py (Icg,w)]-
(2.26)

A g- (4,0, %y x)-irresolute map is said to be of category v if and only if it belongs
to the following class of g-v- (T4 0, Tq x)-irresolute maps:

01 [Tg.0:Tas] © {me: (Y040, Kgo) (3040, Ko 0P, (1))
I:(Trg_l (Opgﬂ/ (OQ,U» g Opg,l/ (Og,w)> \/ (Trg_l (ﬁ Opg7y (Icg,a)) 2

(2.27) —opg,,, (Kgw))]}-

DEFINITION 2.9. Let T30 = (2,73,0) and Ty 5 = (X, Ty x) be Tg-spaces. If, for
each v € IS, g-v-1[T, 0; Ty »] denotes the class of g-v- (T4, Ty, 5 )-irresolute maps,
then

(2.28) g—I [‘Igwg; fg’g} = Uuelg g-I/-I [‘Zgyg; fg’z} .

In regards to the above descriptions, by a g-7j-open set and a g-73-closed set are
meant a Tg-open set Oy € Ty and a Tg-closed set g € =T satisfying Oy C op, (Oy)
and Ky 2 —op, (Kg), respectively. Likewise, by a g-Tg-open set of category v and
a g-Ty-closed set of category v are meant a 7g-open set Oy € Ty and a Tg-closed set
Ky € =Ty satisfying Oy C op, , (Og) and Ky 2 —op, , (Ky), respectively; g-Tg-sets
of category v will be called g-v-Tg-sets.

Given the Ty-sets Ry, Sy C Ty, Ry is said to be equivalent to Sy, written
Ry ~ Sy if and only if, there exists a Tg-map 7y : Ry — Sy which is bijective. A
Ty-set Sy C Ty is finite if and only if Sy = ) or Sy ~ I; for some p € I7; otherwise,
the Ty-set Sy is said to be infinite. A Ty-set Ry C T4 is denumerable and satisfies
the condition card (Rg) = Ro (aleph-null) if and only if Sy ~ I* . The Ty-set Ry is
called countable if and only if it is finite or denumerable.

By adding a g-T;-separation axiom of type H, called g-T; ;;-aziom, to the axioms

for a Tg-space Ty = (2,74) to obtain a g—TgH)—Space g—TéH) def (Q,g—’TéH)) is
meant that, for every disjoint pair (£,({) € T4 x T of points in Ty, there exists a
disjoint pair (Og¢,O0g¢) € Ty X Ty of Tg-open sets such that & € op, (Og¢) and
¢ € opy (Og,¢). The definition follows:

DEFINITION 2.10 (g—TéH)—Space). A Tg-space Ty = (€2, 7;) endowed with a g-T' y-
axiom is called a g-TéH)—space g—‘IgH) def (Q, g—TéH)).

DEFINITION 2.11 (g-T;-Sets Sequence). Let g-v-S[T4] C T be the class of g-T -
sets of category v in a Tg-space Ty = (€2, Tg). The symbol (S; . € g-v-S [Sg]>ael*
denotes a sequence of g-T;-sets of category v in Ty that has been indexed by I é
I7, inheriting its order from I, and the corresponding index mapping ¢ : @ — Sy
denotes the at? term of the sequence.

Throughout, the relation <Rg’a>ael* =< <Sg,a>ael* means that the one preced-

ing ”<” is a subsequence of the other following ”<.” Suppose a T4-set Ry C Ty is
related to a sequence (Sg o € g-S [TBDaeI* by the relation Ry C J,cs+ Sg,a» then

Ry is said to be covered by a sequence (Sg o € g-S[T4]) whose cardinality is

aclx
at most o € I%,. The definition follows:
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DEFINITION 2.12 (g-v-%4-Covering). Let Sy C Ty be a Ty-set in a Ty-space Ty.
Then, for every v € I3:

o

e I. &g is said to be "covered” by a sequence (Ug o € g-v-O [ig]>ael* f

g-v-T4-open sets whose cardinality is at most o € I if and only if S5 C

Uae]g ug,a-
e II. S is said to be "covered” by a sequence (Vg o € g-v-K[T,])

o

f
aclx
g-v-T4-closed sets whose cardinality is at most o € I3, if and only if S5 C

Uae]g Vg,or

Since g-O [Tq] = Uuezg g-v-0 [Ty, g-K[Ty] = Uuelg g-v-K[Tg), and g-S[T,] =
g-0[Tg] U g-K [T,], the sequences (Sgq € g-S [‘Ig]>a61;, (Uga € -0 [‘Zg]>a61;,
and <Vg,a € g-K [$9]>ael*’ respectively, are simply said to be a g-T4-covering, a

g-T4-open covering, and a g-T4-closed covering of Sy whose cardinality is at most
oeli.

DEFINITION 2.13 (g-Tg-Subcovering). Let (Sg .o € g-S [ig]>ael* be a g-T4-covering
of a Tg-set S C T4 in a Ty-space Ty, and let ¥ : I; — I:;(U[; C I be an index
mapping. Then the map

(2.29) U : (Sga € 8-S[Tgl), 7. — (Sg0(a) € 8-S [Tg])

a€l: (e, 9(a))EIE XI5

I(o)

is said to realise a ” g-Tg-subcovering” <ng19(a)> of Sy from the

(o, 9())€el: X1$<U)

if and only if S5 C U(a,ﬁ(a))EI;XI* Sg,9(a)-

9 (o)

g-%4-covering <Sg,a>ael*

Thus, <Sgﬂ9(a)>(a,19(a))eI;xI;;(U> < <89»°‘>aeI; is equivalent to this definition,
meaning that, for every ¥ (a) € I§,) C 15, there exists o € I C I, such that

Sg.0(a) = Sg,a- 1t is plain that, for every o € IZ,, ¥ (0) = card(]§(o)) < card (I}) =
g.

DEFINITION 2.14 (g-v-%4-Compact Set). A Tg-set Sy C Ty of a Ty-space Ty is
said to be g-v-Tg-compact if and only if, for every g-v-Tj-open covering <Z/lg7a €
g-v-0 [Tg]>

acl?’

(2.30) 3<u9ﬂ9(a)>(a,19(a))elgx1* PS8y & U Uy, 5(a);

9(o) .
(a, ()l XI5 )

where 9 (o) = card(I;(g)) < card (I}) = o. The class of all g-T;-compact sets of
category v € I is:

g-v-A [T] & {Sg : [V<u9,a € g-v-0 [sg]>a€I;] [El<u9ﬂ9(a)>(a,z9(oc))61:><I* ]

9(o)
(2.31) (Sg C U ug’ﬁ(a)> }
(e, 9( XTI

a))el: 5(o)

Thus, by a g-v-Tg-compact set is meant a type of set Ty-set every g-v-T4-open
covering of which has a finite g-v-T4-open subcovering [25, 34, 35]. Further, it is
clear from the context that, g-A[T,] = U, 19 8v-A [Tql; its elements, then, are
simply called g-%T4-compact sets. Stated differently, the above definition says that,
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given any sequence (Ug o € g-O[T4]), ;. of g-Tg-open sets of Sy C Ty such that
every point £ € Sy belongs to at least one Uy o, a € I}, it is possible to select from
<Mg7a>a€I; a finite number of g-Tg-open sets Uy 9(1), Ugv(2); --- Ug () Whose

union covers all of Sj.
REMARK 2.15. Since (Ug g(a)) o (Usa € 8-0[T])epnr 0-To

compactness of a Ty-set is defined in terms of relatively g-T4-open sets.

(o, 9())ET: T}

The concept of g-T4-refinement is now given in the following definition.
DEFINITION 2.16 (g-Tg-Refinement). A g-Tg-covering (Sg.a € g-S [Sg]>ael* of a
Tg-set Sg C Fq of a Tg-space Ty = (2, Ty) is a ”g-T4-refinement” of another g-F4-

covering (Rg 5 € g-S [{39]>BEI"; of the same T-set S if and only if:

(2.32) (VaeI)(3B € I}) [Sga € Ry,

In the event that S; = Q, (S50 € g-v-S [‘Ig]>a€I* is a g-v-Tg-covering of T,
(v, (a))elzxIy

if @ =U,cr« Saia- Accordingly, (Sy.9(a) € g-v-S[Tg])
v (o)
subcovering of Ty if the relation 2 = U(aﬂ(a))ep xI% Sg,9(a) holds, where o (o) =

@)
card (I} ,y) < card (I;) < co. The definition follows.

is a g-v-Ty-

DEFINITION 2.17 (g—V—T[gA]—Space). A Ty-space Ty = (Q,7) is called a g—l/—TgA]—

space g—y—‘IgA] def (Q, g-V-T[gA]) if and only if each g-v-Tj-open covering <L{g7a €
g-v-0 [19]>ael* of T4 has a finite g-v-Ty-open subcovering.

In the sequel, by g—l/—‘SE‘CA] def (Q, g-l/-TLCA]), g-I/—TEA] def (Q, g—V—TESA]), and

g—u—TLLA] def (2, g—V—TLLA}), respectively, are meant countably, sequentially, and lo-
cally g—V—TgA]—spaces, as are easily understood. Finally, by a g—y—TLE]—space g—T[gE] =
(2,¢-T1) is meant g-T = Voer gv-T = (Q, Voer gv-TH) = (Q,0-TI),
where E € {A, CA,SA,LA}.

The main results of the theory of g-%4-compactness are presented in the following
sections.

3. MAIN RESULTS

In a Tg-space, any g-Tg-subcovering is a g-T4-refinement as proved in the follow-
ing theorem.

THEOREM 3.1 (g-T4-Refinement). In a Ty-space Ty = (2, Ty), any g-Tq-subcovering

derived from a g-T4-covering (Sg o € 9-S[Tg]) is a

<Sgﬂ9(a)>(a,19(a))eI;><I* acly

(o)
g-Tq4-refinement.

PROOF. Let <Sg719(a)> be any g-T4-subcovering derived from a g-%4-
)

(a,¥(a))elzxIg
el in a Tg-space Ty = (2, 7g). Then, it results that
< <Sg’0‘>ael*' Thus,

covering <Sg7a € g5 [(SQD

<Sgﬂ9(0¢) >(a,19(a))€fé XI5 (o)

(V0 (@) € Lj(yy) (B € I7) [Sg0(a) € Sgal-
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Therefore, the g-Tg-subcovering (Sy 9(a)) derived from the g-T4-

(e, 9())EeT: XI5 oy

covering <Sg,a € g-S [Eg]>a cre 18 therefore a g-T4-refinement. This completes the

proof of the theorem. Q.E.D.

A necessary and sufficient condition for a Tj-set of a Tg-space to be g-T -compact
may well be stated as thus.

