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1 Abstract: We study the performance of a classical and quantum magnetic Otto cycle with a quantum
2 dotas a working substance using the Fock-Darwin model with the inclusion of the Zeeman interaction.
s Modulating an external/perpendicular magnetic field, we found in the classical approach an
s oscillating behavior in the total work that is not perceptible under the quantum formulation. Also, we
s compare the work and efficiency of this system for different regions of the Entropy, S(T, B), diagram
s  where we found that the quantum version of this engine always shows a reduced performance in
»  comparison to his classical counterpart.

s  Keywords: Magnetic cycle; Quantum Otto cycle; Quantum Thermodynamics.

o 1. Introduction

10 The study of quantum heat engines (QHEs) [1] is focused on the search and design of efficient
1 nanoscale devices operating with a quantum working substance. These devices are characterized
1z by their working substance, the thermodynamic cycle of operation, and the dynamics that govern
1z the cycle [2-26]. Amongst the cycles in which the engine may operate, the Carnot and Otto cycles
1« have received increasing attention. In particular, the quantum Otto cycle has been considered for
15 various working substances such as; spin-1/2 systems [27,28], harmonic oscillators [29], among others.
e Furthermore, the quantum Otto cycle has been experimentally realized in trapped-ions [30].

17 Previous studies of the quantum Otto cycle embedding working substances with magnetic
e properties have highlighted the role of degeneracy in the energy spectrum on the performance of the
1o engine. [31-33]. In this same framework, we highlight the work of Mehta and Ramandeep [34], who
20 worked on a quantum Otto engine in the presence of level degeneracy, finding an enhancement of
=z work and efficiency for two-level particles with a degeneracy in the excited state. Also, Azimi et al.
22 presented the study of a quantum Otto engine operating with a working substance of a single phase
23 multiferroic LiCuyO; tunable by external electromagnetic fields [35] and is extended by Chotorlishvili
2a  etal. [36] under the implementation of shortcuts to adiabaticity, finding a reasonable output power for
= the proposed machine. Recently an electron confined inside a semiconductor quantum dot has been
2 studied in the context of an isoenergetic cycle [37]. This system is externally driven by an external
=z magnetic field finding that in the high magnetic field regime the efficiency achieves the asymptotic
2s  limit in agreement with results previously reported in the literature for mechanically driven quantum
2 engines. On the other hand, the classical version of the Otto cycle consists of two isochoric processes
s and two adiabatic processes. If the working substance is a classical ideal gas, the first approximation
a1 for efficiency depends on the quotient of the temperatures in the first adiabatic compression. This
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;2 expression is reduced with the specific condition along the adiabatic trajectory for this kind of gas,
s givenby TV7~1 = cnt., where v = Cp/Cy obtaining the expression 7 = 1 — r"%l’ where r is called
s “compression ratio" that is defined as V; /V; (with V; > V)). For magnetic substances, like diamagnetic
s systems, the condition obtained for the adiabatic stroke, in general, is not trivial. This is due to the
s complexity of the energy spectra as a function of the external magnetic field for this kind of systems.
sz This is later reflected in the partition function from which the thermodynamic quantities under study
ss are obtained. In particular, it is interesting the comparison of the classical and quantum approaches for
3o the same magnetic working substance and establish the conditions for each case appropriately. Besides,
20 physically it is nowadays possible to confine electrons in 2D. For instance, quantum confinement can
a1 be achieved in semiconductor hererojunctions, such as GaAs and AlGaAs. At T = 300 K, the band gap
2 of GaAsis 1.43 eV while it is 1.79 eV for AlxGal-xAs (x=0.3). Thus, the electrons in GaAs are confined
«s in a 1-D potential well of length L in the Z-direction. Therefore, electrons are trapped in 2D space,
4« where a magnetic field along Z-axis can be applied [38].

