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Abstract

Our method for density elimination is generalized to the non-commutative substructural logic
GpsUL”. Then the standard completeness of HpsUL” follows as a lemma by virtue of previous
work by Metcalfe and Montagna. This result shows that HpsUL” is the logic of pseudo-uninorms
and their residua and answered the question posed by Prof. Metcalfe, Olivetti, Gabbay and
Tsinakis.
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1. Introduction

In 2009, Prof. Metcalfe, Olivetti and Gabbay conjectured that the Hilbert system HpsUL is
the logic of pseudo-uninorms and their residua [1]. Although HpsUL is the logic of bounded
representable residuated lattices, it is not the case, as shown by Prof. Wang and Zhao in [2]. In
2013, we constructed the system HpsUL” by adding the weakly commutativity rule

(WCM) + (A ~ 1) > (A > 1)

to HpsUL and conjectured that it is the logic of residuated pseudo-uninorms and their residua
[3].

In this paper, we prove our conjecture by showing that the density elimination holds for the
hypersequent system GpsUL” corresponding to HpsUL”. Then the standard completeness of
HpsUL" follows as a lemma by virtue of previous work by Metcalfe and Montagna [4]. This
shows that HpsUL” is an axiomatization for the variety of residuated lattices generated by all
dense residuated chains. Thus we also answered the question posed by Prof. Metcalfe and
Tsinakis in [5] in 2017.

In proving the density elimination for GpsUL”, we have to overcome several difficulties as
follows. Firstly, cut-elimination doesn’t holds for GpsUL". Note that (WCM) and the density
rule(D) are formulated as

G, A=t G|ll= p[l,p,A=B

GIAT=1t" GIILILA=B
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in GpsUL”, respectively. Consider the following derivation fragment.

Gl Ay =t
GilL,t,Ay =>A GylAy T =1
G1|Ga|l1, Ap, T2, Ay = A

WCM)

(cuT)|.

By the induction hypothesis of the proof of cut-elimination, we get that

G1|G2|F1,F2,A2,A1 = A from G2|F2,A2 = t and G1|F1,t,A1 = A by (CUT) But we can’t
deduce G1|G1|T'y, A2, T2, A = A from G|G,|[1, T2, Ay, Ay = A by (WCM). We overcome this
difficulty by introducing the following weakly cut rule into GpsUL”*

G]|F,t,A:>A G2|H=>l
G1|GoTLILA = A

Secondly, the proof of the density elimination for GpsUL” become troublesome even for
some simple cases in GUL [4]. Consider the following derivation fragment

(WCT).

G| I, 2 = A GH|I, 11, p, I1Y  2h =
1|y, I 1, 1” 2| 2> P15, 20 p(COM)
G1|G2|F1,H2,p,H2,21 :>A1|F2, Hl’ZZ = p /D)
G1|Ga|T1, 11, T, T, 20, 11, By = A, S

Here, the major problem is how to extend (D) such that it is applicable to G,|I2, I}, p, IT}, 2, =
p. By replacing p with z, we get Gy|I2,IT},4,IT),%; = ¢. But there exists no derivation of
G1|GaT, 115, T2, I, 25, 17, 2y = A from G|, 115, T}, 25 = ¢ and G|}, 11,2, = A;. No-
tice that I';, IT; and 115, X5 in G,|[2, T3, p, 115, %, = p are commutated simultaneously in
G1|G2|l1, 115, T, 114, 35, 119, 2y = Ay, which we can’t obtain by (WCM). It seems that (WCM)
can’t be strengthened further in order to solve this difficulty. We overcome this difficulty by in-
troducing a restricted subsystem GpsUL,, of GpsUL”*. GpsUL, is a generalization of GIULg,
which we introduced in [6] in order to solve a longstanding open problem, i.e., the standard com-
pleteness of IUL. Two new manipulations, which we call the derivation-splitting operation and
derivation-splicing operation, are introduced in GpsUL,.

The third difficulty we encounter is that the conditions of applying the restricted external
contraction rule (ECq) become more complex in GpsUL, because new derivation-splitting op-
erations make the conclusion of the generalized density rule to be a set of hypersequents rather
than one hypersequent. We continue to apply derivation-grafting operations in the separation
algorithm of the multiple branches of GIULg, in [6] but we have to introduce a new construction
method for GpsUL,, by induction on the height of the complete set of maximal (pEC)-nodes
other than on the number of branches.

2. GpsUL, GpsUL" and GpsUL

Definition 2.1. ([1]) GpsUL consist of the following initial sequents and rules:
Initial sequents

(D) — (1) ————(L)

A=A =t F,ZL,A:A

(T-)

I'=rT
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Structural Rules
Gl = A=A

(EC) —=—

Gl=A GIl=A
G[I', I, A1 = A1 GolIh, 11, Ay = A

1, I, Ay 1 Gy, I, Ay Z(COM)
G1|G2|, I, Ay = Ao, T1hL, Ay = Ay

(EW)

