Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 28 December 2018 d0i:10.20944/preprints201812.0342.v1

inear statistical models, least-squares estimators, and classification
analysis to reverse-order laws for generalized inverses of matrix
products
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Abstract. Reverse-order laws for generalized inverses of matrix products is a classic object of study in the theory of
generalized inverses. One of the well-known reverse-order laws for a matrix product AB is (AB)<i""’j) = BUd) AGed)
where ()7 denotes an {i,...,j}-generalized inverse of matrix. Because {i,...,j}-generalized inverse of a general
matrix is not necessarily unique, the relationships between both sides of the reverse-order law can be divided into
four situations for consideration. In this paper, we first introduce a linear mixed model y = ABS + A~y + €, present
two least-squares methodologies to estimate the fixed parameter vector 5 in the model, and describe the connections
between the two least-squares estimators and the reverse-order laws for generalized inverses of the matrix product AB.
We then prepare some valued matrix analysis tools, including a general theory on linear or nonlinear matrix identities,
a group of expansion formulas for calculating ranks of block matrices, two groups of explicit formulas for calculating
the maximum and minimum ranks of B9 A7) a5 well as necessary and sufficient conditions for B9 A9
to be invariant with respect to the choice of A%+~ and B9, We then present a unified approach to the 512
set inclusion problems {(AB)®+)} D {Bh+) A6+ for the eight commonly-used types of generalized inverses
of A, B, and AB using the block matrix representation method (BMRM), the matrix equation method (MEM), and
the matrix rank method (MRM), where {(-)(**+9)} denotes the collection of all {i, . .., j}-generalized inverses of a matrix.

Mathematics Subject Classifications: 1503; 15A09; 15A24; 47A05; 47A50; 62H12; 62J05

Keywords: linear model; least-squares estimator; matrix product; generalized inverse; reverse-order law; block matrix;
matrix equation; rank formula

1 Introduction

Throughout this paper, we use the following notations: the symbol C™*™ stands for the collection of all m x n
complex matrices; r(A) and Z(A), and .4 (A) stand for the rank, the range (column space), and the null space
of a matrix A € C™*" respectively; I,,, denotes the identity matrix of order m; [ A, B] denotes a row block
matrix consisting of A and B. We next introduce the definition and notation of generalized inverses of a matrix.
The Moore-Penrose inverse of A € C™*™, denoted by Af, is the unique matrix X € C™*™ satisfying the four
Penrose equations

(1) AXA=A, (i) XAX = X, (iii) (AX)* = AX, (iv) (XA)* = X A. (1.1)

A matrix X is called an {i,...,j}-generalized inverse of A, denoted by Ald) if it satisfies the ith,..., jth
equations in (1.1). The collection of all {i,...,j}-generalized inverses of A is denoted by {A(9)}. The
generalized inverses of A including the first equation in (1.1) are given by

AT A(1’3’4), 14(1,2,4)7 14(1,2,3)7 14(1,4)7 A(1,3)7 A(1’2), A(l),

which are usually called the eight commonly-used types of generalized inverses of A in the literature; see
e.g., [3,4,21]. In addition, we denote E4 = I, — AAT and Fx = I,, — ATA.

Parametric regression analysis is perhaps the most commonly employed tool of statistical model building in
data analysis and inference. When using parametric regression models to fit given data, unknown parameters in
the models may not necessarily be assumed to be fixed, instead, to vary at more than one level, or to be given
in nested forms. Multilevel statistical modeling is such an analytical technique for estimating regression and
related models with data that have a hierarchical structure. Because of the occurrence of parameters at more
than one level, inference of multilevel statistical models involve various nested calculations of given matrices and
vectors in the models. In fact, many problems in statistics and applications involve analyzing and manipulating
this kind of nested structured data and models; see a number of books including [5,6,9,15,17,23,25,45]. In this
paper, we consider a two-level linear regression model defined by

' E(e)=0, E(y)=0, Cov(e) =02I,, Cov(y)=r12I, Cou(e,v)=0, ’

where in the first-level model, y € R"*! is a vector of observable response variables, A € R™*? is a known matrix
of arbitrary rank, o € RP*! is a vector of unobservable random variables, ¢ € R"*! is a vector of randomly
distributed error terms, o2 is an arbitrary positive scaling factor; in the second-level model, B € RP*F is a
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known matrix of arbitrary rank, 5 € R¥*! is a vector of fixed but unknown parameters, v € RP*! is a vector
of unobservable random variables, 72 is an arbitrary positive scaling factor. This kind of models have different
names in statistical analysis according to their origination, such as, random-effect models, hierarchical models,
nested models, etc. Substituting the second equation in (1.2) into the first equation leads to the following linear
mixed model

N i y=ABB+ Ay+e, E(y)=E(ABB)=ABfB, Cov(y) = Cov(Ay+€) =0o’I, +m2AAT.  (1.3)

The most common technique used to estimate the unknown parameters of linear regression models is the
method of least-squares. In this paper, we shall present two kinds of the ordinary least-squares estimator
(OLSE) of unknown parameter spaces under .# and ./  using generalized inverses of matrices, and establish
some connections between the formulas for calculating the OLSEs and reverse-order laws for generalized inverses
of matrix products. To illustrate the importance of these connections, the purpose of this paper is to classify
various reverse-order laws for generalized inverses of a matrix product, and to establish necessary and sufficient
conditions for these classified reverse-order laws to hold using various matrix analysis tools, including matrix
rank optimization methodologies.