45 Therefore, in this work, we study the performance of a multi-level classical and quantum Otto
s cycle where the working substance comprises a nanosized quantum dot under a controllable external
a7 magnetic field. This system is described by the Fock-Darwin model [39,40] that represents an accurate
«« model for a semiconductor quantum dot.

s 2. Model

50 Let us consider an system given by a electron in the presence of a parabolic potential and external
s:  magnetic field B. The Hamiltonian which describes the system is given by

7 —

s (P EA)"+Up(x,y), M

s2= where m* is the effective electron mass, A is the total vector potential, and the term Up(x, y) is given
53 by

1
Up(x,y) = Em*w% (x2 +y2> , ()

s« which corresponds to an attractive potential describing the effect of the dot on the electron. The
ss quantity wy is the parabolic trap frequency and can be controlled geometrically. If we consider a
ss constant perpendicular magnetic field in the form

B = B2, 3)

sz and the use of the vector potential A in the symmetric gauge (i. e. A = g (—y, x,0)), the solution of
ss the eigenvalues of the Schrodinger equation are given by

1
Ewm =hQ (2n+ |m | +1) + Ehwcm. 4)

ss  where, w, = % is the cyclotron frequency, n, m are the radial and magnetic quantum numbers

eo (n=0,1,2,... and m=—o0,...,+00). (} it is known as the effective frequency of the system corresponding to

Q = wp <1+<2“£O>2>§. )

e Notice that when the parameter wy — 0, the energy levels of Equation (4), take the usual form of the

ez Landau energy levels in cylindrical coordinates.


http://dx.doi.org/10.20944/preprints201901.0079.v1
https://doi.org/10.3390/e21050512

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 9 January 2019 d0i:10.20944/preprints201901.0079.v1

30f15

Figure 1. (a) Fock-Darwin energy spectrum with s = +1 for the first six radial number n =0, 1, ...,6

and for each of them the azimuthal quantum number taking the values between m = —6, -5, ...,5, 6.
(b) Fock-Darwin energy spectrum with s = —1 for the first six radial number n =0, 1, ..., 6 and for each
of them the azimuthal quantum number taking the values between m = —6, =5, ...,5,6. We clearly

observe the confinement of the energy levels at high magnetic fields (w. /2wy >> 1).

63 To obtain a more precise calculation, especially when we consider the case of strong magnetic
es fields for the electron trapped in a quantum dot, we also take into account the electron spin of value %‘7
es and magnetic moment yp, where ¢ is the Pauli spin operator and yp = % Here the spin can have
es two possible orientations, one is 1 or | with respect to the applied external magnetic field B in the
ez direction of the z-axis. Therefore, we need to add the Zeeman term in the Fock-Darwin energy levels
es Equation (4). Consequently, the new energy spectrum is given by

hw
Enme =hQ02n+ |m|+1) + mTc — upoB. (6)

69 The energy spectrum of Equation (6) is presented in Figure (1) forc = —1and ¢ = 1. Itis
70 interesting to note that for high magnetic fields (w. /2w >> 1) things simplify in Eq. (6) and we get
7 the following expression:
fico,

Enmo = T(Vl+1/2+|m|+m)—ﬂBUB/ @)
72 where we observe that |m| +m = 0 for m < 0, therefore each Landau level labelled by # has infinite
73 degeneracy.
74
75 In our calculations along the work, we will consider a low-frequency coupling for the parabolic
76 trap given by wy ~ 0.2637 THz which in terms of energy units corresponds to a coupling of
7z approximately 1.5 meV. The selection of this particular value is to compare the intensity of the
7e trap with the typical energy of intra-band optical transitions of the quantum dots [39]. The order of
7 this transition is approximately around ~ 1 meV for cylindrical GaAs quantum dots with effective
s0o mass given by m* ~ 0.067 m, [39,40].
81 Throughout the discussion of this work, for the classical approach, we use the Refs. [41,42,44,45]
.2 and in particular, classical thermodynamics quantities for the Fock Darwin model with spin can be
es Obtained analytically using the treatment of Kumar et. al. [46] using the partition function, which can

Zis = %csch <hﬁ;}+) csch (h};m) cosh <h'Bsz> . 8)

85 where the frequencies w4 are:

sa be written as:
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wr =0+ % )
Therefore, entropy (S(T, B)), internal energy (U(T, B)) and magnetization M(T, B) are simply
given by
S(T,B) = kgln Z4g + kgT dlnZ4s (10)
oT Jg
olnZ
= 2 (91t =ds
U(T,B) = kpT ( =T )B, (11)
M(T,B) = kgT (%) . (12)

Figure 2. Classical thermodynamics quantities entropy (S), internal energy (U) and magnetization