Logical Rules

G1|F = A G2|A = B{

QWJAsA@B@J GW&RA:C@»
. GL,A®B,A=C
G1|F,B,A:>C G2|H:>A(_)l) G|A,F=>B
Gi|G,I\ILA - B,A=C m(—’r)
—
G1|H3A Gz|r, B,ADC(I\”) G|F,A=>B
GGyl A~ B,TLA=C oA
GIILALA=C G2|T,B,A=>C(Vl) G|F:>A
G]le|F,AVB,A:>C m(v,,)
I'=A I'=8B
GILZ r Gix' 5 ar=5_ .,
—(V,
‘L?Ji 2; Gr=ave "
GQA’B: ¢t aLBA=c )
Ar
T, %&&’A GILANBA=C"
. =
—(t
GmLAzA“)
Cut Rule
G]|F,A,A=>B G2|H:>A{
(CUT).
G1|G2F,H,A=>B

Definition 2.2. ([3]) GpsUL" is GpsUL plus the weakly commutativity rule

GIl,A=t

———(WCM).
GIAT =1

GII=pll',p,A=B
It = p|T, p (D).
GII,ILA= B

Definition 2.3. GpsUL*” is GpsUL”* plus the density rule

Lemma24. G=Bv ((D—- B)®Co(C - D)®A — A) is not a theorem in HpsUL.

Proof. Let A=({0,1,2,3},A,V,®,—>,~,2,0,3) be an algebra, where x Ay = min(x,y), xVy =
max(x,y) for all x,y € {0,1,2,3}, and the binary operations ®, — and ~ are defined by the
following tables (See [2]).

W= ol e
o|o|o|o|e
W = [ = | Of =
W[ =N
W w|—|o|w
Wl —|o| ¥
o|o|o|Ww| O
S| = | w| w| —
S| 1| w| Wl
| Lo w| Wl w
vl | =|of ¢
OO Oo|Ww| O
— =] ro] Lo —
—| 1| o] Lo o
| Lo w| w|w
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By easy calculation, we get that A is a linearly ordered HpsUL-algebra, where 0 and 3 are the
least and the greatest element of A, respectively, and 2 is its unit. Let v(A) = v(B) = v(C) =
v(D)=1. Thenv(G)=1v(301©®3®1 - 1) =1<2. Hence G is not a tautology in HpsUL.
Therefore it is not a theorem in HpsUL by Theorem 9.27 in [1]. O

Theorem 2.5. Cut-elimination doesn’t holds for GpsUL”.
Proof. G== Bv ((D > B)®C o (C - D) ®A — A) is provable in GpsUL", as shown in

Figure 1.
B=B =1 C=C D=D
(com) (=0
=B|B=1 C,C—->D=D (=)
N
A=A —B[CCo>DD—B=1 s
\ll) \WCM)
A=A =B|D—->BCC—>D=t (cuT)
\

=B[D—>B.CC—oDA=A
=B| =>(D->B)OCO(C—>D)OA—-A
=BVv((D->B)@CO(C—>D)OA—A)

(0], —r)

(Vrrs Vi, EC).

Figure 1 A proof 7 of G

Suppose that G has a cut-free proof p. Then there exists no occurrence of ¢ in p by its
subformula property. Thus there exists no application of (WCM) in p. Hence G is a theorem of
GpsUL, which contradicts Lemma 2.4. O

Remark 2.6. Following the construction given in the proof of Theorem 53 in [4], (CUT) in the
figure 1 is eliminated by the following derivation. However, the application of (WCM) in p is
invalid, which illustrates the reason why the cut-elimination theorem doesn’t hold in GpsUL”.

B=1B A=A C=C D=D
(com) (=1)
= B|B, A=A C,.C-D=D (=)
B|C.C>D.D—>BA—=A N
:>B|D—>B,C,C—>D,A=>A

—B|=>(D->B)0Co(C—>D)0A—A
=Bv((D->B)oCo(C—>D)oA~A)

(Vrr, Vil EC)

Figure 2 A possible cut-free proof p of G
Definition 2.7. GpsUL"*”" is constructed by replacing (CUT) in GpsUL”" with

G1|F,t,A:>A G2|H:>t

G |G, T,A= A (WET).
We call it the weakly cut rule and, denote by (WCT).
Theorem 2.8. If -gpsur+ G, then FgpsuL++ G-
Proof. Ttis proved by a procedure similar to that of Theorem 53 in [4] and omitted. [

Definition 2.9. ([6]) GpsUL,, is a restricted subsystem of GpsUL" such that
(i) p is designated as the unique eigenvariable by which we means that it does not be used to
built up any formula containing logical connectives and only used as a sequent-formula.

4
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(i1) Each occurrence of p in a hypersequent is assigned one unique identification number i in
GpsUL, and written as p;. Initial sequent p = p of GpsUL" has the form p; = p; in GpsUL,,.
p doesn’t occur in A,I" or A for each initial sequentI', L,A = A orI' = T in GpsUL,,.

(iii) Each sequent S of the form Iy, p,I'1,--,T1,p,I, = A in GpsUL” has the form
Lo, pi,, T1, . Taz1, iy, Ta = A in GpsUL, where p does not occur in I', for all 0 < k£ < 4
and, iy + i; forall 1 <k <1< A Define vi(S) = {i1,-+, i}, v.(S) = {1} if A is an eigenvariable
with the identification number j; and, v,(S) = @ if A isn’t an eigenvariable.

