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Abstract: In this work, we established new inequalities of Hermite-Hadamard type for convex
functions via conformable fractional integrals. Through the conformable fractional integral
inequalities, we found out some new inequalities of Hermite-Hadamard type for convex functions in
a form of classical integrals.
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1. Introduction

A function h : Z C R — R is said to be convex on the interval Z, if the inequality

h(Gx + (1= 0Qy) < ¢h(x) + (1= 0)h(y) (1.1)

holds for all x,y € Z and ¢ € [0, 1]. We say that & is concave if — is convex.

For convex functions, many equalities or inequalities have been established by many authors;
for example Ostrowski type inequality [19], Hardy type inequality [20], Olsen type inequality [21]
and Gagliardo-Nirenberg type inequality [22] but the most common and significant inequality is the
Hermite-Hadamard type inequality [12,17], which is defined as:

h<”+”>< ! /uvh(x)dxgM (1.2)

2 “o—u 2 ’
where the function 7 : Z C R — R is assumed to be a convex function with u < vand u,v € 7.

A number of mathematicians in the field of applied and pure mathematics have dedicated
their efforts to extend, generalize, counterpart and refine the Hermite-Hadamard inequality (1.2) for
different classes of convex functions and mappings. For more recent results obtained on inequality
(1.2); we refer the reader to [10-14].

Definition 1. [8] Suppose that i € L([u,v]). The left and right Riemann-Liouville fractional integrals
Ji,+hand J7_h of order a > 0 are defined by

2h) = o [ =0 @dE, x>,

and
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respectively, where T'(«x) is the standard gamma function defined by I'(a) = fooo e~¢¢*1d7 and
Joh(x) = J9-h(x) = h(x).

As for classical integrals, many Hermite-Hadamard type inequalities have been established for
the Riemann-Liouville fractional integrals; for more details and interesting applications see [15-17].

Now, we give definition of conformable fractional derivative with its important properties which
are useful in order to obtain our main results (see [1-7,18]). In our study, we use the Katugampola
derivative formulation of conformable derivative which is explained in the following definition:

Definition 2 ([7]). Given a function 4 : [0,00) — R. Then the conformable fractional derivative of /1 of
order « of h at  is defined by

1—a) _
De()(2) = tim "EHEE) 1@ 0120 (1.3)

e—0 €

If i is a-differentiable in some (0, &), > 0, lim;_, o+ h(®)(7) exist, then define

K@ (0) = Lim h®) (7).

{—0+t

Also, note that if & is differentiable, then

Da(h)(7) = LK (7), where I(7) = lim "6 +€) =1E), (14)

e—0 €

We can write h(®) () for Dy (h)(Z) or % (h(Z)) to denote the conformable fractional derivatives
of h of order « at {. In addition, if the conformable fractional derivative of & of order « exists, then we
simply say & is a-differentiable.

Theorem 3 ([7]). Let « € (0,1] and h, g be a-differentiable at a point { > 0. Then

1. Dy(uf +vg) = uDy(h) +vDy(g) forall u,v € R,
2. Du(hg) = hDq(g) + gDa(h),
3.D,(k) = hDy () —8Dx(h)
. 14 g2 7
4. Dy(c) = 0 for all constant function h({) = c,
5 Dy (1) =0,
6. D (1) =1

Now, we give the definition of conformable fractional integral:

Definition 4 ([3]). Leta € (0,1] and 0 < u < v. We say that a function / : [u, v] — R is a-fractional
integrable on [u, v], if the integral

[ @z = [ n@)etag (15)

exists and is finite.

