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Nonlinear Schrodingers equations with cubic nonlinearity:
M-derivative soliton solutions by exp(—®(¢&))-Expansion
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Abstract This paper uses the efp®(&))-Expansion method to investigate solitons to the
M-fractional nonlinear Schrodingers equation with cubanlinearity. The results obtained
are dark solitons, trigonometric function solutions, hygadic solutions and rational solu-
tions. Thus, the constraint relations between the moddficemts and the traveling wave
frequency coefficient for the existence of solitons sohsdiare also derived.
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1 Introduction

During the past two decades, fractional calculus have ashdhim analytical solution of
nonlinear partial differential equation. On this way, a &ft attention has been place for
investigation an exact traveling wave solutions of frawdlomodels which yields to frac-
tional differential equations. In addition, fractional@alus can provide mathematical for-
mulas to transform the nonlinear partial differential egprato the nonlinear ordinary equa-
tion to handle them by some tractable integration toolsoAlsis very important to use
the fractional derivatives which can provides an excellenglementation for the descrip-
tion of memory and hereditary properties[1]. Moreover,foomable fractional versions of
some nonlinear system were investigate[2—4]. Thus, iigegsdn of optical soliton with
fractional time evolution, become very important due tajpplication in secure communi-
cation system of analog and digital signals, and to carryhighit speed data transmission
over distance of several thousands of kilometers[5—-12¢eR#y, some effective integration
methods have been used to construct exact solutions for ,PFIDEls as semi-inverse varia-
tional principe[21], the simplest equation approach[#23,first integral method[23], ansatz
scheme[24] and the generalized tanh method[26] and so othi©way, exact optical soli-
tons in metamaterials with different nonlinearities haeemreported[13—15]. The present
paper will consider the M-fractional nonlinear Schrodingequation with cubic nonlinear-
ity. To construct soliton solutions, the exp®(&))-Expansion method is used to derived
the ordinary differential equation obtained.
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2 M-fractional preliminaries

During the last decade, several definitions of fractionalvdéves have been used in litera-
ture such as Atangana-Baleanu derivative in Caputo dinecfitangana-Baleanu fractional
derivative in Riemann-Liouville sense, the new truncatedrdttional derivative of Sousa
and Oliveira[16—18], just to name a few. This section wilyllight some basic definitions
and theorem of M-derivative of order € (0, 1).

Definition 1: Let g: [0,0) — R.

vt>0, fB>0. 1)

HereEg(-) is the Mittag-Leffler function of one parameter [28].
Theorem 1:LetO< o < 1,3 > 0,4, b € R and g, fa-differentiable at a point > 0.
Hence

1.D5"[(ag+bf)(t)] = aDgy P [g(t)] + bDR P [ (1)
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.If g is differentiable, theD(? [g(t)] = E;fl) dott),

3 Application
3.1 M-fractional nonlinear Schr édingers equation with cubic nonlinearity

The proposed equation has been studied and many exacbssluiere obtained [19, 20]

iDyfw+ DY Py rQwPy=0 t>0, O<a<Ll @)

Wherey is a complex valued function of the spatial coordinatend timet, while Q is the
coefficient of the nonlinearity To establish solutions of, (e surmise that) = (x,t) can
be expressed as follows

P(xt) =v(xt) +iu(x.t), ®)
Substitute (3) in (2), the following system is obtained

Dyifv+DiPu+ Q(u+ ) =0,

~Difu+ D+ (v + 1) = 0. (4)
To transform the system of equation obtained, we used thenfiolg variable
g= D (o i) (5)

wherek andw are real constants. Consideriag,t) =V (&) andu(x,t) =U(&), it is ob-
tained the following ODE

wV' + k2" + (VU +U%) =0,
—wU +kV" 4+ Q(VE+UN) =0. (6)


http://dx.doi.org/10.20944/preprints201903.0114.v1

d0i:10.20944/preprints201903.0114.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 11 March 2019

3.2 exfg—®(&))-Expansion method

This section will be used the efp @(¢&))-Expansion method to construct solutions to (6).
Thereby, solution of (6) can be expressed as follows

N :
V(E) =0+ Y Aexn-(E),

M .
U(é) = BoleBi exp(—@(¢))', (@)

and @ (&) satisfies the following ODE

(&) = exp(—P(&)) + pexp(@(&)) +A. 8)

By using the homogeneous balance principle, it is recoviEced (6) N=M=1.

Hence, (7) gives
V(&) = Ao+ Arexp(—®(8)),
U(&) = Bo+Brexp(—@(¢)), ©)

Substitute (9) and (8) into (6), it is obtained a system oébfgic equations. After solving
the set of algebraic equations by aid of MAPLE, we get theofaithg results.

