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1. Introduction

In this paper, we define bicomplex Tetranacci and bicomplex Tetranacci-Lucas quaternions by combining
bicomplex numbers and Tetranacci, Tetranacci-Lucas numbers and give some properties of them. Before
giving their definition, we present some information on bicomplex numbers and also on Tetranacci and
Tetranacci-Lucas numbers.

The bicomplex numbers (quaternions) are defined by the four bases elements 1,4, j,ij where 4, j and ij

satisfy the following properties:
i =1, j2 = -1, ij = ji.
A bicomplex number can be expressed as follows:
q = ag +ia1 + jaz +ijaz = (ao +ia1) + j(az +iaz) = 20 + jz1

where ag, a1, ag, ag are real numbers and zp, z; are complex numbers. So the set of bicomplex number is

BC = {z0 + jz1 : 20,21 € C,j% = —1}.
1
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2 YUKSEL SOYKAN

Moreover, for any bicomplex numbers ¢ = ag + ia; + jas + ijaz and p = by + iby + jbs + ijbs and skaler

A € R, the addition, substraction and multiplication with scalar are defined as componentwise, i.e

g+p = (ao+bo)+i(ar+0b1)+jlaz +b2) +ij(as+ b3),
qg—p = (ap—"bo)+i(ar —b1)+ jlaz —ba) +ij(az — b3),
A¢ = Aag+iday + jhas +ijhas

respectively, and product (multiplication) is defined as follows:

gxp = (aobo — aiby — azbs + asbs)
+i(aobl + a1b0 - a2b3 - a3b2)
+j(a0b2 — a1bs + asby — a3b1)

+ij(a0b3 —+ a1b2 —+ (12b1 —+ agbg).

Multiplication of basis elements of bicomplex numbers can be done according to following Table 1:

Table 1. Multiplication Table

x 1117 |j |iJ

ij |ij | =3 | —i |1

There are three different conjugations (involutions) for bicomplex numbers, namely

« . , . o
q; = ap—tay+jaz—tjaz = 2o+ jz1,
q; = ap-+twa;—jaz—1jaz = 20— jz1,
X . ) . .
q;; = G0 —tay— jaz +1jaz = zo — J21,

for ¢ = ag+iay + jas +ijas. The squares of norms of the bicomplex numbers which arise from the definitions

of conjugations are given by

Ni(q) = g % ¢f| = |aj + af — a3 — a3 + 2j(apas + ara3)|,
Nj2(q) = |qj X q;‘| = Ia%—!—a% —a%—a§+2i(aoa1+a2a3)|,
Nizj(Q) = |Qij X ij| = |a%+a%+a§+a§+2ij(aoa3 —a2a1)’-

We now give some basic informations on quaternions. Quaternions were formally invented by Irish math-

ematician W. R. Hamilton (1805-1865) as an extension to the complex numbers and for some background
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about this type of hypercomplex numbers we refer the works, for example, in [3, 6, 23]. The field H of
quaternions is a four-dimensional non-commutative R-field generated by four base elements 1,4, j and k that

satisfy the following rules:

(1.1) i? =42 =k =ijk=—1
and
(1.2) ij =k =—ji, jk=i=—kj, ki=j=—ik.

Briefly BC, the set of bicomplex numbers, has the following properties:

e Quaternions and bicomplex numbers are generalizations of complex numbers, but one difference
between them is that quaternions are non-commutative, whereas bicomplex numbers are commu-
tative.

e Real quaternions are non-commutative, and don’t have zero divisors and non-trivial idempotent
elements. But bicomplex numbers are commutative, have zero divisors and non-trivial idempotent

elements:

ij = ji
(+)—j) = @—ij+ji—j*=0,
1+4j\°  14idj
2 2

e All above norms are isotropic. For example, for N;, we calculate N;(q) for ¢ = 1 +ij as
NZ(1+i5) = (1 +ij)(1 —ij) = 1% —ij +ij — (ij)* = 0.

e BC is a real vector space with the addition of bicomplex numbers and the multiplication of a
bicomplex number by a real scalar.

e BC forms a commutative ring with unity which contains C.

e BC forms a two-dimensional algebra over C, and since C is of dimension two over R, the bicomplex
numbers are an algebra over R of dimension four.

e BC is a real associative algebra with the bicomplex number product X.