(M) as a function of temperature (T) (panels (a) to (c)) and external magnetic field (B) (panels (d) to (£)).
For (a) to (c) panels the color blue to red represent temperatures from 0.1 K to 10 K respectively . For
(d) to (f) panels the colors blue to red represent lower to higher external magnetic field, from 0.1 T to
5 T. The value of the parabolic trap correspond approximately to 1.5 meV. Additionally, we plot the
proposal cycle on each of the aforementioned thermodynamic quantities.

a6 The Equations (10), (11) and (12) are presented in the Figure 2 for a parabolic trap corresponding
ez to an energy of 1.5 meV together with the scheme of the proposed cycle. A very interesting behaviour
ss is observed for the entropy as a function of the magnetic field in the panel (a) of Figure 2. For external
s magnetic fields < 1T, the entropy shows a decreasing behaviour as the external field increase, but for
oo values higher than 1 T contrary behaviour is found. This can be explained due to strong degeneracy
o1 of the energy levels for higher magnetic fields. This degeneracy in the energy levels explains the
o2 entropy growth together with the external magnetic field applied to the sample. Also, the change in
o3 the behaviour of the entropy is affected by temperature, finding that the change of slope as a function
o« of external magnetic field moves away from the 1 T value to higher values in as we increase the
os temperature of the working substance. This can be appreciated in the (a) panel of Figure (2). At the
ss same time, the magnetization shows a crossing in its behaviour as a function of magnetic field as we
oz can see in the (b) panel of Figure (2), where previous to this crossing at lower temperatures higher
os values of magnetization are obtained. This fact will become essential for the total work extracted.
s In the cycle that we propose, the work is directly related to the change in the magnetization of the
10 system as a function of magnetic field and temperature. On the other hand, we can observe that the
101 internal energy does not present qualitative changes and shows a decreasing of its value as the field
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102 increases for all temperatures displayed. The reason for this is that the internal energy only depends
103 on the derivative of In Z ;5 (see Equation (11)) with respect to temperature while the entropy has an
10s  additional term proportional to In Z;5 (see Equation (10)) and the magnetization on its derivative with
105 respect to the external field (see Equation (12)).

106 It is important to mention that the cycle operation in the counter-clockwise form starting in the A
1z point described in Figure 2 gives negative work extracted, so to define a thermal machine correctly,
10e  We start the cycle in the point B, and we go through it in a clockwise direction. This is due to the
100 particular behaviour of the entropy as a function of magnetic field and temperature in the chosen zone
1o marked with A, B, C and D. Therefore, the cycle that will describe in the next subsection is the form of
m B —+ A — D — C— Band is presented in the Figure 3.

12 3. First Law of Thermodynamics and the Quantum and Classical Otto Cycle

D,” 4 ¢
-—-: #

Sh .’./ I‘ Qp-c = Qout

§ [~ 4= 3

~

Bl Bh B

Figure 3. The magnetic Otto engine represented as an entropy (S) versus a magnetic field (B) diagram.
The way to perform the cycle is in the foorm B -+ A — D — C — B.

113 The first law of thermodynamics in a quantum context has been discussed extensively in the
1a literature. We will follow the treatment of Refs. [41,42,44], which identifies the heat transferred and
us  work performed during a thermodynamic process by means of the variation of the internal energy of
us  the system.

117 First, consider a system described by a Hamiltonian, H, with discrete energy levels, E; 0.
us The internal energy of the system is simply the expectation value of the Hamiltonian E = (H) =
1ue Yy Yo Yo PrmoEnme, where py o are the corresponding occupation probabilities. The infinitesimal
120 change of the internal energy can be written as

dE = ZZ Z (En,m,vdpn,m,a + Pn,m,adEn,m,a) ’ (13)
n - m o
121 where we can identify the infinitesimal work and heat as
aQ := ZZZEn,m,(rdpn,m,(r ’ dWw := ZZZPn,m,adEn,m,a- (14)
n m o n m o
122 Equation (13) is the formulation of the first law of thermodynamics for quantum working

123 substances. Therefore, work is then related to a change in the eigenenergies E; ;; -, which is in
124 agreement with the fact that work can only be carried out through a change in generalized coordinates.
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125 The quantum Otto cycle is composed by four strokes: two quantum isochoric processes and two
126 quantum adiabatic processes. This cycle can be seen in Figure 3 replacing the value of S; and S, for
127 Py (Ty, By) and Py o (T, By) in the vertical axe respectively. For the cases that we will consider, the
122 quantum Otto cycle proceeds as follows.

