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ON CONFORMABLE DOUBLE LAPLACE TRANSFORM AND
ONE DIMENSIONAL FRACTIONAL COUPLED BURGERS’
EQUATION

HASSAN ELTAYEB!, IMED BACHAR? AND ADEM KILICMAN?3

ABSTRACT. This article deals with the conformable double Laplace transforms
and their some properties with examples and also the existence Condition for
the conformable double Laplace transform is studied. Finally, in order to
obtain the solution of nonlinear fractional problems, we present a modified
conformable double Laplace that we call conformable double Laplace decom-
position methods (CDLDM). Then, we apply it to solve, Regular and singular
conformable fractional coupled burgers equation illustrate the effectiveness of
our method some examples are given.

1. INTRODUCTION

The fractional partial differential equations play a crucial role in fields of physics,
chemistry and engineering. Cheng and Yao, in [8] studied the solution of some
time-fractional partial differential equations by simplest equation method. In this
work, we deal with burgers equation, this equations appear in the area of applied
sciences such as fluid mechanics, mathematic model. The Burgers Equation was
first proposed by Bateman [1] who found its steady solutions, descriptive of certain
viscous flows and modified by J. M. Burgers (1895-1981) then it is widely named
as Burgers’ Equation [2]. Many researchers are Concentrated to studying the ex-
act and numerical solutions of this equation. The conformable double Laplace
transform method was introduced by Ozkan and Kurt [3] in the study of fractional
partial differential equations. Cenesiz et al. in [11] applied the first integral method
to establish the exact solutions for time-fractional Burgers’ equation. Jincun and
Guolin in [12] is applied the generalized two-dimensional differential transform
method (DTM) to obtain the solution of the coupled Burgers equations with space-
and time-fractional derivatives. Recently M.S. Hashemi [13] applied conformable
fractional Laplace transform to solve the coupled system of conformable fractional
differential equation. The aim of this article is to propose an analytic solution of
the one dimensional Regular and singular conformable fractional coupled burgers
equation by using a conformable double Laplace decomposition method (CDLDM).
However, conformable double Laplace decomposition method can be used to ap-
proximate the solutions of the nonlinear differential equations with the linearization
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of non-linear terms by using Adomian polynomials. A new type of Burger’s equa-
tion was proposed in further work named as time-space fractional order coupled
Burger’s equations [7], which has the form

9By 92y 9 o o B
9P fgee TG aquC 5 (w) = f(gvg)
9By 92 9 80 T 1P
PR e i Pl G <a’ﬂ)' (1.1)

Conformable fractional derivatives were studied by Khalil et al. [4] and extended
by Abdeljawad [5]. First of all, we start to recall the definition of the conformable
fractional derivatives, which are used in this article

Definition 1. Given a function f : (0,00) — R, then the conformable fractional
derivative of f of order B is defined by

df . f(%Jretl*B) —f(@)
2/ () = lim - , t>0,0<B<1,
see [4, 9, 10].

Conformable Partial Derivatives:
Definition 2. Given a function f(%- 22 1tB) Rx(0,00) — R. Then the conformable

space fractional partial derivative of order o a function f( =, 6) is defined as:

e tﬁ

o S et -7 (55)
ox*" ta’ B e—0 € ’

see [6].

z,t>0,0<a,B <1,

Definition 3. Given a function f(%, %) : Rx(0,00) = R. Then, the conformable

time fractional partial derivative of order B a function f(%, %) is defined as:

z* t? 1-8 z* t?
98 g B f(?vf"_at )—f(;af)
P P <
atﬁf(a,ﬂ) lim . , ,t>0,0<q,8<1,
see [6].

Conformable fractional derivative of certain functions:

Example 1.
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Conformable Laplace transform:

Definition 4. Let f : [0,00) — R be a real valued function. The conformable
Laplace transform of f is defined by

8 o0 8 8
£ (1) [t
)=, 5
for all values of s, the integral is correct, see [?].