THEOREM 3.2. Let Sg C T4 be a Ty-set of a Ty-space Ty = (2, Ty). Then, Sy €
g-A [T4] if and only if, for each g-T4-open covering (Ug.o € g-O [TQDQEI* of S,

there is a finite g-T4-open subcovering <Z/{g’79(a)>(a 9(a)) el X I of Sy:
, o)
Sy € g-A[Ty] & (W(Uga €90 [TBDQQ;) (3<u9779(a)>(a,19(o¢))61; I3
= <u9’0‘>o¢€I;) [89 < U uw?(a)]'
(a, ()l XI:;(G)

(3.1)

PROOF. Necessity. Let S; € g-A[T,] in Ty, and let (U o € g-O [‘Sg]>a61* be

a g-Tg-open covering of Sg. Then, S5 C Uael; Uy, and, consequently, S; =

Uaers Ug,a NSy). Therefore, (Ug.a N Sg>ael* is a g-Tg-open covering of Sy by
relatively g-Tg-open sets Uy 1 N Sy, Ug2 NSy, ..., Uge NSy € g-O[T4]. Since

Sy € g-A [T, there is a finite g-T4-open subcovering <L{g7g(a)>(a 9(a))Els X I of
. 7 %490

Sy such that S = U(a’ﬂ(a))el*xl* (Z/{gﬂg(a) ﬁSg). Thus, it follows that Sg C

9(o)
U(a,ﬁ(a))elg;x[g(a) Uy, 9(a) N Sg-
Sufficiency. Conversely, suppose that, for every g-Tg-open covering <L{g,a €
g-O [‘Zg]>ael* of S, <u9’0‘>ael* has a finite g-Tg-open subcovering of the type

<u9719(a)>(a,19(a))€];><1:;(g) of Sy. It must be shown that, given a g-T,-open cover-

ing <LA{g,g>5€I; of S8 by relatively g-Tg-open sets Z/A{QJ, L?g,g, oo Uy € g0 [T,

there is a finite g-T4-open subcovering of Sy such that

9 (1)

Sy = U(ﬁ’ﬁ(ﬁ))elﬁ“&u) Uy (). For every B € I, since Uy s € g-O[Ty] is a rel-

atively g-Tg-open set in Sy, there exists a g-Tg-open set Uy s € g-O[T,] such

that Ug,s = Uy p N Sy But Sg = Uper. Uss = Uper, Us,p NSa) € Uper; Us s

and, consequently, Sg C Ugey. Ug,s, implying that (Uys) ;. is a g-Tg-open cov-
m "

<Z;lgﬂ9(5)>(6719(ﬁ))61; xI%

ering of Sy by g-Tg-open sets Uy 1, U2, ..., Uy, € g-O[Ty]. By hypothesis,

there exists a finite g-%4-open subcovering <Z/{gﬂg(§)>(ﬂ 9(B))El X 1% of Sq such that
) W

9 ()

Sg & U(ﬂ:ﬂ(ﬁ))eI;xI;(H) Ug,9(p)- Thus,

S = ( U ugﬂ(ﬁ)) NSy = U (Us.9(8) N Sg)

(B.0(B)ETX TS (BOB)ETXTS

= U Z/A[gﬂ?(ﬁ)'

(BAB)EL; XTI,
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Hence, it results that the g-T4-open covering <LA197/3 €g0O[F of Sy by rela-

9}>ﬁeI;
tively g-T4-open sets L?g,l, Z/Alg,g, cey LA{g,U € g-O [T,] has a finite g-T4-open subcov-

ering <uﬂv’9(5)>(6,ﬁ(ﬁ))eI;xI* of &g. Q.E.D.

()

The following theorem states that, any finite union of g-T4-compact sets in a
Tg-space Ty = (2, Ty) is g-T4-compact in Ty.

THEOREM 3.3. If Sg1, Sg2, -+, Sgpu € g—A[‘Ig] be p > 1 g-%4-compact sets in a
Tg-space Ty = (2, Ty), then Uael; Sga € 0-A[Tg] in Ty:

(3.2) /\%1; (Sg,a €g-A [‘Ig]) = Uael; Sga € G-A [‘IB]'

PrOOF. Let Sg1, Sg2, ..., Sgu € g-A [Tg] be p > 1 g-Ty-compact sets in Ty.

Then, for every a € I}, there exists <u9719(0‘w6)>(19(a),19(a,6))61;;XIE(U) =< <Ug719(a) €

g-0[%] >19(a)€];’ where I, C I, such that Sg.a C Uy (a8))er: xr

U,
oy (80 (aB)

holds. Consequently,

UaeI;Sg,a < U( U ug,ﬂ(a,ﬂ))

a€ly M), 0o B))ELF XIS

C U Ug.9(a.p)-

(a,9(a),9(e,B)) €L} I3 XI5

Hence, it follows that, |J,c;« Sg.a € g-A [Tg] in ©45. The proof of the theorem is
"
complete. Q.E.D.

An arbitrary Tg-set of a Tg-space which is equivalent to the index set I for some
p < 00 is necessarily g-T4-compact and thus, the theorem follows.

THEOREM 3.4. If g C Ty be any finite Ty-set of a Ty-space Ty = (2, Ty), then
S € g-A[T]:

(3.3) (Sg C Ty) A (card (Sg) < 00) = Sy € g-A[T,].

PROOF. Let Sy C T4 be any finite Ty-set of a Ty-space Ty = (2, Ty). Then, there
exist <09ﬂ9(0¢)>(a,19(a))elgxI;(U) =< <(’)g)a>a€I; such that the relation Ugesg {¢} C

U(a,ﬁ(a))GI;XI* Og.9(a) holds. Since Oy C opy (Oy,a) for every a € I and,

9 (o)

Ugesg {&} = &g, it results that,

Sg C U Ogo(a) C Opg( U %ﬂ(a))
(,9()) eIz XI5, (e, 9(e)) eIz XI5
< U Opg(ognﬁ‘(a))
(a,ﬂ(a))e];x];<a)
g U Opg(og,a)7

aclx

Therefore, Sg € U (4, 9(a))er: <17, . OPg (Og,0(a))- But, for every (o, 9 (o)) € I x

9 (o)

15,y opg (Og.9(0)) € 8-0[Tg]. Consequently, for every (o, 9 (a)) € I} X I35
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there exists Uy ya) € §-O[Ty] such that Uy y) = 0pg(Og o)) Thus, S§ C
U(aﬁ(a))epx@( )Z/{g,ﬂ(a) and hence, S5 € g-A [T4]. This completes the proof of the

theorem. Q.E.D.

Since finite Ty-sets of a Tg-space are always g-T4-compact, an immediate conse-
quence of the above theorem is the following corollary.

COROLLARY 3.5. Let Sy C T4 be a Ty-set of a discrete Tg-space Ty = (Q,Ty).
Then, Sq € g-A [Ty if and only if it is a finite Ty-set.
An immediate consequence of the above theorem is the following proposition.

PROPOSITION 3.6. If T4 = (2, T4) is a finite strong Tq-space, then it is a g—T[gA]-
space g—‘IgA] =(Q, g—T[gA]):
(34)  (Tg=(T) A (card(Q) < 00) = ¢-FP = (Q,g-T).
PROOF. Let Ty = (Q,7;) be a finite strong Tg-space with @ = {£, : a € I'} and
p < oo. Since T is a finite strong Tg-space, if <Og7a>ael* is a T4-open covering of {2,
then, for every o € I], there exists a 9 (o) € I} such that &, € Og y(a). Thus, Q =
Uael; {&a} C U(avﬂ(a))g:x[; Og,9(a) and consequently, <Og7ﬂ(a)>(a7ﬁ(a))el‘:ﬂ; is
a Tg-open subcovering of 2. But, for every (o, (a)) € I x I;, Ogy@) ©
004 (Og,9(a)) € 8-0[T4]. Consequently, for each (o, (a)) € I} x I}, there cor-
responds a Ug gy € 8-O[Ty] such that Uy gy = op, (Ogﬂg(a)). Thus, Q C
Ula.o(aners x1s Us.(a)- Hence, Tg = (@, Ty) is a g-T M-space g-TJ = (2,0-T(Y).
The proof of the proposition is complete. Q.E.D.
To prove that a Tg-set is not g-T -compact, one only has to exhibit one g-% -

open covering of the Ty-set with no finite g-% -open subcovering. The proposition
follows.

PROPOSITION 3.7. If T4 = (Q,Tg) be a Ty-space generated by unit Ty-sets of €,
then any infinite Ty-set Sg C Ty is not g-T;-compact.

PROOF. Let Sy C T4 be any infinite Ty-set of a Tg-space Ty = (2, Ty) generated by
unit Ty-sets of Q. Then, since {€} € Ty and {¢} C op ({£}) hold for every {¢} C S,
it follows that, for every £ € Sy, {£} C opy({¢}). Consequently, Sy = Uges, 163 €
Uges, 0P ({€}). Clearly, opy ({¢}) € g-O [T,] for every € € S, and therefore, there
exists, for each § € Sy, a Uye € g-O[T,] such that Uy e = opy({£}). Hence,
Sy € Uges, Us.¢e, implying that <u975>§e.s is an infinite g-T -open covering of Sg.
g
Consequently, there exists no finite g-% ;-open subcovering <u949(5)>(§,19(§))e$g s =
<Z/lg’5>)§€$g of Sy such that S5 C U(s,ﬁ(g))esg Iz Uy 9(¢)- Hence, Sy ¢ g-A [‘Ig]. This
completes the proof of the theorem. Q.E.D.

From the above two propositions, the corollary follows.

COROLLARY 3.8. If T3 = (R, Ty) be a Ty-space generated by unit Ty-sets of Q and
Sy C %y, then Sy € g-A [Tg] if and only if it is a finite Ty-set in Tyq.

A Ty-set S C Ty is called a Ty-open set if S5 C Uogeczyb[sg] O4. But,
g
for every Oy € Ty, Oy C opy (O4) and, consequently, Sg C UogeCsTub[Sg] Oy C
g
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Uogec%b (S,] °Pg (Og4), meaning that, g-T;-openness is implied by Tg-openness. Ac-
cordingly, g-T4-compactness implies T3-compactness. The theorem follows.
THEOREM 3.9. Let Sg C %, be any Ty-set of a Ty-space Ty = (2, Tg). If Sy be
g-Tg-compact, then it is also T4-compact:

(3.5) Sg € g-A[T,] = Sy e AT

PROOF. Let S; C Ty be any Tg-set of a Tg-space Ty = (2, Ty) and suppose Sy €
g-A[T,]. Since Sy is g-Tg-compact, there exists a g-T4-open covering <Mg7a €
g—O[‘SgDaeI* of 8 which has a g-T;-open subcovering <Ug

such that S € U(a,ﬁ(a))GI;XI;(U)

for every (o, () € I3 x Ij,) implies the existence of Oy () € Ty such that,

,ﬁ(a)>(a,19(a))efg XI5 0

Ug9(a)- The assertion that, Uy gy € g-A [Tg]

Ugo(¢) C oDy (Og,0(¢)) for every (a, ¥ () € I} % I35,y Consequently,

S = U (O nS)
(a, ()l XI;(O)
- U (Og.(a) N oPg (Og0e)))
(e, 9() €I XT3
C U Og.0(e)>

(a,9(ev)) eI XI:;(U)

thereby implying, S C U(a,ﬂ(a))ej*ﬂ* Og9(¢)- Hence, Sg € g-A [Ty implies

(o)

Sy € A[%4]. The proof of the theorem is complete. Q.E.D.

A situation in which a Tg-set fails to be g-Tj-compact is contained in the fol-
lowing proposition.

ProprosITION 3.10. If g C T4 be any infinite Ty-set of a discrete Tg-space Ty =
(2, Tg), then Sg ¢ g-A [T,].

PRrROOF. Let S; C Ty be a Ty-set of a discrete Tg-space Ty = (2,7y). Then,
Sy € g-A[%,] if and only if it is a finite Ty-set. Since Ty is a discrete Tg-space,
consider the class {{¢} : £ € S} of unit Ty-sets of Sy. Clearly, the relation Sy C

Ugesg {€} C U56$g op,({¢}) holds and, for every & € Sy, op,({¢}) € g-O[T,].
Accordingly, for every & € Sy, set opy({¢}) = Ug,e. Then, (Uye € g—O[‘IngeSg

is an infinite g-T;-open covering of Sy. Consequently, <Z/{g75> ces, contains no finite
g-T4-open subcovering <ugﬂ9(§)>(g,19(§))e$gx1; =< <Ug,5>£esg of 8§y such that S5 C

U(g,ﬂ(g))esg Iz Ug,9(¢)- Hence, Sq ¢ g-A [Tg] . The proof of the theorem is complete.
Q.E.D.