Since there are two alternative forms in (1.2) and (1.3), respectively, we are able to adopt different procedures
to calculate the OLSEs of the unknown parameter vector 8 and the mean vector ABf in (1.2) and (1.3).

(I) The standard method is to
minimize (y — ABB)? (y — ABR) (1.4)
in the context of (1.3). It is easy to verify that the norm (y— ABB)T (y— ABf) in (1.4) can be decomposed
as
(y—ABB) (y— ABB) =y  Eapy + (Papy — ABB)" (Papy — ABB),
where the two terms on the right-hand side satisfy y” Eapy > 0 and ( Papy— ABB )T ( Papy—ABB) > 0.

Hence,

,min (y—ABB)"(y— ABB) = y" Eapy + min (Pasy — ABB)" (Papy — ABS) =y" Eapy,
where the equation AB3 = AB(AB)'y, which is equivalent to the normal equation (AB)T ABS = ABTy
by pre-multiplying (AB)T, is always consistent; see e.g., [10, p.114] and [24, pp. 164-165]. Solving the
equation gives the well-known OLSEs of 5 and ABf under 4"

OLSE, v (8) = [(AB)" + FaglU ly = (AB)"¥y, (1.5)

OLSE_y (ABj) = ABOLSE 4 (8) = AB(AB)1®)y. (1.6)

Furthermore, the expectations and the covariance matrices of OLSE 4 (5) and OLSE_y (ABJ$) are given
by

E[OLSE 4 (8)] = (AB)'ABg, (1.7)

Cov[OLSE_y (B)] = (AB)T (61, + T2 AAT)[(AB)"]T, (1.8)

E[OLSE_ 4 (ABfB)] = ABB, (1.9)

Cov[OLSE_y (ABB)] = AB(AB)' (0?1, + T2 AAT)AB(AB)'. (1.10)

(IT) On the other hand, we may first solve the least-squares problem (y — Aa)?(y — Aa’) = min under (1.2)
and obtain the OLSE of «a as follows

OLSE 4 (a) = (A + FuU, )y = A3y, (1.11)

Substituting this formula into the second equation in (1.2) yields
A3y = BB + . (1.12)

In this case, solving ||A"3)y — BB||? = min under (1.12) leads to
OLSE_ 4 (8) = (B' + FgUy) A3y = B3 4(1:3)y, (1.13)
OLSE._4(ABB) = ABB1:3) A1:3)y, (1.14)

where Us is an arbitrary matrix. In the case of Moore—Penrose inverses, the expectations and the covariance
matrices of these estimators are given by given by

E[OLSE 4 (8)] = BTATABp, (1.15)
Cov[OLSE_4(B)] = BT AT (0?1, + 72 AAT)(BTAT)T, (1.16)
E[OLSE_,(ABpB)] = ABB'ATABg, (1.17)
Cov[OLSE 4 (ABB)| = ABBTA' (61, + T2 AAT)(ABBTAT)T. (1.18)
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Note from (1.5)—(1.10) and (1.13)—(1.18) that the OLSEs under .4 and .# are given in different formulas.
Thus they have different performance, and it would be of interest to describe the relationships between the
OLSEs under .4 and ., in particular, it is necessary to establish identifying conditions for the following four
equalities for the OLSEs and their expectations

OLSE.«(8) = OLSE .« (), (
OLSE. 4 (ABS) = OLSE., (ABS), (
E[OLSE.(8)] = E[OLSE.y (8], (1.21
E[OLSE. (ABS)] = E[OLSE. (ABB)] (

to hold, respectively. It is clear that we need to compare the coefficient matrices of y in (1.5) and (1.13), the
expectations in (1.7), (1.9), (1.15), and (1.17) in order to examine the four equalities, and obtain the following
facts.

Lemma 1.1. Let the OLSEs of 8 and ABS in A and A be as given in (1.33), (1.34), (1.7), (1.9), (1.15),
and (1.17), respectively. Then the following equivalent facts hold

OLSE_4 () = OLSE 4 (8) <= (AB)' = BTAT,

OLSE_4(ABB) = OLSE 4 (ABJ) <= AB(AB)' = ABB' AT,
E[OLSE 4(B)] = E[OLSE 4 (B)] += (AB)'AB = BTATAB,
E[OLSE_,(ABf)] = E[OLSE_4 (ABf)] «<= AB = ABBTATAB.

The matrix equality in (1.23) is the well-known reverse-order law for the Moore—Penrose generalized inverses
of the product AB, while the three matrix equalities in (1.24)—(1.26) are obtained by pre- and post-multiplying
the equality in (1.23) with AB, respectively. It is obvious that the four matrix equalities in (1.23)—(1.26) are
algebraic issues in matrix mathematics. The equivalent statements in (1.23)—(1.26), however, show that the four
matrix equalities in (1.23)—(1.26) can be used to describe and solve some fundamental problems on performance
of OLSEs in statistical analysis of regression models, and therefore can be taken as remarkable motivation and
valuable explanation for approaching various matrix equalities that involve generalized inverses. in mathematics
and applications. It is should be pointed out that the four matrix equalities in (1.23)—(1.26) do not necessarily
hold for two general matrices A and B. Thus it is imperative to establish necessary and sufficient conditions for
the four matrix equalities in (1.23)—(1.26) to hold in order to interpret and use the four statistical statements
in (1.23)—(1.26).