For more details about these type of numbers (quaternions), we refer to, for example, the works [8,18],
among others.
Tetranacci sequence { M, },>o and Tetranacci-Lucas sequence { R, } >0 are defined by the fourth-order

recurrence relations
(13) MTL = Mn—l + Mn—2 + MTL—3 + Mn—47 MO = 07M1 - 17 M2 - 1) M3 = 2
and

(14) R,=R, 1+ Ry o+ R, 3+ R,_4, Ry=4,Ri=1,R;,=3,R3 =7
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respectively. More detail on these sequences can be found, for example, in [11], [14], [15], [19], [21] and [22].
The sequences {M,, },>0 and {R, }n>0 can be extended to negative subscripts by defining

M_p==-M_(n1) = M_(n—2) = M_(n_3) + M_(n_2)
and
R pn=-R_ (n1)—R_(n2)y— B_(n_3)+ R_(n_y

for n =1,2,3, ... respectively. Therefore, recurrences (1.3) and (1.4) hold for all integer n.
The following Table 2 presents the first few values of the Tetranacci and Tetranacci-Lucas numbers with

positive and negative subscripts:

Table 2. Tetranacci and Tetranacci-Lucas Numbers with non-negative and negative indices

n 0 1 2 3 4 5 6 7 8 9 10 11 12 13
M, 0 1 1 2 4 8 15 29 56 108 208 401 773 1490
M_, 0 0 O 1 -1 0 0 2 =3 1 0 4 -8 )
R, 4 1 3 7 15 26 51 99 191 367 708 1365 2631 5071
R, 4 -1 -1 -1 7 -6 -1 -1 15 -19 4 -1 31 =53

It is well known that for all integers n, usual Tetranacci and Tetranacci-Lucas numbers can be expressed
using Binet’s formulas
an+2 Bn+2 ,yn+2 5n+2

@—B)a-—1a-0) B-aB-nB-9 (-a0-Br-0 G-a0-50-1)

(see for example [24] or [11])

M, =

or

-1 -1 -1 6—1
(15) Mn = @ a”*1+ B Y ,Yn71++

6n71
S — 8 58 —8 5y — 8 5§ — 8

(see for example [7]) and
R,=a"+p"+4" +"

respectively, where «, 3,7 and § are the roots of the equation z* — 2 — 22 — x — 1 = 0. Moreover,

Y
= — — _ 2 —1
Q 4 2 \/ w s
Y
— _ _ _ 2 - 71
g 1% \/4 “’+ ’
11 1 , 13
v 1 2¥ 73 4 v
1111 13
d = — — = 4= w2 -1
1 2¥ 2V v
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1/3 1/3
| (e )T (65 /563
YT 12 54 108 54 108] -

Note that the Binet form of a sequence satisfying (1.3) and (1.4) for non-negative integers is valid for all

where

integers n. This result of Howard and Saidak [12] is even true in the case of higher-order recurrence relations.
The generating functions for the Tetranacci sequence {M,, }, >0 and Tetranacci-Lucas sequence { Ry, }n>0

are

o0 o0 2 3
x 4—3x —2x° —«x
ZMnx”: 5 3 I and ZRnaJ” = 5 3 1
¢ l—z—2*—2°—2x ¢ l—z—2—2°—=x
n= n=

respectively.

2. The Bicomplex Tetranacci and Tetranacci-Lucas Quaternions and their Generating

Functions, Binet’s Formulas and Summations Formulas

In this section we define the bicomplex Tetranacci and Tetranacci-Lucas quaternions and give generating
functions and Binet formulas for them. First, we give some information about bicomplex type quaternion
sequences from the literature.

Nurkan and Giiven [16] (see also [17]) introduced nth bicomplex Fibonacci and nth bicomplex Lucas
numbers (quaternions) as

BF, = F,+ Fpy1i+ Frqoj + Frisij
and
BL, =Lp+ Lpt1i+ Lpyoj + Lpyaij

respectively, where F,, and L, are the nth Fibonacci and Lucas numbers respectively. Various families of
bicomplex number (quaternion) sequences have been defined and studied by a number of authors. See, for
example, [1, 2, 4, 9, 10] for second order bicomplex quaternion sequences and [5, 13] for third order bicomplex
quaternion sequences.

