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Abstract

In this paper, we study the convergence of new implicit iterations dealing with n-tupled fixed point results
for nonlinear contractive-like mappings on W-hyperbolic metric spaces. Herein, we demonstrate that our
newly implicit iteration schemes have faster rate of convergence than implicit S-iteration process, implicit
Ishikawa and Mann type iteration processes. Furthermore, a numerical simulation to improve our theoretical

results is obtained.
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1 Introduction and Preliminaries

The classical Banach Contraction Principle is one of the most important results of analysis which considered

as the main source of metric fixed point theory. It states that every contraction operator on a complete metric
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space has a unique fixed point. A great deal of expansions of this principle have been done, for the most part by
generalizing the contraction operator and some of the time by expanding the necessity of completeness or even
both. This principle is applied to prove the existence and uniqueness of solutions of nonlinear Volterra integral
equations and nonlinear integro-differential equations in Banach spaces other than supporting the assembly of
calculations in Computational Mathematics.

In 1987, Guo and Lakshmikantham [5] presented some results about coupled fixed point. Thereafter, in 2006,
Bhaskar and Lakshmikantham [6] gave some fixed point results for weak contractivity type mappings on a
partially ordered complete metric space, using a mixed monotone property. In 2009, Lakshmikantham and
Ciric [7] defined the concept of mixed g-monotone mappings and introduced coupled coincidence and coupled
common fixed point results for nonlinear contractive mappings in a metric space endowed with a partial ordering,
which also extended the fixed point theorems due to Bhaskar and Lakshmikantham [5]. In 2013, Imdad et al.
[14] gave the definition of n-tupled common fixed point as well as n-tupled common coincidence and utilized
these two notions to obtain n-tupled coincidence as well as n-tupled common fixed point results for contraction
operators. The notions given by Imdad et al. [14] are quite different from the notions of Roldan et al. [16].
On the other hand, there is one, may be more characteristic, approach to respect the idea of convexity. Convexity
in a vector space is characterized utilizing lines between points; in Euclidean spaces or more generally in Banach
spaces, there is a line of most brief length that joins two points, and the length of this line is the line segment
between its two endpoints. However, metric spaces do not naturally have this convex structure. In 1970,
Takahashi [18] defined the concept of convexity in metric spaces and gave some fixed point theorems for non-
expansive mappings in such spaces. A convex metric space is more general than normed space and cone Banach
space [18]. After some time, diverse raised convex structures have been presented on metric spaces. In 2004,
Kohlenbach [11] gave the notion of W-hyperbolic spaces which represents a consolidated approach for both
linear and nonlinear structures at the same time. It is worth noting that every hyperbolic space is a convex
metric space defined by Takahashi [18] but converse may not be true in general [3].

Iterative methods for approximating fixed points in convex metric spaces have been studied by many authors

(see, e.g., [3, 4, 8, 9]), using implicit iterative procedures which are incredible significance from numerical angle


http://dx.doi.org/10.20944/preprints201903.0022.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 4 March 2019 d0i:10.20944/preprints201903.0022.v1

as they give precise estimate.

The following forms give a metric version of implicit Ishikawa and implicit Mann iteration schems defined by
Ciri¢ et al. [1, 2] in the background of W-hyperbolic space.

Let E be a nonempty convex subset of a W-hyperbolic space X and T : E — E. Choose zg € E and define the

sequence {z,} as follows:

Tp = W(mn—laTynvan) (1)

Yn = W(xanx’mﬁn)a n €N,

and

Tp = W(xp_1,TTn,an), n€N. (2)

Recently, Yildirim and Abbas [13] introduced implicit S-iteration process with higher rate of convergence than
Mann type (2) and Ishikawa type (1) implicit iterative processes.

Initiated with 2o € E, then we get the following sequence {z,, }:

Tn = W(Tmn—lyTyna an) (3)

Yn = W(xanx’mﬁn)a n €N,

where (a;,) and (5,) are certain real sequences in [0, 1]. In this paper, we introduce some new implicit iteration
process and study their rate of convergence in hyperbolic metric spaces. Also, we give a numerical example to
exhibit the utility of our proved results.