120 1. Step B — A: Quantum adiabatic compression process. The systems is isolated from the
130 cold reservoir and the magnetic field is changed from By, to B;, with Bj, > B;. During this stage the
1:1 populations remain constant, so Py (T}, B) = P;ﬁm,g. We recall that P,ﬁmlg is not a thermal state. No
132 heat is exchanged during this process.

133 2. Step A — D: The systems, at constant magnetic field B;, is brought into contact with a hot
1:a  thermal reservoir at temperature Tj, until it reaches thermal equilibrium. The corresponding thermal
155 populations Py (T}, B;) are given by the Boltzmann distribution with temperature Tj,. No work is
136 done during this stage.

137 The heat absorbed for the working substance is given by
D
Qin = ZZZ/ En,m,adpn,m,a = ZZZEZ,%F [Pn,m,U(Th/ Bl) - P;?m,g] ’ (15)
n m o A n - m o

13 Where Eh,mﬂ is the nth eigenenergy of the system in the quantum isochoric heating process to an
130 external magnetic field of value B; .

140 3. Step D — C: Quantum adiabatic expansion process. The system is isolated from the hot
11 reservoir, and the intensity of magnetic field is changed back from B; to Bj,. During this stage the
12 populations remains constant, so Py ¢ (Ty, Bi) = P50
13 state. No heat is exchanged during this process.

144 4. Step C — B : Quantum isochoric cooling process. The working substance at By, is brought into
15 contact with a cold thermal reservoir at temperature T;. Therefore, the heat released is given by

B
Qout = ZZZ/C En,m,adpn,m,a = ZZZEZ,MIU [Pn,m,U(Tlr Bh) - Pnc,m,g:| ’ (16)

n m o n m o

Again, we recall that Pgm,(r is not a thermal

s Where EZ/W, is the nth eigenenergy of the system in the quantum isochoric heating process to an
1z external magnetic field of value By,.

148 The net work done in a single cycle can be obtained from W = Q;, + Qout,
W= ZZZ (Eil,m,a - Eft,m,a) (PH,TH,U(Th/ Bl) - Pﬂ,m,tf(Tl/ Bh)) 7 (17)
n m o

s Where we have used the condition of constant populations along the quantum adiabatic strokes.
150 Furthermore, the efficiency is given by

w
= . 18
=34 (18)
151 The main differences between the classical and quantum Otto cycle is related to the point A and

152 D in the cycle. In classical engine, the works presented in Equation (15) and Equation (16), can be
12 calculated replacing Py, , by P(T4, B)) and P, , by P(Tc, B;) obtaining a difference between the

n,m,o
1ss  classical internal energy derived from the partition function in the form

Qin = U(Ty, By) = U(Ta,By);  Qout = U(Ty, By) — U(Tc, By), (19)

15 Where Ty and T¢ they are determined by the condition imposed by the classical isentropic strokes.
156 If we have the classical entropy, the intermediate temperatures Ty and T¢ can be determined in two
17 different forms:
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158 o Finding the relation between the magnetic field and the temperature along an isentropic trajectory
159 by solving the differential equation of first order given by
dS dS
dS(B,T) = (aB)TdB—l- <aT>BdT—O, (20)
which can be written as B c
B
= _ _ 21
)
10 Where Cp is the specific heat at constant magnetic field.
161 o The other possibility is to connect the entropy values of two isentropic trajectories in the form
S(T;, By) = S(Ta, B
(Ti, By) = S(Ta, By) )

S(Ty, B1) = S(Tc, By) ,

12 finding the magnetic field in terms of the temperature, throughout numerical calculation.
163 Therefore, from the Equation (19) and W = Q;,, + Qout, the classical work is given by the difference
1ea  Of four internal energy in the form

W = Up (Ty, B;) — Ua (Ta, B;) + Ug (T;, By,) — Uc (Tc, By) , (23)

165 In the following section, the units of temperature correspond to Kelvin (K), and the external field
s is in units of Tesla (T). The thermodynamics quantities entropy (S), magnetization (M) and internal
17 energy (U), are in units of %V, m—%‘/ and meV respectively. The total work extracted is in the units of
1ee  meV. The maximum values considered in our calculations for the temperatures and external magnetic
1o field are 10 K and 5 T. Therefore, for the quantum cycle calculation (i. e. Equation (17)), we use the
170 quantum numbers n = 0 to n = 10 and m = —33 to m = 33 of Equation (6). The selection of this
i particular energy levels in this model is justified for the values of the thermal populations for the hot
122 and cold temperatures of the reservoirs that we have selected. Our numerical calculations indicated
173 that the contributions of the other levels of energy can be neglected.