We now define bicomplex Tetranacci and Tetranacci-Lucas quaternions over the algebra BC.
DEFINITION 1. The nth bicomplex Tetranacci quaternion is
(2.1) BCM,, = M,, +iM,41+ jMpio +ij M3
and the nth Tetranacci-Lucas quaternion is
(2.2) BCR,, = R, +iRp41 + jRut2 + ijRngs.
It can be easily shown that {BCM,, },,>0 and {BCR,, },>¢ can also be defined by the recurrence relations:
(2.3) BCM,, =BCM, 1 +BCM,,_s + BCM,,_5 +BCM,,_4
and

(2.4) BCR,, = BCR,_; + BCR,_3 + BCR,,_3 + BCR,_4
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with the intial conditions

BCMo = i+ j + 2ij, BCM; = 1+ + 2j + 4ij, BCMy = 1 + 2i + 45 + 8ij, BCM;z = 2 + 4i + 8 + 15ij

and

BCRo = 4+i+3j+7ij, BCRy = 1+3i+7+15ij, BCRy = 3+ 7i+15j +26ij, BCRs = 7+ 15i + 265 + 51ij.

The sequences {BCM,, },>0 and {BCR,,},>0 can be extended to negative subscripts by defining

BCM_, = _B(CM—(n—l) — BCM_(n_Q) - BCM_(n_?,) + B(CM_(,L_4)

and

BCR_, = —B(CR,(n,l) — B(CR,(TL,Q) — BCR,(nfg) + B(CR,(H,AQ

for n = 1,2,3, ... respectively. Therefore, recurrences (2.3) and (2.4) hold for all integer n.

The first few bicomplex Tetranacci and Tetranacci-Lucas quaternions with positive subscript and nega-

tive subscript are given in the following Table 1 and Table 2:

Table 1 bicomplex Tetranacci quaternions Table 2 bicomplex Tetranacci-Lucas quaternions

n BCM,, BCM-_, n BCR,, BCR_,

0 i+ j+ 2ij i+j+2j 0 A4+ 3+ Tij A4i+3j+Tij
1 1+i+2j +4ij j+ij 1 1+ 3i4 7+ 15ij —1+4i+j+3ij
2 1+ 2i + 45 + 8ij ij 2 34 Ti+ 155 + 26ij —1—i44j+ij
3 24 4i+8j + 15ij 1 3 T4+15i+26j+51i]  —1—i—j+dij
4 4+8i+ 155 + 29ij —1+i 4 15+ 26i+ 51 + 99ij T—i—j—ij
5 8+ 150+ 295 + 56ij —i+j 5 26+51i+99j +191ij  —6+7i—j—ij
6 15+ 29i +56j + 108ij  —j +1ij 6 51+99i+ 1915 +367ij —1—6i+7j—ij
7 29+ 56i + 108j +208ij 2 —ij 7 99+ 191i + 367j + 708ij —1 —1i— 6 + Tij

For two bicomplex Tetranacci quaternions BCM,, and BCM}, and for skaler A € R, the addition, sub-

straction and multiplication with scalar are defined as componentwise, i.e.,

BCM,, + BCMy = (M + My) +i(Myy1 + Myy1) + §(Mpyo + My yo) +ij(Mpys + My3),
BCM,, —BCM), = (M, — M)+ i(Mpy1 — Myy1) + §(Mpy2 — Miy2) +i§(Mpys — Miy3),

ABCM, = MM, + iAMpiq + jAMpso + ijAM4s
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respectively, and product (multiplication) is defined as follows:

BCM, x BCM;, = (M My — Myps1Myp1 — MyyoMyys + MppsMyss)
+i( My M1 + My My, — My oMy 3 — My 3Mjyo)
+J(Mp M2 — Myp1 My + M2 My, — My 3Mp41)
+ij(My M3 + Mpy1 Myy2 + My oMy + Myy3 M)

BCM;, x BCM,,.