Since generalized inverses of a matrix are not necessarily unique, the four matrix equalities in (1.23)—(1.26)
can be regarded as the special cases of the following matrix equalities

(AB)(d) = Blisesd) Aied),

AB = AB(AB)(9) AB,
where (1.27) is also called a reverse-order law for generalized inverses of the product AB. Since {i,...,j}-
generalized inverses of a matrix are not necessarily unique, both sides of (1.27) can be regarded as two matrix

sets. In this situation, it is natural to divide the link between both sides of (1.27) into the following four
reasonable relationships for the two matrix sets

(AB) (1.31)
(AB)(3)} D { Bl G301 (1.32)
(AB)(Z,W,]')} c {B(i,wj)A(i,m»j)}’ (1.33)
( )(%--4’)} - {B(i,-<~7j)A(i7~~-,j)}. ( )

—~

{(AB) )}  { Bl AG0)) £ £}

—
BN
S|

{

Because multiplication of matrices is non-commutative, and also because AAG3) = [~ A A = T,
BBU»3) =, and Bl B = I, do not necessarily hold for the two singular matrices A and B, the product
BU3) Alh3) on the right-hand side of (1.27) does not necessarily satisfy the matrix equations defined for
(AB)(+7), Thus it is a primary task to derive necessary and sufficient conditions for (1.27) to hold before using
it to deal with matrix computations that involve generalized inverses of matrix products. It is obvious that the
four types of relation for the two matrix sets include 4 x 83 = 2, 048 situations for the eight commonly-used types
of generalized inverses of A, B, and AB. So that it is a tremendous work to characterize all these relations.
Eq. (1.27) and its extensions for generalized inverses of matrix products have been a classic objects of study in the
theory of generalized inverses and applications, and have attracted considerable attention since 1960s. Literature
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on reverse-order product of generalized inverses of matrix products is abundant, while many cases of (1.31)—
(1.34) were investigated by use of various matrix analysis tools, including the three principal methodologies: the
block matrix representation methodology (BMRM), the matrix equation methodology (MEM), and the matrix
rank methodology (MRM).

Recall a basic fact about matrix that A = 0 if and only if 7(A) = 0. Thus, two matrices X and Y of the
same size are equal, namely, X =Y, if and only if 7( X — Y ) = 0. Furthermore, assume that S and 7 are two
sets consisting of matrices of the same size. Then, the following two assertions hold

SﬂT#@@Xerél,l}I}eTr(XfY):O; (1.35)
SCTemaxminr(X —-Y)=0. (1.36)
XeSYeT

These equivalent facts provide a highly flexible framework for characterizing equalities of matrices via ranks
of matrices. If certain formulas for calculating the rank of X — Y are derived, we can use the formulas to
characterize relationships between two matrices A and B and to obtain many valuable results on relationships
between two matrix sets. This method, called the matrix rank method, is available for studying various matrix
expressions involving generalized inverses of matrices. Perhaps, no methods in linear algebra and matrix theory,
as described above, is more elementary than the rank method in characterizing equalities of matrices. Applying
(1.35) and (1.36) to (1.31)—(1.33), we see that

{(AB))} N {BUD) AGD)} £ [P} & T[(AB)(Z'7~--,J‘) — B(iy---,j)A(i,--wj)] =0

)

(1.37)
{(AB)(-9)} D (Bl A} 5 max min r{(AB)(i""’j)fB(i""’j)A(i"“’j)}:(), (1.38)
AGd) | BGoesd) (AB) (i)
ARV £ Blissd) (E5ed) : AR ) _ Blissd) glind) | — . 1.
{(AB)@=D} C { be max o r(AB) | =0 .39

Thus, if certain formulas for calculating the max-min ranks are given, we can derive necessary and sufficient
conditions for (1.31)—(1.33) to hold from the rank formulas, respectively.A seminal work on applications of rank
formulas in the theory of generalized inverses of matrices was presented in [18]. In particular, the present author
introduced the matrix rank formulas in the investigation of reverse-order laws for the generalized inverses of
products of matrices; see e.g., [28,29, 32, 33,37, 38,41].

As an integral part of the research on the reverse-order law in (1.27), the present author considers in this
paper the 8 = 512 set inclusions in (1.32) for the eight commonly-used types of generalized inverses of A,
B, and AB. This paper is organized as follows. In Section 2, I introduce a group of results on linear and
nonlinear matrix identities that involve one or more separated variable matrices. In Section 3, I introduce some
fundamental properties of generalized inverses of matrices and prepare some well-known expansion formulas for
calculating the ranks of block matrices. In Section 4, I establish various matrix-valued functions associated with
the products B3) Aird) - N Bed) AGsosd) Np o A<M B03) Alin3) - and BUa3) AG-0) M M* | present 126
known analytical formulas for calculating the maximum and minimum ranks of B9 A7) subject to the
choice of the generalized inverses, and give several groups of conclusions on the invariance properties of the
previous matrix products with respect to the choice of the generalized inverses. The main results and their
derivations are presented in Sections 5, 6, and 7.