Remark 5.
gu; All a-fractional integrable functions on [u,v] is indicated by L} ([u, v]).
v) For the usual Riemann improper integral and a« € (0, 1], wé have

@) =1 (¢ ') = /u * e Up(x)dx. (1.6)

The aim of our article is to establish some new inequalities connected with the Hermite-Hadamard
inequalities (1.2) via conformable fractional integral.

d0i:10.20944/preprints201902.0040.v1
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2. Main Results

Our main results depend on the following equality:

Lemma 6. Let I : [u,v] C R — R be an a-fractional differentiable mapping on (u,v) with 0 < u < v. If
Dy (h) € Li([u,]), then the following identity for conformable fractional integral holds:

@y (u,0) =) 6, (2.1)
i=1
where
20—1 ® a—1
4u/01 <u€+ (1- )Suz—v) _(3u;—v> <u€+(1_€)3u2—v) 1
% Dol <ug+ 1—@3“”)@@,
u 1 3u+v u+ov\% 1! 3u+ov\* (3u+v u+o\¥!
= <1—é>2>—(4>(4é+<1—é>2)]
% Da(h <3u:v€+ 1_C)u—|—v>d“g
11 20—1 30\ “ 3 a—1
Sl [0 ) () (00
% Da(h (u—zl—vg_'_(l_g)u—l-?w)dg
1 [ 20—1 o a—1
4u/0 <u230€+(1_g)v> _(uz?w) (uZng_l_(l_C)v) ]
x Dy (I (“Z3vg+ 1—§)v>d,¥§,

and

o o
et = [(257) o o (£52) o
u+30\"*  [(Bu+o\" u+o v
—i—[( 1 )—( 1 )]h( > )—uc/uh(x)d,xx.
Proof. By using definition of conformable fractional derivative (1.4), we have
v—u (1 Bu+ov\" Bu+ov\"] Bu+v
=30 [ (e a-0® ) - (20w (wera- 0™ e

On integrating by parts one can have

5y = K”:”)a u"‘] h(u) fa/ol (uC+ (1 g)3’“‘4+v)a_lh (ug+ (1 gf”"j”) ar.
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Using the change of the variable x := uf + (1 — {)34,¢ € [0,1] and definition of conformable
fractional integral (1.5), we obtain

0= [(3u4—i— v>’x - u“} h(u) — a/u&?v x*h(x)dx

- [(3142_0)“ _ u“} h(u) — a/u&g;v h(x)dyx.

Similarly, we get

u+o\* 3u+o\* u+o e
= |(27) - () P (50) e i v
P u+3v 'X_ u+ov\" , u+o —uc/wfvh(x)dx
3= 4 2 2 uto oty

and

by = |:vzx _ (u +430>‘"] h(v) — "‘/u;v h(x)dyx.

Adding 61, 62,3 and J, together, we obtain the desired identity (2.1). This completes the proof of
Lemma 6. [

Remark 7. With the similar assumptions of Lemma 6, if « = 1, then identity (2.1) reduces to the

following identity:
(o) = [[a-on (M a0 5 Yac- [T (s -0 e
fa-on (e a-ge)a- o (a0 e e
where

1 [h(u)+ h(v) T 4 0
D1(u,v) = 5 [ > +h 2 v—u/u h(x)dx
which is obtained by Shi et al. [15].

Theorem 8. Let h : [u,v] C R — R be an a-fractional differentiable mapping on (u,v) with0 < u < v. If
Dy (h) € LY([u,v)) and || is convex on [u, v], then the following inequality for conformable fractional integral

holds:
@0 (u,0)] < T [d1<a>|h'<u>| + dy ()| (0)|
+ds(a) |1 (3”:”>‘+d4(a> " (”;7’)‘%5(0() " (”f’”) ] 23)
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Proof. Using Lemma 6 and the property (1.4), we have

(1, 0) = v4u{/01 [(ué+(1—§)3”4+v)a_ (3uzv)“] y (u€+(1_€)3u4+v) i
+/ _<3u+vg+<1_€)u—2|—v> <3u+v> }h’( u+v€+ 1-¢ )”erv)dg