174 Finally, it is useful to express our results of total work extracted and efficiency in terms of the
175 relation between the highest value (Bj) and the lowest value (B;) of the external magnetic field over
e the sample. To do that, we use the definition of "magnetic length" which is given by

[ R
ZB = Er (24)
lBl By,
r=-—=14/=, 25
Is, \ B (25)

17s  which represents the analogy of the compression ratio for the classical case. It is important to remember
s that the Landau radius is inversely proportional to the magnitude of the magnetic field. Therefore, for
10 a major (minor) magnitude of the field, the Landau radius is smaller (bigger), and the r is well defined.

1z allowing us to define the parameter
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121 4. Results and Discussions

w2 4.1. Classical Magnetic Otto Cycle

(@) "

Figure 4. Solution of classical isentropic path. The panel (a) shows the entropy as a function of
magnetic field (horizontal axis) and temperature (vertical axis). The level curves (constant entropy
values) highlights three different values for low (red-black curve, S = 0.05), middle (yellow-black
curve, S = 0.10) and high (white-black curve, S = 0.13). The (b) panel shows the three constant values
for the entropy (S = 0.05,S = 0.10, S = 0.13) in a graphic of entropy as a function of B for temperatures
from 1 K (blue) up to 10 K (red). Due to the form of the entropy obtained for this system, the solution
for S = 0.13 needs to work with temperatures higher than 10 K for an external magnetic field lower
than 3 T (white dots in the (a) and (b) panel of this figure). The value of the parabolic trap corresponds
to 1.5 meV

183 The condition gives by Equation (21) (or Equation (22)) for the classical cycle give us the
e information about the behaviour of the external magnetic field and the temperature in the adiabatic
1ss  stroke. In the (a) panel of Figure 4, we can appreciate the level curves of the entropy function S(T, B)
s and in the (b) panel some examples of isentropic strokes in a plot of S(B) vs B for different temperatures.
17 That example shows three cases of constant entropy for a low (red-black curve, S = 0.05), middle
e (yellow-black curve, S = 0.10) and high (white-black curve, S = 0.13). We observe in the (a) panel
10 Of Figure (4) that there is a zone where the external field grows with the temperature of the sample
10 and a zone where the opposite happens in order to maintain the entropy constant. At low working
11 temperatures, the behaviour changes near B = 1 T, while as the temperature increases, the slope
102 change occurs at higher values of the magnetic field, approaching B = 2 T. Secondly, if we observe
103 the (b) panel of Figure (4) the case for S = 0.13 (white-black line), we have a restricted area for field
s values lower to 3 T if we work with a maximum temperature of 10 K. Therefore, it is not arbitrary
105 the movement of the magnetic field if we think in a thermodynamic magnetic Otto cycle with two
106 temperature reservoirs fixed at some specific values, more specifically, the reservoir associated to the
1z hot temperature in the cycle. Also, the Figure 4 is the solution of S(T, B) = constant, obtained from
10e the differential Equation (21) with different conditions (i. e. distinct values of the constant value of S).
100 Therefore, panel (a) of Figure 4 depicts all family of solutions for the isentropic stroke of the engine of
200 this particular system.
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201 In our first example displayed in the Figure (5), the B point has the value of the external field
202 given by By = 4 T and a temperature of Tz = 6.19 K. The value of the temperature for the D point is
203 fixed to Tp = 10 K. Therefore, the Carnot efficiency of the proposal cycle is given by

T 6.19
NCarnot =1 — T—l‘i =1~ —5 = 0381 (26)

()

2.0

,\1'5
g

S0

0.5

1 2 3 4 5 0.0 1 2 3 4 5
B B

(d) To=6.19 By=4. (e) To=619 By=4. (f)

0.30
0.25
DO'ZO
0.15
0.10
0.05
0.00

1

Figure 5. Proposed magnetic Otto cycle showing three different thermodynamics quantities, Entropy
(S), Magnetization (M) and Internal Energy (U) ((a) to (c) panel respectively) as a function of the
external magnetic field and different temperatures from 0.1K (blue) to 10K (red). Panel (d) shows the
total work extracted multiplied by efficiency (W), (e) shows the total work extracted (W) and (f) the
efficiency (77) for the classical cycle. The black points in the panels (d) to (f) represent exactly the cycle
B -+ A — D — C — B, presented in the panels (a) to (c). The value of the parabolic trap corresponds to
1.5 meV. The fixed temperatures are Tg = 6.19 Kand Tp = 10 K.