Definition 5. see[3]: Let u(%, %) be a piecewise continuous function on the inter-
val [0,00) x [0,00) of exponential order. Consider for some a,b € R sup,« s >0,
a B
2o 4B
(2.5 )|

et Under these conditions conformable double Laplace transform is defined

e « B

by

o z® tP [ e 1B e P 1 _o—
LmLtlB <U <a76>) :U(P,S) :A /0 (& Pa ™57 u <O¢’B> tﬂ lx ldtdl'

where p,s € C, 0 < a, B < 1 and the integrals are by means of conformable frac-
tional integral with respect to % and % respectively.

Example 2. this example we calculate the double fractional Laplace for certain
functions

1 LgL] [(Z) ()] = Lol (@) (™) = 5.

2. LYL |:(€ « :| = Lth [(6)\ + t} = m

3. LoLf [(sin(/\%)sin(T%)] = L, Ly [(sin() sin(t)] = 5y srims
4. If a(> —1) and b(> —1) are real numbers, then double fractional Laplace of the
function f(% tﬁ)

B

1

= (%)a(ﬁﬁ)b is given by

«@ B b
mef (D] - M.

Theorem 1. Let 0 < o, 8 < 1 and m,n € N such that u (%, %) € C'(RT x RY),

I = max (m,n). Also let the conformable Laplace transforms of the functions u (%, %) , g:jfj
and ‘?9:—5}3‘, i=1;....m, j=1;...n exist. Then

arB 9" m m—1 =y m—1—ig B o th
Ll (s ) = » Ulp,s)—p™'U(0,8) = > p Lf g O,E

i=1

onP z® tP = ~ 078 x®
arB _ n _ on—1 _ n—l—-jroa
LSLy <8t"5u (a 75)) = s"U(p,s)—s"""U(p,0) E 5 LS <8tjﬂu (a ,O>)

j=1

mao np3 . . . .
9" u % denotes m,n times conformable fractional derivatives of func-

where Yoot and p

tion u(%, %) with order b and a respectively. for more details see [3]

In the following theorem, we study double Laplace transform of the function (%)n
9° (:t"‘ tP?

o f (%, 57) as follows:
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Theorem 2. If conformable double Laplace transform of the partial derivatives

atﬁ f( —, —) is given by Eqs.(2.21), then double Laplace transform of (%~ )n gti f( :, tg)

and * z2 (% ) are given by

t°

B
4
dp

and

where n =1,2,3,...

Proof. Using the definition of double Laplace transform of the fractional partial
derivatives one gets

o xo‘ tﬂ pet— 8'6 x"‘ tﬁ o
a@

by taking the "th derivative with respect to p for both sides of Eq.(??), we have

dar orB o P9 ©dr o i ok x tP 61,01
d"(LL [Btﬁf(a ﬁ)D / / ( ey ﬁ))t dude

B Y o LI T 7
/ / < > Pla s E 1y 1@f(gaﬁ)dtdx

arB o o° z® ﬁ
e |(£) a5,
we obtain

o o o ) s () S )

Similarly, we can prove Eq.(1.3). 1

Existence Condition for the conformable double Laplace transform:

If f(— ﬁ) is an exponential order a and b as % — 00, % — 00, if there exists a
positive constant K such that for all z > X and ¢t > T
xr t’a z® | 38
= < Keta Tt 1.5
D) (15)
it is easy to get,
z® tP a® | B r* t8
F(E=, =) = 0T F) as = 00, — = o0
a B a B
Or, equivalently,
e B o B
hm e S T ‘f(th)‘ — K lim e w05 —(n=b)?} v =0,
22 00 a’ B 22 00
& —00 NS

B
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where p > a and n > a. The function f ( -, [3) is called an exponential order as

% — 00, ﬁ — 00, and clearly, it does not grow faster than Ke®" bl B as & — oo,
t*

7 — 0o

Theorem 3. If a function f(— —) 18 a continuous function in every finite in-

z® th
tervals (0, X) and (0,T) and of exponential order e*’ ™% | then the conformable
double Laplace transform of f(%, %) exists for all Rep > p,Res > n.