Let G be a hypersequent of GpsUL, in the form S|---|S, then v;(Sx) Nvi(S;) = @ and
vi(SK)Nv.(S)) =@ forall 1 <k <I<n. Define vi(G) = Ui vi(Sk), vi(G) = Uiy v (Sk)-

(iv) A hypersequent G of GpsULy, is called closed if v;(G) = v,(G). Two hypersequents G’
and G” of GpsUL,, are called disjoint if v;(G") Nvi(G") = @, vi(G") Nv,.(G") = 2,
vi(GYNvi(G") =@ and v.(G")Nv,(G") = @. G" is a copy of G’ if they are disjoint and there
exist two bijections o7 : v;(G") — v;(G") and o, : v,(G") — v,(G") such that G’ can be obtained
by applying o to antecedents of sequents in G’ and o, to succedents of sequents in G'.

(v) A hypersequent G|G |G, can be contracted as G|G; in GpsUL, under certain condition
given in Construction 3.15, which we called the constraint external contraction rule and denote

G'|G1|G> EC

GG, (ECa).

(vi) (EW) is forbidden in GpsUL, and, (EC) and (CUT) are replaced with (ECq) and
(WCT), respectively.

Gili=A G,lL=B

(A
GGyl = AABl, = AAB" )

(vii) Two rules (A,) and (v;) of GL are replaced with

Gi[l,A, A = C1 Gy, B,A, = G . .
and (V) in GpsULy, respectively.
G] |G2|F1,A Vv B,A] = Cl |F2,A \ B,A2 = C2
(viii) G1|S1 and G,|S; are closed and disjoint for each two-premise inference rule
GilS1 G1|S» . . G'lS’
—————(II) of GpsUL, and, G’|S" is closed for each one-premise inference rule ———
G/ |G| H G'IS”

().

G'|S’ Gi|S1 G1|S

| (I) and GilS1 Galfa
G'|S" G1|G,|H'
vi(G'IS™) = v,.(G'|IS") = v,(G'|S") = vi(G'|S") and v;(G|G2|H") = vi(G1]|S1) Uvi(G2|S2) =
V,«(G]|G2|H’) = Vr(G]|S1)UVr(G2|SQ).

Proposition 2.10. Let (II) be inference rules of GpsUL, then

Proof. Although (WCT) makes #’s in its premises disappear in its conclusion, it has no effect
on identification numbers of the eigenvariable p in a hypersequent because ¢ is a constant in
GpsUL, and distinguished from propositional variables. O

Definition 2.11 (1). Let G be a closed hypersequent of GpsULg, and S € G. [S]g:==N{H : S ¢
H<cG,vi(H)=v,(H)} is called a minimal closed unit of G.

3. The generalized density rule (D) for GpsUL

In this section, GLg is GpsULQ without (ECq). Generally, A, B,C, -+, denote a formula
other than an eigenvariable p;.

Construction 3.1. Given a proof T* of H = G|I,p;,A = p; in GLE let The (pj = pj) =
(Ho,"-+, H,), where Hy = pj = p;, H, = H. By Ty, pj, Ay = p; we denote the sequent containing

5
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pjin Hy. ThenTy =@, Ag = @, T, =T and A, = A. Hypersequents (Hk);-, (Hk);r and their proofs
()7 ((Hk); ), ()7 ((Hk);r) are constructed inductively for all 0 < k < n in the following such
thatTy = te€ (Hk);, Ay =>t1¢€ (Hk);, and <Hk>;— \{Ak = [}| (Hk>j_ \{l“k = t} = Hk\{l"k,pj, A =

pi}-
(i) (Ho); = (HO);T == 1, (1")] ((Ho);) and (7°)% ((Ho);.r) are built up with = t.
.. G,|S, G”|S” GI|S, . * U 4 4 4 4
(ii) Let W(ﬂ) (or s (1)) be int*, Hy = G'|S’ and Hyyy = G'|G"|H’ (ac-

cordingly Hiyy = G'|S" for (I)) for some 0 < k < n— 1. There are three cases to be considered.
CaselS' = Iy, pj, Ax = pj. If all focus formula(s) of 8 is (are) contained in Ty,

(Hin); = ((H); \{Tx = 13) IG”[H'\{Tks1, pjs At = pj}[Tier = 1

(Hk+1>;-r = (Hk);

(accordingly (Hi1); = (Hy); \{Tx = t}[Txe1 = t for (1)) and, (7*); ((Hk+1 )J_) is constructed
A G accondingty
(Hs1); (Hyr1);

H)t
A .
(Hyi1);
The case of all focus formula(s) of S contained in Ay is dealt with by a procedure dual to above
and omitted.

Case 2 S’ € (Hy);. (Hi1); = ((Hk);\{S'}) |G"|H' (accordingly

+

(Hi1); = (Hi); \{S"}S" for (1)), (Hk+]); = (Hy); and (t7); ((Hk+1)]_.) is consfructed by

H _ G”S” H .
M(II) (accordingly%(l) for
(His1); Hi);

(H)}
W(IDQ).