We need the following definitions and lemma in order to introduce our main results.

Definition 1 [11] A W-hyperbolic space (X,d, W) is a metric space (X,d) together with a convexr mapping
W : X2 x[0,1] — X satisfying the following properties:

(1) d(u, W(x,y,a)) < (1 — @)d(u,z) + ad(u,y),

(i) d(W (z,y, o), W(z,y, 8)) = lla = Blld(x,y),

(i31) W(z,y,a) = W(y,z,1 — ),
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(i’U) d(W(:L‘, 2, a)7 W(ya w, a)) < (1 - O[)d(.’l?, y) + ad(z, w),

for all x,y,z,w € X and o, 3 € [0,1].

Definition 2 [138] A self mapping T on X is called a contractive-like mapping if there exists a constant 6 € [0, 1)
and a strictly increasing and continuous function ¢ : [0,1) — [0,1) with ©(0) = 0 such that for any x,y € X we

have
d(Tx,Ty) < dd(z,y) + p(d(z,Tx)). (4)
Definition 3 [5] An element (x,y) € X x X is called a coupled fized point of the mapping T : X x X — X if
T(z,y) =z and T(y,x) =y.

Definition 4 [1/] Let X be a nonempty set.An element x', 2% 23, ..., 2™ € X™ is called an n-tupled fized point
of the mapping T if
ot =T(xd, 2% 23, .. "),

2 _ 2 .3 .3 no1
=T (z%, x5,2°,...,2",x"),

" =T(z" 2t 2% .z

Lemma 5 [17] Let {c,}52; C [0,00). If there exists an ng € N such that for all n > ng, we get
Cn+1 S (]- + nn)cn + nnen;
where n, € (0,1), > n=o00 and 8, >0 for alln € N. Then the following holds:
n=0

0< lim supec, < lim sup6,.
n—oo n—oo

2 Main Results

Definition 6 Let E be a nonempty conver subset of a W-hyperbolic space X and T : [[ E — E. Choose
i=1

{z}} € E and define the two sequences {xi,} and {y,} for each i =1,2,3,....,n as follows:

xl :I/[/(Tm(a:,l,hl,av2 Lol )7T(y71n,y31,...,yﬁl)7am) (5)

m m—1» m—1

4
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1‘%1 = W(Tm(xaznfla $il,1, LR xnmflvx}nfl)vT(ygn’ y?nv s vy::wyiz)v am)
xTan = W(Tm(x?n—la xin—l’mzn—lv e ’mZz_—ll)vT(wa yrlnvy?n—l’ ) y:ln_l)v am)

y?n = W(xgan(xzmx%a xzvxin)»ﬂm)
ym = W(x%7T(x$L7x’}n, z?ﬂ’ . 71:77”7;7/_1)’ /Bm)7 m7n e N7
where T™(xt 22, ... 2") = T(T™ Y(at 22, ... 2"), T (2,23, ... 2™ 2t), ..., T2t ..., 2" ) and (qum),

(Bm) are certain real sequences in [0, 1].

n
Definition 7 Let E be a nonempty convexr subset of a W-hyperbolic space X and T : [[ E — E. Choose

i=1
{z}} € E and define the two sequences {z¢,} and {y,} for each i =1,2,3,....,n as follows:
xin = W(T(‘r}n—l’ 177271—17 ce ’xTan—l)v T(yrln7 y72na s )ygL)7 Oém) (6)
x?n = W(T(fﬂfn_u x?n—lv e 73721—17 x%n—l)a T(yvzm y73m e 7y?m yrln—l)a am)
:Z":Ln = W(T(‘T?n—h x'}n—h x?n—lv ce 7x:Ln_—11)a T(y:}w yrlnv y72n—17 s 71/;11_1)’ am)
y71n_ (x'}n7T(x'}n7x3n"’xzz)7ﬁm)
Y = W25, T, s - s T ) i)
ym = W<x%7T(x%7x;l:rl7x’?n7 7x%_1)’ﬁm)7 m7n e N7

where () and (Bm) are certain real sequences in [0, 1].

