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Abstract: This paper predict and effectively control the temperature distribution of 

the steady-state and transient states of anisotropic four-layer composite materials 

online, knowing the density, specific heat, heat conductivity and thickness of the 

composite materials. Based on the transfer function, a mathematical model was 

established to study the dynamic characteristics of heat transfer of the composite 

materials. First of all, the Fourier heat transfer law was used to establish a 

one-dimensional Fourier heat conduction differential equation for each composite 

layer, and the Laplace transformation was carried out to obtain the system function. 

Then the approximate second-order transfer function of the system was obtained by 

Taylor expansion, and the Laplace inverse transformation was carried out to obtain the 

transfer function of the whole system in the time domain. Finally, the accuracy of the 

simplified analytical solutions of the first, second and third order approximate transfer 

functions was compared with computer simulation. The results showed that the 

second order approximate transfer functions can describe the dynamic process of heat 

transfer better than others. The research on the dynamic characteristics of heat transfer 

in the composite layer and the dynamic model of heat transfer in composite layer 

proposed in this paper have a reference value for practical engineering application. It 

can effectively predict the temperature distribution of composite layer material and 

reduce the cost of experimental measurement of heat transfer performance of 

materials. 

Keywords: Flourier law of heat transfer; Temperature distribution; Laplace transform 

 

 

1. Introduction 

Heat transfer is the most common natural phenomenon, and almost all the 

engineering fields will encounter problems of heat transfer under specific conditions, 

especially the heat transfer problem of heterogeneous materials, especially for 

multi-layer heterogeneous materials. The engineering application research of heat 
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transfer dynamic characteristics has also spanned the traditional energy power and 

energy-saving areas of the process. It has been involved in the preparation and 

processing of materials, the development of space technology, the temperature control 

of information devices, biotechnology, medicine, environmental purification, and 

ecological maintenance, as well as the modernization of agricultural engineering and 

armament. However, most of the practical applications use temperature measuring 

instruments to study the heat transfer performance and characteristics by simulating the 

temperature measurement method. It can be seen that the quantitative study of the 

dynamic characteristics of heat transfer has a very important reference value for the 

application of practical engineering [1]. 

In the field of heat transfer, the earliest research was that French physicist Biot 

(1804) put forward the law of heat conduction through the flat-wall heat conduction 

experiment, which is the differential form of the later Fourier law. Jean Baptiste Joseph 

Fourier (1822), a French mathematician and physicist, discovered the basic law of heat 

conduction and promoted further research in the field of heat the transfer in academia. 

Currently, in the research field of the dynamic heat transfer process, most scholars 

adopt transfer function method and state space method. Wang Jicheng et al. (1991) 

gave the mathematical model of the state space method of heat transfer, which used to 

control the heat transfer process [2]. Chen Zhijiu et al. (1998) used the transfer function 

method to give the mathematical model of multi-layer wall heat transfer [3]. The results 

obtained by these methods are in the form of a transcendental equation or infinite series. 

Wang Zenggang (2006) used transfer function method to study the dynamic 

characteristics of a heat transfer process of the two-layer composite plate and obtained 

the transfer function of heat transfer of composite plate [4] [5]. Mahanthesh, B.(2016) 

use the Laplace to solve the problem of conjugate effects of heat and mass transfer[6]. 

Based on the transfer function matrix, Yang Minghan(2016) developed a dynamic 

model to study the temperature through the Laplace transform of a one-dimensional 

system LFR control characteristics[7]. Hussanan Abid (2017) obtained the thermal 

conductivity of nanofluids with the Laplace transform method[8]. Ai Zhiyong(2018) 

proposed a precise solution for coupled thermohydrodynamics by constructing a 

standard difference matrix equation and using Laplace-Fourier transform to derive 

standard differential equations[9].In this paper, the Laplace transform method is used to 

study the dynamic characteristics of heat transfer in four-layer composite materials. 

Laplace transform is a classical time-frequency domain transform method, and its 

transform domain is complex frequency domain. The Laplace transform method is one 

of the indispensable methods to study continuous-time systems, which makes it widely 

used in many scientific research fields such as electricity, mechanics and so on, and has 

been classified into engineering technology research. 

Through the Laplace transform, the differential and integral operations of the 

system in the time domain can be converted into the multiplication and division 

operations of the S domain, and the differential and integral equations are transformed 

into algebraic equations, which simplify the solving steps and reduce the calculation 

amount greatly. Using Laplace transform, the matrix differential equation with initial 

value can also be transformed into algebraic equation, and then solved by inverse 

Laplace transform. This research use the advantage of Laplace transform to solve the 

problem of thick laminated plates under complex boundary conditions [10] [11] [12]. 

The structure of this paper is as follows: The first part is the introduction, the 

second part is an introduction to the heat transfer model, the Fourier differential 

equation is established for each layer of composite material and the Laplace transform 

is performed to solve the system function. The third part is the application of the model, 
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using step function to test the accuracy of the model. The fourth part is the conclusion 

of the model. 

2. Establishment of heat transfer model 

2.1 Model assumptions 

As shown in Figure 1, the seamlessly bonded composite materials that make up the 

heat transfer system are processed by layering and boundary method. The following 

assumptions are made: 

(1) Each layer of material is a composite plane with uniform thickness and infinite 

area, and the temperature on both sides of the steel is uniform; 

(2) The joint faces between different material layers are tight, and there is no 

contact thermal resistance on the joint faces of different materials; 

(3) The various properties of the single-layer material, such as density, specific 

heat capacity, thermal conductivity, etc., are uniform, so that the temperature on the 

same layer is the same; 

(4) The thickness of each layer is uniform and thin; 

(5) There is no heat source or sink in the material, that is, there is no increase or loss 

during the heat transfer. 