2
Result1: Ag=—1Bi(—A+£+/“AZFAM), Aj=By, =+ "V AZMI(BD

0 — —K2I (B+1)2
azBl2 '
2\/—A244ur (B+1) 0

Result2: Bo=3(A+\/~AZ+4u)B;, By=B;, w=+— R ,

—K2T (B+1)?
azg?
Using the five solutions of the auxiliary ODE(8) as in [29], wan obtained five exact solu-

tions of (6) and the M-fractional soliton solutions of (2).
Case 1:f —A2+4u > 0andu #0,

1 2B
)= |—ZBi(-A £/—-A2+4
u(x.t) [ 5Ba( \/7#)+\/Wtanh(%\/W(E+fo))/\
x expli(k F(B‘;r Uya s wr(Ba+ 1)ta)]~ (10
and
1 2B
)= |=(A £/ —-A2+4u)B
vi(xt) [2( V=AZ ) l+_\/mtanh(%\/m(f+fo))_)‘}
xexp[i(Kr(Ba+ 1)Xa+b)r(Ba+ 1)ta)]. (11)

Case 2:If —A2+4u < 0andu #0,
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Fig. 1: Analytical solution ofi; (x,t), atB; =0.2,A = 0.44,0 = 0.45, 1 = 0.23 andk = .02

! 2B
) =|—SBi(-A£V-A2+4
Up(x.1) [ 5BL(-A £ V/=AZ+4u) + 4u—/\2tan(%\/W(g+go))_,\]
xexp[i(Kr(Ba+1)Xa +wr(Ba+1)ta)]' w2
Vo) = | S\ /AT A8y + 2By
2 4u—A2tan(%\/W(g+go))_,\
xexp[i(K,—(B;'l)Xa +wr(Ba+1)ta)]' 13

Case 3:If —A2+4u > 0andu =0,

1 BiA
Us(t) = {‘551("\ VA ) A E 7 o) (A (E 7 50)) = 1)]
xexp[i(—x@x" +w@t“)]. (14)
and
1 BiA
v3(x,t) = {E(A +/ A2+ 4U)By + GOSN (£ 1 Z) 7 SInh(A (2 1 &) — 1)}
><exp[i(—:<r(BO{Jr Y x* +wr(Ba+ 1)t"’)]. (15)
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Fig. 2: Analytical solution ofuy(x,t), at B; = 0.032, A = 0.034a = 0.35, 4 = 0.23 and
Kk =.02

Case 4:1f —A2+4u =0andu # 0 andA =0,

2
Ug(x,t) = [—%Bl(—}\ +/—A2+4p) + %} X exp[i(—Kr(Ba+ b X7 +wr(Ba+ 1)t")}.

(16)

and

2
Va(x,t) = [%(Aid—/\%—%)Bﬁ—%} ><exp[i(—Kr(Ba+1)X“+wr(Ba+1)t“)].
(17)

Case 5:If —A2+4u=0andu =0andA =0,

us(x,t) = [—%Bl(—)\ +/—A24+4p) + E-BFlEJ X exp[i(—Kr(Ba+ 1)x" +wr(Ba+ 1)t")].
(18)

Vs(x,1) = [%()\ VAT B+ 3150] < exp[i(-x%*”xa + w%—i_l)t")}.
(19)
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4 Conclusion and remarks

In this paper, we investigate soliton solutions to the Msfi@nal nonlinear Schrédingers
equation with cubic nonlinearity. The eip®(&))-Expansion method is used derived the
couple of nonlinear ordinary differential equation ob&inAs a result, Dark solitons, trigono-
metric function solutions, hyperbolic function solutioasd rational solutions have been
obtained. These results obtained may be helpful in explgioommunication system and
nonlinear complex system. Figures (1) and (2) illustrated(8D) plot of dark (10) solitary
waves and trigonometric function solutions (12).

References

1. Zakia Hammouch and Toufik Mekkaoui, Chaos synchronimatiba fractional nonautonomous system,
Nonauton. Dyn. Syst. (2014) 1:6171

2. R.Caponetto, G.Dongola, and L.Fortuna, Fractional rosystems: Modeling and control application,
World Scientific, Singapore, 2010.

3. G.He and M.Luo, Dynamic behavior of fractional order Dugfichaotic system and its synchronization
via singly active control, Appl. Math. Mech. Engl. Ed., 33(2), pp.567-582.

4. W.Hongwu and M. Junhai, Chaos Controland Synchronizatf@ Fractional-order Autonomous System,
WSEAS Trans. on Mathematics. 11,(2012) pp. 700-711

5. M. Ekici, M. Mirzazadeh, A. Sonmezoglu, M.Z. Ullah, Q. ZhcH. Triki, S.P. Moshokoa, A. Biswas,
Optical solitons with anti-cubic nonlinearity by extended! equation method, Optik 136 (2017) 368373.

6. A. Ali, A.R. Seadawy, D. Lu, Soliton solutions of the nar@ar Schrdinger equation with the dual power
law nonlinearity and resonant nonlinear Schrodinger #guand their modulation instability analysis,
Optik 145 (2017) 7988.