Definition 8 Let E be a nonempty convexr subset of a W-hyperbolic space X and T : [[ E — E. Choose
i=1

{zb} € E and define the two sequences {z%,} and {y,} for each i =1,2,3,....,n as follows:

x}n = W(x;mflﬂT(y#7ygm"'7ygz)ﬂam) (7)
)
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x?n = W(xrznflaT(ygnvygw e vygwy;mfl)a am)

% = W(xfn—laT(y:lnvyrlmygz—lv cee 7y7r1lz_1)a am)
yTIVL = W(:IT}TL’T(Z‘#L’Q:?’H,? A 7$2L),/Bm)

yfn:W(xQ T(:L‘z 22 a2 xl )aﬂm)

m? m? ) m? m

where () and (Bm) are certain real sequences in [0, 1].

n
Definition 9 Let E be a nonempty convexr subset of a W-hyperbolic space X and T : [[ E — E. Choose

=1

{z}} € E and define the two sequences {z%,} and {y,} for each i =1,2,3,....,n as follows:

x'}n = W(xgn—b T(xvlvw x?nv s 75377;1)7 am) (8)
w2 = W22, T(x2, 23 ... 2™ xl ) am)
alt =Wl T, oh 22 1,2 ), ), myn €N,

where () and (By,) are certain real sequences in [0,1].

Definition 10 A self mapping T on X x X is called a contractive-like mapping if there exists a constant
§ €10,1) and a strictly increasing and continuous function ¢ : [0,00) — [0, 00) with ©(0) = 0, such that for any

z,y € X we have

d(T(xt,a?,..,2"), Ty 2. y) < %[d($17y1) +d(2?,y?) + .+ d(2" Y] + e(d(t, Tt 2%, 2")) +

d(z? T(2%, 2%, ... 2™ 2')) + ... +d", T(z", 2", ..., 2" 1))). (9)

n
Theorem 11 Let T : [[ E — E be a contractive-like mapping defined in (9) on a nonempty closed convex
i=1

subset E of a W-hyperbolic metric space (X,d, W) with F(T) # ¢ (F(T) denote the set of all fized points of

T). Then, for the sequence {x,,} defined in (5) we have lim zf = p', where (p',p?,...,p") € F(T).

m—0o0

6
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Proof. Assume that (p',p?,...,p") € F(T). Using (5) and (9), we get

d(z}  pb) +d(2?,p*) + ... +d(z",p") (10)
= d(W(Tm(xin—l’xzn—lv cee ’xnm—l)vT(yrlm ce ay:ln—l)a O‘M)apl)

+d(W(Tm(x$n—lvx§n—la e axfn—lax}n—l)’T(yfm tee ayg—l»yrlrz—1>7am)ap2)

+d(W(Tm(x:Ln—1’ xin—la e vx?n_—ll)5 T(y:)lfu y}n—l? e 7y:;L_—11)7 O‘WL)apn)

< apd(T(T™ Yk, 22y, . 2t ), T™ (a2 3 LD,

m—1>Tm—1s m—1LTm—17+rLTm—1 i)
TNy s - 1)), TP 9%, p™)

+(1 = am)d(T (s ym1), TP 07, .. p"))
—l—amd(T(Tm_l(xfn_l,xfn_l, .. 7x'}n—1)?Tm_1(x§n—17x;ln—l7 o )yeo-

Tm_l(xrlnfla x?nfl’ s 7$:Ln71>)’T(p27p3a R 7pn7p1>)

+(L = an)d(T (Y2, - - Y1), T, 0%, ..., 0"))

Tm_l(xz_flla T, 1,1’#_1 tee 7xn_2 )),T(pn,pl’ R 7pn_1))

(1 = an)d(T (Y T W -+ Yo T, 075 ™))

< 00" [d(@p, 1, p") + d(@, %)+ d(ah, g, "] (= )8y, ') + d(yi, p7) - dly, )]

and

Ay, 2") + Ao *) + -+ d(yp, P") (11)
= d(W(axl, Tz}, 22, ...,2%), Bm)), DY)

m

+d(W (22, T(22,, 22, ..., 2 ), Bm)), p?)