The above proposition motivates us to postulate the following corollary.

COROLLARY 3.11. Let Ty = (,7Ty) to be a Tg-space. If Ty is a g—’T[gA]—space
g—TkA] = (Q,g—TgA]), then it is also a 7;[A] -space ‘SEJA] = (Q,E[A]).

In terms of g-T4-closed sets, the notion of g-T4-compactness may be character-
ized in the following way.
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THEOREM 3.12. A necessary and sufficient conditions for a Tg-space T4 = (Q,Tg)
to be a g- TA -space g- T[A] = (Q g- T[A]) is that, whenever a sequence <Vg7a €
g-K [T B]>ael* of g-%4 closed sets is such that (,er: Voo = 0, then there exists
(Vo st @ ptanerzss = (Voadacs; such that the relation (o siayyer; xr; Voo =0
holds.

PROOF. Necessity. Suppose T, is a g- TA -space g- ‘I[A] = (20 T[A]) and a se-
quence (Vgo € g-K [‘Ig]>ael* of g-T4 —closed sets is given such that ﬂael* ga =
0. Then, Uyer: Uga = UaeI;B( o) = E(ﬂael* Vga) = Q, so that (Ug . €
g-O [Tg]>a cpe s 2 g-%Tg-open covering of ¥;. Thus, there exists a g-T4-open sub-
covering <u9,ﬂ(a)>(a,ﬁ(a))elgxl,§ = <u97a>a61; and, thus, n(aﬁ(a))GI;XHL Va.p(a) =
E(U(a,ﬂ(a))gl;x[; ug,ﬂ(a)) =0.

Sufficiency. Conversely, suppose that, for every (Vg o € g-K[T])
closed sets such that (..
by <Vg’ﬁ(a)>(lx,ﬂ(a))€1;><[,: < <Vg’a>a€1'; such that m(a,ﬂ(a))e[;x[,’g Vg7a. Further’
let (Ug.a € g-O [ig]>a€I; stand for a g-T4-open covering of Tg. Then (C(Uy.a) €
g-O [Tg]>a61* is a sequence of g-F4-closed sets such that ﬂael* C(Uy,a) = 0. Thus

ﬂ(a,ﬂ(a))ef;xI; C (Uy,5(a)) = 0 and (Uy 0y € g-O[T >(a Bla))ers I is a g-T4-
open subcovering of Tg. Q.E.D.

o€l of g_gg_
Vg.o = 0, there exists a g-Tg-open subcovering given

If Tgr = (I', Tg,r) be a Tg-space such that (I', Ty r) C (22, Tg,0) and (I', Tgr) C
(3, Tq,5), where Ty 0 = (2, Tg0) and Ty 5 = (X, Ty ) are two Tg-spaces satisfying
(Q,Tg.0) # (2, Tg,x), then Tgpr : P(I') = P (T') is the same whether Ty r C Ty g
or Tgr € Ty x and, hence, the assertion that, Tgr = (I, Ty r) is a g—’TgA]—space
g—‘Iﬁ]ﬂ = (T, 9‘7‘5?1]“) depends only on the elements forming the structure (I, T4 ).
Therefore, the g-T4-compactness of a Tg-subspace Ty = (I, Tgr) of a Tg-space
T = (2, Tg.0) may be related to Tgo : P (2) — P () by virtue of the following
theorem.

THEOREM 3.13. Let I' C Q be a Ty-set of a Ty-space Ty = (2, Tg). Then, the
following statements are equivalent:
o 1. I € g-A[Ty] with respect to the absolute g-topology Ty : Py () — Pq ().
ell. I' € g-A [Tg] with respect to the relative g-topology Tgr : Py (') —

Tor £ {0,NT: Oy €T}

PROOF. L. — 1L Let (Uga € g-0(Tg]), ;.
respect to the relative g-topology Tgr : Py (I') — Tgr. The relative g-topology
being Tgr : Py (I') = Ty ef {OgNT : O4 € Ty}, it consequently follows that, for
every a € I}, there exists Og o € 7; such that Uy o C opg (Og a) = opy (@g o ﬂF)

0Py (@g,a)~ For every a € I}, set Z/lg,a = 0pg (Og,a OF) Thus, ' C
therefore, (Uga), . I
topology Tg : Pg () = Pg (). By virtue of 1., I' € g-A [‘I } with respect to Ty and

= < 9, O‘>a€[*

is a g-T4-open covering of I' with

aclx Ug,o and

is a g-T4-open covering of I' with respect to the absolute g-

consequently, a finite g-%4-open subcovering <Ug$19(a)>(a 9(a))Els I3
i 9 (o)
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exists where, for every (a, 9 (a)) € I} x I, LA{gﬂg(a) = op, (@gﬂ(a) NT). But then

rcrn ( U @g,ﬁ(a)> U (Ogo() NT)

(e,9())€eTx XI5 ) (a,ﬁ(a))eI;xI;<g)

= U e

(a,9(e)) eI XI5 oy

Thus, it follows that the g-%4-open covering <L{g7a> contains a finite g-%,-open

aclx

subcovering <Ug’79(a)>(a 9(a))elzxI* of I with respect to the relative g-topology

9(o)
Tar : Py (T') = Tq,r. Hence, (I', T r) is a g—TgA]-space. This proves that 1. implies
II.

L« 1. Let Uy € 5-0[Tgl), ;.
the absolute g-topology Ty : Py () — Py (). For every a € I, there exists, then,
Og.a € Ty such that Uy,o = 0py(Og.a). For every a € I, set Ogo = Og o NT.

o

be a g-T4-open covering of I" with respect to

Consequently, I' € [ J, /- LA{gﬂ implies

Fcrm(UL?g,a> lq,

|
-
=

o)
RN
2

ael acl:
= J Cnopy(Og.a))
aclk
= U op, (Og.a NT) = U opg (Og,a)
acl: acl;

and from which it results that, I' C Uael; 0Py (Og.a). Since Oy € Tyr and
opg (Og.a) € g-O [T, for every a € I7, set Uy a = 0pg (Oga). Then, (Ug o €
g-O [‘Zg]>a cpe 182 g-Tg-open covering of I' with respect to the relative g-topology
Tor : Py (F)ol—> Tq,r- But, by hypothesis, I' € g—A[‘Ig] with respect to the relative
g-topology Tgr : Py(I') — Tgr and, therefore, a finite g-Ty-open subcovering

<Z/[g719(a)>(a,19(a))ej(§ wrx <Mg,a>aelé exists. Accordingly,

9(o)
r c U Uq,9(a) = U Py (Og,(a))
(a,ﬁ(a))GI;XI;(U) (a,ﬁ(a))GI;xlg(o)
= U 0Py (Og () NT) = U (T Nopg(Og.i(a)))
(a,ﬁ(a))elc’;XI;(U) (a,9(e)) eI XI5 0y

= In ( U OPg (@gyﬁ(a))> c U opg (Og.9(a))
(a,9(

a)elzxIy (@) el xIs

= U e

(a,9(e)) eI XI5

Thus, it results that, (Uyq) is reducible to a a finite g-T4-open subcovering

aclx
<Z;[9ﬂ9(a)>(a 9(a))Els X I% with respect to the absolute g-topology Ty : Py (2) —

9 (o)
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Py (Q). Hence, I' € g-A[Ty] with respect to the absolute g-topology Tg : Pg () —
Py (2). Thus proves that 1. is implied by 11. Q.E.D.

Of the concept of g-T ;-compactness, an equivalent statement is contained in the
following theorem.

THEOREM 3.14. Let Ty = (2, 7T4) be a Ty-space. Then, the following statements
are equivalent:

e 1. T isa g—’TLA] -space g—SgA} = (Q,g—TLA]).
o 11. For every sequence <Vg,a € g-K [‘IQD
naeI; Vg.a =0 implies (V.o € g-K [Eg]>a€l;
Vos@)) (o payyers xry o 8-Fa-closed sets with (o p(ayer; x1; Vo) = -

acl of g-T4-closed sets of T,

contains a finite subsequence

PROOF. I. — 1. Suppose [\ ez« Vg,o = 0. Then, by virtue of De Morgan’s
Law, it follows that Q = C(0) = E(ﬂael: Voa) = UaEI;C(V&a) = Uaer: Ug.a-
Therefore, (Uy,o € g-O [T4])
hypothesis, a g-T[gA}—space g-‘IéA] = (Q, g—TéA]), there exists a finite subsequence
<u975(0‘)>(a,ﬁ(a))61;x[;; of g-T4-open sets such that Q = U(aﬁ(a))a;x[: Ug B(a)-
Thus, by De Morgan’s Law, it follows that () = C (Q) = B(U(a,ﬁ(a))EI;xI,’; Z/{gﬁ(a)) =

ﬂ(aﬁ(a))a;xm C (Ug,ﬁ(a)) = ﬂ(a,ﬁ(a))elgxm Va,8(a)- This proves that 1. implies
1I.

- is a g-T4-open covering of 4. But since T is, by

I. < 1. Let (Uyo € g-O [TQDQEI* is a g-Tg-open covering of Ty. Then,
Q = Uaer+ Ug,a- Moreover, by De Mor;;an’s Law, 0 = C(Q) = C(Uper Uga) =
Naer: C (Z/{;a) = Naers Va.a- Thus, (Vg,a € 0K [Tg]>a€I; is a sequencg of g-%4-
closed sets and, by above, has an empty intersection. By hypothesis, it follows,

then, that there exists a finite subsequence <V97B(a)>(a o))l xIx of g-T4-closed

sets such that (¢, g(a))ersxr: Vo,8(a) = (). Thus, by virtue of De Morgan’s Law, it
results that © = C(0) = E(ﬂ(a,ﬁ(a))eI;xI; Ve8(a) = U(a,ﬂ(a))eI;xI; C (Vasta)) =
U(a’ﬁ(a))el* w1+ Ug.3(a)- Accordingly, T is a g—TL,A}-space g—‘I[gA] = (Q, g-T[gA]) and,
hence, 1. is implied by I1I. Q.E.D.
It might be conjectured that a g-% -closed set of a g—T[gA]—space is g-Tj-compact.
In actual fact this conjecture holds, as proved in the following proposition.
PROPOSITION 3.15. If Sy € g-K [Ty] be a g-T;-closed set of a g—TgA] -space g—‘IgA] =
(2, 0-TIA), then Sy € g-A [T,):
(3.6) Sy € oK [T, = S € g-A[T]
PROOF. Let it be assumed that S5 € g-K [T] is a g-T;-closed set of a g—’TLA]—space
g—‘IgA] = (Q,g—TgA]). Then, C(Sy) € g-O[T,]; that is, Q\ Sy is a g-T-open set

in g—TgA]. Let <Ug7a € g-0 [TgA]DaeI* be a g-T4-open covering of Sy in g-TLA]
and, for every a € I}, set LA{g,a = Uga U C(Sg). Then, <Z’A{97a>ael* is a g-%4-

open covering of ). But since g—TgA I = (Q, g—TgA]) is a g—’TgA]—space, there exists
a finite g-T4-open subcovering <Z/{g’19(a)>(a”’9(a))el; < (Z/Ig,a>aelg such that

><I19<g>

QC U(a,ﬂ(a))e[;x]* Z/A{gﬂg(a), where Z/Alg,lg(a) = ugﬂg(a)uﬁ (Sy) for every (o, ¥ (o)) €

9 (o)
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is a finite g-T4-open subcovering of

15 X Ij(5- Therefore, <ugﬂ9(a)>(a,19(a))€I;><I:;(g)

Sg. Hence, Sy € g-A [T4]. The proof of the proposition is complete. Q.E.D.