Case3S'¢ (Hk);.r. It is dealt with by a procedure dual to Case 2 and omitted.

by combining the derivation (t*); ((Hk)j_) and

for (1)) and, (v*)} ((H]H.l);-—) is constructed by combining (t*)} ((Hk);) and

combining the derivation (7*); ((Hk);) and

(1)) and, (t*)} ((Hk+1 );) is constructed by combining (t*)} ((Hk);) and

Definition 3.2. The manipulation described in Construction 3.1 is called the derivation-splitting
operation when it is applied to a derivation and, the splitting operation when applied to a hyper-
sequent.

Corollary 3.3. Let FerLg G|T, p1, A = pi. Then there exist two hypersequents Gy and G, such
thatG=G,UG,, GiNG, =g, FGL;{ G1|F = tand '_GL;'{ G2|A =1

Construction 3.4. Given a proof v of H = G[Il = p,[I',p;,A = A in GLS let Thy. (p; =
p;) = (Ho,--,Hy,), where Hy = p; = p; and H, = H. Then there exists 1 < m < n such that H,, is
in the form G'lI"' = p,[I", p;, A" = A" and H,,_, is in the form G"I",p;,A"” = p;. A proof of
GIILILA=Ain GLf,f is constructed by induction on n —m as follows.

e For the base step, let n —m = 0. Then
Hn_] = G,|H,, r,,pj,A,,H," = p] G”|F”, H”,A” = A
Hn = G’|G”|H’,H",H’" = pj|F”,F’,pj,A’,A” = A
and TU,T1", 11" = MM and T",T" =T and A',N" = A. It follows from Corollary 3.3 that
6

(COM) € t*, where G'|G" = G


http://dx.doi.org/10.20944/preprints201902.0158.v1
http://dx.doi.org/10.3390/sym11030368

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 18 February 2019 d0i:10.20944/preprints201902.0158.v1

there exist G| and G} such that G' = G1UG), GING; = @, Fgre Gi|II.T" = 1 and
FoLd G)|A', 11" = t. Then G|I',I1, A = A is proved as follows.

G = A G =
G"[T" 1,1, A" = A i Gi I, T = ¢ )
G"|G |, T, TV, TI" A" = A ‘WCT)(
G"|G} T, I IV, T17, 1, A" = A (1)
GG GAIT", T, TV, TV T, A, AV = A

(WCM)

GylA " =1
G A =1

(WCM)

wer) |

o For the induction step, let n —m > 0. Then it is treated using applications of the induction
hypothesis to the premise followed by an application of the relevant rule. For example,
l Hn_l — GI|H = pj|zl’ r//’ p]’ A/l’ Z’” = A/ Gll|rl,2/l’ Al = A
et Hn — G'|H = pj|zl’zu’2m = AI|GII|I“I,FII’pj’ A", AN = A
G'|G"Z, 22" = A" =Gand ', T" =T and A",A" = A. By the induction hypothesis
we obtain a derivation of G|U,II, A = A:

(COM) € T, where

G'|2' I ILA". 3" = A’ G"|F’ A = A
G'|E',E",E"’ = A’|G”|F’,F”,H, A",A' = A

(com).

Definition 3.5. The manipulation described in Construction 3.4 is called the derivation-splicing
operation when it is applied to a derivation and, the splicing operation when applied to a hyper-
sequent.

Corollary 3.6. If ¢y GIII= p,I',p;,A = A, then FoLd G|l I, A = A.

Definition 3.7. (i) Let - H = GI', pj,A = p;. Define (H); = G{|l' =1, (H);r =GalA =1t
and D;(H) = {G||I' = t,G,|A = t}, where, G, and G, are determined by Corollary 3.3.

(i) Let ~gre H = GIIT = p,|T', p;, A = A. DefineD;(H) = {GI.I,A = A} = (H) .

(iii) Let gre G. D;(G) = {G} if p; does not occur in G.

(iv) Let =grg G; forall 1 <i<n. Define D;({G1,-,G,}) = Dj(G1) U UD;(Gy).

(V) Let -gra G and K = {1,--,n} € v(G). Define Dg(G) = D,(---D2(D1(G))---). Especial-
ly, define D(G) = D,,)(G).

Theorem 3.8. Let -gya G. Then g H for all H € D(G).
Proof. Immediately from Corollary 3.3, Corollary 3.6 and Definition 3.7. O

Lemma 3.9. Let G’ be a minimal closed unit of G|G'. Then G’ has the form T = A[l;, =
Pi|ITi, = pi, if there exists one sequent T = A € G’ such that A is not an eigenvariable
otherwise G’ has the form T;, = p;, ||l = p;..

Proof. Define G; =T = A in Construction 5.2 in [6]. Then @ = v,(G;) € v;(G;). Suppose
that Gy is constructed such that v,.(Gy) € vi(Gy). If vi(Gi) = v.(Gy), the procedure termi-
nates and n := k, otherwise v;(G;)\v,(Gy) # @ and define iy, to be an identification num-
ber in v;(Gy)\v-(Gy). Then there exists I';,,, = pi,, € G\Gi by v;(G) = v,(G) and, define
Gir1 = Gilly., = pi,y- Thus v,.(Gre1) = v (Gi) U{iks1} S vi(Gr) S vi(G+1). Hence there
exists a sequence i, -, i, of identification numberssuch that v,(Gy) € v;(Gy) forall 1 < k < n,
where G| =T = A, G, =T = A|[, = p,,|+|l;, = p;, for all 2 < k < n. Therefore G’ has the
formT = A[l;, = p,,||Ti, = pi,. O
7
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Definition 3.10. Let G’ be a minimal closed unit of G|G’. G’ is a splicing unit if it has the form
[ = Al;, = p|—[T;, = p;,. G’ is a splitting unit if it has the form T';, = p;,|---|[T;. = p;..