Similarly, for two bicomplex Tetranacci-Lucas quaternions BCR,, and BCR; and for skaler A € R, the
addition, substraction and multiplication with scalar are defined as componentwise, i.e.,
BCR,, £t BCR, = (Rn + Rk) + i(Rn+1 + Rk+1) + j(Rn+2 + Rk+2) + ij(Rn+3 + Rk+3),

ABCR,, = MR, -+ i/\Rn—i-l + j)\Rn+2 + ij)\R,H_g
respectively, and product (multiplication) is defined as follows:
BCR, x BCR, = (RnRr— Rny1Ri+1 — RogoRiq2 + RuysRiys)
+i(RyRit1 + Ruy1Ri — RysoRikys — Ryt3Rit2)

+j(RpRiy2 — Rpy1Riq3 + Rugo Ry — Ry 3Ryy1)

+ij(RpnRyy3 + Ryt1Riq2 + RyyoRpy1 + Ry3Ry)

= BCRj x BCR,.
Note that
BCM,, x BCM,, = (M2— M2, — M2 5+ M2 3)+2i(M,M,11 — MyioM,i3)
+2§(MpMyt2 — Myp1My3) + 205 (My Mg + M1 My o)
and

BCR, x BCR, = (R2—-R:,, —R2 ,+ R} 3)+2i(RyRny1 — RyioRnys)

+2](Ran+2 - RnJranJrB) + 27’.7(Ran+3 + Rn+1Rn+2)'

Moreover, three different conjugations for the bicomplex Tribonacci quaternion BCM,, = M,, +iM,,+1 +

My 4o +ijM, 43 are given as

(BCMn): = M, - 7:]\4714-1 + jMn+2 - Z.jMn—i-?n

(BCM,,): My, +iMpi1 — jMygo — i My s,

J

(BCM,)}; = My —iMypr — jMois +ijMyss,
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and the squares of norms of the bicomplex Tribonacci quaternion are given by

NZ(BCM,) = [(BCM,); x (BCM,);| = |M2+ M} 4 — M2 o — M2 5+ 2j(MyMyio+ Mui1Mpys)|,

n ?

NZ(BCM,) |(BCM,,); x (BCM,);

= M+ My — My — My s+ 20(My Mgy + Mys2Moys)

NA(BCM,) = |(BCM,)i; x (BCMy,)};| == | M2+ M2y, + M2 o+ M2 g+ 2ij(MpMyys — MpyoMyiq)|.

Similarly, we can give three different conjugations and the squares of norms for the bicomplex Tribonacci-
Lucas quaternion BCR,, = R,, + iRp+1 + jRn12 + 1jRnis.
Now, we will state Binet’s formula for the bicomplex Tetranacci and Tetranacci-Lucas quaternions and

in the rest of the paper we fix the following notations.

a = l+ia+ja®+ijad,
B = 1+iB+jp*+ijB°,
7 o= liv+ iy +iyd,
§ = 1+4i6+ 0 +ijs.

THEOREM 2. (Binet’s Formulas) For any integer n, the nth bicomplex Tetranacci quaternion is

aan+2 Bﬂn+2

(2 @-Ba-a-0 " B-aB-NG-9

N ?,.yn+2 N g§n+2

(y—a)(y=B)(v—=0) (6 —a)(6—p)(0—7)
a—-1_ .4 B=15_.1 ~v=1_,.4 06—1~,_4
. — n n n 66”

(2:6) pa—s0Y teps T trios
and the nth bicomplex Tetranacci-Lucas quaternion is
(2.7) BCR, = aa" + BA" + 37" + 66™.

Proof. Using Binet’s formula of the Tetranacci-Lucas numbers we have

BCR,, = R, -+ ’iRn+1 + jRn+2 + inn+3
— (an+6n+,}/n+5n) +i(an+l +Bn+l _‘_/Yn-&-l +(5n+1)
+j(an+2 _’_ﬂn+2 +,yn+2 _’_571-&-2) +ij(a"+3 +5n+3 +,yn+3 +5n+3)

= Qo™+ BB" + 7" + 66"
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Note that using Binet’s formula (1.5) of the Tetranacci numbers we have

BCM, = M, +iMus1+ jMyys+ijiMois
_ (50;__1804”—1 + 5%__186"‘1 + 577;_187”‘1 + 556__186”‘1)
”(50;_—18“” + fﬁ_—lsﬁn * 577_—187” + 565_—185n)
+j(g.;___18an+l+5ﬂﬁ;_18ﬂn+l+;y___lS,yn+1+EiS___185n+l)
+ij(%a"+2+5%;_18,6"”—1—%;_187"”4—5{;—_185"“)
= Gaogte T g g g

This proves (2.6). Similarly, we can obtain (2.5).

Next, we present generating functions.