2 The theory of linear or nonlinear matrix identities with variable
entries

Matrix equations occupy a central place in the development of matrix theory. Because generalized inverses of
a matrix are defined to be solutions of some/all of the four Penrose equations, (1.27) can be regarded as a
nonlinear matrix equation of the form X = Y Z subject to the restrictions X € {(AB) )}, Y € {BU9)},
and Z € {A(i""’j)}. For a general matrix equation f(Xi,...,X;) = 0, it is a fundamental and challenging
problem to establish necessary and sufficient conditions for the equality to hold for all the variable matrices
X1,..., Xk due to the noncommutativity of matrix algebra. For the two simplest matrix equations AX = 0
and AXB = 0, it is well known that AX = 0 holds for all X if and only if A =0; AXB = 0 holds for all X if
and only if either A =0 or B = 0; see e.g., [1]. As matrix equations are given in general forms, the derivations
and representations of identifying conditions become increasingly difficult for the matrix equations to always
hold for all the variable matrices in them. In a recent paper [14], Jiang and Tian provided a short and readily
comprehensible procedure of establishing various types of linear and multilinear matrix identities that involve
separated variable matrices using the block matrix representation method (BMRM).

In this section, we present a group of known results on linear and multilinear matrix equations to hold for
all the unknown matrices in them.
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Lemma 2.1 ( [19]). Let
BX=A (2.1)

be a given linear matriz equation, where A € C™*™ and B € C™*P are known matrices, and X € CP*™ is an
unknown matriz. Then
(2.1) is solvable for X < #(A) C %(B) < BBTA = A. (2.2)

In this situation, the general solution of (2.1) can be written in the following parametric form
X =B'A+ FgV, (2.3)

where V€ CP*™ is arbitrary. In particular, (2.1) holds for all matrices X € CP*™ if and only if both A =0 and
B =0, or equivalently, [A, B] = 0.

Lemma 2.2 ( [19]). Let
BXC=A (2.4)

be a given linear matrix equation, where A € C™*" B € C™*P and C € CT*" are known matrices. Then the
following statements are equivalent:

(a) Eq. (2.4) is solvable for X € CP*14,
(b) Both #(A) C Z(B) and Z(A*) C Z(C*).
(c) r[A, B] = r(B) and r[é} —1(0).
(d) BBTA= A and ACTC = A.
(e) BBTACTC = A.
In this situation, the general solution of (2.4) can be written in the following parametric form
X = ATCBY + FuV + WEp, (2.5)

where V, W € CP*? are arbitrary. In particular, (2.4) holds for all matrices X € CP*? if and only if
. A
either [A, B]=0 or cl = 0. (2.6)

Lemma 2.3 ( [14]). Let
BiX1Ch + BoXoCo = A (2.7)

be a given linear matriz equation, where A € C™*"™ By € C™*P1 By € C™*P2 Oy € C1*" and Cy € C2*"
are known matrices. Then the following results hold.

(a) Eq.(2.7) holds for all matrices X; € CP1*% gnd Xy € CP2*%2 if and only if the 5 given matrices satisfy

one of the following 4 block matriz equalities:

(i) [A, By, By] =0. (ii) [(’;12 %1]_0. (iii) {gl %‘}_0. (iv) é =0.

(b) Under the assumptions that Z(B1) C %#(Bs) and Z(CY) 2 Z(C3), (2.7) holds for all matrices X1 and
Xo if and only if one of the following 2 block matriz equalities holds:

(i) [A, By] =0. (ii) {éj =0. (iii) {642 131] =0.

Lemma 2.4 ( [14]). Let
(A1 +B1 X101 )( Az + B XoCh ) = A (2.8)

be a given multilinear matriz equation, where A € C™*" Ay € C™*5 By € C™*P1 C; € C1*5) Ay € C5*™,
By € C5*P2 gnd Cy € C2*™ are known matrices. Then the following results hold.
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(a) Fq. (2.8) holds for all matrices X; € CPr*% and Xy € CP2%92 4f and only if one of the following 4 block
matriz equalities holds:

() [Aidy— A A\By By =0. (i) |* A2 —A Bl]
A1A2 —
o [AAs— A ABy _
=0. Ci A —0.
(iii) CL A, C, BJ (iv) 52 5

(b) Under the assumption Z(A1) C Z(B1) and #(As) C Z(Bs), (2.8) holds for all X, € CPr*% gnd

Xy € CP2X%2 4f and only if one of the following 3 block matriz equalities holds:

A1 Ay — A
(i) [A, By]=0. (i) A AbBa) (ii) C14; | =0.
0 0132 C
2

(c) Under the assumption Z(A%) C Z(CY) and Z(Ay) C Z(C5), (2.8) holds for all X1 € CP1*% gnd
Xy € CP2*%2 4f and only if one of the following 3 block matriz equalities holds:

() [Aids— A, A\By, B] = 0. (i) {oﬁxz 01032] —0. (i) [C‘;‘Q ] ~0.

