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Abstract

In this paper we use Toeplitz quantization to extend in a very natural
way Kostant’s theorem for the group SU(m) to the group of symplecto-
morphisms of the unit sphere and we also give another proof of the infinite
dimensional version of Schur and Horn theorem for the sphere based on
Schur and Horn theorem for Hermitian matrices.
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1 Introduction

This is a continuation of our past work [?, ?] where we have shown certain
analogies between infinite dimensional Lie group and finite compact Lie group.
In this paper we exhibit close relationships between Kostant’s Theorem for the
special unitary group and the infinite version of Kostant’Theorem for unit sphere
in R? that was proved in [?].

Kostant’s Theorem for SU(m + 1) reads: Let T™ be the subgroup of diagonal
matrices. The Lie algebra of K™ = SU(m+ 1) and T™ denoted respectively by
" = u(m+1) and t™; u(m + 1) consists of all skew Hermitian matrices and t™
is the set of all purely imaginary diagonal matrices . Let W™ denote the Weyl
group which in this case coincides with Z(m +1) the symmetric group.

For A™ € t™, let Oym denote the orbit {kAk=1|k € K} C u(m + 1) of skew
Hermitian matrices with fixed eigenvalues (A]");. Let mp @ u(m + 1) — t™ be
the orthogonal projection relative to the inner product on u(m + 1) given by
minus the trace of the product of two matrices; the effect of m,, is to pick up
the diagonal part of a matrix.

Identify the Lie algebra u(m + 1) of skew Hermitian matrices with the vector
space of Hermitian matrices via multiplication by +/—1.
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The theorem states that 7,(v/—10xm) is a convex polytope which coincides
with the convex hull of the Weyl group orbit /=13 (m+1) AT

Kostant’s Theorem for SU(m + 1) is the Lie theoretic formulation of Schur and
Horn Theorem:

Schur’s Theorem: Let A™ = (AJ',--- ,\") € R™"! be the eigenvalues of
a hermitian matrix A put in a non-increasing order Ag* > --- > A™. Let
(@00, ** » @mm) be the diagonal of A also ordered in non increasing order agy >
<o+ > Qmm then

i=k i=k i=m i=m
Dai <Y N 0<k<m—1, > ag=Y A" (1.1)
=0 1=0 =0 =0

Horn’s Theorem: Let (ago," " ,amm) € R™T! such that relations (??) are
verified, then there exists a Hermitian matrix A that has A\ for spectrum and
its main diagonal is (ago, "+ , Gmm)-

In order to find the reformulation of Kostant’s theorem for the sphere, we will
look at the behaviour of each ingredient in the Kostant’s theorem: we will see
that a square integrable function f on the sphere can be identified with a se-
quence T%§" of hermitian matrices, that the set of eigenvalues for the matrices
T}" determine the decreasing rearrangement of the function f, that the union of
all maximal tori 7™ is the group of diffeomorphisms of the sphere that rotates
the circles of latitudes. We will also prove that the union of the 37, ) sym-
metric group of (m + 1) letters is nothing but the semi-group of all preserving
measure transformations of the unit interval. Our main tools in this work are
Toeplitz quantization . We also use material on the pre-ordering majorization
and decreasing rearrangement theory.We will review these two notions for the
convenience of the reader.

1.1 Toeplitz Quantization

Let © be the Fubini-Study Symplectic form on the sphere CP(1) which is in the
local coordinate [1,w] is given by

i
Q= ———=dwAdw.
(1+ww)?
The tensor power L®™ of the standard hyperplane bundle L has (m+1) linearly
independent sections which in local coordinate w are just 1,w,...,w™. The
vector space I'}, is spanned by 1, w, ..., w™ and comes equipped with the scalar
product

1
< 81,80 >= ———————51(w) sz (w)dS. 1.2
v [ T )

Now let T'%* be the space of square-integrable sections of L®™. The orthogonal
projection I'* — I'}" . is denoted by P™.
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Definition 1.1 Let f : CP(1) — R be a square integrable function . The
Toeplitz quantization of f is the map T7" : Ty, — Iy, defined by

Tf" = P"oMygoP™,
where My is multiplication by f.