+/ -<u+vg+(1_€)u—z3v>“_<u—;30> } ,( u+3v>da€

+/ -(u+3v€+(1_€ ) (u+3v” <u+30€+(1_§)v>dag}‘ 24

4
By using the convexity of x*~! for x > 0,a € (0,1], we have
(u€+<1_€)3u4—0—v>“_ <3u4—|—v>“ _ <u€+<1_€)3u4—0—v>“1+1_ <3u4—|—v>“
_ (u€+(1_§)3u4—|—v>“1 <u§+(1_€>3u;—v> B (Buz—v)“
< [u"“léJr(l—C) (3”3”)“1 (e + -0 ) - (3“:”)“, 25)
<3u+v€+(1§)u—2|—v)“ (Suz—v)“

ey a2 (00t - (5 e
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(u;v€+(1 5)u+23v) <u+430)“
<

and

(u+3v§+ (1- g)v)“_(uJ;Bv)“
< t(u—z%) (1=t (u+3v€+(1 €)> (—z?;v)“. 2.8)

Using (2.5), (2.6), (2.7), and (2.8) in (2.4) and using the properties of modulus, we get

|<1>a(u,v)|§v;u{/ol ( +(1- g)<3”+v) 1><g+(1 C)3u+v> (311;—0)"‘

i (we+ 1 g)‘”“’) a

+/01 <<3u2—v) [+(1- g)(u+v> ><3u:vg (1- g)u+v>_<3u:v>a:
3u+v

(M e a-0"g0)

+/01 ((u;v) C+(1- C)(”Hv) ><”+v§+(1 C)H?’v)—(”z?’”)a:

oy (u—i—vg_'_(l C)u+30> i

A o) (o) (2]

« W (”+3vg+(1 o )‘ g}. (2.9)
ce |h'| is convex on [u, v] for any ¢ € [0,1] so (2.9) become

e s{ifeo) Yoeoron)- 5
x{ (3 HHd“/Ol <<3u+v> €+(1_€)<uzv a—l)

X<3u+vg+(1 o v) (34+ ) Mh <3u+v> - g‘ ( ; )
+/01 ((“;”) Z+0- §)<”+3v> ><u+v§+1 Cu+3v> (uz3 ”
X{g (u—HJ) Q- g)’ <u+3v)]d€+/ ((u—z?;v) (O 1)
><< “T+ (-0 ) ( 23 ) 1 [g‘h ( 4213 >’ (1—C)|h’(v)|]dg}_ (2.10)
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d0i:10.20944/preprints201902.0040.v1

Simple calculation gives

i () et ”Iv)“H (150) (w;v)a—l
T () ) ()
) Gy () )
(uzszJ) (+> <u230>_5<3u+v> (+3>D
(b () () () () ()
() e () (e ()

This completes the proof of Theorem 8. [

v/—\v
NS
N |+
]

,(u+o
“(57)

Corollary 9. With the similar assumptions of Theorem 8, if x = 1, then

2u —
2,0 < 23 2l + 2w o)
Bu+ov |, (3u+v u+o|,,(u+o u+3v |, (u+3v
BT h<4>‘+24h(2>‘+ s "2 '

Theorem 10. Let h : [u,v] C R — R be an a-fractional differentiable mapping on (u,v) with 0 < u < v.
If Dy(h) € Li([u,v]) and |W'|" is convex on [u,v], then the following inequality for conformable fractional

integral holds:
1
Bu+o\]1 7
4
u

() (5T
(252 el (52))
W <”Z3U)r+1)3(o¢) |h’(v)|q};], (2.11)

h/

"N Ay {Az<a>|h'<uw+A3<a>
)

h/

1
q
1
q
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where

Ay() = 4u(3u 4 v)* — (4u)et? (B t0)°

Fo-w+) =
Ao () — (Bu+v)**2 — (4u)*a(v —u) + (u+0)] (Bu+0)*
2(a) = 44(p — u)z(zx +1)(x+2) T o2l

