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In our publication from 8 years ago? we calculated RKKY interaction between two magnetic
impurities in graphene. The consideration was based on the perturbation theory for the thermo-
dynamic potential in the imaginary time representation and direct evaluation of real space spin
susceptibility. Only the case of zero temperature was considered. We show in this short notice that
the approach can be easily generalized to the case of finite temperature.
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Since graphene was first isolated experimentally? , it is
in the focus of attention of both theorists and experimen-
talists. Many physical phenomena, well studied in "tradi-
tional" solid state physics look quite different in graphene.
In this paper we will talk about the Ruderman–Kittel–
Kasuya–Yosida (RKKY) interaction, first studied (in a
normal metal) more than 60 years ago? ? ? . This in-
teraction is the effective exchange between two magnetic
impurities in a non–magnetic host, obtained as the sec-
ond order perturbation with respect to exchange inter-
action between the magnetic impurity and the itinerant
electrons of the host.

Quite a few theoretical papers published
recently considered RKKY interaction in
graphene? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? . Though
analysis of the RKKY interaction is simple in principle,
calculation of the integrals defining the interaction
(whether analytical or numerical) can pose some prob-
lems. However, substantial progress was achieved in the
field.

Our interest in the RKKY interaction in graphene
started from learning that previously, while the interac-
tion was calculated analytically in the approximation of
the linear dispersion law for the electrons, the integrals
obtained in both papers turned out to be divergent, and
the complicated (and to some extent arbitrary) cut-off
procedure was implemented to obtain from these inte-
grals the finite results. So we started to look for the
procedure which will allow to eliminate this problem.
it turned out that when one uses Matsubara formalism
and calculates the Green’s functions in the coordinate-
imaginary time representation the calculations are com-
pletely free from any diverging integrals? .

Though Matsubara formalism is quite appropriate for
finate temperature calculations (it was invented for that
purpose) in our previous publications? ? we studied
RKKY interaction only at zero temperature. The present
short note is intended to generalize the result obtained
previously to the case of finite temperature.

We consider two magnetic impurities sitting on top of
carbon atoms in graphene lattice at the sites i and j
and assume a contact exchange interaction between the
electrons and the magnetic impurities. Thus the total

Hamiltonian of the system is

HT = H +Hint = H − JSi·si − JSj ·sj , (1)

where H is the Hamiltonian of the electron system, Si is
the spins of the impurity and si is the spin of itinerant
electrons at site i.
Our consideration is based on the perturbation theory

for the thermodynamic potential? . The correction to
the thermodynamic potential due to interaction is

∆Ω = −T ln 〈S〉 ≡ −T ln tr
{
S · e−H/T /Z

}
, (2)

where the S–matrix is given by the equation

S = exp
{
−
∫ 1/T

0
Hint(τ)dτ

}
. (3)

Writing down si in the second quantization representa-
tion

si = 1
2c
†
iασαβciβ , (4)

the second order term of the expansion with respect to
the interaction is

∆Ω = J2T

4
∑
αβγδ

Si·σαβSj ·σγδ (5)

∫ 1/T

0

∫ 1/T

0
dτ1dτ2

〈
Tτ

{
c†iα(τ1)ciβ(τ1)c†jγ(τ2)cjδ(τ2)

}〉
.

Notice that we have ignored the terms proportional to S2
i

and S2
j , because they are irrelevant for our calculation of

the effective interaction between the adatoms spins.
Leaving aside the question about the spin structure of

the two–particle Green’s function standing in the r.h.s.
of Eq. (??) (for interacting electrons), further on we
assume that the electrons are non–interacting. This will
allow us to use Wick theorem and present the correlator
from Eq. (??) in the form〈

Tτ

{
c†iα(τ1)ciβ(τ1)c†jγ(τ2)cjδ(τ2)

}〉
= −Gβγ(i, j; τ1 − τ2)Gδα(j, i; τ2 − τ1), (6)
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where

Gβγ(i, j, τ1 − τ2) = −
〈
Tτ

{
ciβ(τ1)c†jγ(τ2)

}〉
(7)

is the Matsubara Green’s function? . We can connect
Gβγ with the Green’s function of spinless electron

Gβγ(i, j, τ1 − τ2) = −δβγ
〈
Tτ

{
ci(τ1)c†j(τ2)

}〉
. (8)

Presence of delta-symbols allows to perform summation
with respect to spin indices in Eq. (??)∑

αβ

Si·σαβSj ·σβα = Si·Sj , (9)

which gives

∆Ω = −J2χijSi·Sj , (10)

where

χij = −1
4

∫ 1/T

0
G(i, j; τ)G(j, i;−τ)dτ (11)

is the free electrons static real space spin
susceptibility? ? .
Thus we obtain

HRKKY = −J2χijSi·Sj , (12)

The Green’s function can be easily written down us-
ing representation of eigenvectors and eigenvalues of the
operator H

(H − En)un = 0. (13)

It is

G(i, j; τ) =
∑
n

u∗n(i)un(j)e−ξnτ

×
{
− (1− nF (ξn)) , τ > 0
nF (ξn), τ < 0 , (14)

where ξn = En−µ, and nF (ξ) =
(
eβξ + 1

)−1 is the Fermi
distribution function.