THEOREM 3. The generating functions for the bicomplex Tetranacci and Tetranacci-Lucas quaternions

are

(2.8) iBCM o 4 +2i5) + (1+j +2ij)z + (j + 2ij)2® + (j + ij)a’
' v " l—2z—22—a3 -2t

and

(2.9)

44i+43j+T7if) + (=3 +2i + 45 + 8ij)ax + (=2 + 3i + 5j + 4ij)a® + (=1 + 4i + j + 3ij)x3
l—az—22— 23 -2

> BCR,2" = (
n=0

respectively.
Proof. Let

g(w) = i BCM,,z"

n=0

be generating function of the bicomplex Tetranacci quaternions. Then using the definition of the bicom-
plex Tetranacci quaternions, and substracting zg(z), 2%g(x), #3g(x) and x*g(x) from g(x) and using the

recurrence relation BCM,, = BCM,,_1 + BCM,,_o + BCM,,_3 + BCM,,_4, we obtain

(1—z—2>—2%—a")g(x) = BCM,+ (BCM,; — BCMy)x + (BCMy — BCM; — BCM;)z?

+(BC M3 — BCM; — BCM; — BCM,)z3.
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Now using
BCM_, = j+ij
BCMy = i+j+2ij
BCM;, = 1+i+2j+4ij
BCMy; = 1+2i+4j+8ij
BCMs = 2+4i4 85+ 1545
we obtain

(i 47+ 2ij) + (1 + 5+ 2i5)x + (§ + 2ij)2® + (5 + ij)2®
1l—z—a%—23— a2t ’

g(x) =

Similarly, we can obtain (2.9).

Next we present some summation formulas of Tetranacci numbers.

LEMMA 4. For n > 1 we have the following formulas:
(a): z M, = %(Mn_l’_Q + 2Mn + Mn—l — 1)
p=1
(b): > Mapi1 = %(2M2n+2 + My, — Map—1 —2)
p=1

(c): > My, = %(2M2n+1 + Moy—1 — Moo — 2).
p=1

The above Lemma is given in Soykan [20, Corollary 2.7]. It now follows that for every integer n > 0,

n n
1
(2.10) ZMP = Mo—i—ZM = g(1\4,1+2+2Mn+1\4n_1 —1),
p=0 p=1
n n 1
(2.11) ZMQp—i-l = M + ZM2p+1 = 5(2M2n+2 + Moy, — Map—1 +1)
p=0 p=1
n n 1
(2.12) D Moy = Mo+ Mop=(2Mony1 + Mon—1 = Man = 2).
p=0 p=1

In the following Lemma we present some summation formulas of Tetranacci-Lucas numbers.

LEMMA 5. For n > 1 we have the following formulas:
(a): Y Rp=3(Rn+2+ 2R, + Ry 1 — 10)
p=1
(b): > Ropi1 = 5(2Rony2 + Ron — Ron—1 — 11)
p=1

(C): Z Rgp = %(2R2n+1 + Rop—1 — Rop—o — 2)
p=1
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The above Lemma is given in Soykan [20, Corollary 2.8]. It now follows that for every integer n > 0,

n n 1

(2.13) >R, = Ry+) R, = 3 (Bnga + 2Ry + By +2),

p=0 p=1

n n 1
(2.14) > Ropp1 = Ri+ Y Ropir= +§(2Rzn+2 + Rap — Rap—1 — 8)
p=0 p=1

n n 1

(2.15) ;Rgp = Ry+ ;Rzp = 3(2R2n 41+ Rano1 — Rz +10).

Next we present some summation formulas of bicomplex Tetranacci quaternions.

THEOREM 6. For n > 0 we have the following formulas:

(a):
" 1
(2.16) > BCM, = 3 (BCM, 45 + 2BCM, + BCM,, 1 — (14 + 4j + Tij))
p=0
(b):
- 1
> BCMapi = 5 (2BCMap 5 + BCMan — BCMan 1 + (1= 2i — 2 — 5ij)
p=0
(c):
" 1
> BCM,, = 5 (2BCMan 1+ BCMan 1 — BCMap o — (2 — i + 2j + 2ij)).
p=0
Proof.