Lemma 3.11. Ler G’ be a splicing unit of G|G’ in the form T = ALy, = p,|---|I;, = p;, and
K = {i2,-i}. Then |Dx(G|G")| = 1.

Proof. By the construction in the proof of Lemma 3.9, i, € v;(Gy—;) for all 2 < k < n. Then
pi, € T'and D,(G|G') = G[['[I',] = Ay, = pi|-T;, = p;. where I'[T;,]is obtained by
replacing p;, in T with I';,. Then p;, € T'[[;,]. Repeatedly, we get D;,..;, (G|G") = Dx(G|G") =
G|I[y, ][Iy, ] = A. O

This shows that Dg(G|G") is constructed by repeatedly applying splicing operations.

Definition 3.12. Let G’ be a minimal closed unit of G|G’. Define Vg = v(G'),
Eg = {(i,j)IT, pi,A = pj € G'} and, jis called the child node of i for all (i, j) € Eg:. We call
QGr = (VGr, EGV) the Q—graph of Gl.

Let G’ be a splitting unit of G|G’ in the form 'y = py|-|[;, = p,. Then each node of
Qg has one and only one child node. Thus there exists one cycle in Qg by |Vg/| = n < oo.
Assume that, without loss of generality, (1,2),(2,3),--, (i, 1) is the cycle of Qg:. Then p; € Iy,
P2 € F3, o, Pi-1 € Fl' and PDi € Fl. Thus Dlz(G|G’) = G|F1 [F,] [Fl’_l]"'[rz] = P1 is in the
form G|I”, p1, A" = p;. By a suitable permutation o of i + 1,---,n, we get Di..ox(i+1..n) (G|G') =
GINy [T [Tict ] [T2)[To(ieny ) [Tomy] = p1 = GIT, p1,A = py. This process also shows that
there exists only one cycle in Q. Then we introduce the following definition.

Definition 3.13. (i) ['; = p, is called a splitting sequent of G’ and p; its corresponding splitting
variable forall 1 < j < i.

(i) Let K = {1,2,--,n} and D (G|, p1,A = p1) = {G||l' = 1,G>|A = t}. Define (G|G') =
Gi|T = t, (G|G)}, = G2|A = t and Dg(G|G") = {{G|G") ¢ » (G|G) . }.

Lemma 3.14. If G’ be a splitting unit of G|G', K = v(G") and k be a splitting variable of G'.
Then D\ (13 (G|G") is constructed by repeatedly applying splicing operations and only the last
operation Dy is a splitting operation.

Construction 3.15. (The constrained external contraction rule)

Let H = G'[{[S ]}, [{[S ]y}, {[S]y}, and {[S]y}, be two copies of a minimal closed unit
[S 1, where we put two copies into {}1 and {}> in order to distinguish them. For any splitting
wnit (8] € G' A1 Ty by IS s © (H)g o7 {(STuhy {18 i )a © (B where K =([S"],).
Then G"|{[S ]}, is constructed by cutting off {[S ]}, and some sequents in G" as follows.

() If{[S ]y}, and {[S ]y}, are two splicing units, then G" := G';

(it) If {[S 1y}, and {[S ]}, are two splitting units and, k, k' their splitting variables, respec-
tvely, K = v({(S]3,). K2 ({[S T} Diygy (1S Ty by) = Topie A = p,
Diengey ({[S T h) = T A = pios Dy (H) = {GHIT = 17 = 1,G4IA = 1,GIA = 1} or
Dxyux (H) = {G}|A = A = 1,G)|l = t,GY I’ = t}, where G1 UG,UGY = G" and Gf is a
copy of G5,. Then G" := G'\GY.

The above operation is called the constrained external contraction rule, denoted by (ECS)
G'[{[S]y}, [{[S]

IS Tu),
Lemma 3.16. If ~gp« H as above. Then —gpsu, H' for all H' € D(G"|{[S]})
8

HY .
2(EC).

and written as
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4. Density elimination for GpsUL*

In this section, we adapt the separation algorithm of branches in [6] to GpsUL”* and prove
the following theorem.

Theorem 4.1. Density elimination holds for GpsUL”.

The proof of Theorem 4.1 runs as follows. It is sufficient to prove that the following strong

density rule
Go=G'|{Ti, p. Ai = A}y, [{T = P}y,

Do (Go) = G'{Ti,I1j,A; = A} imteonsjm1om

(Do)

is admissible in GpsUL”, where n,m > 1, p does not occur in G',T';, A;, A;, IT; forall 1 <i < n,
I<j<m.

Let 7 be a proof of Gy in GpsUL*" by Theorem 2.8. Starting with 7, we construct a proof 7*
of G|G* in GLg by a preprocessing of T described in Section 4 in [6].