In calculations of the RKKY interaction in graphene
the

∑
n in Eq. (??) turns into a2

(2π)2

∫
d2p, where a is

the carbon–carbon distance. (Actually, there should ap-
pear a numerical multiplier, connecting the area of the
elementary cell with a2, but we decided to discard it,
which is equivalent to some numerical renormalization of
J .) Also

un(i) = eip·Riψp, (15)

where ψp is the appropriate component of spinor elec-
tron wave-function (depending upon which sublattice the
magnetic adatom belongs to) in momentum representa-
tion.

Further on the integration with respect to d2p we’ll
treat as the integration in the vicinity of two Dirac points
K,K ′ and present p = K(K′) + k. The wave function
for the momentum around Dirac points K and K ′ has
respectively the form

ψν,K(k) = 1√
2

(
e−iθk/2

νeiθk/2

)
ψν,K′(k) = 1√

2

(
eiθk/2

νe−iθk/2

)
, (16)

where ν = ±1 corresponds to electron and hole band? ;
the upper line of the spinor refers to the sublattice A and
the lower line refers to the sublattice B.
Like in our previous publication? , here we consider for

simplicity only the case of undoped graphene. The chem-
ical potential is at the Dirac points; E+(k) and E−(k)
would be electron and hole energy. Then Eq. (??) takes
the form: for i and j belonging to the same sublattice

GAA(i, j; τ > 0) = −1
2

[
eiK·Rij + eiK

′·Rij

]
a2

(2π)2

∫
d2keik·Rij−E+(k)τ , (17)

and for i and j belonging to different sublattices

GAB(i, j; τ > 0) = 1
2

a2

(2π)2

∫
d2ke−E+(k)τ

×
[
ei(K+k)·Rij−iθk − ei(K′+k)·Rij+iθk

]
. (18)

For τ < 0 we should change the sign of the Green’s func-
tions and substitute E− for E+.
For isotropic dispersion law E(k) = E(k) we can per-

form the angle integration in Eqs. (??) and (??) to get∫
d2keik·Rij−E(k)τ =

∫ ∞
0

dkkJ0(kR)e−E(k)τ (19)∫
d2keik·Rij±iθk−E(k)τ = e±iθR

∫ ∞
0

dkkJ1(kR)e−E(k)τ

(J0 and J1 are the Bessel function of zero and first order
respectively, and θR is the angle between the vectors K−
K′ and Rij ; R = |Rij |).
For the linear dispersion law

E±(k) = ±vF k, (20)

using mathematical identity?∫ ∞
0

xn−1e−pxJν(cx)dx (21)

= (−1)n−1c−ν
∂n−1

∂pn−1

(√
p2 + c2 − p

)ν
√
p2 + c2

,

we can explicitly calculate the Green’s functions.
In our previous publication we considered only the case

T = 0, which corresponded to infinite upper integration
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limit in Eq. (??). However, consideration of finite tem-
perature just modifies our previous results -

χAAT=0 (Rij) = a4

256vFR3 [1 + cos((K−K′)·Rij)] (22)

χABT=0 (Rij) = − 3a4

256vFR3 [1− cos((K−K′)·Rij − 2θR)] .

(23)

- in a simple way. Instead of Eqs. (??), (??) we obtain

χAAT (Rij) = χAAT=0 (Rij)
16
π

∫ v/RT

0

x2dx

(x2 + 1)3 (24)

χABT (Rij) = χABT=0 (Rij)
16
3π

∫ v/RT

0

dx

(x2 + 1)3 .(25)

Integrals in Eqs. (??), (??) can be easily calculated,
but we’ll restrict ourselves only by analyzing the limiting
cases. For T � v/R we obtain the previous (T = 0)
results, in the opposite limiting case T � v/R we get

χAAT (Rij) = χAAT=0 (Rij)
16
π

( v

RT

)3
(26)

χABT (Rij) = χABT=0 (Rij)
16
3π

v

RT
. (27)

We must mention that comparing our results with those
obtained earlier for the case of doped graphene? , one
should be aware of the fact that the exponential decrease
of the RKKY interaction with the distance at high tem-
peratures obtained in Ref. ? , was obtained for kFR� 1
(in our case kF = 0).
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