Ⅰ Ⅱ Ⅲ Ⅳ 

Heat 

Environment

Heat 

Environment
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Layer

Upper Boundary 

of Layer Ⅰ

Lower Boundary 

of Layer Ⅰ

 
Figure 1. Heat transfer diagram  

Based on the assumptions above, the heat transfer of the composite layer can be 

regarded as the one-dimensional heat transfer, and a one-dimensional heat conduction 

Fourier differential equation can be established: 

 𝑑2𝑡(𝑥, 𝜏)

𝑑𝑥2
−
1

𝑎
∙
𝑑𝑡(𝑥, 𝜏)

𝑑𝜏
= 0 （1）  

 𝑎 =
𝜆

𝜌𝑐
 （2）  

In the equation, 𝑡(𝑥, 𝜏) indicates that the temperature is a function of time 𝑡 and 

material thickness of 𝑥 , 𝜆、𝜌、𝑐  represent the thermal conductivity, density and 

specific heat capacity of the material, and 𝑎 is indicated the thermal conductivity of the 

object. 
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The heat conduction Fourier differential equation represents the relationship of 

temperature with time at a certain thickness. Apply Laplace transform to (1), let 

𝑇(𝑥, 𝑠) = L[𝑡(𝑥, 𝜏)], there are: 

L [
𝑑2𝑡(𝑥, 𝜏)

𝑑𝑥2
] −

1

𝑎
𝐿 [
𝑑𝑡(𝑥, 𝜏)

𝑑𝑡
] = 0 （3）  

That is: 

 
𝑑2𝑇(𝑥, 𝑠)

𝑑𝑥2
−
1

𝑎
∙ 𝑠 ∙ 𝑇(𝑥, 𝑠) = 0 （4）  

Where 𝑇(𝑥, 𝑠) is the Laplace transform of 𝑡(𝑥, 𝑠) ,and the general solution of (4) 

is: 

 𝑇(𝑥, 𝑠) = 𝐴𝑒𝑞𝑥 + 𝐵𝑒−𝑞𝑥 （5）  

 𝑞 = √𝑠/𝑎 （6）  

Among them, 𝐴  and 𝐵  are the coefficients that need to be solved.  𝐴 , 𝐵  are 

independent of 𝑥 and can be related to 𝑠. 
Based on the Fourier heat transfer law, the boundary temperature of each layer of 

material is analyzed separately. Each layer has two boundaries which are defined as the 

upper and lower boundaries. The temperature distribution model of the heat transfer 

system can be solved by identifying the temperature on the joint surfaces of the two 

adjacent layers of the composite plate. 

2.2 Boundary temperature analysis of the first layer of material 

In the first layer, the thickness of the layer material is 𝛿1, and the general solution 

of the heat conduction Fourier differential equation is: 

 𝑇𝛿1(𝑥, 𝑠) = 𝐴𝛿1 ∙ 𝑒
𝑞𝛿1𝑥 + 𝐵𝛿1 ∙ 𝑒

−𝑞𝛿1𝑥 （7）  

Where 𝑥𝜖[0, 𝛿1], and 𝑞𝛿1 = √
𝑠

𝑎1
. 

When the entire heat transfer system is in the final thermal equilibrium state, 

regardless of the loss of heat transfer, the upper boundary temperature of the first layer 

of material should be infinitely close to the constant temperature 𝑡0, that is: 

 𝑡𝛿1(0, 𝜏) = 𝑡0 （8）  

 
𝑑𝑡𝛿1(𝑥, 𝜏)

𝑑𝑥
|
𝑥=𝛿1

=
1

𝜆𝛿1
𝑣1(𝛿1, τ) （9）  

Where 𝛿1 is the thickness of the material of the first layer, 𝑣1(𝑠1, τ) is the heat 

flux density of the material of the first layer, which is a function to be determined, 𝜆𝛿1 

is the thermal conductivity of the layer, Laplace transform is applied to the upper and 

lower boundaries [3-7]: 

 𝑇𝛿1(0, 𝑠) =
𝑡0
𝑠

 （10）  
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 L {
𝑑𝑡𝛿1(𝑥, 𝜏)

𝑑𝑥
|
𝑥=𝛿1

} =
1

𝜆𝛿1
𝑉1(𝛿1, 𝑠) （11）  

Where 𝑉1(𝛿1, 𝑠) is the Laplace transform of 𝑣1(𝑠1, τ), 𝑇𝛿1(0, 𝑠) is the Laplace 

transform of 𝑡𝛿1(𝑥, 𝜏), L is Pull transformation operator. 