Proposition 1.1 With the usual coordinates w = rexp(if),we have:

1. The holomorphic sections Ym i wF k=0,---,m where
Yk = %\/mﬁ— 11/(7,?) constitute an orthonormal basis of I‘,zwl with

respect to the inner product ( 77?).
The entries of the matriz Tf" in this basis are

2T ree £ @)kt exp((k — 1)i6)rdrdd
T )kt =2 : :
( f ) vm,mm,z/o /o (14 r2)m+2

2. Expand f(r,0) in a Fourier series:

s=-400

f(r,0)= Z fs(r)exp(ish).

S§=—00

Let m, k — oo so that % =t s fixted and k — 1 =s € Z. Then
(T}”)k,l — f_s(rkm), wherery' = /t\(1 —t).

3. If f(rexp(if)) = f(r), then T}" is a diagonal matriz.

=) |
.t T = dQ.
4. trace( ¥ ) o ) f

Proof:
1. The hermitian product (??) applied to the sections w* = r* exp(ikf), w! = 7' exp(il)

gives
(w*, w*) = 4m /+OO r2rdr _
) 0 (1 +7a2)m+2 ’Ym,k:

and a table of integrals gives the value stated of v, .

2. We also get the entries of the matrix 77"

<fwk7 wl> = Ym,kVYm,l / hm(fzk, Zl)dﬂ
CP(1)

- /277 /oo f(r, 0)r* 1+ exp((k — 1)i0)2rdrdd
= Tm,kYm,l
o Jo

(1 + r2)m+2
s N

:4 m m 1 o\ 1O b) —
TYm kY ,1/0 (1+T2)m+2f(7" 0),_dr
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3. Let us rewrite the entry (T}”)k’l in the form

2 gl =kt 27 f(r, 9)et D df 2%
(T )k = 2'Vm,k7m,l/0 e exp(—ma(r, ;))dr
where ok ok
o(r, =) =In(1+7r%) — = 1Inr.
m m

The asymptotic approximation of (T}")k,l is a straight forward application
of Laplace approximation

oo pl—k+1 27 f(r,e)e(k—l)iade o
Jo exp(-m(r, 22)dr.

t0 Ym, ks Ym, and to /o RS

Laplace approximation reads

o 27 1
—-mé(z) 1, — —-m(zo) [ =T il
/0 h(zx)e dx = h(zp)e md (z0) + O(m)

where the function ¢ has a local minimum at z.

4.1 f(r,0) = f(r),

f l+k+1d,,,
(TF" )k = 47Ym, sz/ W O,

where 52 is the Kronecker symbol.

k=m 27 p2k+1
flr 2drdf
tr(Ty") :Z mk/ / 1_|_T2m+2
_’“i" 1 m+1( >/2”/ F(r,0)r%2rdrdo
- 9. (1 L 2\mF2
P 271' l—l—r
1
:(erl)—/ fdsu.
21 Jep)

2 limpisosu(m + 1)

Toeplitz quantization allows us to associate to a function f € L?(CP(1),Q) a
Hermitian matrix T7" and conversely it is proved in [?] proposition (4.2) that
the map f +—— T}" is surjective. Also we have seen that asymptotically (T7")x.,

is the Fourier coefficient fi_j(r) of the function f.

Since matrices and functions are not from the nature, it will be more convenient
to identify the vector space of Hermitian matrices with a subspace of step func-
tions of L?(CP(1),€2). To do so let ¢ be the local chart defined on the sphere
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minus the North pole by

CP(1)\{North pole} — [0,1] x [0, 1]
1

0) =(———=. ).
6(r,0) =(1-3-9)
Let I}, = [, B [x[Ly, B [ and let S = ¢~ (I7).

To the Hermitian matrix A = (ax), , , We associate the step function
Sa(r,0) =ak,,(r,0) € Sk (2.1)

In this way the vector space H,, of m x m Hermitian matrices is identified with
a subspace of L2(CP(1),). These identifications allows one to think of su(oo)
as all square integrable function on the sphere CP(1).