+d(W (2, T (@ s -5 @), Bn)), P")

msm>
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+(1 - ﬁm)[d(T(m}n, x?n, e ,:vrnib),T(pl,pz7 D))+ d(T(xfmmfn, e ,x}n),T(pQ,p?’, e ,pl))

+d(T(z™,xl o2, T, pt, ..., p" )]
< (B + (1= Bu)d)[d(@p,, p') + dlahy, p°) + ..+ d(zh,, ™))
By (10) and (11), we have
d(z),,p") + d(a2,,p°) + ...+ d(x),, p")
< 0" (@1, p") + d(xh, 1, p%) + .+ dlay, g, p")] (12)
(1 = an)d(Bm + (L= B)O)d(zp,, ") + d(ah,, p°) + ...+ d(zp,, ")
< amd™[d(zl _ pt) +d(x? 1 pt) . A d(xn ™))

+(1 = am)dld(ay,, p') + d(ay,, p*) + ... + d(x],, p")]
which implies that

d(l’}n,pl) +d($$nap2) +"'+d($?n7pn) < Dm[d(xin—lvpl) +d($$n—17p2)+"'+d(xfn—1’pn)]a (13)

where
QO™
D = 1—(1—ap)d
Observe that
\-D, —1_ am0 :1—(1—am)5—am5
1—(1—ap)d 1—(1—ay)d

>1—(1—am)d— apd™
implies that
Dy < (1—apm)d+ apd™ <o (14)
Now, in view of (13) and (14), we have

d(xh,, p') +d(a2,p*) + ...+ d(@,p") < Dpld(@h,_1,p") +d(@l,_1,p°) + ...+ dz),_1,p")]  (15)
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Taking limit on both sides of the above inequality, we have lim [d(zl ,p') +d(z2,,p?) + ...

< S[d(zl,_1,pt) +d(22,_

m

< Sm[d(x(l),pl) + d(x%,p2) + ...

m—r oo

d0i:10.20944/preprints201903.0022.v1

zg,p")]-

+d(zl,p™)] =0.

n
Theorem 12 Let T : [[ E — E be a contractive-like mapping defined in (9) on a nonempty closed convex

=1

subset E of a W-hyperbolic metric space (X,d, W) with F(T) # ¢. Then, for the sequence {x,} defined in (7)

we have W}gnoo xt = pi, where (p',p?,...,p") € F(T).

Proof. Assume that (p!, p?,

and

(@, 0") + d(z0,,0%) + ...

+d(W (T (2, xh s ...

< ap[d(T(z), 23

m—1>

+(1 - O‘m)[d(T(ygnv y72n’ s

< apdld(zt,_;,p") +d(z

— m

m—1s---

., p') € F(T). Using (7) and (9), we get

o ym)s ), pY)

e Um)s Om)), D)

. 7y;nn71)7 am))vpn)

7$:Ln_1),T(p1,p27 ... 7pn)) + ...

3n—17p2) .o+ d(x;Lm—hpn)]

+(1 = am)8[d(yp, p") + d(y,, p°) + ... + Ay, p")]

d(yp,p") + d(yp, p°) + ...+ d(yl, p™)

=d(W(z},, T (x}

m>

+d(W (22, T (22

m>

+d(W (al,, T(x)

m)

maxfna s 7xfn)7ﬁm))7p1)

m?x?TL7""m$n)7ﬂm))’p2)

m,-%.i’%, A '7xﬁl_1)7ﬁm))7pn)

+d(T(m%—17 T nm_—ll)vT(pnvplv'”

. + d(T(y'r?wy}ru st ,y;"l_]‘)’T(pn’pl’ AR

(16)

"))

"))
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+(1 - ﬁm)[d(T(m}n, x?n, e ,:vrnib),T(pl,pz7 D))+ d(T(xfmmfn, e ,x}n),T(pQ,p?’, e ,pl))

+d(T(:I:Z‘L7x’})’L7 A ’x?n_l)7T(pn7p17 cte ’pn_]‘))]