Proof. From the definition of the conformable double Laplace transform of f (%, 2,
we have

U (p *f(”“; Y101t g

v
B

< K e_(p_a)%_(S_b)%tﬁ_lxa_ldtd:E

1
(p—a)(s—0)
For Rep > pu,Res >n, from Eq.(1.6), we have
Jim_ U (p, s)| = Oor lim U (p,s) = 0.

S5— 00 Eimdee]

2. ONE DIMENSIONAL FRACTIONAL COUPLED BURGERS’ EQUATION

In this Section we discuss the solution of regular One dimensional conformable
fractional coupled burgers equation and singular one dimensional conformable frac-
tional coupled burgers equation by using conformable double Laplace decomposition
methods (CDLDM).

The first problem: One dimensional conformable fractional coupled burgers equa-
tion is given by

Pu 9% o o x* P
97 e Mgt g () = S )
MPv 9y 0% 0% x® tf
G~ g g g o) = 95 (21)

subject to

()-1(2) (En(E) e

for t > 0. Here, f(%, %), (:”a ﬁ) f1 (z) and ¢ (x) are given functions, 7, ¢ and p
are arbitrary constants dependlng on the system parameters such as Peclet number,
Stokes velocity of particles due to gravity and Brownian diffusivity [14]. By taking
conformable double Laplace transform for both sides of Eq(2.1) and conformable
single Laplace transform for Eq(2.2), we have

Fi(p) | Flps) 9**u o~ o~
S

1
LaLﬁ — i ——u— (o 2.
+ ——+ [81‘20‘ Mmoo pye (uv)x] , (2.3)

U(p,s) = .
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and
Gi(p)  G(p,s) 1 5 [0%*v 0 o
1% = — 2+ - L°L — —v — — . (24
(p7 S) s + S + g = t 3:172& nv e v o ora (U/U) ( )

The conformable double Laplace decomposition methods (CDLDM) defines the
solution of one dimensional conformable fractional coupled burgers equation as

U (%, %) and v (%, %) by the infinite series
z@ 8 > z@ 8 z@ 8 > z 8
U(Qaﬂ) —Zun <a7/8)a U(Qaﬂ) —ZUn (avﬂ>' (2~5)

n=0 n=0

We can give Adomian’s polynomials A,, B, and C,, respectively as follows

An = i UnUgn, Bn = i UnVzn, Cn = i Up Uy, - (26)
n=0 n=0 n—0

The Adomian polynomials for the nonlinear terms uu, , vv, and uv are given by

Ap = uguog
Al = upUig + Uiy
Ay = ugUag + Uitz + UslUog,
Az = uguzy + Uy + UsUigy + U3UQ,
Ay = Uglgg + ULUZ, + UgUoy + U3ULE + Uslog, (2.7)
By = wvovoe
B1 = wgvis + v1V0g,
By = wgu2g + V1V14 + V2U0g,
B3 = vgu3g + V1V + V2V12 + V3V0g,
By = vgUig + V1V3¢ + V2V2z + V3V1z + V4U0g- (2.8)
and
C() = UpVg
Ci = wuov1 +u1vg
Cy = wugug + uiv1 + usy.
C3 = wugus +uivs + ugvy + uzvp,

Cg =  UQV4 + U103 + ugv + u3zv1 + Uqvg.

By applying inverse conformable double Laplace transform on both sides of Eq.(2.3)
and Eq.(2.4), making use of Eq.(2.6), we have

S (Z0) - negin [Fe)]

n=0
1 >
+L, L LgLf[ . ”
| S

81;2&”
T b
1y L

it R ew
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and

ivn (x:t;) = gi(x)+L,'L]" [G(Z‘g)}

1 9%y
—17-1 arpB
+Lp L _;LmLt {&Cmn”

IR
S |

ETRPE b
L ;Lfo [#(cn)z]} (2.11)

On comparing both sides of the Eq.(2.10) and Eq.(2.11) we have

w = fi(e)+ L, L7 [F(’; ’8)} :

vo = g(x)+L,'L]! [G(ps)] :

- (2.12)