(d) Under the assumption Z(A1) C %(B1) and Z(AS5) C Z(C3), (2.8) holds for all X; € CPr*% and
Xy € CP2%22 if and only if one of the following 3 block matriz equalities holds:

. _ . Al A1Ay— A AiBy|

(i) [4, B1]=0. (i) [CJ =0. (iii) [ O Ay ClBQ:| =0.

(e) Under the assumption Z(A3y) C Z(CT) and #(A2) C Z(Bs), (2.8) holds for all X, € CP*% qgnd
Xy € CP2%%2 4f and only if one of the following 4 block matriz equalities holds:

AyAy — A Bl] o

(i) [A, A1By, By]=0. (i) Cy 0

A
..y A 0 .
(iii) [0 0132] =0. (iv) |Ci1A2| =0.
Cy
Lemma 2.5 ( [14]). Let
(Al —|—BlX1C1)(A2—|—BQX202)(A3—|—33X303) =A (29)

be a given multilinear matriz equation, where A, A;, B;, and C; are known matrices of appropriate sizes,
1 =1,2,3. Then the following results hold.

(a) Fq. (2.9) holds for all matrices X1, X, and X3 if and only if one of the following 8 block matriz equalities

holds:

. B o [A1A3As— A AABs AyBy]
(1) [_A1A2A3 - A, A1A2B3, AlBQ, Bl] =0. (11) i ClAQAg ClAQBg ClBQ:| =0.
oo [A1A2A5— A A1ABs By] . [A14545— A AB, By]

(iii)  Oody Oy Bs 0 } = 0. (iv) ] s 0 0 ] =0.
A1As A3 — A A1A5B;3 A1AsA3— A ABs
(V) 01A2A3 ClAQBg =0. (Vl) 01A2A3 ClBQ =0.
| o4 C3Bs e 0
[A1AsAz — A By Alél?f n A
(vii) CyAs 0] =0. (viii) LIS =0,
CoAs
Cs 0
Cs

(b) Under the assumption % (A1) C Z(B1) and #(As) C Z(Bs), (2.9) holds for all matrices X1, X, and X3
if and only if one of the following 5 block matriz equalities holds

_ _ . A A1ABs A1By|
(i) [A, Bi]=0. (i) [0 Cy Ay Bs OlBJ_O'

A A1A233 A1A2A3 - A A132 Aléz_,f3A7 A
(i) |0 C1A2Bs| =0. (iv) Cidz4s  C1B2| =0. (v) Coty | =0
0 (3Bs Cs 0 é’ ’
3
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(¢) Under the assumption Z(A5) C Z(CY) and Z(Ay) C Z(C3), (2.9) holds for all matrices X1, X2, and
X3 if and only if one of the following 5 block matriz equalities holds

. .. A 0 0
(1) [A1A2A3 — A, AlAQBg, A1B2, Bl] = 0 (11) 01A2A3 01A2B3 01B2:| = 0
A 0
) [Mpds A AudeBs B (iv) |CiAsAs CiAsBs| =0. (v) {(ﬂ — 0.
243 203 CQA?, 0233 3

(d) Under the assumption Z(A1) C Z(B1) and Z(A%) C Z(C3), (2.9) holds for all matrices X1, Xa, and X3
if and only if one of the following 4 block matriz equalities holds

i) [A4, Bi]=0. (ii) 54 —0.
3
A1A2A3 — A A1A2B3 A132 ) A1A2A3 —A A1A233
(111) Ci1A5A C1AsB B =0. (Vl) CIA2A3 OlAng = 0.
e e . CQA3 CQB;_),

(e) Under the assumption Z(AY) C Z(C5) and #(As) C Z(Bs), (2.9) holds fo all matrices X1, Xa, and X3
if and only if one of the following 8 block matriz equalities holds

. . [A 0 0
(1) [A, 141142337 AlBQ, Bl] =0. (11) -0 ClAQBg CIB2:| =0.
... [A A1A:Bs Bi| . A1AsAs — A A1By Byl
(iii) 0 By 0 } =0. (iv) e 0 o =0
A 0 A 0
(V) 0 ClAQBg =0. (Vl) 01A2A3 ClBQ =0.
_0 CQBg L Cg 0
[A1AA3 — A By c ;1414
(vii) CyAs 0| =o. (viii) 172 — .
C 0 Ca A3
3 Cs
Lemma 2.6 ( [14]). The matriz equation
(A1 + B1X1Cq )(A2 + By X5 4+ Y50, )( As + B3 X305 ) =A (210)

holds for all matrices X1, Xo, X3, and Ys if and only if one of the following 8 block matriz equalities holds:

A
. .. A A A 0 .
(i) [4, A1, B1]=0. (i) [0 Cl} =0. (iii) {A B } =0. (iv) Az| =0.
1 3 3 03
A1 AyAs — A AjA3Bs A1By, B [AAxAs =4 AB By
(v) oA B 0 0 =0. (vi) CyA3 0 0| =0.
2413 2D3 03 0 0
A1AsAs — A A1AsBy  AiBs Aléfof‘)A‘A éng
(Vll) ClA2A3 ClAng C1B2 =0. (Vlll) é, 2 3 10 2 =0.
Cy A3 CyBs 0 20

Cs 0

Under the assumption %Z(A1) C #Z(B1) and Z(A%) C Z(C%), (2.10) holds for all matrices X1, X2, X3, and Ya
if and only if one of the following 5 block matriz equalities holds:

(i) [A, By]=0. (i) [513] =0. (i) [‘3 éi] =0. (iv) Lf?» E(f)g] = 0.