208 The low central panel (e) of the Figure 5 shows different values of total work extracted (W)
20s varying the value of Bp from 4 T to 1.99 T. This variation in the external field is reflected in the
206 movement of 7 in the form of r = \/le . Therefore, r is in the range of 1 < r < 1.41. The parabolic trap
207 is fixed to the value of 1.5 meV and the effective mass in the value of m* = 0.067m,. In particular, the
208 (a) to (c) panels of the Figure 5 shows the exact paths for the magnetic cycle for the maximum point
200 Obtained when multiplying W ((e) panel) and the efficiency (7, (f) panel). That point corresponds to
20 1 ~ 1.22 (black point in the (d) to (f) panels of the Figure 5 and constitutes the best configuration of the
au  systems in order to obtain the best W with the better 77 through the cycle. Also, W and 7 are presented
22 in (e) and (f) panel of Figure 5 for the optimal value of r parameter mentioned before. We observe that
23 W obtained for that point is in the order of ~ 0.038 meV with an efficiency of # ~ 0.28. We verified the
=z numeric value of total work extracted using the area enclosed by the cycle in the graph of M versus
zs B of Figure 5 panel (b) due to the fact that the workis W = — f MdB [37,42,44] when the parameter
26 changed during the operation of the engine is the external field. On the other hand, to obtain the
z17 - solid lines presented in the (d) to (f) panels in Figure 5 we need to make different cycles configuration
zue keeping the values of the isothermal fixed as can be appreciated in the Supplemental Material I, made
210 with the Mathematica software [43], where we show each shape that the cycle must have to generate a
220 point of work in specific. It is important to recall that we never reach the optimal value of 7 = 0.381,
2z 1.e. the Carnot efficiency.

222 Due to the change of behaviour in the entropy as a function of the external field, we obtain a
223 very interesting results for W when we explore the zone close and around to B = 1 T. Before that
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22a  point, the entropy decrease as function of the external field (B) and after that point entropy begins
225 to increase. This fact can be used to explore the magnetic cycle in that zone finding an oscillatory
226 behaviour for W. In the Figure 6 we show the cycle with operating temperatures Tz = 2.69 K and
227 Tp = 5.40 K and external magnetic field moving between 2.995 T to 0.250 T and consequently, the r
22 parameter move from 1 to 3.46. First, we observe a decreasing efficiency for r > 1.75 in the (f) panel of
220 Figure 6 with a maximum value of 7 ~ 0.43 for r ~ 1.75. Therefore, for this configuration, the Carnot
20 efficiency (§carnor ~ 0.5 for this case) also can not be reached. In order to compare this results with the
21 previously discussed ( when we avoid this particular region ) we can see from the (f) panel of Figure 5
222 that the efficiency asymptotically approaches to the efficiency of Carnot if we increase the intensity of
233 the external magnetic field of the starting point of the cycle (point B).

(@)

0.15

0.003

Ts=2.695 Bg=2995 Tp=2695 Bg=2995 Tg=2695 Bg=2995

1.5 20 25 . X 1. 1.5 20 25
r r r

Figure 6. Proposed magnetic Otto cycle in three different thermodynamics quantities, Entropy,
Magnetization and internal energy ((a) to (c) panels respectively) as a function of the external magnetic
field and different temperatures from 0.1K (blue) to 10 K (red). Total work extracted multiplied by
efficiency (Wy) (d) total work extracted (W) (e) and efficiency (77) (d) for the cycle. The black point in
the panels (d) to (f) represent the value of 0.02 meV of total work extracted and corresponds exactly
to the cycle B+ A — D — C — B, showed in the panels (a) to (c). The value of the parabolic trap
correspond to 1.5 meV. The fixed temperatures are Tg = 2.69 K and Tp = 5.40 K.