3 Maximal torus

Theorem 3.1 Let T(CP(1)) be the group of all invertible measure transforma-
tions of the sphere that rotate every circle of latitude. The torus T™ can be
identified with a subgroup of T(CP(1)) and therefore T(CP(1)) is union of all
the tori T™.

Proof:

Think of CP(1) as the sphere in R3. Then the one dimensional torus S! acts
on it by rigid rotations about the vertical axis. This action is Hamiltonian
with respect to the Fubini-Study Symplectic form 2 and has a moment map
J : CP(1) — R that associates to each point its height above the equatorial

plane:
. 1
J: CP(1 0,1]; [1,7e® — . 3.1
(1) 0,1 L 7] — (3.1)
For I" = [miﬂ,%[,k = 0,1,---,m , let S = J=Y(I") be a spherical

segment. Let (ewo, e ewm) be an element of the

torus 7™ = St x St x ... x St

T™ acts on CP(1) by rotating each spherical segment S} by an angle ), around
the vertical axis.

Of course, this action is not differentiable if the angles 6; are different. But
these spherical segments get thinner and thinner as m gets bigger and bigger.
Ultimately, they will shrink down to circles and the action of the tori T will
be just rotating the circles of latitudes.

So for each m we will identify the torus T with the subgroup of T (CP(1)).

Let (6o,601,....,0,,) € R™ 1 and let xi be the characteristic function of the
interval I, = [mLH, %[ . Let fr(r) = Ek:()n Orxx(r).
The action of the torus 7™ on the sphere can be written

(emo’ewl7 m’eiem) (1, 2) = €)1, 2] = [1, e (D).
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Conversely let ¢ € T(CP(1)). In the chart [1,7e%], we can write ¢(r,0) =
(r, €M) for a certain measurable function f.

Since the function f can be approximated by a sequence of step functions
Fm(r) = v =" 0 xx such that the sequence (¢'fm - [1,w]),, converges to (e'f -
[1,w], we conclude that ¢ € lim supT™.

It is interesting to notice the one time flow of the hamiltonian vector field X
of a function f that is constant on the circles of latitudes rotates the circles of
latitudes. In other words, Exp(X[) is just our usual exponential of lie group.
We have the following commutative diagram where Smeas(CP(1) is the set of
all invertible measure preserving transformations of the sphere.

i 8™ is sending (09,01, -+ ,60,,) to the step function that equal to 6 on the
spherical segment S}*.

ii Rot™ is the map that rotates each spherical segment with angle 6y,.
iii exp is the usual exponent (0,01, ,0,,) — (e, e ... efm).
iiii EXP(f) is the rotation with an angle of f(r).

rR™ ", [2(R)

lef}ﬂ J{EXP

m Bt Smeas(CP(1))

4 Eigenvalues

Before looking at the asymptotic behaviour of the eigenvalues of the hermitian
matrix 77", let us review quickly the notion of decreasing rearrangement of a
function. This is a deep generalization of the simple act of arranging a finite
list of numbers in decreasing order. A function is a list of continuously many
numbers, and it may be useful, in certain applications, to rearrange those in a
different order, for instance because comparisons between complicated functions
become feasible.

Let f:(X,u) — R be a measurable function. Let d¢(t) = p({w : f(w) > t}) be
the distribution function of f.

The decreasing rearrangement f* of the function f is

[ (@) =inf{t : ds(t) <z} = sup{t : ds(t) >z}, 0<z<1
Because of the importance of f* in the sequel, we will follow [?, ?] and describe

how to construct the decreasing rearrangement of a step function:

Example 4.1 let f(z) =}, ujXg, (), where {E;} is a partition of [0,1]. We
order the values of f in a decreasing order:
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t1 > 19 > --- > 1, and to each values t; we associate the set I = f_l(tj).
Let

a0:0,a1:|F1|,a2 |F1|—|—|F2 ap—Z|Fk\—1

With t, = max f(x)zep0,1], tp = minf(x)zep0,1), we get

tq 0< S < ai
» to a; < S < asg
[rs)=4q . : _ (4.1)

tp ap—1 <8 <1

Fore more on decreasing rearrangement of a function, one can also see [?].It a
striking fact that the decreasing rearrangement o the function f is determined
by the decreasing rearrangement of the eigenvalues of the matrix T7" as it is
shown by the following theorem.