From equations (5) and (9), we can get that: 

𝑇𝛿1(0, 𝑠) = 𝐴𝛿1 + 𝐵𝛿1 =
𝑡0
𝑠

 （12）  

Since L {
𝑑𝑡𝛿1(𝑥,𝜏)

𝑑𝑥
|
𝑥=𝛿1

} =
𝑑𝑇𝛿1(𝑥,𝑠)

𝑑𝑥
|
𝑥=𝛿1

, Therefore, the substitution of known 

quantities for formula (10) is available: 

 𝐴𝛿1 ∙ 𝑞𝛿1 ∙ 𝑒
𝑞𝛿1𝛿1 − 𝐵𝛿1 ∙ 𝑞𝛿1 ∙ 𝑒

−𝑞𝛿1𝛿1 =
1

𝜆𝛿1
∙ 𝑉1(𝛿1, 𝑠) （13）  

Thus, the simultaneous formulas (11) and (12) can be solved as follows: 

 

{
  
 

  
 
𝐴𝛿1 =

1
𝜆𝛿1

𝑉1(𝛿1, 𝑠) + 𝑞𝛿1 ∙ 𝑒
−𝑞𝛿1𝛿1 ∙

𝑡0
𝑠

2𝑞𝛿1cosh (𝑞𝛿1𝛿1)

𝐵𝛿1 =

𝑡0
𝑠 ∙ 𝑞𝛿1 ∙ 𝑒

𝑞𝛿1𝛿1 −
1
𝜆𝛿1

𝑉1(𝛿1, 𝑠)

2𝑞𝛿1cosh (𝑞𝛿1𝛿1)

 （14）  

By substituting equation (13) into equation (5) and using the definition of 

hyperbola, the following results are obtained: 

 𝑇𝛿1(𝑥, 𝑠) =

1
𝜆𝛿1

𝑉1(𝛿1, 𝑠) sinh(𝑞𝛿1𝑥) +
𝑡0
𝑠 𝑞𝛿1cosh[𝑞𝛿1(𝑥 − 𝛿1)]

𝑞𝛿1cosh (𝑞𝛿1𝛿1)
 （15）  

Where 𝑥 ∈ [0, 𝛿1] and  𝑞𝛿1 = √
𝑠

𝑎1
.. 

When 𝑥 = 𝛿1, the temperature of the lower boundary of the material of the first 

layer is obtained: 

 𝑇𝛿1(𝑥, 𝑠) =

1
𝜆𝛿1

𝑉1(𝛿1, 𝑠) sinh(𝑞𝛿1𝛿1) +
𝑡0
𝑠 𝑞𝛿1

𝑞𝛿1cosh (𝑞𝛿1𝛿1)
 （16）  

2.3 Boundary temperature analysis of the second layer of material 

In this layer, it is recorded that the thickness of the layer material is 𝛿2, and the 

general solution of the heat conduction Fourier differential equation is as follows: 
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 𝑇𝛿2(𝑥, 𝑠) = 𝐴𝛿2 ∙ 𝑒
𝑞𝛿2(𝑥−𝛿1) + 𝐵𝛿2 ∙ 𝑒

−𝑞𝛿2(𝑥−𝛿1) （17）  

Where 𝑥𝜖[𝛿1, 𝛿1 + 𝛿2], and: 𝑞𝛿2 = √
𝑠

𝑎2
.. 

Since the heat flux density on both sides of the joint surface is the same, the lower 

boundary of the first layer is the upper boundary of the second layer, the temperature at 

the joint surface is the same, so the boundary condition can be obtained: 

 

{
 
 

 
 

𝑑𝑡𝛿2(𝑥, 𝜏)

𝑑𝑥
|
𝑥=𝛿1

=
1

𝜆𝛿2
𝑣1(𝛿1, 𝜏)

𝑑𝑡𝛿2(𝑥, 𝜏)

𝑑𝑥
|
𝑥=𝛿1+𝛿2

=
1

𝜆𝛿2
𝑣2(𝛿1 + 𝛿2, 𝜏)

 （18）  

Performing Laplacian transformation on equation (17) yields: 

 

{
 
 

 
 L{

𝑑𝑡𝛿2(𝑥, 𝜏)

𝑑𝑥
|
𝑥=𝛿1

} =
1

𝜆𝛿2
𝑉1(𝛿1, 𝑠)

L {
𝑑𝑡𝛿2(𝑥, 𝜏)

𝑑𝑥
|
𝑥=𝛿1+𝛿2

} =
1

𝜆𝛿2
𝑉2(𝛿1 + 𝛿2, 𝑠)

 （19）  

Where 𝑉1(𝛿1, 𝑠)  is Laplace transform of 𝑣1(𝑠1, τ) , 𝑉2(𝛿1 + 𝛿2, 𝑠)  is Laplace 

transform of 𝑣2(𝛿1 + 𝛿2, 𝜏), and L is Pull transformation operator. 

Since 𝐿 {
𝑑𝑡𝛿2(𝑥,𝜏)

𝑑𝑥
|
𝑥=𝛿1

} =
𝑑𝑇𝛿2(𝑥,𝑠)

𝑑𝑥
|
𝑥=𝛿1

, L {
𝑑𝑡𝛿2(𝑥,𝜏)

𝑑𝑥
|
𝑥=𝛿1+𝛿2

} =
𝑑𝑇𝛿2(𝑥,𝑠)

𝑑𝑥
|
𝑥=𝛿1+𝛿2

 

so the formula for the general solution of the formula (18) is: 

 

{
 
 

 
 𝐴𝛿2𝑞𝛿2 − 𝐵𝛿2𝑞𝛿2 =

1

𝜆𝛿2
𝑉1(𝛿1, 𝑠)

𝐴𝛿2𝑞𝛿2𝑒
𝑞𝛿2𝛿2 − 𝐵𝛿2 ∙ 𝑞𝛿2 ∙ 𝑒

−𝑞𝛿2𝛿2 =
1

𝜆𝛿2
𝑉2(𝛿1 + 𝛿2, 𝑠)

 （20）  

Thus, the equations of equation (19) can be solved to obtain the constant 

coefficients of the layer of thermally conductive Fourier differential equations: 

 

{
 
 

 
 𝐴𝛿2 =

𝑉2(𝛿1 + 𝛿2, 𝑠) − 𝑉1(𝛿1, 𝑠)𝑒
−𝑞𝛿2𝛿2

2𝜆𝛿2𝑞𝛿2sinh (𝑞𝛿2𝛿2)