In Step 1 of preprocessing of 7, a proof 7’ is constructed by replacing inductively all ap-
plications of (A,) and (v;) in 7 with (A,,) and (v,,) followed by an application of (EC),
GY'|{s5)"

G("|S? (EC*) e

respectively. In Step 2, a proof 7”7 is constructed by converting all

LGS
into ———

G ,|{S } ,( ) ' , l{,. I " .S C :nStIuCted b’ COl’lveI‘ting
i i i
U

"

G (EW) e 7" into %(IDQ), where G” ¢ G'. In Step 4, a proof """ is constructed by replac-
ing some G'|l", p,A" = A" e 7" (or G'[l" = p e 7" ) with G’|l", T,A" = A" (or G'Il”" = 1). In
Step 5, a proof 7* is constructed by assigning the unique identification number to each occurrence
of pin 7", Let Hf = G{|{S¢}™ denote the unique node of 7* such that H{ < G/'|{S{}™and S
is the focus sequent of Hy in 7*. We call H{, S¢ the i-th (pEC)-node of 7* and (pEC)-sequent,
respectively. If we ignore the replacements from Step 4, each sequent of G is a copy of some
sequent of Gy and, each sequent of G* is a copy of some contraction sequent in 7’.

Now, starting with G|G* and its proof 7%, we construct a proof 7% of G* in GpsUL, such
that each sequent of G* is a copy of some sequent of G. Then FGpsUL, D(G*) by Theorem 3.8
and Lemma 3.16. Then +gpsur+ Do(Go) by Lemma 9.1 in [6].

In [6], G* is constructed by eliminating (pEC)-sequents in G|G* one by one. In order to
control the process, we introduce the set I = {H ,---, H; } of maximal (pEC)-nodes of 7* (See
Definition 4.2) and the set I of the branches relative to / and construct Giﬁk such that Gf’ doesn’t
contain the contraction sequents lower than any node in /, i.e., S§ € GI* implies H¢[|H] for all
H¢ e 1. The procedure is called the separation algorithm of branches in [6].

The problem we encounter in GpsUL,, is that Lemma 7.11 of [6] doesn’t hold because new
derivation-splitting operations make the conclusion of (D)-rule to be a set of hypersequents
rather than one hypersequent. Then G’;‘" generally can’t be contracted to G in Step 2 of Stage

1 in Main algorithm in [6] and, {Glﬁ’[\ 1" can’t be contracted to Gf{l\ in Step 2 of Stage 2. Fur-
thermore, we sometimes can’t construct some branches to / in GpsUL, before we construct Tf‘f .

Therefore we have to introduce a new induction strategy for GpsUL, and don’t perform the
induction on the number of branches. First we give some primary definitions and lemmas.
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Definition 4.2. A (pEC)-node H{ is maximal if no other (pEC)-node is higher than H;. Define
Iy to be the set of maximal (pEC)-nodes in 7*. A nonempty subset I of Iy is complete if 1
contains all maximal (pEC)-nodes higher than or equal to the intersection node H, of 1. Define
H) = H{if I = {H¢}, i.e., the intersection node of a single node is itself.
Proposition 4.3. (i) H{ || Hj foralli # j, Hi,Hj € o.

(i) Let 7 be complete and Hj > H). Then Hf < Hj for some Hj € 1.

(iii) Iy is complete and {H{} is complete for all H; € .

(iv) If I € Iy is complete and |I| > 1, then /; and I, are complete, where /; and I, denote the
sets of all maximal (pEC)-nodes in the left subtree and right subtree of 7% (H)'), respectively.

W) It 1,1, € Iy are complete, then Iy, S L, b, cljor [N =2
Proof. (v) Iy €L, L €Iy or Iy NI, = @ holds by H) < Hy, H < H} or H} || H}, respectively.

O

Definition 4.4. A labeled binary tree p is constructed inductively by the following operations.
(i) The root of p is labeled by Iy and leaves labeled {H{} < Io.
(ii) If an inner node is labeled by /, then its parent nodes are labeled by [; and I,, where I; and
I, are defined in Proposition 4.3 (iv).

Definition 4.5. We define the height o(I) of I € p by letting o(I) = 1 for each leave I € p and,
o(I) = max{o(l}),o(1,;)} + 1 for any non-leaf node.
Note thatin Lemma 7.11 in [6] only uniqueness of G, (J) |S > in G,“} doesn’t hold in GpsUL
i
and the following lemma holds in GpsUL,,.

Gl|Sl G2|S2 % Gb|<G1|S1>S” G2|S2

I € ™, 75 «c € TXe,
= GiiGa ) € T o € T T2 G[(G), G
*(J)

Lemma 4.6. Let

*
(II) € TGlse:

"
Then H" is separable in The and there are some copies of GHI:G2|S 2 in GH;-.

Lemma 4.7. (New main algorithm for GpsUL,,) Let I be a complete subset of Iy and 1 =
{H; : Hi < Hj for some HS € I}. Then there exist one close hypersequent GF c. G|G* and its

derivation T[ in GpsULg such that

(), the fully constraint contraction rules

(i) ‘r;\" is constructed by initial hypersequent GG

G
of the form G:2 (ECE) and elimination rule of the form
1

Gy |S6, G,|SS, -+ G, .
< _ G (TIJ')’
GI' - {Gbk}k=l |sz

where 1 <w < 1|, HS, « HS forall 1 <k <I<w, [ —{H],---, Hj,
L = {Gy S, sz|S Gb 1SS} GiS¢, is closed for all 1 < k
S5eGr, andHl el

(ii) For all H € TF, let

S 7’ IJ = {S;l,S;2,~~~,S;W},
w. Then Hf & HS for each

:

]2’..