Theorem 4.1 Let T} be the Toeplitz quantization of f € C°°(CP(1)) and let
AT = (NG AT, - SN be the eigenvalues of e arranged in non-increasing
order.

Let A™(r) the real step function defined on the interval [0,1] by

k k+1
A ([m—i—l’m—I—lD By Osk<m

Then the sequence of decreasing rearrangement of the functions A™(r) converges
point-wise almost everywhere to the decreasing rearrangement f* of the function

f

Proof :
In [?], V.Guillemin has proved in a more general setting a version of Szegd’
Theorem ,that in the case of our sphere says: : for every continuous function ¢,

k=m

. 1 my L
mglf_loo kZ:O ma1 P(AL") = o /C]P(l) o(f)d (4.2)

But since f and f* are equi-measurable, we have

1 1 1
— 0= — o
) o(f)d 2#/0 @o fr(t)dt

Relation (??) becomes

1
I —
mifiloo m+1 A /O¢of

1
i / o= [ ot 13
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Relation ( 7?7 ) is equivalent to: the sequence of step functions (A™),, converges
in distribution to the real function f*. ([ [?],p. 84] is a good reference for more
details on convergence in distribution.)

A well known theorem by Skorokhod ( [?]) states that sequence of the decreasing
rearrangement of (A™),, converge point-wise to the decreasing rearrangement
of (f*). But since f* and A™ are decreasing functions ,we have (f*)* = f*, and

(A™)" = A™.
Consequently , the sequence (A™),, converges point-wise almost everywhere to
.
1
Example 4.2 Let J(w) = J(rexp(if)) = 47 —— - Because J depends only on

r, T7 is a diagonal matriz and its spectrum is:

+oo 2k+1
_ _ 9 r rdr
T7)ke =A" = (Ymwk) 47T/0 423

47r(7m,k)2
471'('7m+1 k)2
(m+1)(7
(m+2)("™)
m —|— 1-k
m+2

and if we set s = k\m, in (?7), then

from which we get
im0 A (s) =1—s or J*(s) =1—s.

5 Weyl group

In this section we will show that when m goes to infinity, the symmetric group
>, can be identified with the set of measure preserving transformation of the
unit interval.

The Lebesgue measure on the unit interval I = [0, 1] will be always denoted by
1.

A map ¢ from [0, 1] to itself is a measure preserving transformation if
lp~1(A)] = |A, for Borel set A

The set of all (non necessary invertible ) measure preserving transformation of
the unit interval will be denoted Smeas(I). The invertible ones will be denoted
by Imeas(I). Each S € Smeas(I) determine a bounded linear operator Ps on


http://dx.doi.org/10.20944/preprints201903.0010.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 1 March 2019 d0i:10.20944/preprints201903.0010.v1

L2([0,1]) by Ps(f) = foS. In this way, Smeas(I) can be identified to a subset of
the set of bounded linear operators of L2[0, 1]) and the strong operator topology
induces a topology on Smeas(I).

Evidently, a sequence S,, converges to S in the strong operator topology if for
every function f, f o S, converges to fo S in L2([0, 1]).

Let IIT = [k\(m+1)7(k+1)\(m+1))7 k:()v]-v"' U m:O,l,---.

Let >, be the group of permutations of (m + 1) letters. For o € ), 7 is the
invertible measure preserving transformation that sends the interval I} to the
interval Igz k) by ordinary translation.

We call ¢ a permutation of rank m. In this way, we can identified the group of
permutations ) = with a subgroup of Imeas(I).

Halmos ([?]) shows that the set of (dyadic) permutations of different rank is
dense in Imeas(I) for the strong operator topology.

Also Brown, in [?] has proved that Smeas(I) is the closure of Imeas(I) for the
strong operator topology.

We can summarize these results in the following theorem.

Theorem 5.1 Let ) = be the symmetric group of (m+ 1) letters. There exists
a one to one group homomorphism W™ : %"~ — Imeas(I) that sends o to &
and if we identify Y, with W™ (3" ), then |J,, >, is a dense set in Smeas(I)
for the strong operator topology.