𝐵𝛿2 =
𝑉2(𝛿1 + 𝛿2, 𝑠) − 𝑉1(𝛿1, 𝑠)𝑒

𝑞𝛿2𝛿2

2𝜆𝛿2𝑞𝛿2sinh (𝑞𝛿2𝛿2)

 （21）  

Substituting equation (20) into general solution (16) yields: 

 𝑇𝛿2(𝑥, 𝑠) =
𝑟1 − 𝑟2

𝜆𝛿2𝑞𝛿2sinh (𝑞𝛿2𝛿2)
，𝑥𝜖[𝛿1, 𝛿1 + 𝛿2] （22）  
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among them, 

 {
𝑟1 = 𝑉2(𝛿1 + 𝛿2, 𝑠)cosh[𝑞𝛿2(𝑥 − 𝛿1)]

𝑟2 = 𝑉1(𝛿1, 𝑠)cosh[𝑞𝛿2(𝛿1 + 𝛿2 − 𝑥)]
 （23）  

When 𝑥 = 𝛿1 , the temperature at the upper boundary of the second layer is 

obtained as follows: 

 𝑇𝛿2(𝛿1, 𝑠) =
𝑉2(𝛿1 + 𝛿2, 𝑠) − 𝑉1(𝛿1, 𝑠)cosh (𝑞𝛿2𝛿2)

𝜆𝛿2𝑞𝛿2sinh (𝑞𝛿2𝛿2)
 （24）  

When 𝑥 = 𝛿1 + 𝛿2, the temperature at the lower boundary of the second layer is 

obtained as follows: 

 𝑇𝛿2(𝛿1 + 𝛿2, 𝑠) =
𝑉2(𝛿1 + 𝛿2, 𝑠) cosh(𝑞𝛿2𝛿2) − 𝑉1(𝛿1, 𝑠)

𝜆𝛿2𝑞𝛿2 sinh(𝑞𝛿2𝛿2)
 （25）  

2.4 Boundary temperature analysis of the third layer of material 

In this layer, it is recorded that the thickness of the layer material is 𝛿3, and the 

general solution of the heat conduction Fourier differential equation is as follows: 

 𝑇𝛿3(𝑥, 𝑠) = 𝐴𝛿3 ∙ 𝑒
𝑞𝛿3(𝑥−𝛿1−𝛿2) + 𝐵𝛿3 ∙ 𝑒

−𝑞𝛿3(𝑥−𝛿1−𝛿2) （26）  

Where 𝑥 ∈ [𝛿1 + 𝛿2, 𝛿1 + 𝛿2 + 𝛿3], and: 𝑞𝛿3 = √
𝑠

𝑎3
. 

The differential equation of the upper and lower boundaries of the third layer 

material is as follows: 

 

{
 
 

 
 

𝑑𝑡𝛿3(𝑥, 𝜏)

𝑑𝑥
|
𝑥=𝛿1+𝛿2

=
1

𝜆𝛿3
𝑣2(𝛿1 + 𝛿2, 𝜏)

𝑑𝑡𝛿2(𝑥, 𝜏)

𝑑𝑥
|
𝑥=𝛿1+𝛿2+𝛿3

=
1

𝜆𝛿3
𝑣3(𝛿1 + 𝛿2 + 𝛿3, 𝜏)

 （27）  

Performing Laplacian transformation on equation (26) yields: 

 

{
 
 

 
 L {

𝑑𝑡𝛿3(𝑥, 𝜏)

𝑑𝑥
|
𝑥=𝛿1+𝛿2

} =
1

𝜆𝛿3
𝑉2(𝛿1 + 𝛿2, 𝑠)

L {
𝑑𝑡𝛿3(𝑥, 𝜏)

𝑑𝑥
|
𝑥=𝛿1+𝛿2+𝛿3

} =
1

𝜆𝛿3
𝑉3(𝛿1 + 𝛿2 + 𝛿3, 𝑠)

 （28）  

Where  𝑉2(𝛿1 + 𝛿2, 𝑠)  is Laplace transform of 𝑣2(𝛿1 + 𝛿2, 𝜏) , 𝑉3(𝛿1 + 𝛿2 +
𝛿3, 𝑠)  is Laplace transform of 𝑣3(𝛿1 + 𝛿2 + 𝛿3, 𝜏) , and L  is Pull transformation 

operator. 

The formula for the general solution of the formula (27) is: 

 

{
 
 

 
 𝐴𝛿3𝑞𝛿3 − 𝐵𝛿3𝑞𝛿3 =

1

𝜆𝛿3
𝑉2(𝛿1 + 𝛿2, 𝑠)

𝐴𝛿3𝑞𝛿3𝑒
𝑞𝛿3𝛿3 − 𝐵𝛿3 ∙ 𝑞𝛿3 ∙ 𝑒

−𝑞𝛿3𝛿3 =
1

𝜆𝛿3
𝑉3(𝛿1 + 𝛿2 + 𝛿3, 𝑠)

 （29）  
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Thus, the equations of equation (28) can be solved to obtain the constant 

coefficients of the layer of thermally conductive Fourier differential equations: 

 

{
 
 

 
 𝐴𝛿3 =

𝑉3(𝛿1 + 𝛿2 + 𝛿3, 𝑠) − 𝑉2(𝛿1 + 𝛿2, 𝑠)𝑒
−𝑞𝛿3𝛿3

2𝜆𝛿3𝑞𝛿3sinh (𝑞𝛿3𝛿3)