A1A2A3 - A A1A2B3 A1B2
(V) ClAQAg 01A2B3 ClBQ =0.
CQAs Cng 0
Lemma 2.7 ( [14]). Let
(A; + B1X,C, + D1Y1E; )(Ag + BoXoCo 4+ DyYoEy ) = A (2.11)

be a given multilinear matriz equation, where A, A;, B;, C;, D;, and E; are known matrices of appropriate sizes,
i =1,2. Then the following results hold.
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(a) Fq.(2.11) holds for all matrices X1, Xo, Y1, and Yy if and only if one of the following 16 block matriz

equalities holds:

(i) [A1A2— A, A1Bs, A1Ds, B, D1]=0. (i)
(111) _A1A2 — A AlBQ AlDQ D1 —0 (IV)
L C1A, C1By C1D, 0 ’
-A]_AQ - A AiDy By D; - .
(v) e 0 0 0 ] =0. (vi)
_AlAQ —A A1B2 B,
(Vll) E1A2 E1B2 0 = 0 (Vlll)
| B 0 0
A1Ay— A AiDy By
(IX) E1A2 ElDQ 0 = 0 (X)
e 0 0
A1A2 —A By D,
(xi) Cy 0 0|=o. (xid)
B 0 0
[A1As — A A1Dy
ClAQ C1 Dy N .
(xiii) B A, B Dy| = 0. (xiv)
e 0
_AlAQ —A D4
C1A, 0 _ .
(xv) O, ol =0 (xvi)
| B 0

(b) The matriz equation

(A1 Ay — A
E1A2
(A1 Ay — A
Es
(A1 Ay — A
C1 As
E1A2
(4,45 — A
C1 A
E,
(A1 Ay — A
C1 As
Cs
(4,45 — A
C1 A
E1A2
Ey
(A1 A5 — A
ElAQ
Cs
Ey
(A1 Ay — A
CIAZ
Eq1 A
Cs
Ey

A1 By
FE1 B>
A1 By
0
A1By
C1Bs
FE1 By
A1By
C1By
0
A1 Dy
C1D,
0
A1By
C1By
F\ By
0
By

o o O

(A1 +B1 X1+ Y1E; )(Ae + Be Xo+YoEy ) = A

A1 D, B1:| —0
FEiDy; 0 '
By D

b ] —0.
A1Do
C1Ds
FE1Ds
D,

0| =0.
0

D,

0| =0.
0

=0.

=0.

(2.12)

holds for all matrices X1, Xo, Y1, and Ys if and only if one of the following 8 block matriz equalities holds:

oo

(¢) The matriz equation

B A 0
01] =0. (i) |42 B2| =0. (i)
Ey 0

A Ay — A
E Ay
Es

A1By
FE1 B>
0

(A1 4+ B1X1C1)(As + BoXoCy + DoYoEy ) = A

By
0| =0.
0

(2.13)

holds for all matrices X1, Xo, and Ys if and only if one of the following 8 block matriz equalities holds:

(i) [A1As— A, A1Bso, A1Dy, B1]=0. (i)
.. [A1As—A A1By Bi| .
(iii) B 0 0 ] =0. (iv)

A1As — A By
(v) Cy 0=0 (vi)
| B 0
[A1As — A A1Bs
(Vll) ClA2 Cl B2 =0. (Vlll)
FEy 0

(d) The matriz equation

(A1 Ay — A
Cs
A1 Ay — A
C1 A5
(A1 Ay — A
C1 As
Cy
(A1 A5 — A
C1 A
Cs

E,

A1 Dy
0
A1 By
C1 By
A1Dy
C1Do
0

=0.

(A1 + B1X1C1 + DiY1Ey )(Ag + Bo X302 ) = A

By|
O]_o.
A1Dy —0
CiDs|

=0.

(2.14)
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holds for all matrices X1, Y1, and Xz if and only if one of the following 8 block matriz equalities holds:

AAy — A
E Ay
(A1 Ay — A
E Ay
Cy

[A1 Ay — A
Ci1A;
Ei1 A,

(vii)

[A1A2 - A,

AlB27 Bla Dl] =0.

A1 By 31} —0
FE1By 0 ’
B
0
0

A1B2
C1 By
E1 By

(i)
(iv)

=0.

=0.

Lemma 2.8 ( [14]). Let

(A1 + B1X1C1 )( Az + BoXoCo )(As + B3 X3C3 ) (As + B4 XyCy ) = A

A1A2 —A B]_ D1:| -0
Cs 0 0 :
(A1As — A AyBs Dﬂ_o
ClAQ ClBQ 0 B ’
[A1Ay— A D,
Ch A 0| =0.
Cs 0
(A1 A5 — A
OlAQ — 0
E1A2 '
Cs

(2.15)

be a given multilinear matriz equation, where A, A;, B;, and C; are known matrices of appropriate sizes,

1=1,2,3,4. Then the following results hold.