So the Weyl group in Kostant’s theorem for SU(m+1 )witch is the symmetric
group of (m+1) letters becomes the semigroup Smeas(I),the set of non-invertible
measure transformations of the unit interval.

6 The Orbit of the Weyl group

We would like to see here the behaviour of the Weyl group orbit > (A™)
when m gets bigger. We have seen that the group of permutations ) =~ can
be identified with the subgroup of invertible measure transformation of the
unit interval [0,1] and also that the eigenvalues A} determine the decreasing
rearrangement of the function f. Therefore it reasonable to expect that the
orbit of the Weyl group > (A™) will be

Smes(I) - f* = {f"o¢,|¢ is a measure preserving transformation of [0, 1].

To be more precise, let us identify the spectrum A™ = (A0 AL ... A™) of

the matrix 7" with the step function A™ defined on the unit interval [0, 1] by
k_ k

Am(t) = )‘anvt € [mv miJrll[

The orbit ), -A" is therefore identified with the set of step functions O(A™) =

{A™ 05,|d a permuation of the intervals [mL_H, %ﬁl[}

Bearing these identifications in mind we claim that the topological limit sup of

O(A™) is Smes(I) - f* .
Recall that if {E,,} is a sequence of subsets of a topological space X, a point
x in X belongs to the topological lim sup of E,,, denoted LsE,,, if for every
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neighborhood V of x there are infinitely many m with

VN E,, # 0. We can also characterized elements of LsE,, by the existence of a
generalized sequence that converges to this element.

Proof : We want to show LsO(A™) = Smes(I) - f*.

Let f*o¢ € Smeas(I) - f*.

The set of (dyadic) permutations is from theorem (?7?) dense in Smeas(I) for the
strong operator topology; therefore there exists a generalized sequence (04 )4 of
permutations that converges to ¢ , i.e for each m, A™ o o, converges in L?([0, 1]
to the function A™ o ¢. Also since the sequence (A™) converges almost every-
where to f* we see that we can extract a generalized subsequence (Ak o aak)
that converges to f* o ¢. and therefore f* o ¢ € LsO(A™) .

k

To prove the converse, let g € LsO(A™). There exists then a generalized se-
quence g, = A™ o o, that converges to the function g in L%([0, 1]).

Each invertible measure preserving transformation o, induces a unitary opera-
tor P, on the Hilbert space L?([0,1]) defined by P,_(h) = ho o,. Since the
norm of P,_ is equal to 1, the generalized sequence (o, ), belongs to the closed
sphere of linear operators on L?([0, 1]).

It is proved in [[?], p.512] that the closed sphere of linear operators on L?([0, 1])
is a compact set for the weak operator topology, therefore the generalized se-
quence P, admits a generalized subsequence, that we denote again P, _,that
converges weakly to a linear operator P. But since the operators P, are uni-
tary operators , weak convergence and strong convergence are the same.

Also theorem 3 of J.Brown in [[?], p.22] states that the strong closure of the set
of invertible measure preserving transformations of the interval [0, 1] is the set
of all measure preserving transformations of the interval [0, 1].

We conclude then that the generalized sequence (0,), converges strongly to a
measure preserving transformation ¢ of the unit interval [0, 1].

Now since the sequence (A™),, converges to f*, it follows that g, = A" o g,
converges to f* o ¢ and so g = f* o ¢.

In conclusion, the sequence of the Weyl orbit ) -A,, "converges” to the orbit
of f* under the action of the semi-group Smeas(I) of the set of all measure
preserving transformations of [0, 1].

7 Projection

Recall that the projection 7, in Kostant’s theorem picks up the diagonal of
the matrix. To find therefore the limit of 7, when m goes to infinity we have
to find the asymptotic approximation of the main diagonal of the Hermitian
matrix T}".

27

In (?? ), we have shown that (T7") = o= [ f(r,0)d0 + O(L). Also the

identification of a Hermitian matrix with step function that we defined in (?7?)
allows us to identify the diagonal of T}* with the step function >, (77" )k, kSt

that converges to 5= fo% f(r,0)ded.