𝐵𝛿3 =
𝑉3(𝛿1 + 𝛿2 + 𝛿3, 𝑠) − 𝑉2(𝛿1 + 𝛿2, 𝑠)𝑒

𝑞𝛿3𝛿3

2𝜆𝛿3𝑞𝛿3sinh (𝑞𝛿3𝛿3)

 （30）  

Substituting equation (29) into general solution (25) yields: 

 
𝑇𝛿3(𝑥, 𝑠) =

𝑟3 − 𝑟4
𝜆𝛿3𝑞𝛿3sinh (𝑞𝛿3𝛿3)

，𝑥

∈ [𝛿1 + 𝛿2, 𝛿1 + 𝛿2 + 𝛿3] 
（31）  

among them, 

 {
𝑟3 = 𝑉3(𝛿1 + 𝛿2 + 𝛿3, 𝑠)cosh[𝑞𝛿3(𝑥 − 𝛿1 − 𝛿2)]

𝑟4 = 𝑉2(𝛿1 + 𝛿2, 𝑠)cosh[𝑞𝛿3(𝛿1 + 𝛿2 + 𝛿3 − 𝑥)]
 （32）  

When 𝑥 = 𝛿1 + 𝛿2, the temperature at the upper boundary of the third layer is 

obtained as follows: 

 

𝑇𝛿3(𝛿1 + 𝛿2, 𝑠)

=
𝑉3(𝛿1 + 𝛿2 + 𝛿3, 𝑠) − 𝑉2(𝛿1 + 𝛿2, 𝑠)cosh (𝑞𝛿3𝛿3)

𝜆𝛿3𝑞𝛿3sinh (𝑞𝛿3𝛿3)
 （33）  

When 𝑥 = 𝛿1 + 𝛿2 + 𝛿3, the temperature at the lower boundary of the second 

layer is obtained as follows:  

 

𝑇𝛿3(𝛿1 + 𝛿2 + 𝛿3, 𝑠)

=
𝑉3(𝛿1 + 𝛿2 + 𝛿3, 𝑠) cosh(𝑞𝛿3𝛿3) − 𝑉2(𝛿1 + 𝛿2, 𝑠)

𝜆𝛿3𝑞𝛿3sinh (𝑞𝛿3𝛿3)
 

（34）  

2.5 Boundary temperature analysis of the forth layer of material 

In this layer, it is recorded that the thickness of the layer material is 𝛿4, and the 

general solution of the heat conduction Fourier differential equation is as follows: 

 𝑇𝛿4(𝑥, 𝑠) = 𝐴𝛿4 ∙ 𝑒
𝑞𝛿4(𝑥−𝛿1−𝛿2−𝛿3) + 𝐵𝛿4𝑒

−𝑞𝛿4(𝑥−𝛿1−𝛿2−𝛿3) （35）  

Where𝑥𝜖[𝛿1 + 𝛿2 + 𝛿3, 𝛿1 + 𝛿2 + 𝛿3 + 𝛿4], and: 𝑞𝛿4 = √
𝑠

𝑎4
. 

The differential equation of the upper and lower boundaries of the forth layer 

material is as follows: 

 

{
 
 

 
 
𝑑𝑡𝛿4(𝑥, 𝜏)

𝑑𝑥
|
𝑥=𝛿1+𝛿2+𝛿3

=
1

𝜆4
𝑣3(𝛿1 + 𝛿2 + 𝛿3, 𝜏)

𝑑𝑡𝛿4(𝑥, 𝜏)

𝑑𝑥
|
𝑥=𝛿1+𝛿2+𝛿3+𝛿4

= 𝑡1

 （36）  

Performing Laplacian transformation on equation (35) yields: 
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{
 
 

 
 L {

𝑑𝑡𝛿4(𝑥, 𝜏)

𝑑𝑥
|
𝑥=𝛿1+𝛿2+𝛿3

} =
1

𝜆𝛿4
𝑉3(𝛿1 + 𝛿2 + 𝛿3, 𝑠)

L {
𝑑𝑡𝛿4(𝑥, 𝜏)

𝑑𝑥
|
𝑥=𝛿1+𝛿2+𝛿3+𝛿4

} =
𝑡1
𝑠

 （37）  

Where 𝑉3(𝛿1 + 𝛿2 + 𝛿3, 𝑠) is Laplace transform of 𝑣3(𝛿1 + 𝛿2 + 𝛿3, 𝜏), 𝑉3(𝛿1 +
𝛿2 + 𝛿3, 𝑠) is Laplace transform of 𝑣3(𝛿1 + 𝛿2 + 𝛿3, 𝜏), and L is Pull transformation 

operator. 
𝑡1

𝑠
 is Laplace transform of 𝑡1, 𝑡1is the lower boundary temperature of the 

forth layer, which is constant. We can simplify formula (36) and obtain 

 

{
 

 𝐴𝛿4𝑞𝛿4 − 𝐵𝛿4𝑞𝛿4 =
1

𝜆𝛿4
𝑉3(𝛿1 + 𝛿2 + 𝛿3, 𝑠)

𝐴𝛿4𝑞𝛿4𝑒
𝑞𝛿4𝛿4 − 𝐵𝛿4𝑞𝛿4𝑒

−𝑞𝛿4𝛿4 =
𝑡1
𝑠

 （38）  

Thus, the equations of equation (37) can be solved. 