Another way of stating the notion of g-7 j-compactness is by the aid of the notion
of finite intersection property.

DEFINITION 3.16. A sequence (Sg o € g-S [Tg]>O¢EI* of g-%,-sets is said to have

the ”finite intersection property” if and only if every finite subsequence of the type

<ngﬁ(0‘)>(a,ﬁ(oc))el;><]; has a non-empty intersection:

(3.7) V<ngﬁ(a)>(a,ﬁ(o¢))elg 1z = <Sg’a>a61; : ﬂ Sga) # 0.
(o, B(@))Els < I},
Granted the above definition, we can now state the notion of g-7 j-compactness

in terms of the families of g-7 j-closed sets of a g—TgH)—space.

THEOREM 3.17. A g—TgH)—space g—TéH) = (Q,g—TgH)) is a g—’T[gA] -space g—‘IgA] =
(Q,g—TgA]) if and only if every sequence <Vg,a € g-K [‘Ig]>a61; of g-%T4-closed sets
which has the finite intersection property has a non-empty intersection.

PROOF. Necessity. Let the g—TéH)—space g—‘IgH) = (Q,g—TgH)) be a g—TLA]—space
o T = (Q.¢-TIY), and let (Vg0 € gK[Ty]), ;.
sets g—‘IéH) such that {J,cr. Voo = 0. For every o€ Iz, set Uy o = C(Vy,0), and
consider the sequence <Z/[g’a € g-0 [Tg]>a61; of g-T4-open sets. Since Uael; Uy o =
UaeI;E(Vg,a) = E(naelg; Vga) = Q, it follows that (Ug e € g-O [T9]>aelg is a
g-T4-open covering of g—TéH). But g—TéH) isa g—TgA}—space g—T[gA] = (Q, g—T[gA]) and,
therefore, there exists a g-%;-open subcovering <Ug,5 Uga €
g-O [‘Ig]>a61; such that

Q= U U = U C0Vsw)

(a,B(ev)) €I %I} (a,B())€Tr XTI}

C( N vg,ﬁ(a)).

(e.B(a))els < I

be a sequence of g-T4-closed

(a)>(a,ﬁ(a))€I; xIx (

This implies that ﬂ(a Blayyersxix Vo,la) = (). Hence, it follows that, if a sequence
<Vg,a € g-K [Sg]>a eI of g-T4-closed sets of g—‘ZgH) has the finite intersection prop-
erty, then ﬂ(a,ﬁ(a))elgxI;; Va,6(a) # 0.

Sufficiency. Conversely, suppose that g—TéH) = (Q,g—TgH)) is a g—Tf}H)—space
in which every sequence <Vg’a € g-K [Tg]>a el of g-Tg4-closed sets which has the
finite intersection property has a non-empty intersection. Then, for every sub-
sequence <Vg7ﬁ(04)>(a Blayersxiz = <V970‘>ae1* of g-T,-closed sets, the relation
ﬂ(aﬁ(a))e[*xl* Va,8(a) 7# 0 holds. Consequently, (,c;+ Vg,o # 0. In other words,
Naslaner:xr: Vo.ba) # 0 for every Iy C I} implies e/« Voo # 0. But
this is the contrapositive statement of (,.;. Vg = 0 implies that there ex-
ists I} C I such that ﬂ(a,ﬁ(a))el;xI; Vasa) = 0. It results that, every se-
quence (Vg € g-K [TQDQGI* of g-Tg-closed sets of Ty, (,cr« Voo = 0 implies


https://doi.org/10.20944/preprints201903.0199.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 20 March 2019 d0i:10.20944/preprints201903.0199.v1

THEORY OF g-T,-COMPACTNESS 19
(Vg,a € K [‘Zg]>ael* contains a finite subsequence <Vg)5(a)>(a sayyersxrs Of Fg
closed sets with (N, s(a)erzxr: Vobla) = (. Hence, g-‘IéH) is a g_T[gALspace
Q'ZE;A] = (2,-THY). Q.E.D.

An interesting remark may well be given at this stage.

REMARK 3.18. In particular, if the g-7 gH)—space g—TgH) = (9, g—TgH)) is a g—T,[JA]—
space g-‘I[gA] = (Q,g-T[gA]) and the elements of (Vo € g-K [‘IQDQEI* forms a
descending sequence Vg1 D Vgo D -+ D Vyo D -+ of non-empty gfig—closed
sets, then ﬂael; Vg.a 7 0. Such property in its own right is weaker than g-%-
compactness. In fact, it indicates the sense in which g-%4-compactness asserts that
the g—TgH)—space g—TéH) has enough points, namely, at least enough points to yield
one point in each such intersection of a descending sequence Vg1 D Vg2 D -+ D
Vg,a D -+ of non-empty g-T4-closed sets.

The notion of g-T,-compactness may be characterized in terms of g-7g-open
neighborhood in the following manner.

THEOREM 3.19. A necessary and sufficient conditions for a Tg-space Ty = (2, Ty)
to be a g—TgA]-space g—‘ZgA] = (Q,g—TgA]) is that, whenever for each £ € T4 a g-Ty-
open neighborhood of € is given, there is a finite collection C¢ = {&, :n € I} of
points &1, Ea, ..., & € Ty such that = U&ECE op, (Og.e)-

PROOF. Necessity. Suppose T4 is a g—TgA]—Space g—TgA] = (Q,g—TgA]). Let there
be given for each { € T a g-T4-open neighborhood of §. For each £ € T, there is
a Tg-open set Uy ¢ C Ty satistying § € Uy e C opy (Og,¢). Thus, for every ¢ € Ty,

Uge € g-O[Ty] and, consequently, (Ug e € g-O [Ci'g]>£€i is a g-Ty-open covering
g

of 4. Since Ty is a g—TLA]—space g—‘ILA] = (Q,g—TgA]), there is a finite g-%4-open

subcovering <Z/lg@ € g-O [Tg]%e];. But, forevery u € I, §,, € Ug e, C opg (Ogvﬁu)v

whence Q = ,c- 0pg(Oge,) = Ugee, 0Pg (Ogie)-
Sufficiency. Conversely, suppose that whenever, for each £ € T, a g-Tg-open
neighborhood of & is given, there is a finite collection C¢ = {§,, : n € I'} of points

&1, &, ..., & € Ty such that Q = UfECE opg (Og¢). Let (Uya € g-O [‘Zg]>a61;

be a g-Ty-open covering of Ty. Then for each & € T, there exists an a = a (§)
such that € € Uy o(¢), and hence, Uy (¢) = op, (O ¢) for every (€, a (§)) € Ty x I;.
By hypothesis, there is, then, a finite collection C¢ = {§,, : n € I} of points &1, &,
..., &n € T4 such that ) = U€€C§ Ug,a(¢) and thus, Ty is a g-TgA]—space g-‘IL‘A] =

(Q,g—TgA]). Q.E.D.
In the following statements, the notion of g-Tj-compactness is related to the

g- T o-axioms of their g—’Téa)—spaces.

LEMMA 3.20. If Sg € g-A[%] be a g-T4-compact set of a g-TéH)-space g—‘IéH) =

(Q,g—TgH)) and suppose & ¢ Sy, then there exists (U o,Uy,s) € 8-0 [T4] x g-O [T]

such that ({5} ,Sg) g (ug,ouug,ﬁ) and ﬂ#:a,ﬂ ug,,u, = (Z)

PROOF. Let S5 € g-A[Ty] be a g-Ty-compact set of a g—’TgH)—space g—‘}ng) =

(Q,g—TgH)) and suppose & ¢ Sg. Since § ¢ Sy, it results that ( € Sy implies
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¢ ¢ {¢}. But by hypothesis, T, is a g—TgH)—space g—SgH) = (Q,g—TéH)) and there-
fore, there exists (Z/lg)g,l;{g’c) € g-O [T4] x g-O [T4] such that (£,¢) € Uy x Uy ¢ and
Uy c NUgc = 0. Hence, it follows that Sy C Uces, Uy ¢, meaning that <Z’A{9’C>ge$g
is a g-Tg-open covering of Sy. But Sy € g-A[Ty]. Consequently, there exists

<u97<(u)>(#,g(,t))e[;x5g = <u9,4>gesg such that Sy C U(H,((u))EI;XSg Ug,c(u)- Now
let

Uga = ﬂ ug,((u)7 Uyp = U ag,c(#)'
(1:C(1))ETE X Sg (1,C () ETE X S
It is evidently that, (Ug,a,Uss) € 8-O[Tg] x g-O[T4], since (Z/{g7<(u),Z/A{g7C(M)) €
g-0[T,] x g-O[Ty] for every (u,((n)) € I; x Sg. Furthermore, ({¢},S;) C
(ng@,lxlg,g), since § € Uy ¢ () for every (u, ¢ (1)) € I} x Sy. Lastly, let it be claimed
that (,_, sUsu = 0. Then, Uy ¢, ﬂl;lg)g(u) = ) for every (u,¢(n)) € I} x Sy
which, in turn, implies that Uy o NUg ¢,y = O for every (i, (1)) € I} x Sy. Hence,

m Ugp =Uga N < U ag,((u)) = U (usva ﬂag,((u))

n=a,p (1:¢(p))EI; X Sq (1,C(1))ELE X Sg

= U 0=0.

(1, (W) €15 % Sq

This completes the proof of the lemma. Q.E.D.

THEOREM 3.21. Let Sy € g-A [T4] be a g-T4-compact set of a g—TéH)—space g—SgH) =
(Q,g-TgH)). If € ¢ Sy, then there exists a g-Ty-open set Uy € g-O [T4] such that
£ €Uy CC(Sy).

PROOF. Let S5 € g-A[Ty] be a g-Ty-compact set of a g—TgH)—space g—TgH) =
(Q,g-TgH)) and suppose § ¢ Sy. Since T is a g-TgH)—space g-‘IgH) = (Q,g-TgH)),
there exists then (Ug,U,) € g-O [T,] x g-O [Ty] such that ({¢},S,) C (Z/{gJ:{g) and
Uy NUy = 0. Hence, Uy NSy = O and consequently, & € Uy C C(S,). This proves
the theorem. Q.E.D.

PROPOSITION 3.22. If S5 € g-A[T,] be a g-Ty-compact set of a g—’TéH)—space
g-T = (Q,0-TW), then Sy € g-K [T,] in g-TI.

PROOF. Let S; € g-A[Ty] be a g-Ty-compact set of a g—’TgH)—space g-‘ZgH) =
(2, g—TgH)). It must be proved that Sy € g-K[T,] which is equivalent to prove
that C(S,) € g-O[T,] in g—‘IgH). Let £ € 0(S,); that is, £ & S,. Since € ¢ Sy there
exists a g-Ty-open set Uy ¢ € g-O [T,] such that £ € Uy e C C(S,). Consequently,
C(Ss) = Ugeg(s,) Us.e- Therefore, C(Sy) € g-O[Ty], since Uy ¢ € g-O[T] for every
¢ € 0(S,). Hence, S, € g-K[T,] in g—‘EgH). This proves the proposition.  Q.E.D.
LEMMA 3.23. If T4 = (Q,Ty) be a Tq-space whose g-topology Ty : P (1) — P () is
cofinite on €2, then Ty is a g—TgA] -space g—‘ZLA] = (Q,g—TgA]),

PROOF. Let Ty = (Q,74) be a Tyg-space whose g-topology Ty : P (2) — P (Q)

is cofinite on Q and suppose <Z/lg’a € g0 [‘IQDQGI* be a g-Tg-open covering of
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Q. Then, C(Uy.a) € g-K[T, for any chosen o € I%. Furthermore, since Ty :
P(Q) — P () is cofinite on Q, Uy q, it follows that, for every a € I, C(Uy.a)

is a finite g-Ty-closed set. Set C(Uy.n) = {fﬁ(a) s (o, B(a)) € IE % I;;(O_)}. Since
<u970¢ € g_O [T9]>ae[;
§p(a) € C (Uy,o) implies the existence of Ug ~(a), Where <Z’{E»’Y(a)>(a 7(

is a g-Tg-open covering of €, for every (o, B (a)) € 15 x I,

a))eI;xI;(o)
<Mg7a>ael;’ satisfying £g(a) € Ug(a)- Hence, b (Uga) C U(a,y(a))elg;x[* Uy (a)

(o)
and therefore,

Q=Ug 0 UC (Ug.a) =Uga U ( U ugw(a))'

(a,y())el: XI’)‘:(U)

Thus, T4 is a g—TgA]-Space g-figA] = (Q, g-TLA]). This completes the proof of the
lemma. Q.E.D.