(4u)**t?2 — Bu +0v)**2(5u —v) —a(Bu +0)*(Bu —v)(u+v) (Bu+0)*
Az(a) =

40— u)2(a +1)(a +2) 22T

(2(u+0))**2 — Bu+0)**t  (Bu+0)®
44(v—u)(a+1) S 4

Bi(a) =

Bo() — (2(u+0))*2 — Bu+0)**" N (u+30) —a(Bu+0)* (v —u) (Bu+0)®
2(a) =

40 —u)?(e+1)(a+2) s T

4%(v—u)?(a+1)(x +2) 22a+1

 Bu40)2+42u+0)* " + a2 +0))* (v —u)  (Buto)*
B3(a) =

4(u+30)" — (2(u+0))**2  (u+30)"

4(v—u)(a+1) 4

Ci(a) =

4

a?(v — u)?(u + 30)% 4+ 16b(u + v) (u + 3v)* — 3a (u* 4+ v?) (u + 30)*

Cola) = 21 (g — 1) 2(a + 1) (a +2)
8b(2(u +0))* T+ 20(v —u)(2(u+0))* ! (u+30)*

220 (p —u)?(a + 1) (a +2) 2241 7

2 +0)* 2+ (u+30)* 2+ a(u +30)*2 — 5(u+0) (u + 3v)* 1
C(a) = ,

4(v—u)?(a+1)(a+2)

Dy (a) (40)"*H — (u+30)4*1 (u+30)®

e+ 1)(o—u) 2
D  (40)%*2 4 (u + 30)**1(a — 50) + a(u + 3v)*+1 =)
()= #o—wPat1)(a+2) '
Ds(a) = 2(40)" 2 (0 — u) — 2(40)* (1 +0) + (u+30)" >

40 —u)2(a+1)(a+2)

Proof. Using Lemma 6 and the property (1.4), we have

|®y (1,0)] < v;u[/ol [<u§+(1—5)3u:v>a— <3u2—v>“] W (uC—i—(l—@)
+/01 :<3u2—v§+(1g)u+v>“<3u+v>”‘] h’(3ujv§+(1§)u—2'— )
+/01 :<u—2|—v€+(1_g)u44—131)>“_ <uz3v>“] h,(ujztvg_}_(l_g)u—z?m)
S e (S

v

= 4u(h + 2+ 3+ Ja).

Q

dg

3u—+v
4

dg

dg

)

d0i:10.20944/preprints201902.0040.v1

g

(2.12)
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It follows from the power-mean inequality that
1 o o 1-
e ([ (era-0®2) - (3F0) | %)
1 Bu+o\* [Buto\"
(L {lera-om) = (57 [l
Since |h'|7 is convex on [u, v] for any { € [0, 1], we obtain
1 1-4
]1§</0 [<u€+(1_€)3u+v> (Bu—l-v ]dg) q
, 1 3u—|—v 3u+v
x <|h (u)w/o [<u§+(1— ) ( ) }td@
3

-

9 \7
dg>.

<u€+(1§)3u+v>

1

+

() (e a0 ) - (250) Jo cmé)q

:(Al(,x))l‘é{ 2(a) 1 ()| + Az (w) |1 <u+v) }1

e B

Aow) = [ Ku€+(1—€)3u:v>“— (B”IU)“] g

(Bu+0)"*2 — (4u)*a(o —u) + (u+v)]  (Bu+0)*

where we have used the facts that

49(v —u)?(a+1)(a+2) © 2l
and
awy= [ [(we+a-02E) - () a-oa

_ (42— Bu+0)""2(5u —v) —aBu+0)"Bu—v)(u+0v) (Bu+0)"

N 4%(v—u)?(a+1)(x+2) 22a+1
Analogously

< @) B ¢ (20 mw o (152 ,,};,

B= @@ Haw | (52 + e | (5 q}‘%,
and

+ D3 (a) |h'(v)|q}q .