10
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For simplicity, we write

lim 7, ((T5")k) = hm (Tf ik

m—>00
1 27

% f(r,0)do

8 Orbit

For A™ € t, let Oym denote the set of skew Hermitian matrices with fixed
eigenvalues (A]");.

For f €€ L?(CP(1) ,the orbit of f is simply be the set of all function g with pre-
scribed decreasing rearrangement f*. The orbit O(f) can also be characterised
by the set of functions g such that the matrix Ty and T}" are asymptotically
equivalent.

Recall that two sequences of hermitian matrices A,, and B, with eigenvalues
respectively A¥, and p¥, are asymptotically equivalent if the eigenvalues \*, and
pk. are bounded and if

k=m
1
k p k \p
Vpe N, lim —— )\ lim 1 kg O(Mm) .

Let us add here that the orbit of f is weakly compact. Indeed according to [?],
if g* = f*, then there exists a measure preserving transformation ¢ : CP(1) —
[0,1] such that g = f*o ¢

Let SMea(CP(1), [0,1] be the set of all measure preserving transformations (not
necessarily invertible) from CP(1) to [0, 1].

Each ¢ € SMea(CP(1),[0,1] induces a linear operator P, : L([0,1]) — L*(C'P(1),9))
defined by P,(h) = ho¢. So the weak operator topology induces a topology on
SMea(CP(1), 0, 1].

Since Py has norm 1, and because the unit sphere of linear operator is weakly
compact, we conclude from Theorem 3 of J.Brown in [[?], p.22], that the orbit
of f is weakly compact.

9 Kostant’sTheorem

From all above, we see that the following theorem proved in ([?]) is in fact
a straightforward generalization of the Kostant’s theorem for the Lie group
SU(m + 1): one can think of the function f as a hermitian matrix whose spec-
trum is f*, the orbit of f is then all functions whose decreasing rearrangement
is f*, the ”Weyl group” is in this case the semi-group of all measure preserving
transformations of the unit interval[0, 1], the projection of f is the zero fourier
coefficient of f.

Theorem 9.1 Let f: CP(1) — R and let f* be the decreasing rearrangement
of f.

11
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Let O(f) = {g € L*(CP(1)), |g* = f*}. Let = : L*(CP(1)) — L*(R) that sends
f(r,0) tor— 5= fo% f(r,0)dl. Then w(f) belongs to the convex hull of the orbit
through f* of the semi group

W ={¢:[0.1] — [0,1], ¢ is a measure preserving transformation }.

Before giving the proof of the theorem, let us introduce another practical way
to characterise convex sets in R™ and in L*([0, 1]).

Definition 9.1

1. For x € R", let x* denote the vector obtained by rearranging the compo-
nents of x in non-increasing order.
Then if © and y are vectors in R™ then We say y majorizesx if

o+ <yr4ys+-ocyp,o- forl<k<n-—1,
n n
* *
dTh=_ui
1 1

2. Let f,g € L'([0,1]). Let f* and g* be the decreasing rearrangement of f
and g.
We say that [ majorizes g (written g < f ) if

/Sg*(z)dzg/sf*(z)dz, 0<s<1
0 0

/Olg*(z) dz = /01 f (z)dz

Remark 9.1 In fact, majorization on L*([0,1]) is a generalization of majoriza-
tion on R™H1n. To see that for x € R™*Y let S™(x) be the step function defined
on [0,1] by

S™(x)(t) =k, t € [K\(m +1), (k+ D\(m +1)[.