 

{
  
 

  
 
𝐴𝛿4 =

𝑡1
𝑠 −

1
𝜆𝛿4

𝑉3(𝛿1 + 𝛿2 + 𝛿3, 𝑠)𝑒
−𝑞𝛿4𝛿4

2𝑞𝛿4sinh (𝑞𝛿4𝛿4)

𝐵𝛿3 =

𝑡1
𝑠 −

1
𝜆𝛿4

𝑉3(𝛿1 + 𝛿2 + 𝛿3, 𝑠)𝑒
𝑞𝛿4𝛿4

2𝑞𝛿4sinh (𝑞𝛿4𝛿4)

 （39）  

Substituting equation (38) into general solution (34) yields: 

 𝑇𝛿4(𝑥, 𝑠) =
𝑟5 − 𝑟6

2𝑞𝛿4sinh (𝑞𝛿4𝛿4)
 （40）  

among them, 

 

{
 

 𝑟5 =
𝑡1
𝑠
cosh[𝑞𝛿4(𝑥 − 𝛿1 − 𝛿2 − 𝛿3)]

𝑟6 =
1

𝜆𝛿4
𝑉3(𝛿1 + 𝛿2 + 𝛿3, 𝑠)cosh[𝑞𝛿4(𝛿1 + 𝛿2 + 𝛿3 + 𝛿4 − 𝑥)]

 （41）  

Finally, we can obtain the temperature of the upper boundary of the fourth layer. 

 𝑇𝛿4(𝛿1 + 𝛿2 + 𝛿3, 𝑠) =

𝑡1
𝑠 −

1
𝜆𝛿4

𝑉3(𝛿1 + 𝛿2 + 𝛿3, 𝑠) cosh(𝑞𝛿4𝛿4)

2𝑞𝛿4sinh (𝑞𝛿4𝛿4)
 （42）  

And the temperature at the lower boundary of the forth layer: 

 𝑇𝛿4(𝛿1 + 𝛿2 + 𝛿3 + 𝛿4, 𝑠) =

𝑡1
𝑠 cosh(𝑞𝛿4𝛿4) −

1
𝜆𝛿4

𝑉3(𝛿1 + 𝛿2 + 𝛿3, 𝑠)

2𝑞𝛿4sinh (𝑞𝛿4𝛿4)
 （43）  

2.6 Solution of the model 

Since the temperature of the joint surfaces and the heat flux density are the same, 

then we can obtain: 
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 {

𝑇𝛿1(𝛿1, 𝑠) = 𝑇𝛿2(𝛿1, 𝑠)

𝑇𝛿2(𝛿1 + 𝛿2, 𝑠) = 𝑇𝛿3(𝛿1 + 𝛿2, 𝑠)

𝑇𝛿3(𝛿1 + 𝛿2 + 𝛿3, 𝑠) = 𝑇𝛿4(𝛿1 + 𝛿2 + 𝛿3, 𝑠)

 （44）  

The system function is: 

𝐺(𝑠) =
𝐼𝑛𝑝𝑢𝑡

𝑂𝑢𝑡𝑝𝑢𝑡
=
𝑇𝛿4(𝛿1 + 𝛿2 + 𝛿3 + 𝛿4, 𝑠)

𝑡0 𝑠⁄
 （45）  

When calculating the transfer function of the whole system, the lower boundary of 

the fourth layer is directly exposed to the hot environment, and there is no increase or 

loss of heat in the process of transmission, it is assumed that the lower boundary of the 

forth layer is diabatic, that is: 

 𝑡1 = 0 （46）  

Therefore, the expressions of system functions are obtained by combining the 

above formulas (1)~(45) 

 𝐺(𝑠) =
1

∑ 𝑝𝑖
8
𝑖=1

 （47）  

among them: 

{
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 𝑝1 =

𝑞𝛿3𝜆𝛿3sinh (𝑞𝛿2𝛿2)sinh (𝑞𝛿3𝛿3)cosh (𝑞𝛿1𝛿1)cosh (𝑞𝛿4𝛿4)

𝑞𝛿2𝜆𝛿2

𝑝2 =
2𝑞𝛿2𝑞𝛿4𝜆𝛿2𝜆𝛿4sinh (𝑞𝛿1𝛿1)sinh (𝑞𝛿2𝛿2)sinh (𝑞𝛿3𝛿3)sinh (𝑞𝛿4𝛿4)

𝑞𝛿1𝑞𝛿3𝜆𝛿1𝜆𝛿3

𝑝3 =
𝑞𝛿3𝜆𝛿3sinh (𝑞𝛿1𝛿1)sinh (𝑞𝛿3𝛿3)cosh (𝑞𝛿2𝛿2)cosh (𝑞𝛿4𝛿4)

𝑞𝛿1𝜆𝛿1

𝑝4 =
𝑞𝛿2𝜆𝛿2sinh (𝑞𝛿1𝛿1)sinh (𝑞𝛿2𝛿2)cosh (𝑞𝛿3𝛿3)cosh (𝑞𝛿4𝛿4)

𝑞𝛿1𝜆𝛿1

𝑝5 =
2𝑞𝛿4𝜆𝛿4cosh (𝑞𝛿1𝛿1)cosh (𝑞𝛿2𝛿2)sinh (𝑞𝛿3𝛿3)sinh (𝑞𝛿4𝛿4)

𝑞𝛿3𝜆𝛿3

𝑝6 =
2𝑞𝛿4𝜆𝛿4sinh (𝑞𝛿2𝛿2)sinh (𝑞𝛿4𝛿4)cosh (𝑞𝛿1𝛿1)cosh (𝑞𝛿3𝛿3)