234 From panel (b) of Figure 6, we can understand the oscillations in W interpreting these results
235 using the expression W = — [ MdB. Observing the (a) to (c) panels of Figure 6, the presented A,B,C,D
236 points correspond to the black point displayed in the (d) to (f) panels where we see that the work is
237 still greater than zero but close to a vanishing situation. The reason why there is still positive work in
238 this point under study, is that the total area enclosed to the right of the crossing point is larger than the
230 other in the left. The magnetization presented in the (b) panel of Figure 6 in the zone around the range
200 Of external magnetic field explored for this case (from 2.995 to 0.250T) clearly reverses his behaviour
21 and presents a crossing point close to B ~ 1.2 T for different temperatures. The area to the right of
=2a2 that point can be interpreted as a positive contribution to W while the left area contributes to negative
2a3 work.
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Figure 7. Work, efficiency and work multiply by efficiency ((a) to (c) panels ) for different values of Tp
for Tg = 2.69 fixed. The value of the parabolic trap corresponds to 1.5 meV.

248 To explore if these oscillations in W are still obtained for higher temperature ranges, we plot
2es  in Figure 7 the work W for different values of Tp with Tg = 2.69 K fixed. We note that for higher
26 temperatures than 7 K the oscillations found before disappear. It is only a reinforcement that the
2z quantum effects of the working substance are only significant at low temperatures. On the other hand,
28 as we expect, W grows as the difference between the temperature reservoir is larger as we can see
200 from the (a) panel of Figure 7. However, for this case, the efficiency obtained is increasingly lower for
20 increasingly larger temperature differences as we can appreciate from the panel (b) of Figure 7.

21 4.2. Magnetic Quantum Otto Cycle

252 Next we show the results of the evaluation of the quantum version of this magnetic Otto cycle
23 for the same cases shown in Figure 5 and Figure 6. In the (a) panel of Figure 8, we plot the classical
2sa work (blue line) and the quantum work (red line) for the same sets of parameters of Figure 5. First, we
=5 note that the classical and quantum work are equal up to the value of r ~ 1.07. That means for close
=6 values of the starting external magnetic field to the B point we do not notice a difference between the
27 classic and quantum formulation of the Otto cycle. Also, in (a) panel Figure 8, we found that we have
2e  a transition from positive work to negative work not reflected in the classic scenario close to r ~ 1.36.

b
(a) ( ) 0.04
0.04 (— Classical |
— Quantum|
0.03
0.02
=< <
o © 0.02
S 000 s
-0.02 — Classical \ 0.01
'— Quantum | 10 15 20 25 30 35
r
-0.04 0.00 \
1.00 1.05 1.10 1.15 1.20 1.25 1.30 1.0 1.5 2.0 25 3.0 35

r r

Figure 8. (a) Total work extracted for classical (blue line) and quantum version of Otto cycle (red line).
The parameters for this case displayed are: Tp = 10K, Tg = 6.19 K and Bg = 4 T as starting value of
the external magnetic field. The value of Bp moves from 4 T to 1.99 T and this variation is reflected in
the movement of r in the form of r = \/% , same parameter as the results shown in Figure 5. (b) Total
work extracted (W) presented in the (e) panel of Figure 6 versus the values obtaining in the quantum
version of the Otto cycle. The parameters for this figure are Tp = 540 K, Tg = 2.69 K and Bg = 2.995 T
and Bp moves from 2.995 to 0.250 T. The parabolic trap is fixed to the value of 1.5 meV and the effective
mass value of m* = 0.067m,.

250 Additionally, we observe that the maximum positive value of the total work extracted for the
20 quantum version of Otto cycle is reduced by approximately 0.01 meV compared to the classical
201 counterpart. In particular, for the quantum version of this cycle, we do not found the oscillations in W
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22 presented in the (e) panel of Figure 6. Moreover, we found a transition from positive to negative work
263 at some value of the r parameter. This is dramatically reflected in the (b) panel of Figure 8, where the
26 absolute value of W is highly increased as compared with the classical approach.