THEOREM 3.24. If (Ry,Sy) € 9-A [T4] X g-A [T4] be a pair of disjoint g-Tg-compact
sets of a g—TgH)-space g-‘IgH) = (Q,g—TéH)), then there exists a pair (Ug,o,Ug p) €
g-O [T4] x g-O [T,] of disjoint g-Tg-open sets such that (Rg,Sq) € (Ug,aUyg,p)-

PROOF. Let (Rq,Sy) € g-A [T4] x g-A [T,4] be a pair of disjoint g-T4-compact sets of
a g—TgH)—space g—‘SgH) = (9, g—TgH)) and suppose £ € Ry. Then, since RgNS, = 0,
it results that £ ¢ Sy;. But by hypothesis, Sg € g-A [%4] and consequently, there
exists (Ug,g,lflg,g) € g-0[Ty] x g-O[T,] such that ({¢},S;) C (Z/Ig,g,lflg,g) and
Ug.e NUy e = 0. Since € € Uy, it follow that (Uy¢)
Rg4. Since Ry € g-A [T,], a g-T4-open subcovering

¢cer, 182 g-T4-open covering of

Uao©) € vieperonmr, = Unleer,

where 7A29 C Ry is finite, can be selected so that Ry C U(g,u(g))efzgxng Ug ()
Furthermore, &g C ﬂ(g,ﬁ(c))es},xsg ag719(§), where S'g C &4 is finite, since Sy C

Uy 9(¢) for every (¢, 9 (€)) € Sy x Sy Now let

Ugo = U Ugwie), Ugp = N U
(&v(§))ERGXRy (€9(€)) €Sy XSy
Observe that (Ry,Sg) € (Ug,a, Uy ). Moreover, (Uy.o,Ug p) € -0 [T4] x g-O [T],
since Uy ¢y € g-O[T] for every (§,v(&)) € Ry X Ry and, Z/A{g,,g(c) € g-O[%,]
for every (¢,9(¢)) € Sg X Sg. The proof of the theorem is complete when the
statement Uy Uy, 3 = () is proved. First observe that, for every (&, ¢, v (§),9 (¢)) €
Ry X Sg X Ry X Sy, the relation Uy ve) N LA{gﬂg(C) = () implies Uy ey N Uy = 0.

Consequently,
M U= ( U Ug,v@)) NUgp = U Uewe NUap)
p=a,B (€,0(€))ERG xRy (&v(€))€Rg xRy

N

(5#}(5))6739 XRg

This proves the theorem. Q.E.D.
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We next show that g-Ty-compactness is an absolute property that is preserved
under g-T4-continuous maps.

THEOREM 3.25. Let Tyo = (2, Tga) and Tys; = (X, Ty x) be Ty-spaces. If my :
Ta0 = Tgx is a g- (Tg0,Tq,n)-continuous map and, Sy € g-A[Ty0] in Tya,
then im(ﬂﬂ\sg.w) IS g—A[‘Eg,g] in Ty

PROOF. Let T30 = (2,75,0) and Ty = (X,7y,5n) be given Tg-spaces, mg €
8-C%Tg.0:Tg5], Sgw € 0-A[Tg0] in Ty o and, suppose <u970‘>ae1* be a g-T-open

covering of im(wgls ) in T4 5. Then,
g,w

Sguw C gt 07 (Sg) Sy (| Uga) € | 75" Uga) -

aclx a€lx
Thus, <7'r;1 (ug,a)>a61;
0-C[Tq,0; Tgn] and, for every a € I}, Uyo € g-O[Ty 0] implies 7" (Uya) €
g-0O [Ty x]. But, the relation Sg. € g-A[Ty o] holds and, consequently, there

exists (my ! (Mg,lg(a))>(a’ﬁ(a))a;ﬂ$(o) < (mg! (Z,{g7a)>a61; such that the relation

is a g-T4-open covering of Sy, in Ty x, because my; €

Sgw C U(a,ﬂ(a))e];x[* 71'51 (Ug,9(a)) holds. Accordingly,

9 (o)

7y (Sgw) C mg 0 %_1( U Mgﬂ?(a)> - U Ug,5(a)-
(e, 9(

a))el: XI5 ) (a,ﬂ(a))eI;xI;(g>

is a g-T4-open subcovering of im (7Tg | Sg,w) and hence,

Thus, <ug,19(a) >(a,19(a))€[:; Xls(a)

im(7g s ) € 8-A[Tys] in Ty s, The proof of the theorem is complete.  Q.E.D.

We now show that g-Tj-compactness is an absolute property that is also pre-
served under g-%g-irresolute maps.

THEOREM 3.26. Let Sg C Ty be a Ty-set and let my € g-1[T50; Ty 5] be a
g- (Tg,0, Ty n)-irresolute map, where Tga = (Q,Tg.0) and Tgx = (£,7Tyxn) are
Ty-spaces. If Sg., € g—A[TQ], then im(7rg|$g w) € g-A [Tg;;].

PROOF. Let Sy, C Tg.0beaTg-setandlet mg € g-1[T; 0; %y x| beag-(Tg.0,Tq5)-
irresolute map, where Ty 0 = (2,75,0) and Ty 5 = (X, Ty xn) are Tg-spaces. Sup-
pose Sgw € g-A[Tq], let (U € g-O [SEDQQ* be any g-Tg-open covering of
Ty (Sg.w) € Tgx. Then, since 7y € g-1 [3975);{3:97;], it follows, evidently, that the

relation Sg . Jqer 71';1 (Ug,) holds. On the other hand, since Sy, € g-A [TQ],

it results that, a g-Tg-open subcovering <u9ﬂ9(04)>(a,19(a))el;xI;(a) =< <ug’o‘>a€I;

exists such that the relation Sg C U, a)ersxT;, )W;l(ug719(a)) holds. Con-
’ o 9 (o

sequently, it follows, then, that 7y (Sg.,) C U(a,ﬂ(a)) Uy, 9(a) and, hence,

€IzxIy

im(wglsg,w) € g-A [‘3972]. The proof of the theorem is complete. Q.E.D.

LEMMA 3.27. Let g—TLA] = (Q,g—TgA]) be a g—TgA] -space. If S € g-K [g—T[gA]], then
Sg € g-A [g—‘ZgA}] in g—‘ILA].

PROOF. Let g—igA] = (Q,g—TgA]) be a g-T[gA]—space and suppose Sy € g-K [g—‘I A]].

g
Suppose <L{g’a € g-O [g—féA]D be a g—TLA]—open covering of Sy, then O =

aclx
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(UaeI; Ug,a) UL (Sg) = UaeI; (Ug,a UC (Sy)), meaning that (U o UC (Sg)>aelg isa
g—‘IgA]—open covering of Sy because, Sy € g-K [g—‘IgA]] implies C(S,) € g-O [g—‘I[gA]].
On the other hand, g—ELA] is, by hypothesis, a g—TLA]—space. Thus, there exists
= <u97a>a61; such that Q = (U(a,ﬁ(a))ef*ng(a) Uy o(a)) U

Ug,9(a)- This shows

<u9719(a)>(a,19(a))61*><15( ”

[:(Sg) But Sg ﬂ[:( ) = @ and, hence, Sg g U(a,ﬂ(a EI* XI;( ,

that any g—‘ILA]—open covering <Z/lg,a ul (Sg)> of §4 contains a finite g—‘IgA]—open

aclx
Al A
cd(a) eIz x 5, and hence, S € g-A [g—Tg ]] in g—Tg I The

proof of the lemma is complete. Q.E.D.

subcovering <Ug,ﬂ(a)>(

THEOREM 3.28. Let g- TLAglz = (Q g- TQAQ) be a g- T[A]-space and let g- ‘I(H) =
( T(E) be agT(H -space. If the g-T -map 7 : gf o g‘I(E s a one-
one g- (g—T[gj?gl, 9—3972)—contmuous map, then g- Tg s]z =7 (g—igl?ﬂ).

PROOF. Let g—‘E[gl}]l = (Q,g—T[Ef(]z) be a g—T[gA]—space and let g—fg{g = (Z,g—TSIE))

A . A

be a g- T(H) -space, and suppose 7y : g- T[ I g- TS{E) is a one-one g- (g—‘ZL’g]), g—‘I;I’{Z))—
continuous map. Clearly, 4 : g- ‘I[A] — g- T( s, is onto, and since it is, by hypothesis
a one-one g- (g—‘fﬁ}lz, g—‘I%E)—contlnuous map, it follows that 7 L. g- T(H) - g- T[A}
exists. It must be shown that 7r_1 € g-C [g S;HE), g- ‘IL%]. It must be shown that
myh € g-Clo-T\ Y g-Th ] Recall that my ! : g-TUN — g-TLy, is g-(g-T\ 3, 0-Th g )-
continuous if and only if, for every Ky € g—TE:}]z, (w;l)fl (Kgw) = mg (Kgw) €
oK [g-Ty 0] and my (Kg) C im(rgs). Clearly, Kqo 2 m0pg (Kguw), 50 Ky €
g-K[g-TM]. But, Ky € o-K[g- T[A]] implies g € g-A[g-T] in TP Fur-
thermore, since 7y € g—C[g ‘ZgAg]z,g Tg 2] it follows that 74 (Kg.w) € g- A[g S(H)]
and g (Kg o) C im(mg)y;)- But Ty (Kgw) € g-Alg- ‘E(H)] implies Sy € g-K[g-T(V].
Accordingly, 77! € g-C [g Tg ! T[A] ] and hence, g- Tg Q=T (g—‘Z[gi"g]l). The proof
of the theorem is complete. Q.E.D.

A g—TgA]—Space coincides with a g—’TéH)—space upon satisfaction of some condition
as given in the following proposition.

PROPOSITION 3.29. Let g—TgA] = (Q,g—TgA]) be a g—TgA]-SPaCB and let G-Q(gH) =
(2,07 be a g-TM-space. If g-T 2 g-T(V, then g-TIN = g- 7.

PROOF. Let g—‘SgA] = (2,0-T) be a g-TM-space and g-T( = (Q,g-TV),
a g_TgH)-Spac& and suppose g—T[gA] ) g—’Tg}’I). Further, consider the g-T -map
a0 T g T dofned by m () = & Since o.T4) 2 0T, forevery O €
g—Tg{{), there exist Oy y(a) € 8- T[A] such that 75" (Og 9(a)) = Og.a C 0Py (Og.a)-
Consequently, 7y : ‘ILAQI - g- 3:(2) is a one-one and onto g- ( —T[g%,g—‘fglz))—
continuous map from a g- ’7'g -space g- gg,slz to a g—TéH)—Space g—fg’z) and therefore,
g T[Ag]z =~ 7y (g T[A]) Hence, g—TLA] = g—Té{{). The proof of the proposition is
complete Q.E.D.
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Below is defined a new concept called g-Tj-accumulation point, by means of
which further characterisation on g-T -compactness can be establised.