+30\ |
=
()
Using J1, J2,J3, and J4 in (2.12), we obtain the desired inequality (2.11). This completes the proof of
Theorem 10. O

J1 < (D1(@)) ™ {Dz<a>
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Corollary 11. With the similar assumptions of Theorem 10, if « = 1, then

@1 (10)] < 4u Ku-v) 37{(112;—0) Wl + (5u1—2kv>

() (R (5)
(55) R (5 () ()
<v > 4 {(u—lf—25b> h,(uz?)v) ‘7+ <u2ilb> \h’(v)V}q}

Theorem 12. Let h : [u,v] C R — R be an a-fractional differentiable mapping on (u,v) with0 < u < v.
If Do(h) € LL([u,0]) and |W'|" is concave on [u, v, then the following inequality for conformable fractional

integral holds:
e ()

o () s (283) oo (B3] e

where A1(a), B1(«), C1(«), and Dy («) are given in Theorem 10 and

q}$

, (3u—+v
* ()
(1t N1
2

_|_

+

| Py (u,0)| <

21*0&(31/[ + v)ochZ _ 224x+5 _ 2206+l (7M + 60) (ZJ _ u)(3u + ,U)Dc _ 0((71/1 + U) (U _ u) (3M 4 U)“

Pile) = 2230 — ) (a + 2) ’
~ 2(2(u+10))*"2 —8(u+v)?(Bu+v)* — a(5u+ 3v) (v — u)(3u + v)*
Fal#) = 223 (0 —u)(a+2) ’
~ 8(u+0)*(u+30)% — da(u +0)*(u +30)* — a(u +30)*2 —20+3(y + 0)*+2
Po(w) = 22671 (p — u)(a 1 2) /
Py(a) = 2281y (u + 30) + 4% (u + 30)3 + 4(40)*+2 — 457202 (4 + 30) — 4(u + 30)*2 — 224342 (4 30)

44420 —u)(a +2)

Proof. By using power-mean’s inequality and the concavity of |1’|” for any ¢ € [0, 1], we have

v (e a-02 )| 2 (awrwi+a-o|(22))

(st 0-0 ) 2w+ a-o | (¥). @19

This implies that
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This means that |i’| is also concave. Using inequality (2.14) in (2.12) and then applying the Jensen’s
integral inequality, we get

<[l (2]

(fo [(ug+ (1= 9)2)" — (22)"] (ug + (1 - @)W)dc)
I [(uwl—o o) — (3g2)" ] dg

- (343).

where we have used the facts that

/01 Ku@-!— (1 _g)SuZ—v)“ - <3u;—v) } i = Ay(x) = 4ufaLE:vL)(a(J‘iL;))“+1 - “(3u42_ v)“,

/01 Kug_'_(l_g):auz—v)“_ (314:0)“} (MC—i—(l—é)?)qu) 47 = Py(a)

2173y 4 0)8 2 — 22045 _ 220t l(7y 4 60) (0 — u) (Bu + v)* — a(7u +v) (v — u)(3u + v)*
B 22043 (p — u) (a + 2) ’

X h

Similarly, we get Jo < B ()’ ($43), Js < Ci ()i’ (B3 ) and J, < Dy ()i’ (24L).
Using J1, J2, 3, and J4 in (2.12), we obtain the required inequality (2.13). This completes the proof

of Theorem 12. O

Corollary 13. With the similar assumptions of Theorem 12, if « = 1, then

ot =25 e () v (3) oo (25 o (43
where
M) =257, B =g, D) =g, D) =g,
and
P(1) = (u—v)éélwv), Py(1) = (v—u)ééu—i—Sv)’
Py(1) = (u—v)§56u—|—7v)/ (1) = (v—u)éz—l—llv)‘

3. Conclusion

In this work, we have established new conformable fractional integral inequalities of
Hermite-Hadamard type for convex functions using the. As a special case, if we substitute a = 1
into the general definition of conformable fractional integrals (Definition 2), we obtain the classical
integrals. In view of this, we obtained some new inequalities of Hermite-Hadamard type for convex
functions involving classical integrals.
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