< (B + (1= Bm)0) (@, p") + d(a, %) + ..+ d(ar, p")]-

Therefore,

d(y,, ") + d(xh,,p°) + ..+ d(ap,, p") (18)
< amdld(ay, 1, p) +d(zn, 1, p?) + ...+ d(zp, 1, p")]

+(1 = am)d(Bm + (1 = Bm)d) (5, p") + d(27,,0°) + ... + d(ap,, p™)]

< amdld(ay,_y,p") +d(h, 1, p?) + ...+ d(zp, g, p")]

+(1 - O‘m)é[d(xvlnvpl) + d(l‘il,pZ) +...+ d(xﬁpn)L
which implies that

d(l’}n’pl) +d($%1ap2) ++d($rnlwpn) < Dm[d(xin—lvpl) +d(x3n—17p2)+"'+d(x;lz—1’pn)]a (19)

where

a0

Dm:1—(1—am)5'

Observe that

B amo 1-6 S
I—(1—an)d 1—(1—an)d —

implies that

Due to (19) and (20), we have

d(zy,,p") + d(@h, p?) + .+ dan, ") < Old(2n,_y,pt) +d(ah, 1, p%) + (e, p")] (21)

10
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< (0)[d(p,—2,0") + d(23,_5,0%) + ... + d(ap, 5, p")]

< (8)"[d(xo,p") + d(a5,p*) + ...+ d(ag, p")].
Taking limit on both sides of the above inequality, we obtain lim [d(z],,p') +d(22,,p?) + ... +d(z7,,p")] = 0.
m—r oo

n
Theorem 13 Let T : [[ E — E be a contractive-like mapping defined in (9) on a nonempty closed convex
i=1

subset E of a W-hyperbolic metric space (X,d, W) with F(T) # ¢. Then, for the sequences {x,}, {yn} defined

in (6) with > (1 — ¢,) = 0o, we have li_I;(l xt = p', where (p*,p?,...,p%) € F(T).
m—0o0
Proof. Assume that (p*, p?, ...,p%) € F(T). Using (7) and (9), we get

d(y,, ") + d(x,,p°) + ...+ d(ap,, p") (22)
= d(W($}n71,T(y71n7y72n, ce vygz)a am)vpl) + d(W(xi,l,T(yi,yi, ce 7yin)vam)7p2)

+.o.t d(W({L'?n_hT(yfmy}n, . '7y:ln_1)v am)’pn)

< amlah,,p') +d(@2, p?) + ...+ d(@l, p")] 4+ (1 — aw)d[d(yp,, p') + d(ya. p°) + ... + d(yl, p™)]-
And
Ay, ") + d(2, p?) + -+ d(yp,p") < (B + (1= Bu)d)d(z),,p") + d(z},,p°) + ... + d(ap, p™)].(23)

Therefore

d(xy,, ") +d(5, p?) + ..+ d(x), ") < omd(a, yph) +d(zg, 0%+ d(an, ") (24)

which implies that

[d(l’}n,pl) + d(a:fn,pz) +.oo+ d(x:zn’pn)] < Dm[d(x:n—lapl) + d(xzn—l’p2) +.o+ d(x?n—lapn)], (25)
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where
Qm
D, =——.
Tl (1= am)é
Observe that
1D, -1 QU (1= ap)(1=9)

T e T 1= (—agp =T am1=9)

implies that

D <1—(1—am)(1—90) (26)

From (25) and (26), we have

[d(xy,, p") + d(22,,p?) + ...+ d(@l,p")] <1—(1—amn)1—0)[d,_1,p")+d,_1,p°) + ... +d(x),_, 12)]

< H(l = (1= a;)(1 = 9)ld(5,p") +d(ag, p°) + ... + d(ag, p")]

< eXp{Z(l — o) (1 = 8)Yd(xp, p*) 4+ d(z2,p*) + ... + d(xf, p")]
i=1

<exp{Y_(1— ;) (1 = 0)}d(p, p) + dla5,p°) + ... + d(ag, p")]
i=1

Using the fact that 0 < § < 1 and Y (1 — a;) = 00, we conclude that

lim [d(xin,pl) + d(x%z,p2) +...+d(zr,p")] =0.