(a): Using (2.1) and (2.10), we obtain

> BCM, = Y My+i» Mp1+5» Mppo+ijy Myys
p=0 p=0 p=0 p=0 p=0
= (Mo+ ...+ M,)+i(M + ...+ My41)

+j(My+ ... + Myyo) +ij(Ms + ... + My y9).
and so

3 BCM, = (Mpyo+2M,+ M, —1)
p=0

i (Mg + 2My1 + My, — 1 — 3Mo)
+j(Mpqa +2Mpio + My — 1 —3(Mo + My))
+ij(Mpys +2Myy 3 + Mo — 1 — 3(My + My + Ma))

= BCM,.2 + 2BCM, + BCM,_1 +c
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where
c = —1+4i(=1-3Mo)+j(-1—3(Mo+ M))+ij(—1—3(Mo + M + M>))
= —1—i—4j—Tij.
Hence

n
1
ZIBB(CMP = g(]EaCMn+2 + 2BCM,, + BCM,,_1 — (14 i + 45 + 7ij)).

p=0

This proves (2.16).
(b): and (c) follows from the identities (2.11) and (2.12).

In the following Theorem, we give some summation formulas of bicomplex Tetranacci-Lucas quaternions.

THEOREM 7. For n > 0 we have the following formulas:

(a):
- 1
(2.17) > BCR, = 5 (BCRy 12 + 2BCR, + BCR, -1 + (2 — 10i — 13) — 22ij)).
p=0
(b):
" 1
> BCRypi1 = 5 (2BCRon > + BCRay — BCRap 1 — (8+ 20 + 11 + 11j))
p=0
(c):
" 1
> BCRy, = 5 (2BCRon 41+ BCR2y 1 — BCRay 2 + (10 — 8i — 2j — 114j)).
p=0
Proof.

(a): Using (2.3) and (2.13), we obtain (2.17).
(b): and (c) follows from the identities (2.14) and (2.15).

3. Matrices and Determinants related with Tetranacci and Tetranacci-Lucas Quaternions

We define the square matrix B of order 4 as:

1 1 1 1

1 0 0 0
B=

01 0 O

00 1 0

such that det B = —1.
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Induction proof may be used to establish

Myt1w My+My1+ M, o M, + M, M,
M, My 1+My_o+M,_3 My_1+M,_o M,

M,y My_o+ M, s+ M, 4 My_o+M,_5 M, o

My_o My_3+ My g+ M, 5 Mys+M,_y M,3

(3.1) B" =

Matrix formulation of M, and R, can be given as

n

Mis 1111 M,
M, 1000 M.
(3.2) 2l = ?
My 010 0 M,
M, 00 1 0 M,
and
R 1111 Ry
R, 1000 R
(3.3) A - ?
Roi1 0100 R
R, 0010 Ry

Induction proofs may be used to establish the matrix formulations M,, and R,,.

Now we define the matrices By; and Bpg as

BCMs; BCM, +BCM; +BCM, BCM,+BCM; BCM,
BCM, BCM;+BCM,+BCM, BCM;+BCM, BCM;

By =
BCMs BCM,+BCM; +BCM, BCM,+BCM; BCM,
BCM,; BCM; +BCMy+BCM_y BCM;+BCM, BCM,
and
BCR; BCR4+ BCRs;+BCR; BCR4s+BCR; BCR4
B BCRy; BCR3+BCR;+BCR; BCR3+ BCRy; BCR;3
R =

BCR; BCR,;+ BCR; +BCRy; BCRs;+ BCR; BCR,
BCR, BCR; +BCRy+BCR_; BCR; +BCRy; BCR;

These matrices Bj; and Bpr can be called bicomplex Tetranacci quaternion matrix and bicomplex Tetranacci-

Lucas quaternion matrix, respectively.

THEOREM 8. For n > 0, the followings are valid:
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(a):
(3.4)
11 11 ! BCMy+5 BCMuiq4+BCM,y3+BCM,12 BCM,i 4+ BCM,15 BCM,14
Bus 1 0 00 _ BCMyu+q4 BCM,43+BCM, 42 +BCM,+1 BCM,i3+BCM,12 BCM,43
01 0O BCM,+3 BCM,42+BCM,; +BCM, BCM, 2+ BCM, ;1 BCM, -
0 010 BCM,+2 BCM,+1 +BCM, +BCM,_, BCM,+1 +BCM, BCM,4+,
(b):
(3.5)
1111 ! BCR,+5 BCR,44+BCR,+3+BCR,+2 BCR,+4+BCR,+3 BCR, 44
Bi 10 00 _ BCR,+4 BCR,i3+BCR,4+2+BCR,+1 BCR,4+3+BCR,;+2 BCR, 43
01 0O BCR,+s BCR,4+2+BCR,4+1 +BCR, BCR,42+BCR,+1 BCR,42
0 010 BCR,+2 BCR,4+1 +BCR, +BCR,,_ BCR,+1 +BCR,, BCR,+1