(a) Eq.(2.15) holds for all matrices X1, Xo, X3, and Xy if and only if one of the following 16 block matriz

equalities holds:

(A1 As A3 Ay — A
Cy
A1 As A3 Ay — A
C3 Ay
A1 As A3 Ay — A
CyA3 Ay
(A1 As A3 Ay — A
C1As A3 A,
(A1 AsAsAy — A
C3 Ay
Cy
(A1 Ay A3 A, — A
CyA3 Ay
Cy
(A1 AsAsA, — A
C1A5A3A,
Cy
(A1 Ay A3 Ay — A
CyA3 Ay
C3 Ay
(A1 AsAsA, — A
C1A5A3A,
C5 Ay
(A1 AsAsA, — A
C1AsA3 A,
CyA3 Ay
(A, Ay A3 A, — A
CyA3Ay
C3 Ay
Cy
(A1 AsAsA, — A
C1A5A3A,
C5Ay
Cy
[A1AsAsA, — A
C1AsA3A,
CyA3 Ay
Cy

(vii)

(viii)

(xi)

(xii)

(xiii)

(xiv)

[A1A2AsAs — A, A1 A3 AsBy, A1AsBs, A1 By, B1] =0.

A1A3Bs A1By B —0
0 0 0 ’
A1A2A334 ABy, B _
C3By 0 0
A1A2A334 A1A233 B1:| —0
CyAsBy CyBs3 0 ’
A1AyA3By Ai1A5Bs AlBQ] -0
C1AsA3By C1A3Bs C1Bs ’
ABy B
0 0f=0.
0 0
A1A>Bs  Bj
C5Bs =0.
0
A1A2B3 A1 By
ClAQBg C1By| =0.
0 0
A1A2A3By By
CyA3By 0f=0.
C3By 0
A1AyA3By A1 DBy
A1A2A3By A1 A2B3
CrA3B, C2B3
By
0
ol = 0.
0
A1 B,
C1 By
0 =0.
0
A1 AsBs
C1A>B3 —0
(53 B;3 ’
0
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A1AsA3Ay — A A1AsA3B,y Alégj3£4A_ !
(XV) ClA2A3A4 ClA2A3B4 _ O (Xvi) é‘ ‘,24 Z ! = 0
CQA3A4 C2ASB4 e é jl ) o
C3A4 CSB4 é )
4

(b) Under the assumptions (A1) C #(B1) and Z(A};) C Z(CF), (2.15) holds for all matrices X1, Xa, X3,
and X4 if and only if one of the following 6 block matrix equalities holds:

(i) [A, Bi]=0. @{é}a

-A1A2A3A4 - A A1A2A334 A1A283 A132

(iif) C1AyAsA,  CyAyAsBy CiAyBs CyBy| — O
(A1 Ay AsAy — A A1AsAsBy A Bs

(iV) 01A2A3A4 ClA2A3B4 ClBQ =0.

03A4 0334 0

(A1 AsAsAy — A A1AsAsB,  AjAsBs

(V) 01A2A3A4 01A2A3B4 ClAng =0.
CQA3A4 CQA3B4 0233

(A1 AsAsAy — A A AsAsBy
. 01A2A3A4 01A2A3B4
(vi) Oy A3 A, CyA3B,
03A4 0334

=0.

(¢) Under the assumption %(A1) C Z(B1), #(A3) C #(C3), #(As) C Z(Bs), and Z(A}) C Z(C}), (2.15)
holds for all matrices X1, Xo, X3, and X4 if and only if one of the following 6 block matriz equalities
holds:

(i) [A, B1]=0. (i) [A]zo. (iif) [A 0 ]:0. (iv) {A MAABy A Bs|

04 0 CQB3 O ClAgB3 ClBQ o
A 0 A1 AsAsAy — A A1 AA3By A1 Bs
(V) CQA3A4 CQA3B4 =0. (VI) 01A2A3A4 ClA2A3B4 ClBQ =0.
03A4 0334 03144 C3B4 0

Obviously, the block matrix equalities given in Lemmas 2.2-2.8 reveal some essential connections among
the products of the given matrices in the linear and multilinear matrix equations, which therefore show many
beautiful facets of linear and multilinear matrix identities that involve separated variable matrices. These
lemmas in fact provide a set of highly efficient methods to establish and verify many types of matrix equalities,
and can be used to characterize the relationships between matrix sets composed by matrix-valued functions.

3 Fundamental properties of generalized inverses of matrices and
some matrix rank formulas

In this section, we first describe some fundamental properties of generalized inverses of matrices, and then
prepare some well-known expansion formulas for ranks of block matrices, which will serve to clarify the plan of
the present paper.

Note from the definitions of generalized inverses of a matrix that they are in fact defined to be (common)
solutions of some matrix equations. Thus analytical expressions of generalized inverses of matrices can be
written as certain matrix-valued functions with one or more variable matrices. In fact, analytical formulas
of generalized inverses of matrices and their functions are important issues and tools in matrix analysis. For
instance, the basic formulas in the following lemma can be found, e.g., in [3,4,21].

Lemma 3.1. Let A € C"™*". Then the following results hold.