7. R. Fedele, H. Schamel, V.I. Karpman, P.K. Shukla, Eneleglitons of nonlinear Schrodinger equation
with an anti-cubic nonlinearity, J. Phys. A 36 (4)(2003) 91673

8. E.M.E. Zayed, K.A.E. Alurrfi, New extended auxiliary e¢joa method and its applications to nonlinear
Schrodinger-type equations, Optik 127 (20)(2016) 913191

9. M. Mirzazadeh, R.T. Algahtani, A. Biswas, Optical satifperturbation with quadratic-cubic nonlinearity
by Riccati-Bernoulli sub-ODE method and Kudryashov’s sabeOptik 145 (2017) 7478.

10. M.A. Gabshi, E.V. Krishnan, A. Alguran, K. Al-Khaled,cki elliptic function solutions of a nonlinear
Schrddinger equation in metamaterials,Nonlinear Stdd32 (2017) 469480.

11. A.J.M. Jawad, M. Mirzazadeh, Q. Zhou, A. Biswas, Optgmlltons with anti-cubic nonlinearity using
three integration schemes, Superlattices Microstrud.(2017) 110.

12. X.F. Yang, Z.C.Deng, Y. Wei, A Riccati-Bernoulli sub-@Dmethod for nonlinear partial differential
equations and its application, Advances in Difference fEqgoa. Article: 117 (2015).

13. Zhou, Q., Liu, L., Liu, Y., Yu, H., Yao, P., Wei, C., Zhang,, Exact optical solitons in metamaterials
with cubic quintic nonlinearity and third-order dispersicNonlinear Dyn. 80(3), (2015) 13651371.

14. Zhou, Q.,Mirzazadeh, M., Ekici,M., Sonmezoglu, A., Mtigal study of solitons in non-Kerr nonlinear
negative index materials. Nonlinear Dyn. 86(1), (2016)6383

15. Rizvi, S.T.R., Ali, K., Jacobian elliptic periodic traing wave solutions in the negative-index materials.
Nonlinear Dyn.,87, 19671972 (2017) 19671972.

16. | Podlubny Academy Press, San Diego (1999).

17. A Abdon and B. Dumitru, Thermal Science 20 (2) 763 (2016).

18. A Abdon, B. Dumitru and A. Alsaedi, Open Mathematics 13(12015).

19. F. Khani, S. Hamedi-Nezhad, A. Molabahrami, A reliabéatment for nonlinear Schrdinger equations,
Phys. Lett. A 371 (2007) 234240

20. Huaitang Chen, Huicheng Yin, A note on the elliptic equraimethod, Commun. Nonlin. Sci. Num.
Simul. 13 (2008) 547553.

21. BiswasA. Soliton solutions of the perturbed resonantinear Schrodinger's equation with full nonlin-
earity by semi-inverse variational principle. Quantum £Hyett. 2012;1:7984.

22. Eslami M, Mirzazadeh M, Biswas A. Soliton solutions o ttesonant nonlinear Schrddinger's equa-
tion in optical ?bers with time-dependent coefficients bjmest equation approach. J. Mod. Opt.
2013;60:16271636.

23. Eslami M, Mirzazadeh M, Biswas A. Optical solitons foe tiesonant nonlinear Schrodinger’s equation
with time-dependent coefficients by the first integral metroptik. 2014;125:31073116.


http://dx.doi.org/10.20944/preprints201903.0114.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 11 March 2019 d0i:10.20944/preprints201903.0114.v1

24. Triki H, Hayat T, Aldossary OM, Biswas A. Bright and dadditons for the resonant nonlinear equation
with time-dependent coefficients. Opt. Laser Technol. 204:22232231.

25. Triki H, Yildirim A, Hayat T, Aldossary OM, Biswas A. 1-3iton solution of the generalized
resonant nonlinear dispersive Schrodinger’s equatioth Wne-dependent coefficients. Adv.Sci. Lett.
2012;16:309312.

26. Bulent Kilic and Mustafa Inc, on optical solitons of tlesonant Schrodinger’s equation in optical fibers
with dual-power law nonlinearity and time-dependent cogffits, Waves in Random and Complex Media,
2015, doi:10.1080/17455030.2015.1028579.

27. Amiya Das, Optical solitons for the resonant nonlineahr8dinger equation with competing
weakly nonlocal nonlinearity and fractional temporal exwmn, Nonlinear Dynamics, (2017) DOI:
10.1007/s11071-017-3798-1.

28. JV D C Sousa and EC de Oliviera, International Journalrwlysis and Apllication, 16(1) 83 (2018).
H.T. Chen and H.Q. Zhang, New double periodic and multiplécsosolutions of the generalized (2+1)di-
mensional Boussinnesq equation, Chaos Soliton and Fr&otaime 20,Isuue 4765-769, (2004).

29. Z. Fu, S. Liu, S. Liu, Q. Zhao, New Jacobi elliptic functiexpansion and new periodic solutions of
nonlinear wave equations, Phys. Lett. A 290 (2001), 7276.


http://dx.doi.org/10.20944/preprints201903.0114.v1