m—o0

n
Theorem 14 Let T : [[ E — E be a contractive-like mapping defined in (9) on a nonempty closed convex
=1

subset E of a W-hyperbolic metric space (X,d, W) with F(T) # ¢. Then, for the sequences {x,}, {yn} defined

in (8) with >°(1 — a;) = oo, we have lim z¢ = p', where (p',p?,...,p") € F(T).
—00

m

Proof. Assume that (p!,p?,...,p") € F(T). Using (8) and (9), we get

d(:(:,ln,pl) + d(xfn,pz) + ...+ d(zy,p™) (28)
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S am[d(mvlnflvpl) + d(xgnflap2) +..+ d($%717pn)]

+(1 = an)8[d(y,, p') + d(a7,, p*) + -+ d(a, )],
which implies that

d(.%‘}n,pl) + d(l‘%n,p2) .t d(m%,pn) S Dm[d($7171717p1) + d(.%‘%lil,pQ) ot d(mfnfl,p”)], (29)

where
Qm,
D, =——.
1—(1—am)d
Observe that
1-D,, =1 o Iz an)d=0) s - )

C1-(1—am)id  1—(1—am)

implies that
Dy <1—=(1—0am)(1-9) (30)
From (29) and (30), we have

d(xy,,p") + d(@h, p?) + .+ d(ap,p") < (1= (1= am)(1 = 8))[d(@n_y,p") +d(ah, 1, 0%) + ...+ d(ag,_1,p")]

< H(l = (1= ) (1= 0))ld(xg,p") + d(5,p*) + ... + d(ag,p")]

<exp{D (1 — i) (1= 0)}d(xg, p") + d(af,p*) + ... + d(ag,p")]

i=1

<exp{> (1~ an)(1 - 0)}d(ah, p') + d(a,p?) + ... + d(a,p")] (31)
i=1
Using the fact that 0 < § < 1 and Y (1 — a;) = 00, we conclude that

lim [d(x}n,pl) + d(xfn,pQ) + ...+ d(z,,p")] =0.

n— oo

The following result deals with the rate of convergence of implicit S-n-tupled iteration process.

n
Theorem 15 Let T : [[ E — E be a contractive-like mapping defined in (9) on a nonempty closed convex
i=1

subset E of a W-hyperbolic metric space (X,d, W) with F(T) # ¢. Then, the sequences {x,,}, defined in (5)

with > (1 — ayy,) = 00, converges to the n—fized point of T' faster than (6), (7) and (8) iterations.
13
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Proof. Let (p',p?,...,p) be a fixed point of T. Using the implicit type iteration process given in (6), we have

d(m}n,pl) + d(xfn,pQ) +...+d(zy,p™) (32)

< Q0
1—(1—am)d

<. < Iy,
where

I = (0™, ) + () -+ () (33)

T—(—am)

Now, using the implicit iteration defined in (7), we obtain that

(2, ") + d(xh,, p°) + ...+ d(ap,, p") (34)
A e s T s e p) + A1) e )]
< oo < I,
where
T = ( o ) d(ad,pt) + (a3 p?) + .+ d(ag, ). (35)

1= (1= am)d(Bm + (1 — Bm)d)

Next, using the implicit iteration given in (8), we obtain that

d(m}n,pl) + d(x?n,pz) +...+d(zy,p™) (36)
Qm, 1 1 2 2 n n
< 1— (1 _ am)d[d(xm—lﬁp ) + d(mm—l?p > +...+ d<xm—17p )}
<. < Ky,
where
(079 m n .n
K = (m) [d(xg,p") + d(2F, ) + ... + d(af, p")]- (37)

Finally, using the iteration process (5), we have

d(m}n,pl) + d(:c?n,p2) +...+d(zy,p™) (38)

Q0™

T a5 A Eme1 ) 4 dl o p?) o dg )]

< ...< Ly,
14
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where

L = (o), 1) + (o, 07) + -+ a0 (39)

T—(1—am)

Now, in view of (33), (35), (37) and (39), we have

m Lm .
lim == =0, lim =2 =0 and lim —= =0.

m—r oo m m—r o0 m m—r oo m

3 Numerical Simulations

In this section, we are interested in numerical simulations to support our analytical results by a numerical

example using MATLAB.