DEFINITION 3.30 (g-%,;-Accumulation Point). A point § € T, of a Ty-space Ty =
(2, Ty) is called a ”g-T -accumulation point” (or, ”g-T;-limit point,” ”g-T ;-cluster
point,” ”g-T -derived point”) of a Tg-set Sy C T4 of Ty if and only if every g%y
open set Uy ¢ € g-O [T4] containing & (whether £ € S; or £ ¢ Sy) contains at least
a point ¢ € Sy \ {¢}:

(3.8) §€Uye € g-0[Ty] = SgN (Uge \ {€}) #0.

The set of all g-T -accumulation points, denoted by derg (Sg) C Fy, is called the
7g-T ;-derived set of S.”

Making use of the notion of g-% -accumulation point, we further introduce an-
other concept called countable g-% -compactness, possessed by all g-T -compact
sets.

DEFINITION 3.31. A Tg-set S; C T4 of a Tg-space Ty = (Q,7,) is said to be
"countably g-T -compact” if and only if every infinite Tg-subset Ry C Sy of Sy has
at least one g-T -accumulation point § € Sg.

The statement relating the notions of g-%T -compactness and countable g-% ;-
compactness is contained in the following theorem.

THEOREM 3.32. If Sy € g-A [T4] be a g-T;-compact set of a Ty-space Ty = (2, Ty),
then it is also countably g-% -compact in Zy.

PrOOF. Let Sy € g-A [Ty be a g-T -compact set of a Tg-space Ty = (€2, 7;) and,
suppose Ry C Sy be any infinite T4-subset of Sy. Equivalently proved, it must be
shown that, the assumption that R4 has no g-T ;-accumulation point £ € S; leads to
a contradiction. Since Ry C Sy is, by assumption, an infinite Ty-subset of Sy with
no g-%g-accumulation point § € Sy, it follows, then, that, for every £ € Sy, there
exists a g-T -open set Uy ¢ € g-O [T4] which contains at most one point ¢ € Ry.

It may be remarked, in passing, that <Z/{g’§> is a g-Tj-open covering of the

€€S,
g-T,-compact set Sy € g-A [Ty] for, Sy C Ugesg Uy ¢. Consequently, there exists a
(€,0(6))ES, xS =< <Z/lg,a>aeI:, where Sy CASE“ such
Rg - Sg - U(g,ﬂ(g))esgxég ugﬂ(f)- Buta for every (5719(5)) € SH X SQ’ Z/{gﬁ(g)
contains at most one point ( € Ry. Therefore, the infinite Ty-subset Ry of Sy,

g-T -open subcovering <ng719(§) >

satisfying Ry C U(g,ﬂ(g))esgx3g Ug,9(¢), can contain at most n = card(ég) < o0
points. Accordingly, it follows that every infinite T4-subset Ry C Sy of Sy contains
a g-Tg-accumulation point { € S;. Hence, S5 € g-A [T4] is also countably 0Ty
compact in Ty. This completes the proof of the theorem. Q.E.D.

An immediate consequence of the above theorem is the following corollary.

COROLLARY 3.33. Every Ty-space Ty, = (,7T4) having the property that every

countable g-Tj-open covering <Ug’a € g-0 [SGDaeI* of Ty contains a finite g-T ;-

(2
ottenersxiy,, < Uaaluer;

space g—TLA] = (Q,g—'TgA]).

open subcovering (Us o (a) ) of T4 is a countably G‘TE;A]'
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DEFINITION 3.34. A Tg-set S; C Ty of a Tg-space Ty = (2, 7) is "sequentially
g-T-compact” if and only if every sequence (£, € Sy), ;. in Sy contains a subse-

quence <§19(04)>(a,19(a))61* e = (§a>a61;o which converges to a point § € S

THEOREM 3.35. Let mg : Tg0 — Ty x be a g- (4,0, Ty,5)-continuous map, where
Tao = (0, Tg0) and Tg0 = (Q,Tga) are Ty-spaces. If Sg C Ty be a se-
quentially g-% -compact set in Ty o, then im(wg‘sg w) C Tq.x 18 also a sequentially
g-T4-compact set in Ty .

PROOF. Let my € g-C [T4.0; %4 5], where T30 = (2, Tg,0) and Ty 0 = (2, Tg,0) are
Tq-spaces, and suppose Sy C Tgq be a sequentially g-T -compact set in Ty q.
If <§a € Ty (Sg7w)>a€I;0 be a sequence in im(”msg,w) C %y x, then there exists
a sequence (§o € Sg),cp 0 Sy such 7y (§n) = (o that for every a € I3,. But,
by hypothesis, Sy C Tg,q is sequentially g-T -compact in Ty q. Therefore, there
exists a subsequence <§a>ael; =< <§0(°‘)>(avﬂ(a))€h§o><1;o which converges to a point
£ € Sg. On the other hand, 7y € g-C [T ;T4 x| and, therefore, 7y : Ty 0 — Ty 5 is
sequentially g- (T4 .0, Tq,5)-continuous. Consequently, <71'El (519((1)) >(a,19(oc))€[;o s =
<Cﬁ(a)>(a’ﬁ(a))el<§ox[& converges to mg (§) € im(wg|sw). Hence, it follows that

im(wglsgw) C Ty,» is sequentially g-T -compact in Ty 5. Q.E.D.

PROPOSITION 3.36. Let my : Tg0 — Tyx be a g-(Tq,0,%qx)-continuous map,
where Ty 0 = (Q,Tg,0) and Ty = (Q,Tg ) are Tg-spaces. If Sg. € g-A[Tq 0]
be a g-T;-compact set in Tqq, then im(7rg|5g w) € A%y 5] is also Ty-compact in
Ty5-
PROOF. Let 14 € g-C[Ty0; %y 5], where Ty o = (2, Tg0) and Ty 0 = (2, Tg.0)
are Ty-spaces, and suppose <Z/{g7a €O [TngDaeI* be a T-open covering of Sy, =
n
im(wglsgw) C Ty . Then, since the relation 7y € g-C [Ty ;%4 ] holds, it re-
sults that <7rg’1(1/{g7a)>a€1; .
O[%Fy0] € g-0[Fy0] Since Sy € g-A [Ty, a finite g-T-open subcovering
<7T;1(Ug,ﬂ(a)»(a,ﬁ(a))e[;XIg( ; <7rg*1(ug,a)>a€]:] exists, and such that, Sy, C
U(a da)el; xIy,, 7Tg_1 (ug,g(a)). Since mq € g-C [Ty 0;Ty,x], it follows, consequently,
’ n >ty
that g (Sg,w) - U(aﬁ(a))eli‘,xlg(n) Uy 9(a)- Therefore, <7r971(7/{g7a) €0 [TQ,ED
is a finite T4-open subcovering of Sy, C Ty x. Hence, im(ﬂ'ﬂ\sg,w) € A%, x] is
also T4-compact in Ty 5;. The proof of the proposition is complete. Q.E.D.

is a g-T,-open covering of Sy, = ;' (Sg,0), because

aEI;;

THEOREM 3.37. Let mg : Tg0 — Ty 5 be a g- (T4,0,Ty,5)-continuous map, where
Ta0 = (2, Tg,0) and Ty 0 = (Q, Tg0) are Ty-spaces. If Sq., C Tq 0 be a countably
g-T -compact set in Ty q, then im(7rg‘$U W) C Ty,» is also a countably g-T;-compact
set in Ty 5.

PROOF. Let 1y € g-C[Ty0;%y 5], where Ty o = (2, Tg0) and Ty 0 = (2, Tg.0)
are Tg-spaces, and suppose Sg, C Ty be a countably g-T -compact set in Ty q.
To prove that im(7rg|$g w) C T4,x is countably g-T -compact in Ty 5, let Sy, C
Ty (Sg.w) be an infinite Tj-subset of im(7rg|3g ). Then, a denumerable Tg-subset
Rgo = {Ca T € I:o} C 84,0 exists. Since Rys C Sq,0 € im(ﬂ'g\sg,w) =7g (Sg,w)s
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there exists a denumerable Tg-subset Ry, = {& @ a € IL} C Sy, with
Tg(€a) = (o for every o € I%,. But, by hypothesis, Sg., C Ty is countably
g-T -compact in Ty o, 80 Ry, contains a g-Tj-accumulation point § € Sy, Thus,
€ € Ry Uderg (Rgw) € Ry and my (§) € im(wglsgw) = 7y (Sgw); evidently,
derg (Rgw) € 9-K [T 0] and, therefore, a g-T-closed set Vg o, € g-K[T4 o] exists
such that, derg (Rg.,) = Vg,w. But, by hypothesis, 7y € g-C [T, ;T4 x]. Conse-
quently, mg (Rg,Uderg (Rgw)) C g (Rgw)Uderg(mg (Rgw)) = Rg,oUderg (Rg,o)-
But, £ € Ry Uderg (Rg.) and, therefore, 7y (§) € Rg,o U derg (Rg,»). Now,
g (§) € Ry, Uderg (Rg0), so let it be claimed that g (§) is a g-Tj-accumulation
point of Ry ,. There are, then, two cases, namely, £ ¢ Ry, and £ € Rg,.

I Case & ¢ Rgw- I € ¢ Ry, then my () ¢ (Rgw) = Ry,0. But, my(§) €
Rg,0 Uderg (Rg,s) and, consequently, mq (§) is a g-T j-accumulation point of Ry ..

1. Case £ € Ryw. If € € Ry, choose a p € I such that § = ¢,. Then, £ ¢
Ryw = {€a: a eIz \{u}} and, every g-T -open set Uy ¢ € g-O [Ty] containing &
contains at least a point £ € ﬁg’w ={&a: a€ I}, \{u}}and, therefore, £ is a g-T -
accumulation point of 7A€g,w. But, 74 (kg,w) = {¢a: a €I\ {u}} since, by hy-
pothesis, 74 (fa) = (o for every a € I5,. Thus, 74 (&) is a g-T;-accumulation point
of my(Rg.w) where, m4(Rgw) C Rgo. Moreover, since my(Rg. Uderg(Ryw)) C
Tg(Rgw) Uderg(mg(Row)) = R0 Uderg(Ryq,0), it follows that, g () is a g-T-
accumulation point of Ry ,. Since Ry, C Sgo C im(mg s, ) = g (Sgw), mg (§)
is also a g-T -accumulation point of Sy, and, 74 (§) € im(ﬂ-glsg,w) = Ty (Sg,w)-
Therefore, every infinite T4-subset Sy » C im(ﬂglsg,w) of my (Sg,.) contains a 9-Ty-
accumulation point in 74 (Sg,.,) and, hence, im(ﬂ'g‘ Sg,w) C %y,x is also a countably
g-T4-compact set in Ty x. The proof of the theorem is complete. Q.E.D.

PROPOSITION 3.38. If Sy C Ty be a sequentially g-Tj-compact set of a Ty-space
Ty = (0, Ty), then every countable g-T;-open covering (Ug,a € O [Tg]>aa; of
the g-Tj-compact set Sy is reducible to a finite g-T -open subcovering of the type
=< <Z/lg,a>a61; of Sg.