(a) g=1 n=0 -5sms2 (b) g=-1 n=0 -5sms2
0.03 _’“f'i 0.00 |
0.02 ol
° —_m=-2 °
3 oo —m=-1 3 -0.01 —
— —m=0 = —_—m=-4
2 0.00 g —nis
X X
‘g ~0.01 g -0.02 :2?:?
-0.02 R
-0.03 -
-0.03 =m=2 N
1.0 1.0 15 2.0 25 3.0 35

r r

Figure 9. Total quantum work extracted (W) per energy level for the case of o = 1 ((a) panel) and for
the case of o = —1 ((b) panel). The line marked (in the two panels) with circles correspond to the sum
of all contributions of the energy level for each spin. The parameters used for this figure are the same
as the one used in panel (b) of Figure(8).
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Figure 10. 7 x W (a), total work extracted (b) and (c) efficiency for the case of AT = Ty, — T; = 3 K for
different regions of temperature parameter for classical approach (solid line) and quantum version of
the magnetic Otto cycle (dotted line). For all graphics, we use the initial external magnetic field in the
value of Bg = 3.5 T and the minimum value of the field, Bp moves between 3.5 T to 2.0 T. Therefore,
the r parameter moves between 1 < r < 1.32. The parabolic trap is fixed to the value of 1.5 meV and
the effective mass value of m* = 0.067m,.

265 In Figure 9, we present the work W per energy level and spin value for the most important values
266 Of our numerical calculations. We use the same parameter as in panel (b) of Figure 8. We observe that
26z the contribution given by ¢ = 1 are positive up to r close to 7 ~ 1.6 being the energy levels Ey 1, Eg_»
2ee  and Ep _3 those that contribute with the most positive values. Contrary, for the case of o = —1 we
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found that all contributions per energy level are negative. Therefore, the small region of positive work
found in panel (b) of Figure 8 can be only associated to the spin up (¢ = 1) contributions.

To explore other operation regions for the magnetic Otto cycle, we calculate the total work
extracted and efficiency for the same AT = T}, — T; in a broad range of temperatures and the same
ABya = 1.5 T in different regions of the external magnetic field for the classical cycle and its quantum
version. This is displayed in Figure 10 and Figure 11 where the dotted lines represent the classical
results and the solid lines the quantum results. The three regions of temperature selected for this two
figures are between 1 K to 4 K (blue lines), 4 K to 7 K (black lines) and 7 K to 10 K (red lines). First,
we treat the case of Bg = 3.5 T and Bp moving from 3.5 T to 2.0 T in the Figure 10, where we note
large differences between the classical and quantum results for W as can be seen in the (b) panel of
that figure. On the other hand, if we observe the region of 3.5 < Bp < 5.0 T for a Bp fixed shown in
the (b) panel of Figure 11, the work and efficiency for the region of 1 K to 4 K and 4 K to 7 K presents
similar behaviour for the classical and quantum version. Only the case of 7 K to 10 K shows a larger
difference between this two approaches. For the case of the efficiency, we note in the (c) panel of Figure
10 a major difference between the classical results and quantum results compare with the presented in
(c) panel of Figure 11 and this is consistent with the reported results for the work W.

d0i:10.20944/preprints201901.0079.v1
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Figure 11. 7 x W (a), total work extracted (b) and (c) efficiency for the case of AT = Ty, — T; = 3 K for
different regions of temperature parameter. For all cases, we use the initial external magnetic field at
the value of Bg = 5.0 T and the minimum value of the field, Bp moves between 5.0 T to 3.5 T. Therefore,
the r parameter moves between 1 < r < 1.19. The parabolic trap is fixed to the value of 1.5 meV and
the effective mass value of m™ = 0.067m,.

5. Conclusions

In this work, we explored the classical and quantum magnetic Otto cycle for an ensemble
of non-interacting electrons with intrinsic spin where each one is trapped inside a semiconductor
quantum dot modeled by a parabolic potential. We analyzed all relevant thermodynamics quantities,
we found in particular for the entropy as a function of the external magnetic field, a zone where it
diminishes as the field increases but then it increases again at larger fields, at all temperatures. This is a
consequence of the infinite degeneracy that the system has at high magnetic fields, thus increasing its
entropy value. This particular behavior makes the operation of the Otto engine be different depending
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20 on the work area in temperatures and magnetic fields. We find oscillations in the total work extracted
20s near the zone of slope change in the behaviour of entropy when the cycle is classically evaluated.
205 Additionally, we evaluate the total work and efficiency for classical and quantum Otto cycle, always
26 finding, in the explored zones, that the work and efficiency for the classical cycle are larger than their
207 quantum counterpart.
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