𝑞𝛿2𝜆𝛿2

𝑝7 =
2𝑞𝛿4𝜆𝛿4sinh (𝑞𝛿1𝛿1)sinh (𝑞𝛿4𝛿4)cosh (𝑞𝛿2𝛿2)cosh (𝑞𝛿3𝛿3)

𝑞𝛿1𝜆𝛿1
𝑝8 = cosh (𝑞𝛿1𝛿1)cosh (𝑞𝛿2𝛿2)cosh (𝑞𝛿3𝛿3)cosh (𝑞𝛿4𝛿4)

 （48）  

Expand the system function, the denominator of equation (46) into a Taylor series, 

and get the polynomial of 𝑠: 

 𝐺(𝑠) =
1

𝜔0 + 𝜔1𝑠+𝜔2𝑠2 + 𝜔3𝑠3 +⋯
 （49）  

among them: 

𝜔0 = 1 （50）  

𝜔1 =
𝜆𝛿3𝛿2𝛿3

𝑎3𝜆𝛿2
+
𝜆𝛿3𝛿1𝛿3

𝑎3𝜆𝛿1
+
𝜆𝛿2𝛿1𝛿2

𝑎2𝜆𝛿1
+∑

2𝜆𝛿4𝛿𝑖𝛿4

𝑎4𝜆𝛿𝑖

3

𝑖=1

+∑
𝛿𝑖
2

2𝑎𝑖

4

𝑖=1

 （51）  
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𝜔2 = 𝑑1 + 𝑑2 + 𝑑3 + 2𝑑4 ++2𝑑5 ++2𝑑6 + 𝑑7 + 𝑑8 + 𝑑9 （52）  

And we can obtain: 

{
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

𝑑1 =

(

 
√
1
𝑎3
𝜆𝛿3𝛿2𝛿4

2

2𝜆𝛿2𝑎4
+

√
1
𝑎3
𝜆𝛿3𝛿2

3

6𝜆𝛿2𝑎2
+

√
1
𝑎3
𝜆𝛿3𝛿1

2𝛿2

2𝜆𝛿2𝑎1
)

 𝛿3√
1

𝑎3

𝑑2 =

[
 
 
 √
1
𝑎3
𝜆𝛿3𝛿1

3

6𝜆𝛿1𝑎1
+

(

 
√
1
𝑎3
𝜆𝛿3𝛿4

2

2√
1
𝑎1
𝜆𝛿1𝑎4

+

√
1
𝑎3
𝜆𝛿3𝛿2

2

2√
1
𝑎1
𝜆𝛿1𝑎2)

 𝛿1√
1

𝑎1
]
 
 
 

𝛿3√
1

𝑎3

𝑑3 =

[
 
 
 √
1
𝑎2
𝜆𝛿2𝛿1

3

6𝜆𝛿1𝑎1
+

(

 
√
1
𝑎2
𝜆𝛿2𝛿4

2

2√
1
𝑎1
𝜆𝛿1𝑎4

+

√
1
𝑎2
𝜆𝛿2𝛿3

2

2√
1
𝑎1
𝜆𝛿1𝑎3)

 𝛿1√
1

𝑎1
]
 
 
 

𝛿2√
1

𝑎2

𝑑4 =

[
 
 
 √
1
𝑎4
𝜆𝛿4𝛿4

3

6𝜆𝛿3𝑎3
+

(

 
√
1
𝑎4
𝜆𝛿4𝛿2

2

2√
1
𝑎3
𝜆𝛿3𝑎2

+
√
1
𝑎4
𝜆𝛿4𝛿1

2

2√
1
𝑎3
𝜆𝛿3𝑎1)

 𝛿3√
1

𝑎3
]
 
 
 

𝛿4√
1

𝑎4

𝑑5 =

(

 
√
1
𝑎4
𝜆𝛿4𝛿2𝛿3

3

2𝜆𝛿2𝑎3
+
√
1
𝑎4
𝜆𝛿4𝛿2

3

6𝜆𝛿2𝑎2
+
√
1
𝑎4
𝜆𝛿4𝛿1

2𝛿2

2𝜆𝛿2𝑎1
)

 𝛿4√
1

𝑎4

𝑑6 =

[
 
 
 √
1
𝑎4
𝜆𝛿4𝛿1

3

6𝜆𝛿1𝑎1
+

(

 
√
1
𝑎4
𝜆𝛿4𝛿3

2

2√
1
𝑎1
𝜆𝛿1𝑎3

+
√
1
𝑎4
𝜆𝛿4𝛿2

2

2√
1
𝑎1
𝜆𝛿1𝑎2)

 𝛿1√
1

𝑎1
]
 
 
 

𝛿4√
1

𝑎4

𝑑7 =
𝜆𝛿3𝛿2𝛿3

2

6𝑎3
2𝜆𝛿2

+
2𝜆𝛿2𝜆𝛿4𝛿1𝛿2𝛿3𝛿4

𝑎2𝑎4𝜆𝛿1𝜆𝛿2
+
𝜆𝛿3𝛿1𝛿3

3

6𝑎3
2𝜆𝛿1

+
𝜆𝛿2𝛿1𝛿2

3

6𝑎2
2𝜆𝛿1

𝑑8 =
𝜆𝛿4𝛿3𝛿4

3

3𝑎4
2𝜆𝛿3

+
𝜆𝛿4𝛿2𝛿4

3

3𝑎4
2𝜆𝛿2

+
𝜆𝛿4𝛿1𝛿4

3

3𝑎4
2𝜆𝛿1

+
𝛿3
4

24𝑎3
2

𝑑9 =

(
𝛿2
2

2𝑎2
+
𝛿1
2

2𝑎1
)𝛿3

2

2𝑎3
+

𝛿2
4

24𝑎2
2 +

𝛿1
2𝛿2

2

4𝑎1𝑎2
+

𝛿1
4

24𝑎1
2

 （53）  

For the system of equations (52), 𝑎𝑖(𝑖 = 1,2,3,4) is the thermal conductivity of 

the layer 𝑖 
𝛿𝑖(𝑖 = 1,2,3,4)  is the thickness of layer 𝑖  and 𝜆𝛿𝑖(𝑖 = 1,2,3,4)  is the thermal 