Proof. We prove (a) by mathematical induction on n. If n = 0 then the result is clear. Now, we assume

it is true for n = k, that is

BCMpyys5 BCMyys + BCMj 3 +BCMyys BCMjyy + BCMyy s BCMyis
BCMpya BCMyis +BCMjio +BCMys1 BCMjis + BCMyys BCMyis
BCMpy3 BCMyis +BCMj 1 +BCMy BCMj o +BCMyy; BCMio
BCMyys BCMyyq +BCM), +BCM;,_,  BCMj,1 +BCM; BCMji

By B* =

If we use (2.3), then we have BCMyyy = BCMyy3 + BCMgyo + BCMy11 + BCMy. Then by induction

hypothesis, we obtain

ByB*!' = (ByBB
BCMp,s BCMjis+BCMyis +BCMyrs BCMjys+BCMyys BCMs 1111
| BCMiis BCMpys+BCMyys + BCMipy BCMjps + BCMiss BCMis 1000
| BCMyys  BCMiyo + BCMisy + BCMy  BCMp s +BCMyyy BCMio 0100
BCMyys BCMyyi +BCMy, +BCMy_1  BCMyy1 +BCM,  BCMys 0010

BCMjy6 BCMys + BCMyyy + BCMyys BCMjis +BCMyyy BCMjis
BCMjy5 BCMjyiq +BCMyys +BCMyys BCMjiq +BCMiys BCMjs
BCMj1a BCMjis +BCMyyo +BCMyy1 BCMj 3 +BCMypo BCMjys
BCMjt5 BCMyyo +BCMyyy +BCM;,  BCMjio +BCM;1 BCM; o

Thus, (3.4) holds for all non-negative integers n.

(3.5) can be similarly proved .

COROLLARY 9. Forn > 0, the followings hold:
(a): BCM,, 43 = BCM3M, 11 + (BCM; +BCM; +BCM,y) M, + (BCM; + BCM)M,,_1 + BCMoM,,_»
(b): BCR,,+5 = BCR3M,,+1 + (BCR2 + BCR; + BCRy)M,, + (BCR; + BCR3)M,,—1 + BCRo M,,_».
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Proof. The proof of (a) can be seen by the coefficient of the matrix Bys and (3.1). The proof of (b) can
be seen by the coefficient of the matrix Br and (3.1).

4. Five-Diagonal Matrix with Fourth Order Sequences and Applications

In this section we give another way to obtain nth term of the bicomplex Tetranacci and Tetranacci-Lucas

quaternions. For this we need the following theorem.

THEOREM 10. Let {x,} be any fourth-order linear sequence defined recursively as follows:

Ty =TTp_1+ STp_2 +1Tp_3 + ULy _4, n >4

with the initial conditions xg = a, 1 = b, o = ¢, x3 = d. Then for all n > 0, we have

a -1 0 0 0 0 O 00 0 O
b 0 -1 0 0 0 O 00 0 O
c 0 0 -1 0 0 O 00 0 O
d 0 0 0 -1 0 O 00 0 O
0 wu t s r -1 0 00 0 O
=0 0w ot s o 1 00 0 0
o 0 o0 o 0 0 0 s r =1 0
o 0 0 o 0 0 o0 t s r -1
0 O 0 0 0 0 0 u t s r
(n+1)x (n+1)
Proof. We proceed by induction on n. Since
a —1 0 0
a —1 0
a -1 b 0 -1 0
xo = lal,, =a, 1 = =b, xo=|b 0 -1 =c, T3 = =d,
0 c 0 0 -1
2X2 c 0 0
3%3 d 0 0 0
4x4


http://dx.doi.org/10.20944/preprints201903.0024.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 4 March 2019 d0i:10.20944/preprints201903.0024.v1