PROOF. Let it be assumed that §; C % is a sequentially g-T -compact infi-
nite set of a Tg-space Ty, = (Q,7y). Furthermore, assume that there exists a
countable g-T -open covering <Z/lgwa € g0 [Tg]>ael* of 8 with no finite g-%-

< (Ug,a)cp. Of Sg- Finally, introduce

<uw9(a) >(a,19(a))€[j; xI*

(o)

open subcovering <ugﬂ9(a)>(a,19(a))el;xlg( )
the sequence (£, € Sg) ;. and define its elements in the following manner. Let
9(1) € I;(U) C I be the smallest integer in I;;(U) such that SqNUy (1) # 0; choose
§1 € Sg NUyp(1)- Let 9(2) € I, C 17 be the least integer larger than ¥ (1) in
I;(J) such that Sg N Uy 92y # 0; choose & € (Sg nug,m)) \ (Sg OZ/{gﬂg(l)). Note
that, such a point § always exists, for otherwise Uy (1) covers Sy. Continuing in
this way, the properties of ({a),c - , for every a € I, \ {1}, are

o €S54 N Us 9(a)s o ¢ UVEI;—I (Sg ﬂugﬂg(,,)), d(a) > (a—1).
Let it be claimed that the sequence (£4) ¢

type <£ﬁ(a)>(a,ﬂ(a))elgo“; =< <§a>aelgo in Sy. Suppose ¢ € S, then there exists
a p € Ij,) such that § € Uy (). Now, Sg NUg9(u) # 0 since, § € Sg NUg 9(,)-

has no convergent subsequence of the
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Thus, there exists v € 13(0—) such that, Uy 9) = Ug 9(u)- But, by the properties

of the sequence (&,) a > ¥ (v) implies §, ¢ Uy y(u). Accordingly, since

acl?
£ € Uy, € g-O[T4] no subsequence <§ﬁ(a)>(a7ﬂ(a))d§ox[& =< <§a>aelgo of (@}ael&
converges to £ € Sg. But, { was arbitrary and, hence, S; C T4 is not sequentially
g-T4-compact in Ty. The proof of the proposition is complete. Q.E.D.

DEFINITION 3.39 (g-T,-Neighborhood). Let § € T4 be a point in a Tg-space Ty =
(Q2,Tg). A Tg-subset Ny C Ty of Ty is a "g-T -neighborhood of £” if and only if
N, is a Tg-superset of a g-T -open set Uy ¢ € g-O [T,] containing &:

(3.9) (&, Ng,Uge) € Ty x Ty x g-0[Tg] 1 £ €Uge CNG.
The class of all g-T -neighborhoods of § € T, defined as

def

(310)  gN[E{ = {N; CTy: (Fye € 0-0[Tg))[€ € Upe C NG|},
is called the ”g-% -neighborhood system of £.”

There exist 7Tg-spaces which are not g-% -compact, but have instead a local ver-
sion of g-T ;-compactness, and such local Tg-property, called local g-T ;-compactness,
is formalized in the following definition.

DEFINITION 3.40 (Locally g—‘Ig—Compact). A Tg-set S; C T4 of a Ty-space Ty =
(92, Ty) is said to be "locally g-T -compact” if and only if, given any (&, Nge) €
Sg x g—N €1, thereAis a g-T -neighborhood Ny € g-N[€] of € such that Ny ¢ C Nye
and Ny ¢ Uderg(Nge) € g-A [T4].

The localisation of g-T -compactness is the requirement that small g-%;-open
sets have the desired g-T -compactness property even though the 7g-space as a
whole may not. The following theorem shows that we are dealing with a valid
generalization of g—Tg—compactness.

THEOREM 3.41. If Sy € g-A [T4] be a g-T;-compact set of a Ty-space Ty = (2, Ty),
then it is also locally g-% ;-compact in Ty.

PrOOF. Let S5 € g-A[Ty| be a g-T -compact set of a Tg-space Ty = (£, T).

Since Sy € g-A[T,], for every g-T -open covering (Uga € g-O [ngael*’ there

exists a g-T -open subcovering <u9719(a)>(a 9(a))El: < <Z/lg,a>ael* such that

XI;(U)

Sy C U(a,ﬂ(a))eI;xI;;(U) Ug,9(a)- 1t is clear that, for every £ € S, there exists Uy ¢ €
g-O [Tq] such that SgNldy,¢ = Uy y(a)Us,¢ for some (o, ¥ () € Izx 15, For every
(a, &9 (), v(a,&)) € Ik x S x 150y X L5 0)5 8€6 Uy u(a,e) = Ugo(a) N Ug,c. Then,
since (Ug,p(a)Us,e) € 8-0[Tg] x g-O [T,] for every (a,&, 0 () € 17 x Sy x I3y
there exists, for every (o, €, 9 (o)) € I3 xS, xlg(a), a pair ((’)g’,g(a), C’)g’g) € TgxTq of
Tg-open sets such that, (ug,ﬁ(a),ug,g) - (opg ((’)gﬂg(a))mpg ((’)g’g)). Consequently,

Ug w(o,e) = Ug o) NUae S 0Pg(Ogia)) Nopg(Ogie)

0Py (Og,0(a) N Og.g) = 0Py (Ogu(ae))
where Uy o (a,¢) = Ug,9(a)Ug e Tor every (o, §,9 (a) ,v (o, §)) € 15x S ><I§(0) xI*

v(o)*

Therefore, Uy (a,e) € §-O[T,] for every (o, &, 9 (o) ,v (o, §)) € I x S x I;,‘(U) X

N
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I3, But since & € Uy p(a,e) © Uy 9(a,e) U derg Uy o(ae)) and Us o(a) O Ug a(ae) U

derg Uy 9(ae)) € 8-A[Tg], it results that,

€ € Ug (o) C Ugo(aey Uderg(Usviae)) CUgi(a)-

Thus, given any (&,Z/lwg(a)) € S5 x g-O[Ty], there is a g-T -open neighborhood
Uy 9(a,e) € 8-N[€] of € such that Uy g(a.e) C Uy o) and Uy g(a) U derg (U o)) €
g-A[T,]. Hence, Sy € g-A [Ty implies that it is also locally g-T -compact in Ty.
The proof of the theorem is complete. Q.E.D.

By virtue of the above theorem, it follows that a g-Tj-compact set of a Tg-space
has a g-Tj-open covering necessarily. This is embodied in the following corollary.

COROLLARY 3.42. Every Ty-space Ty = (,Ty) having the property that every

local g-%4-open covering <Ug,a € g0 [‘Iﬂ}ael* of Ty contains a finite g-%;-open

subcovering <Z/{gﬂg(a)> =< <Ug,a>aej* of Tq is a locally g—TgA] -space

g T = (Q,g-TH).

(e,9())eT: XI5 oy

For g- (%4,0,%y,x)-continuous maps, the following theorem, which shows that
local g-T -compactness is a Tg-invariant, presents itself.

THEOREM 3.43. Let mg : Tg0 — Ty x be a g- (4,0, Ty,5n)-continuous map, where
T = (2 Tg0) and Ty = (2, Tg,0) are Tg-spaces. If Sg., C Ty.a be a locally
g-T -compact set in Tq q, then im(ﬂg\sg,w) C Zg,3 1s also a locally g-%;-compact
set in Ty 5.

PROOF. Let 1y € g-C[T4.0;Fg 5], where Ty o = (2, Tg.0) and Ty 0 = (Q, Tg,0) are
Tg-spaces, and suppose Sy, C Ty o be locally g-T -compact in Tg . Since Sy
is locally g-T -compact, for any given (f,./\/'gﬁ) € Sgw X g-N[{], there is a g-T -
neighborhood Ny ¢ € g-N[¢] of € such that Ny e C Nye and Ny¢ Uderg(Nye) €
g-A[Tg,0]. Consequently, £ € ./\A/g,g c /\7975 U derg (./\Afg,g) C Ny,e and thus, 74 (€) €
1y (Noe) € WQ(J\A/‘E,{U derg(Nye)) C mg(Nge) But, mg(Npe U derg(Nye)) C

g (Ng,e) Uy (derg (Ny.e)) because, by hypothesis, g € g-C [T4,0; Tq,5]. Therefore,

Ty (§) € 7y ('/\7975) Tg (Ng,f U derg (Ng,é))
Tg (Ng,é) U derg (”9(/\79,5)) C WB(NQ,E)'

N

N

Since /\A/'g,g C Tg,0 is a g-Ty-neighborhood in Ty o containing § € Sy C g0,
Ty (/\79,5) C Tyx is a g-T-neighborhood in Ty 5 containing 74 (§) € w4 (Sgw) €
TAQ’E' Now Tg (/\79,5) U derg (g (./\A/'gyg)) € g-A[Ty x| by virtue of the statements
Ny Uderg(Nge) € g-A[Tg0] and my € g-C[Tg.0;Tq,n]. In other words, for any
given (7 (€), 74 (Ngc)) = (¢, Na¢) € S0 X g-N[(], there is a g-T -neighborhood
WQ(NQ,S) = Ny N g-N[¢] of mg (§) =G Sl}Ch that ﬁE(ANEaE) = Ng¢ € Ny =
g (Ng,¢) and mg (g ) Uderg (g (Nyg)) = N, Uderg (Ngc) € g-A[Tg,5]. There-
fore, Sqo C Tyx is locally g-T -compact in Tyxn. But, Sgo = 74 (Sgw) =
im(ﬂglsg,u)' Hence, im(ﬂglsg,w) C Tg» is locally g-%T -compact in Ty 5. The
proof of the theorem is complete. Q.E.D.
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The categorical classifications of T-compactness and g-T-compactness in the 7T -
space T C Ty and, Ty-compactness and g-T -compactness in the Tg-space T, are
discussed and diagrammed on this basis in the next sections.

4. DISCUSSION

4.1. CATEGORICAL CLASSIFICATIONS. Having adopted a categorical approach in
the classifications of the Tg-property called g-T -compactness in the 7g-space Ty,
the dual purposes of the this section are firstly, to establish the various relation-
ships amongst the elements of the sequences <g—u—T£§E] = (97 g—V—’T[gE])>V €19 and
<g—1/—S[E] = (Q, g—u—’T[E])>V ¢ o of g—V—TLE]—spaces and g-v-T1Fl-spaces, respectively,
where E € {A,CA,SA, LA}, a3nd secondly, to illustrate them through diagrams.

Let Oy € Ty be any Tg-open set in a Tg-space Ty = (,7,) and, for every

€ I3, let there exist a p € I such that the relation opy , (Og) C op, , (Of)
holds. Then, since Oy C opy , (Og) for every v € 19, it follows that T g-openness
implies g-v-Tg-openness and the latter, in turn, implies g-v-%g-openness. But since
the statement that g-Tj-compactness implies Ty-compactness is a consequence of
the statement that Tj-openness implies g-Tg-openness, it evidently follows that,
g-v-Tg-compactness implies g-v-Tg-compactness and the latter, in turn, implies
T 4-compactness. On the other hand, for every Tg-open set S; C T4, the relation
intg (Sy) C clgointy (Sy) C clgointyocly (Sg) 2 intg o cly (Sq) holds (see Theory of
g-T4-Sets). Consequently,

ODPg,0 (Sg) C 0pg1 (59) C opg 3 (Sg) 2 OPg.2 (Sg) VSy C Ty.