In general, the recursive relation is given by

1 %%, 1
_r—17-1 arpPB —17—-1 arlB
Unir = L, 'L LLth { ax%n” —L'IL; [SLth [nAn]}
1
1 [SLgLf ¢ <cn>z]} (2.13)
and
1 0% 1
_r—17-1 arB —1l7-1 arp
Un41 = Lp LS |:8Lth |:ax2a’l)n:|:| _Lp LS |:sLILt [an]:|

L1 Sl (o) (210)

Here, we provide double inverse laplace transform with respect to p and s exist for
each terms in the right hand side of above equations. To illustrate this method
for one dimensional conformable fractional coupled burgers equation we take the
following example:

Example 3. Consider the following homogeneous form of a one dimensional con-
formable fractional coupled burgers equation

Pu 9%y o~ o
T pare M gt T e (W) = 0
& 82(1,1} aa 1o

with initial condition

u (x,o> —sin, v (z,o> = sin . (2.16)
(0% o (0% «
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By using Eqs. (2.12), Eq. (2.13) and Eq. (2.14) we have

P e’
ug = sin—, vy =sin —
o [0}
.11 [ 9% o
uy = Lp lLS 1 ;Lthﬁ Wo + QUOmD&I)UQ — (9? (’U,QU()):H
(1 [ ¢ 1 8 xo
— —-17—-1 arB : _7—17-1 _ :
= Lp LS _ngLt _— Sin E:|:| = Lp Ls {m} —E S11 E,
o[, g [0%w 0~
v = Lp lLS 1 ;Lx L'tB 6],‘20‘0 + QUOID((II)’UO — % (UOU()):|:|
(1 [ z* 1 Bz
_ —lr-1|ZgarB|_ 2 || 2 7-17-1 — —__gin =—
= L, L -sLmLt - sin — ” L, L; {82 2 +1)} 3 sin —

1 0%, o ¢
Uy = L;lL;1 [;L;Lf [Wl + 2 <’UJ08?’UJ1 + ulngl)u(]) — a? (UOUI + Ul’Uo):|:|
] (tﬁ i
1 t? . x® 1 1 F) .ox®
_ —17-—-1 B _ 1 1 _
= Lp LS [;Lth [E S E:H = Lp Ls |:53 (p2 T 1):| = 2 S E,
1 0%y o« o«
o= Lkt {;LM [ax— 2 (87 * “”D&””‘)) = o (ot + “)H

Y
1 tP ¢ 1 (ﬂ) e
o —17-1 _ I« B — gin — = —17-1 = in —
= L "L LLth {ﬁ sin a” L, L [53 » } 5 sin—,

and
o1 [L s [0 (1) (1) (1)
usg = L, L —LmLt 920 +2(u01Da Uz + U1, Dy w1 + ugg Dy, u0>
—L;'Lt LO‘LB o (uov2 + + upuy)
p Ls 8 o \(UoV2 T U101 200
23
= ——(F) sinﬁ
N 6
v3 = L, 1L [ LO‘LE[ +2 vng(l)vg—l—vle&l)vl+v2$D&1)v0>”
-L, Lt { f (uov2 + uivy +uzvo)H
tﬂ
(5)
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and so on for other components. Using Eq.(2.5), the series solutions are therefore

given by
\? )?
z 0N _ (¥ (5) (%) ot
U E,E = Upt+ U2t uz+..= — B + ] + sm;
)2 #)?
z* N (7 (5) (%) L a”
v ;,E = votuvatuvzt+..= — E + ] + sin —

and hence the exact solutions become

x> tP _B o x” x> tP _#B o x
U({—,—= ) =e 7 sin—, v|—,—= )] =€ B sin—.
a’ B « a’ f «

By taking o =1 and 8 = 1, the fractional solution become

o tP zo B8
u (7 ) = e_tsinaj, v (, ) =e tsinz.
« ﬂ o ﬂ

The second problem: Singular one dimensional conformable fractional coupled
burgers equation with Bessel operator are given by