Then if x and y are vectors in R™*! then S™(y) majorizes S™(z) if

Tht i+ al S UGyl eyl fr0S R <m— T,

m m
D ek =D v
0 0
x<y=5"(x)<S"(y) (9.1)
Let A™ = (AJ", A", -+, A7) be the spectrum of a Hermitian matrix A = (ax;) .
then Schur’s theorem says the step function S™ (agg, @11, * , Gmm) is majorized
by the step function S™(A\™)
S™ (a0, @11, 5 Gmm) < S™(A™). (9.2)

We need the following crucial results:
Rado theorem: Let A = (A", AT",--- , Alv). Let con(}_,, -A") be he convex
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hull of the set of points ()\;”(0), )\;”(1), e ,)\Z’(m)) where o is a permutation of
(m + 1) letters. Then
r<AN"ezxe con(z A

m

. Ryff’sTheorem: The set Q(f) = {g € L?([0,1])|g < f} is weakly compact
and convex. Its set of extreme points
is {f o ¢|¢ measure preserving transformations of the unit interval [0,1]}.

For the proof of the theorem let us keep in mind the following dictionary:

Hermitian matrix L?(CP(1),9)
measure preserving transformations of the

TorusT™ sphere that rotates every circle of latitude
T f e L*(CP(1),9)
diagonal matrix functions f(r,0) = f(r)
Eigenvalues (A™) dereasing rearrangement of the function f

Orbit of f = Oy = functions

Orbit of (A™) = Oy matrices whose spectrum is\ whose decreasing rearrangement is f*

Weyl group of su(m+1) = Weyl group of L?(CP(1),Q): Smeas(I)=
> miSymmetric group all measure preserving transformations of [0,1]
> A :orbit of the Weyl group Smeas(I) - f*={f*o¢p,¢ € Smeas(I)}
~< :majorization in R™ < majorization in L*(CP(1),)
m:projection on function that are constant
Tm: projection on the diagonal on circles of latitudes = zero Fourier
coeflicient .

Now let us prove the theorem. Let g € Oy . Let u™ = (u")r be the eigenvalues

of the Hermitian matrix T;" = (7" )k, Schur’s Theorem for Hermitian matrix
gives

(T e = ™.

This translated to step functions becomes as in (?7?)

S™ (T3 < S™ (™)

Taking the limit as m goes to infinity we get

1 2m
Jm 57T = o [ e < im smem) =gt = 1
To prove the converse, let us recall the following Theorem in ([ [?],p 523]) which
states that the set Q(f) = {g|g < f} is weakly compact and convex and its
extreme points are precisely the points f* o ¢ , where ¢ is a measure preserving
transformation of the unit interval. It is also shown in [ [?], pl030] that the
set of extreme points is dense in Q(f*) for the weak topology. Combining these
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with our previous result that Ls) -A"™ is the set f* o ¢, it comes out that
Q(f*) is the weak closure of Ls) -A™.

The proof of the converse is based on the following diagram

weak

G e L3(CP(1)) —"— geQ(f*) = (Ls(o,, Am))

le lweaklimit
Co€sum+1) —"  (ga) € co(X,,(A™))
—————weak
For g € Q(f) = Lsy., -A™ ", let go € Ls
quence that converges weakly to g.
A theorem by Rado states g, € co (Zma ~Ama) & go < A™e. Horn’s Theorem
implies that there exists a Hermitian matrix G, whose spectrum is A™= and
its principal diagonal is g,. Now since Toeplitz quantization is surjective, there
exists a function G, such that Tgﬁa =G,

e%

. m, 1 —
m., A be a generalized se

As before we have .
gy — SAT O
Ga Mo + 1

Therefore

k=mgq Mea
lim k=0 " OOA) _ 1/ B(Go)d
CP(1)

Mo — 00 M +1 o %
Which because of equality (??) gives
- .
Gy = f
So for large m,, the functions éva are in the orbit of f which is weakly compact
Therefore we can extract a sub-generalized sequence that we denote again by Cf?;

which converges weakly to a function G which because of the weak compactness
belongs to the orbit of f.

To summarize, we have constructed a generalized sequence (é’;) € O(f) that
«

converges weakly to G such that the Toeplitz quantization Tga has spectrum
A™e and principal diagonal g,.
The projection ,, still converge to 7 for the weak topology.

7(G) =liman(Ga)
=limpm, Tm., (9a)
=9

and that ends the proof of the Theorem.
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Based on this result, we strongly believe that Toeplitz Quantization can be
used to extend many results from finite dimensional Lie group and Lie algebra
to infinite dimensional group of symplectomorphisms of compact manifold.
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