16 YUKSEL SOYKAN

the equality holds for n = 0,1, 2,3. Now we assume that the equality is true for 4 < k < n. Then we will

complete the inductive step n + 1 as follows: Note that

a =1 0 0 0 0 0 0 0 0
b 0 -1 0 0 0 0 0 0 0
0 0 -1 0 0 0 0 0 0
d 0 0 0 -1 0 0 0 0 0
Tpi1 = 0 wu t S r =1 0 0 0 0
00 0 0 0 0 0 ro—1 0
00 0 0 0 0 0 s -1
00 0 0 0 0 0 Eos o s
and
a -1 0 0 0 0 0 0 0
b 0 -1 0 0 0 0 0 0
c 0 0 -1 0 0 0 0 0
d 0 0 0 -1 0 0 0 0
e 0 0
00 0 0 0 0 0 ro—1
00 0 0 0 0 0 ST e
a -1 0 0 0 0 0 0 0
b 0 -1 0 0 0 0 0 0
c 0 0 -1 0 0 0 0 0
d 0 0 0 -1 0 0 0 0
FEDEDTTIEE s . 1 o 0 0
00 0 0 0 0 0 ro—1
00 0 0 0 0 0 t s

(n+1)x (n+1)
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and so

a =1 0 0 0 0 o --- 0
b 0 -1 0 0 0 o --- 0
c 0 0 -1 0 0 0O --- 0
Tpy1 = ro,+s|d 0 0 0O -1 0 0 --- 0
0 u t s r -1 0 --- 0
0 O 0 0 0 0 0 r
a —1 0 0 0 0 o --- 0
b 0 -1 0 0 0 o --- 0
c 0 0 -1 0 0 o --- 0
+1d 0 0 0 -1 0 0 --- 0
0 u t s r -1 0 --- 0
0 O 0 0 0 0 0 t
nXxn

Now it follows that
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a -1 . 0 0 O O O --- 0
b 0 -1. 0o 0 O O - 0
c 0 0 -1 0 O O --- 0
Xn = TCn+STp1+t/ld O O 0 -1 0 0 --- 0
0 wu t s r -1 0 --- 0
0o 0o o o0 o0 o0 O t (D) (nl)
a -1 0 0 O 0 O 0
b 0 -1 0 0 0 O 0
c 0 0 -1 0 0 O 0
+|ld 0 0 0 -1 0 O 0
0 u t s r —1 0 0
o o 0o o0 o 0 o0 u ()% (1)
a -1 0 0 O 0 O 0
b 0 -1 0 0 0 O 0
c 0 0 -1 0 0 O 0
= rep,+8Tp1+tno+ld 0 0 0 -1 0 0 0
0 wu t s r —1 0 0
o 0o 0o o o 0 O u (n—D)x(n—1)
a -1 0 0 0O 0 O 0
b 0 -1 0 0 0 O 0
c 0 0 -1 0 0 O 0
= rap+Sty_1 4 ton_o +u(-1)" VDI d 0 0 0 -1 0 0 0
0 u t 5 r —1 0 0
o 0 o o0 0 0 O -1

(n—2)x(n—2)

TTy + STp_1 +tTp_o +UTy_3.

This completes the inductive step and the proof of the theorem.
Note that in our cases ¥ = s =t = u = 1. As a corallary of the above theorem, in the following we

present another way to obtain nth term of the bicomplex Tetranacci and Tetranacci-Lucas quaternions.
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COROLLARY 11. For alln > 0, we have

(a):
BCM, -1 0 0 0 0 0 00 0 0
BCM, 0 -1 0 0 0 0 00 0 0
BCM; 0 0 -1 0 0 0 00 0 0
BCM; 0 0 0 -1 0 0 00 0 0
o 1 1 1 1 -1 0 00 0 0
BCMn=1"%9 o 1 1 1 1 -1 00 0 0
O 0 0 0 0 0 o0 11 -1 0
O 0 0 0 0 0 o0 111 -1
O 0 0 0 0 0 o0 O L O
(b):
BCRy, -1 0 0 0 0 0 00 0 0
BCR, 0 -1 0 0 0 0 00 0 0
BCR, 0 0 -1 0 0 0 00 0 0
BCR, 0 0 0 -1 0 0 00 0 0
o 1 1 1 1 -1 0 00 0 0
BCR =1 o o 1 1 1 1 -1 00 0 0
0O 0 0 0 0 0 0 11 -1 o0
0O 0 0 0 0 0 0 11 1 -1
0O 0 0 0 0 0 0 O O P

Proof. (a) follows from (2.3) and Theorem 10. (b) follows from (2.4) and Theorem 10.
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