Example 16 Suppose that T : _ﬁl[O, 1] = [0,1] is a mapping defined by T(z1,x2,73) = 3x1, T(22,23,21) =
%:132, T(x3,22,21) = %IEg. Choose o, = B, = 1 — %L, n > 2 and forn = 1,a, = B, = 0. Then we have the
following:

(a) T is a contractive type mapping,

(b) T™(x1,22,23) = (%)mxl, T (29, x3,21) = (%)mxg, T (x5, 29,21) = (%)mﬂ’}g,

2, =2 asn=1,2 3 in the implicit iterative processes (5), (6), (7) and (8),

(d) lim (xl,22,,23) = (0,0,0) in the implicit iterative processes (5), (6), (7) and (8).

15
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Table 1 shows the comparison of the rate of convergence of the implicit iterations (5), (6), (7) and (8) to the

tripled fized point (0,0,0) with the initial value (z1,2%,23) = (1,1,1) for the mapping given in Example (16).

Table 1: The values of (x} , 22, 23,) for Iterations (5), (6), (7), (8).

m? m? m

Iteration (8)

Iteration (7)

Iteration (6)

Iteration (5)

( 1.0000, 1.0000,1.0000)

(1.0000, 1.0000,1.0000)

(1.0000, 1.0000,1.0000)

( 1.0000, 1.0000,1.0000)

(0.8000 ,0.8000 ,0.8000 )

(0.7442,0.7442,0.7442)

(0.5581,0.5581,0.5581)

(0.4186,0.4186,0.4186)

(0.7111,0.7111,0.7111)

(10.6436, 0.6436, 0.6436)

(0.3620,0.3620 ,0.3620 )

(0.1527,0.1527,0.1527)

(0.6564,0.6564,0.6564)

(0.5857,0.5857,0.5857)

(0.2471,0.2471,0.2471)

(0.0440,0.0440,0.0440)

(0.6178,0.6178,0.6178)

(0.5464,0.5464,0.5464)

(0.1729,0.1729,0.1729)

(0.0097,0.0097,0.0097)

(0.5884,0.5884,0.5884)

( 0.5173, 0.5173, 0.5173)

(0.1228,0.1228,0.1228)

(0.0016,0.0016,0.0016)

(0.5648,0.5648,0.5648)

(0.4945,0.4945,0.4945)

(0.0880,0.0880,0.0880 )

(0.0002,0.0002,0.0002)

(0.5454,0.5454,0.5454)

(0.4759,0.4759,0.4759)

(0.0635,0.0635,0.0635)

(0.0000,0.0000,0.0000)

10

(0.5288,0.5288,0.5288)

(0.4603,0.4603,0.4603)

(10.0461,0.0461, 0.0461)

(0.0000,0.0000,0.0000)

11

(0.5145,0.5145,0.5145)

(0.4470,0.4470, 0.4470)

(0.0336,0.0336,0.0336)

(0.0000,0.0000,0.0000)

12

(0.5020,0.5020,0.5020)

(0.4353,0.4353,0.4353)

(0.0245,0.0245,0.0245)

(0.0000,0.0000,0.0000)

13

(0.4908,0.4908, 0.4908)

(10.4251, 0.4251, 0.4251)

(0.0180,0.0180,0.0180)

(0.0000,0.0000,0.0000)

Remark 17 By the example (16), we note that the implicit iteration (5) is faster than the implicit iterations

(6), (7) and (8).
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Figure 1 confirm that the iteration (5)) is converges faster than the iteration methods (6), (7) and (8).

compersion of iterative processes
T T T T T

09—

N

06—

04—

5,
+++++"’+++++ Tt

03 L i S

0.2 —

01—

1 1 I 1 1 |
0 5 10 15 20 25 30 35 40 45 50
n: the number of iterations

............................................................... Implicit iteration (5)

Tmplicit iteration (6)
bbb b+ Implicit iteration(7)

————————————————————————————— Implicit iteration (8)

Figure 1: Present the rate of convergence for the iterations (5), (6), (7) and (8).
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