0Pu a 0% [z% o¢ o~ o~ x® tP
RN EY I NN

8

z® 0r \ o Ox> oz« «
ot 2o Pa

OPv a 0% 0% 0% o% o h
—.,—],(21
(Sa) ) e
with initial conditions

tiug vt g () = g
(E)n(E) (E)als)
@ @ «a @
where the linear terms ;% E?:a (% 59;) is the called conformable Bessel operator
where ¢, u and n are real constants. In order to obtain the solution of Eq.(2.17),

First: multiply both sides of Eq.(2.17) by % we have

a Oz

2% OBy, 0% [z% 0« ¢ o0¢ Tz 0¢ % x® P
aata‘axa<a Py )*” U e (W) = af(omﬂ
z® 8Py 0% 0% % o¢ % 9% % x* P
aatﬂaxa<aaxa )*”a”axa““aaxa(“”) = a9<a’5>'

(2.19)

Second: we apply conformable double Laplace transform on both sides of Eq.(2.19)
and single conformable Laplace transform for initial condition, we get

0%u o* [z 0% xa o x® 0% o [(x® 1P
arB _ arp z 2 PSR b z
Lol {a Btﬁ] = Lol [(Ma(aax“u) Yoz aaxa( )+af(a B)]

Y Y R S
Lth[aatﬂ] = Ll {80‘ a9z’ ) e Yore ' Ty 8xa( )+ag "B

(2.20)
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by applying theorem 1 and theorem 2, we have

HASSAN ELTAYEB!, IMED BACHAR? AND ADEM KILICMAN?

—S%U(p,sw%w [fi (2)] = L°LP [aaaa (f;;;u)—nfu;;u—gz(i;(uv)]
5 ([ (55)]).
s V) Sl @] = 152 | (S ) n e 2 ()
-5 (2t [0 (.5)]). o2
simplifing Eq.(2.21), we obtain
Tue) = ren - Sasnt | (D) = ¢ )]
s ([ (55)])
V) = it @] 8 | (S ) - eae - 2 (w)
)

Third: by integrating both sides of Eq.(2.22) from 0 to p with respect to p, we have

v = 1 [ (Gretnen)a- [
o G (et [ (55)]))
Vip,s) = i/op( L (g1 ( )dp— ; LO‘LB [;;(

1

S

[ G (st b (-5)]))

xa 8(1

o Oz~

® 9%

o O

x“ ¢
1Q—HQAG—CQN4@

’)

(0% (0%

xr X
—n—N3 — MN2] dp
o (6]

(2.23)

Using conformable double Laplace decomposition method to defines the solution of

the system as u ( , tﬁ ) and v(— —) by the infinite series
x> 18 = z® 18 x> 18 = x> 18
L N N (R =)= |l —,— | . 2.24
“(a’ﬁ) 2 (a ﬂ) “(a ﬁ) ;_:(J”(a 6) (224)
The nonlinear operators can be defined as
Ny =Y Ay, Na=>» Cp ,Ns=> B, (2.25)
n=0 n=0 n=0
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fi(@)+ Ly Lt {/de,}

—L,'L;!
—17-1
+L, L

—-17r-1
+L 'L,

1

,/ <L§Lﬁ
S5 Jo

1 D

7/ <LgLf
S Jo

S

7/ <LgLf
S Jo

oY [ x* 9% =

i (e (S))])
nﬁ ZAn >dp]
L n=0

Cﬁ 3 CnD dp] , (2.26)
L n=0

g1 () + Ly LY [/de,}

The first few components can be written as

and
x® tP
Un+1 E,E

)

and

xe tP
v —, =
n+1 < o 5

)