conductivity of the layer 𝑖 
In the denominator of formula (48), two terms and three terms can be separately 

taken to obtain the approximate transfer functions of the first, second and third order 

systems. The system output corresponding to the step input can be obtained as follows: 

 𝑌(𝑠) =
1

𝑠
∙ 𝐺(𝑠) （54）  
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The approximate first-order and second-order time-domain outputs of step input 

are obtained as follows: 

 𝑦1(𝑡) =
1

𝜔0
− 𝑒

−
𝜔0
𝜔1
∙𝑡

 （55）  

 𝑦2(𝑡) =
1

𝑠1 ∙ 𝑠2
+

1

𝑠1
2 − 𝑠1 ∙ 𝑠2

𝑒𝑠1𝑡 +
1

𝑠2
2 − 𝑠1 ∙ 𝑠2

𝑒𝑠2𝑡 （56）  

Among them, 𝑠1  and 𝑠2  are the roots of the characteristic polynomial 𝜔0 +
𝜔1𝑠+𝜔2𝑠

2 = 0 of the second order transfer function. The calculation formulas are as 

follows: 

 𝑠1 =
√−4𝜔2𝜔0 + 𝜔12 −𝜔1

2𝜔2
 （57）  

 𝑠2 = −
√−4𝜔2𝜔0 + 𝜔12 + 𝜔1

2𝜔2
 （58）  

3. Model application 

Taking the heat transfer of high-temperature protective clothing which usually 

made of a multi-layered fabric material as an example. The protective clothing usually 

has four layers of composite layer, which are recorded as I, II, III and IV layers, and 

the first layer contacts with the external environment. There is also a gap between the 

third layer and the skin, which recorded as the forth layer. It is assumed that the fourth 

layer contacts with the skin is in an adiabatic state. The parameters of the composite 

[13] [14] are shown in Table 1. 

Table 1. Various parameters of composite materials 

Layer 
Density 

(kg/m3) 

Specific heat 

(J/(kg·ºC)) 

Thermal 

conductivity 

(W/(m·ºC)) 

Thickness 

(mm) 

Ⅰ 300 1377 0.082 0.6 

Ⅱ 862 2100 0.37 0.6 

Ⅲ 74.2 1726 0.045 3.6 

Ⅳ 1.18 1005 0.028 0.5 

First of all, substituting the parameters above into the transfer function of the 

system function to compare the accuracy mathematical models in the second-order 

and third-order. 

𝐺(𝑠) =
1

1 + 199.4920𝑠 + 7.7728 ∙ 103 ∙ 𝑠2 + 1.2732 ∙ 105 ∙ 𝑠3 +⋯
 （59）  

 The first three and the first four terms of the characteristic polynomial are 

obtained respectively, and the approximate second-order and third-order systems are 

obtained. The analytical solutions of the first-order second-order and third-order 

approximate step input responses of the heat transfer of the composite fabric layer are 

as follows: 
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𝑦1(𝑡) = 1 − 𝑒−0.0050𝑡 （60）  

𝑦2(𝑡) = 1 + 0.5690𝑒
−0.0188𝑡 − 1.5690𝑒−0.0068𝑡 （61）  

𝑦3(𝑡) = 0.9999 − 1.350𝑒
−0.0065𝑡 + 9.6093 ∙ 10−42𝑒−0.0273𝑡[3.4159 ∙

       1039sin(0.0217𝑡) + 3.5905 ∙ 1040cos(0.0217)]  
（62）  

When calculating the heat transfer process of composite fabrics on Maple 

software platform, the time-domain responses of the first and second step are shown 

in Figure 2.The time-domain responses of the second and the third step are shown in 

and Figure 3. It can be seen that the difference between the first and second order 

responses is great, while the difference between the second and third order responses 

can be neglected. This can be proved by overlapping three curves in the same figure 

(Figure. 4). In order to make the calculation less complicated, it is enough to take the 

second-order model under the premise of accuracy allowance. 

 

Figure. 2 Step response of 1&2 order model 

 

Figure. 3 Step response of the 2&3 order model 

 

Figure. 4 Step response of 1-3 order model 
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4. Conclusion 

(1) Based on Fourier's law of heat transfer, the second-order approximate system 

function of heat transfer system is obtained by applying Laplace transform to the 

dynamic process of heat transfer of multilayer composites. T The error of the 

second-order system function can be neglected. 

(2) The application of the formula proves that the dynamic heat transfer model of 

composite layer based on Laplace transform has high accuracy and can effectively 

reduce the experimental cost of temperature measurement. 

(3) The dynamic heat transfer model of composite layer based on Laplace 

transform can be used for real-time on-line controlled, which has reference value for 

the study of heat transfer efficiency. 

(4) In the case that we can only get the density, specific heat capacity, thickness, 

and thermal conductivity, the model can be used to analyze the heat transfer 

performance, which provides theoretical basis and analytical means for the 

optimization design and performance evaluation of composite materials. 
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