Therefore, from the statement that, g-Tg-openness of category 0 implies g-Tg-
openness of category 1, it results that, g-T -compactness of category 1 implies
g-T4-compactness of category 0; from the statement that, g-Tj-openness of category
1 implies g-T4-openness of category 3, it results that, g-T4-compactness of category
3 implies g-T4-compactness of category 1; from the statement that, g-Ty-openness
of category 2 implies g-T4-openness of category 3, it results that, g-Tj-compactness
of category 3 implies g-T4-compactness of category 1. Thus, if Uy C Ty is a g-Ty-
open set then, with respect to g-Ty-openness, the following system of implications
holds:

Uy € g-0-0[T,] = Uy € g-1-0[T,]
\
Uy € g-2-0[T,] = Uy € g-3-0[T,];
Such system with respect to g-%;-compactness, in turn, implies the following system
of implications:
Sy € g-0-0[Ty] = S, €¢1-0[F]
1)
Sy € 9-2-0[T,] = S, €9¢-3-0[F,].
For visualization, a so-called categorical compactness diagram, expressing the var-
ious relationships amongst the classes of g-T-compact and g-T4-compact sets, is

presented in FIG. 1. According to the previous section, it is plain that, Tg4-
compactness in the ordinary sense implies both countable T -compactness in the
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g-0-A [¥ glA g-3-A [T, — g-2-A[T
g-0-A [¥ glA g-3-A[T) —> ¢g2-A[T

N

FIGURE 1. Relationships: classes of g-T-compact and g-%g4-
compact sets.

ordinary sense and local countable Tj-compactness in the ordinary sense; sequen-
tial Tg-compactness in the ordinary sense implies countable T4-compactness in the
ordinary sense. Moreover, the following implications also hold: g—‘IIgA +— g—ig,
g—igCA — g—‘Iﬁﬂ and g—‘IgA — g—EES;A. Since the relation TF! g—‘I[E] holds for
every E € {A,CA,SA,LA}, taking this last statement together with those pre-
ceding it into account, another compactness diagram is obtained. The diagram
presented in FiGc. 2 illustrates the various relationships amongst the elements of
<g S >E6A and <T[E]>E6A, where A = {A, CA,SA,LA}. It is interesting to present
a thlrd compactness diagram illustrating both the implications and the categori-
cal classifications of the elements of <g—V—SLE]> where v € I3 and, obviously,

A ={A,CA,SA,LA}.
g7l €— T — T — T

EeA?

T EIL Al SL—IA] > TLCA] . T[gSA]
FIGURE 2. Relationships: g-%T -compact spaces and Tg-compact spaces.

For each v € I9, it is immediate that these implications hold: g—I/—TgLA] —
g—V—TLA ], g—y—‘ZLCA L. g—V—ELA ], and g—V—SLCA I g—y—‘SLSA I, Furthermore, for each
E e A = {A,CA,SA,LA}, it is also plain that these implications hold: g—O—TgE] —
g-1- ‘I , g-1- ‘S[E] +— g-3- f[E and g-2- ‘I Bl g—S-TLE]. When all these implications
are taken into con81derat10n the resultmg compactness diagram so obtained is that
presented in F1G. 3. It is reasonably correct to call them g-TLE]-spaces of type E
and of category v, where (v,E) € I x {A,CA,SA,LA}. As in the papers of [16],
[18], and [34], among others, the manner we have positioned the arrows is solely to
stress that, in general, none of the implications in F1Gs 1, 2 and 3 is reversible.
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0-0-T N e— ¢ 1T e 03T g2

00T e g 1T g3 TP 5 gogBPA

FIGURE 3. Relationships: g-% -compact spaces.

In order to exemplify the notion of g—‘ILE]—spaces of type E and of category v,
where (v, E) € I9 x {A, CA,SA, LA}, a nice application is presented in the following
section.

4.2. A NICE APPLICATION. Focusing on basic concepts from the standpoint of the
theory of g-%4-compactness, we shall now present a nice application comprising of
some interesting cases.

Let 74 : P(Q) — P () be the g-topology on Q@ = (0,1) C R (set of real
numbers) generated by Tg-open and Tg-closed sets belonging to:

T € {0 (wef;\fg)ﬁog,u_@]v[ow_@,l_1)})};

L
def " " 1 1
“Tg = Kgu: (Vpe L \IL)|[Kepu=9]V |Kgp=C ;,1—; ,
respectively. Clearly, the g-topology Ty : P (Q) — P (Q) satisfies the relations

1 1
Tg (0) =0, Tg(Og,) € <M, 1-— M) = Oy, and, moreover, E(nueI;\I; Ogu) =

ﬂueI;\I;‘ Ty (Og,u) and Ty (Up,elg‘o\[g Og,u) = UHeI;O\Ig Ta (Og,p.) are also satisfied,
since (¢ o7z Ogu = Og,3 € Tg and U e o\ 1z Ogu = @ € Ty, respectively. Thus,
Ty = (T4,9) is a Tg-space and, since Ty = (T4, Q2) = (T,Q2) = T, it is also a T-
space. Observe that <Ogva>aelgo\lg is a Tg-open covering of €2, since Oy o € O [T]
for every a € I’ \ I3 and moreover, it is also a g-Tg-open covering of €, since
Og.a € 0py(Oga) € g-O[F,] for every a € I7,\ I5. On the other hand, for each
1 1 1
o > 3, the relation p € U/LGI;\I; Ogu = <a’ 1-— a>' Hence, from every g-Tj-open

subcovering <Ogﬂ9(o‘)>(o¢ﬂ9(a))€J;o><J* =< <Og’a>aelgo\1§’ where J¥ = I \ I3 and

9(c0)
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J3(00) = Lj(00) \ 13, the union U(aﬂ?(a))eJ;‘oXJ:;(oo) Og,9(a) must fail to contain some

point of {2 and, hence, there exist no finite g-%4-open subcovering of <(’)g,a>a ez
This proves that T, = (74,), where Q = (0, 1), is not a TL,A]—space. Since g-Tg-
compactness implies Ty-compactness, it follows, consequently, that it is also not a
g—‘IgA]—space. Finally, from this case, it results that, not every T4-set of a g—‘I[gA]-
space is itself g-T4-compact.

Let Tg : P (Q) — P () be the g-topology on 2 = N (set of positive integers)
generated by T4-open and Tg-closed sets belonging to:

7-9 déf {Ogv(QH—LQH) : (vﬂ 6 I:O) ( I:Oga(Qu_LQH) = Q:I
V[Og,2u—1,20 = {200 = 1,2u}]) 15
s = {Kau-12m ¢ (1 € 1) ([Kg 2u-1.20 = N]
\/[Kg,@u—l,?u) = C({2F‘ -1 2”})])}’

respectively. As in the above case, it results that 75 : P () — P (2) satisfies
the relations T3 (0) = 0, Ty (Og,2u—121)) € {20 —1,2u} = Og (2—1,24) and,
the relation 7;((]#612 (’)97(%,172#)) = ﬂnel; Tq (097(2H,1’2#)) as well as the re-
lation ’7'9(U#€I;o (’)97(2#_172”) = Uuelgo Tq ((997(2#_172#)), since the two relations
nueI; Og.2u—-1,20) = 0 € Ty and Users Ou2u—1,20) = @ € Ty, respectively,
hold. Therefore, T3 = (73, ?) is a Tg-space and, moreover, since the relation Ty =
(7T4,2) = (T,9Q) = T holds, it is also a T-space. Notice that <Og’(2a_172a)>a61* is
a Tg-open covering of 2, since Oy (2a—1,24) € O [T] for every a € I3 and further-
more, it is also a g-Tg-open covering of {2, since Oy (2a-1,2a) C 0Py (Og,(gafl’ga)) €
g-O [T,] for every o € I%,. However, Ty, = (74,Q), where Q = N, is not a S[EA]—
space because <097(2°‘_1720‘)>a61* is a T4-open covering of ) with no finite ‘T 4-open
subcovering. b

As stated above, since g-%4-compactness implies T 3-compactness, it follows, ob-
viously, that it is also not a g-“S[gA]-space. On the other hand, the T4 = (74,9Q),
where 2 = N, is also not a sequentially g-Tj-compact T4-space for the simple rea-
son that sequence (£, =a € Q) I in ¥y contains no subsequence of the type

<§’9(0‘)>(a7ﬂ(0¢)69)61&><1; =< <§a>aelgo which converges to a point { € . Hence, T4
[SA]

is not a g—TéSA]—space which, then, implies that it is also not a T3 -space.

Let S; C ¥4 be a non-empty Ty-set in Ty. Then, it is no error to express it
as Sy = S U S, where SV = {u: (Va € I7) [ =2a]} and 834 = {u :
(Va € I%) [n = 20— 1]}. Since Sy # 0, consider an arbitrary point £ € Sy. If € €
S¢ver then, for every Tg-open set Uy ¢ € O [T,] containing &, S N (U e \{E}) =0
and 839N (Uy e \{€}) # 0. But, if € € §399 then, for every Tg-open set Uy ¢ € O [T]
containing &, S N (Ug.e \ {€}) # 0 and S39 N (Uye \ {€}) = 0. In either case,
it follows, then, that Sy have at least one T -accumulation point. Accordingly, ¥,
is a ‘IEJCA]—space. For every a € I%, set Ugoa—1 = {2a — 1} and Ugaa = {20}.
Accordingly, Uy 201, Ug 20 € §-O [T4] since, Uy 2a—1, Ug2a € 004 (Og 2a—1,20)) €
g-O [T, for every o € I%. Observe that, Sg N (Ug2a—1 \ {20 —1}) = 0 and
Sa N (Ug,2a \ {2a}) = 0 for every o € I%,. This proves the existence of an infinite
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Tg-set Ry C Ty with no g-Tj-accumulation point and, hence, Ty is not a g—féCA]—
space.

Further 7g-properties amongst the g-T[gA}—spaces g—‘I[gA] = (Q, g—T[gA]), g—‘IgCA] =
(Q, g—TLCA]), g—TL,SA] = (Q, g—TgSA]), and g-TLLA] = (Q, g—TgLA]) called, respec-
tively, g-T[gA] -space, countably g—TgA]-space, sequentially g—T[gA] -space, and locally
g—TLA] -space, can be discussed in a similar way by slight modifications of some 7g-
properties found in those cases. In the following section, concluding remarks and
future directions of the theory of g-T4-compactness are presented.

4.3. CONCLUDING REMARKS. In this paper, a new theory called Theory of g-Tg-
Compactness has been presented, the foundation of which was based on the theories
of g-Ty-sets, g-Tg-maps and g-T4-separation axioms. A careful perusal of the Math-
ematical developments of the earlier sections will reveal that the proposed theory
has, in its own rights, several advantages. The very first advantage is that the
theory holds equally well when (Q,7g) = (€, 7), and other characteristics adapted
on this ground, in which case it might be called Theory of g-T-Connectedness.

Thus, in a 7g-space the theoretical framework categorises such statements as
g-T4-compactness in terms of relatively open Tj-sets, g-Tg-compactness in terms
of relatively semi-open Tg-sets, g-T -compactness in terms of relatively preopen
T4-sets, and g-Tg-compactness in terms of relatively semi-preopen Ty-sets as g-%4-
compactness of categories 0, 1, 2, and 3, respectively, and theorises the concepts in
a unified way; in a T-space it categorises such statements as g-T-compactness in
terms of relatively open ¥-sets, g-T-compactness in terms of relatively semi-open
T-sets, g-T-compactness in terms of relatively preopen T-sets, and g-T-compactness
in terms of relatively semi-preopen %-sets as g-%T-compactness of categories 0, 1, 2,
and 3, respectively, and theorises the concepts in a unified way.

It is an interesting topic for future research to develop the theory of g-T4-sets of
mixed categories. More precisely, for some pair (v, u) € I x I{ such that v # u,
to develop the theory of g-Tj-compactness in terms of relatively g-Tg-open sets
belonging to the class {Z/{g =Uy, Uy, 0 Uy, Ugp) € g—u—O[ig] X g—u—O[‘Ig}} in
a Tg-space T4, as [1] and [9] developed the theory of b-open and b-closed sets in a
T-space €. Such a theory is what we thought would certainly be worth considering,
and the discussion of this paper ends here.
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