G,
* . Y . L2 " o
0, (H) = G|G* H istherootof 7, or Gy in G (ECE or IDg) €717,

c c * =W
HS Gy, IS5 in Ty €T for some 1 <k<w,
10
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where, ?f' is the skeleton of ‘rf, which is defined by Definition 7.13 [6]. Then 0 _x (GI*J) <
1
OT;} (Gbk|S§k)f0r some 1 <k <winTy;

(iii) Let H € 7 and G|G* < 0« (H) < H{ then Gﬁ‘fh), € 7 and it is built up by applying
1
the separation algorithm along H) to H, and is an upper hypersequent of either (EC&) ifitis
applicable, or (IDgq) otherwise.

(iv) S e GF implies HS|H; for all Hi €1 and, S € GZ, for some T{ € 7.

Proof. 7} is constructed by induction on o(7). For the base case, let o(I) = 1, then 7}° is built
up by Construction 7.3 and 7.7 in [6]. For the induction case, suppose that o(I) > 2, T}f’ and Tf
are constructed such that Claims from (i) to (iv) hold.
GI|S 4 GII|S "
Let —————(II) € 7*, where G'|G"|H'=H, . Then I, and I, occur in the left subtree
GI|GII|HI

7*(G’|S") and right subtree 7* (G”|S") of * (H)'), respectively. Here, almost all manipulations
of the new main algorithm are same as those of the old main algorithm. There are some caveats

need to be considered.

Firstly, all leaves

—(77) € ?}f are replaced with T}f in Step 3 at Stage 1 in old main

GG

(t*) € ?}f’ are replaced with Tff in Step 3 at Stage 2. Secondly, we abandon

" G|G*
the definitions of ‘|branch to I and Notation 8.1 in [6] and then the symbol I of the set of branches,
which occur in ‘rf in [6], is replaced with / in the new algorithm. We call the new algorithm
the separation algorithm along 1. We also replace Q in 7§ with . Thirdly, under the new
requirement that 7 is complete, we prove the following property.

Property (A) G}fr contains at most one copy of G;V(:JG),,KW .
Proof. Suppose that there exist two copies {G;V(:JG)" |S7 }1 and {G;;VUG),, IS7 } of sz(JG),, IS7 in GE"
and, we put them into {} and {}, in order to distinguish them. Let [S ] Gr be a sphttmg unit of
1

G* and S its splitting sequent Then |v;(S)| + |[v+(S)| 2 2. Thus S is a (pEC)-sequent and has
the form S§ by [S ], i € S G|G*. Then [S ]« = [S{];«, Hf || Hf for all H € [; and S§ € Gz, for
I I

some 7y, € TII by Clalm (iv). Since 1; is complete and G’|S’ < H), then H{ || G'|S".

G, lSS, GolS§, -~ G, IS5, G1|S| GalS
Let 7{ be in the form - J: = *’ = ( ; >,1|1—2|2"(II) € ", where
" Gljz ={Gu, }i |GIJ.[ Wl Hy = Gi|Gy2|H
Gi|S1 < G'|S', G2|S, < HY, G1|G2|H" is the intersection node of Hf and G’|S’, as shown in

{Gu, Yoy | (G1|S1 )z, G2IS2
(
Hy = {Gy, }i_, {G1)z, |G| H”
Since S, is separable in Gf by G’'|S' HX’ then S¢ € G1|S, and S¢ is not S .

Figure 3. Then (IT) e 7§, by Gi|S1 < G'IS” < H) and S € G, -

11
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G;,,, |S S

Jn Gb12|Sle Gb’l‘ Jiu .
{Gblk}k—l | <G1|Sl ) G2|52
1 7 (1)
i H, = {Gb,k}k 1|(G1 )z |G- |H
{Gblk} |GI]~,
i‘z
GI,

Figure 3 A fragment of ‘rf'

Property (B) The set of splitting sequents of [S7] s is equal to that of [S¢ ]Gz| S,

GiIST GilS;
H} = G{|GyH"
separable in G* Thus G;(é), S7 ¢ G;fr is closed. Hence Gg} :é2|§\2 - UG£|S£ GHI,:G£|S§ is closed,
where G;|S5 in Ugys; runs over all /1 € 7* above such that G;(é)dsz c Ggl(é)zbl‘\z Therefore
WG DS, - UG,|S,G§,Q,|SZ) = v(GalS2), {86 : 86 « G2|S2,HC GalS2) = {S¢: 8% e
G;;l(.J) |SZ—UGr|Sf G;;, é), |Sz} and [S ]Gi} c Gg(é)z |§2_UG;|S; GH, G, |S’ Then the set of splitting
sequents of [S¢ ]Gﬁ, is equal to that of [S ]GZ‘S2 since each splitting sequent S"" € [S¢] Gh is a

(pEC)-sequent by (S + v,.(S")] > 2 and S €. G|G*. This completes the proof of
Property (B). O

Proof. Let (I1) € v, G}|S] < H, and S| € (G}|S] ) . Then S| and S} are

We therefore assume that, without loss of generality, S¢ is in the form I', px,A = p; by
Property (B), Lemma 3.16 and the observation that each derivation-splicing operation is local.
There are two cases to be considered in the following.