Uo

Vo

1 [ o« [z 9o [ &
_r—1r—-1]= LOLLB -~ n
e 3 (e s (e ()]
_1 p [ i
B Al e \n=—S"B,| | 4
+Lp L, 8/0 ( it 77a T;) ) p]
_1 p [ 7%
B Lor? | = ) apl . 2.2
+Lp Ls 8/0 ( bt | M a ;C p ( 7)
1 P
= f (x)—|—L;1L;1 [3/0 dF(p,s)},
1 P
— a5t |5 [ e (2.29)
0
(1 p [ 9o (2 9o [&
_r-1ly-1|2 sl Y [ Y d
ez ] (e s (T (S)) ) #
+L LY 1/p oLy nﬁiAn dp
D s _S o t I « —~
_1 P [ a
LML 5/0 <LaLf Q%ch )dp], (2.29)
L L n=0
(1 » I L
_r—l7-1]|= arp | Y 2+ Y
e 3 (e s (i ()] )
+L'L! 1/p Ler? nﬁiBn dp
D s _S o x -t a ~
_1 7%
Lot 7/ LeLP |¢=— ) apl . 2.
+ps_50< _ca;oc p (2.30)

d0i:10.20944/preprints201901.0122.v1
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Here we provide double inverse Laplace transform with respect to p and s exist for
each terms in the right hand side of of Eqgs. (2.28), (2.29) and (2.30).

Example 4. Singular one dimensional conformable fractional coupled burgers equa-

tion
Pu_a o0 (a7 0% N 00 o (TN
9P 7o dze \ o dxo R a) € ¢
A A WP LS i R
otb x> 9x> \ a Oz“ Oz Oz N « ’
(2.31)
subject to

w(z,0) = (xa>2 v (@,0) = (f”a)z (2.32)

By applying the above steps, we obtain

> @ t’B a2 8 8
Zun<x,> = (a:) ef —4ed +4
a’ S «
n=0
1 P
S St Pt
A
—17-1 17 arB o2 =
~L'L; 5/0 L2LS QEZAH

1 P
Lot =
LI /

ivn (:E:,IZ) = (336(:[)262f —46% +4

sl el G )
L i/op (LgLf 2%2&
Iy i /Op (L;Lf ‘”: i C,LD dp} (2.34)
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where Ay, B, and C,, are defined in Eqs.(2.7), (2.8)and (2.9) respectively. On using
Eqgs. (2.28), (2.29) and (2.30) the components are given by

e 2 th P ¢ 2 B B
uy = <> ef —deF 44, vo<> ef —4e P 44,
« a
(1 (P [ 0> (x> O~ x®  0* x* 0%
= L't |- | el |l — (= — 27Uy —— g — — —— d
“ L _s/o e 9z \ e O * a 090" T 0 Bz (uovo) | dp
[1 P [ @B P
w = —L;'L;! 7/ oL} (4xeﬁ>}dp]:4eﬁ—4,
LS Jo L\ @
(1 (P [ 0% [z 9« x® 0% x® 9«
= —L;'L7t 7/ Lol | =— (—— 2% vy — — —— d
“t P s Sy T [0 a dzo + a 09z0 " & 9o (uovo) | dp
(1 [P [ @ 48 th
R e 7/ oLt (4xeﬂ>}dp]—4eﬁ4,,
LS Jo L\ @
In the same manner, we obtain that
(1 [P [ 9% (x> 0%
= L7V |C | Len) | = (e d
2 L _s/o w5 gre o 0200 ) | P
(1 [P [z 0 o~
N 7/ LOLY 127 (uom— ——u | | d
PEdsy T T a uo@xau1+u16$auo p
M1 P [2> 9>
—17-1 arpB
U2 = 0
vy = 0,

It is obvious that the self-cancelling some terms appear between various components
and the connected by coming terms, then we have,

xe tP ze P
Ul —,— | =u+u+u2+..,0(\—,— | =09 +v1 +v2+ ..
a’ f a’ f

Therefore, the exact solution is given by

z* 18 2\? z® 18 zo\? 8
(55) - (5) Fm(T5) - (5)
a’ «@ a’ f «

By taking o =1 and B = 1, the fractional solution becomes
a 4f
w (5'37 t) 2.t
a f
a B
v (957 t) 2t
o B

|
S
)

Il
8
)

Conclusion 1. In this work, we give the solution of the one dimensional Regular
and singular conformable fractional coupled burgers equation by using conformable
double Laplace decomposition method. Moreover, two examples were given to vali-
date our method. This method can be apply to solve some nonlinear time-fractional
differential equations with conformable derivative.
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