Case 151 ¢ (GilS1)g,5; for all 5, 5. THV(’G", GilS1 < HS < HY. Then G3 () mGﬁv(fG),, _

@. We assume that, without loss of generality, (G»|S2), = G4|T = 1, (G2|S2); = GY|S2|A = 1.
Then (G;;") Gﬁ(é), T = ¢since S =T, py,A = py isn’t a focus sequent at all nodes from
G,|S; to G in ‘r, and, H; < H; or HS||Gy|S; for all S € G by Lemma 6.7 in [6]. Thus

<G}f)_ \['=1t¢c Gﬁz(:é)z. Therefore {G;;V(JG),JS"} |{G§§JG),,|S”} (Gﬁ’> because [S]G\:} c

J J) & J) 177 J
GridlS 6EQIsndci 57} 1{e ;jég,,|s~}> @ and (G), (T = B}|(G}7), \{A =

T, pe, A = pi = Gf. This shows that any splitting unit [S ] .« outside Gﬁ‘f, G),,|S in G* doesn’t
I s

take two copies of Gf;v({c),,ﬁw apart, i.e., the case of {Gﬁ‘EJG),JS ”} c (G};" ); and {G;;EJG),JS ”}2 c
1° 1

<G}:‘); doesn’t happen.
ik Gi[S1 < HS < HY. Then

2 €15 .. Thus 2 G, ence G¥ c€G v, |S". The case
GalH" € 7j, .. Thus G ()[S2 € Gy, [S7. Hence [S{]gx € Gyl [S™. Th

*
Case2 S| €(Gi[S1)g, Is¢ for some 7, 5< €7

Gyl (Gi)s:

12
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of §§ € G" is tackled with the same procedure as the following. Let [S¢{] .« { ;UG),JS ”}
I
¥ (J)
GHV e
We put two splitting units into {}; and {}; in order to distinguish them. Then {[S] = }x S
U

Then there exists a copy of [S ] ;« in { IS7 } and let T, pir, A = py be its splitting sequent.
I 2

{ :jv(JG),,|S " } and {[S ]G;:Ir bw € { :,{‘EJG),JS "}2. We assume that, without loss of generality,

_ £0J) 1
(GalS2); = GAIT = 1, (GalS2)} = G3IS2lA = 1. Then (GF), \{T' = 1} {GH;:G),JSN}], Thus

{[S]G}f'}k' c { §\§JG)//|S"} c (Gf’)+ by (Gf)_ (T = t}U(Gz’f)Z \{A =1} = Gf\l",pk,A =
pr- Then ((G*) > = = (G} )k,, {A = th{A = t}p < ((G};’)Z); where, we put two copies

of A = tinto {}; and {} in order to distinguish them. Then " = ¢ € (Gf)]:,, FGL (Gﬁ>;,
FGL <Gf) , and (Gf) is a copy of <G}If) Then D((G*) ) = D((G;;")k,) c ’D(G*) could
be cut off one of them because they are two same sets of hypersequents in D(G*) Meanwhile,

50 (57 in
G;‘f by the reason as shown in Case 1 and thus could be contracted into one by (EC) in D(G;f’).

Therefore two copies {G:‘;V(JG),, IS } and {GZ‘;V(!G),, IS7 } of GZ‘;V(JG),, IS7 can be contracted into one
1

in Gf by (EC{,). This completes the proof of Property (A). O

two copies of A = ¢in ((G*) > can’t be taken apart by any splitting unit outside G

With Property (A), all manipulations in the old main algorithm in [6] work well. This com-
pletes the construction of Tf’ and the proof of Theorem 4.1. O

Theorem 4.8. The standard completeness holds for HpsUL”.

Proof. Let < denote the i-th logical link of iff in the following. Fx A means that v(A) >

t for every algebra A in K and valuation v on A. Let psUL*, LIN(psUL*), psUL*” and
[0, 1]psur+ denote the classes of all psUL"-algebras, psUL"-chain, dense psUL"-chain and s-
tandard psUL" -algebras ( i.e., their lattice reducts are [0, 1]), respectively. We have an inference
sequence, as shown in Figure 4.

20
'_H])SUL* A (—)'_GPSUL*:> A (—)'_GPSUL*D:> A (—)'ZPSUL*D A

1 14

2 3 4
FEpsUL* A “—>FLIN(psUL*) A< >EpsUL*P A< ;':[O,I]NUL*

Figure 4 Two ways to prove standard completeness

Links from 1 to 4 show Jenei and Montagna’s algebraic method to prove standard completeness
and currently, it seems hopeless to built up the link 3, see [7~10]. Links from 1° to 4° show
Metcalfe and Montagna’s proof-theoretical method. Density elimination is at Link 2° in Figure
4 and other links are proved by standard procedures with minor revisions and omitted, see [1, 4,
11, 12]. O

13
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