(a) The general expressions of the seven commonly-used types of generalized inverses A3 - A(1:24) - A(1,2,3)

10
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ALD A3 - A2 and AN of A can be written in the following 7 matriz-valued functions
ALY — At L PAUE,, (3:1)
A2 — At 4 ATAUE,, (3-2)
A123) — At 4 paUAAl (3.3)
ATY — AT L UE,, (3.4)
A3 — At 4 P, (3:5)
AQD) (AT 4 By )A(AT £ UsE), (3.6)
AW = AT 4 FuU, + UsE 4, (3.7)

where U, Uy, Uy € C™™™ are arbitrary. In particular,

ALY s unique & either r(A) =m or 7(A) =n, (3.8)

A2 s unique < either A =0 or r(A) =m, (3.9)

A123) s unique & either A =0 or r(A) =n, (3.10)

AN s unique < r(A) = m, (3.11)

AL s unique < r(A) = n, (3.12)

A1 s unique < either A =0 or r(A) = m = n, (3.13)

AN is unique < r(A) = m = n, namely, A is nonsingular. (3.14)

(b) The following matriz equalities hold

AATSD — gA123) = 4A03) — At (3.15)

AAL2Y = AAGD = A4 = AAW = AAT 4 AUE,, (3.16)

A3 4 = A28 g = A4 4 = Al 4, (3.17)

A2 A = ACD L = ACDA = AW A = ATA 4+ FuUA, (3.18)

where U € C™™*™ s arbitrary. In particular,

AAT3Y = 4A023) = AATS) s always unique, (3.19)

A3 4 = A2 4 = AOD 4 s always unique, (3.20)

AALZD — AAD — AADD = AAW is unique & either A =0 or r(A) = m, (3.21)

AL2DA = ACDA = ACDA = AW A is unique & either A =0 or r(A) =n (3.22)

(¢) The following set inclusions hold
At € (A0S} € (A0 € (A0}, (
AT € {ABD} € (40D} € A0, (
At € (A2} € 140N C 1AWy (3.25
AT € [4029) € [402) € (40}, (
At € (4029} € (A0} € (A0}, (
Al € {4029} € (A0} € {A0) (

(d) The following matrixz set equalities hold

O e (S L A (L S R (S (3.29)
{129} = (412D}, {(A0D)) = (4119}, (3.30)
{AOD) = (a0}, A0y = {40, (3.31)
{(AD)) = (49}, (332

The fact in the following lemma is obvious.

Lemma 3.2. Let S and T be two matriz sets consisting of matrices of the same size, and let P and Q be two
matrices of appropriate sizes. Then

S$2T = PSQ 2 PTQ. (3.33)

11
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It has been realized in the past several decades that the rank of matrix is a fundamental and valued tool for
discovering and investigating the relationships between two matrix expressions. This tool is based on establishing
various algebraic expansion formulas for calculating ranks of matrix expressions. So that it is also called the
matrix rank method (MRM) for convenience of statement. The MRM has essential applications in the theory
of generalized inverses of matrices.

In order to establish and simplify various matrix equalities, we need to use a family of rank and dimensional
formulas for matrices and their ranges. The following two lemmas on ranks, dimensions, and ranges are well
known in linear algebra.

Lemma 3.3. Let A € C™*" and B € C™**. Then
r[A, B] =r(A) +r(B) — dim[Z(A) N Z(B)]. (3.34)
Lemma 3.4. Let Py € C™*Pr Py € C™*P2 Q1 € C™*% | and Qo € C™*%. Then
both Z(P1) = Z(Q1) and Z(P2) = Z(Q2) = r[P1, P2] =r[Q1, Q2] (3.35)

We also need to use the following formulas for matrices and their generalized inverses.

Lemma 3.5 ( [18]). Let A€ C™*" B € C™** C € C™", and D € C**. Then

r[ A, B] = r(A) + r(EaB) = r(B) + r(EgA), (3.36)
. [é] — r(A) + 1(CFa) = r(C) + 1(AF), (3.37)
. {g fg] — r(B) +r(C) + r(Es AFy). (3.38)

If #2(B) C #(A) and Z(C*) C Z(A*), then

A B
"lc D

} =r(A) +r(D - CA'B). (3.39)

Furthermore, the following results hold.

(a) r[A, B] =r(A) & Z(B) C #(A) < AATB =B < EsB =0.

(b) r [o] — r(A) & Z(C*) C R(A*) & CATA=C & CFy =0

(c) r[A, B] =r(A) +7(B) & #(A) N Z(B) = {0} & Z((EaB)*] = Z(B") & Z|(EpA)"] = #(A").
() r [é] — r(A) +1(C) & R(A) NR(C*) = {0} & Z(CFa) = Z(C) < F(AFo) = Z(A).

(e) "(A+B)=r(A)+r(B) e Z(A) NZ(B) ={0} and Z(A*)NZ(B*) = {0} for A, B € C"*".
Lemma 3.6 ( [28,29]). Let A€ C™*" B e C™*F C € C*" and D € C™**. Then

A*AA* A*B
r(D—-CA'B) = T|: CA* D } —r(A). (3.40)
In particular,
A*A A*B
r(D - CAA'B) :T{CA D ] —r(A), (3.41)
AA* AB
r(D - CATAB) :r[cA* D} —r(A), (3.42)
r(A* — AT) =r(AA*A - A). (3.43)
The two formulas in following lemma are best known in elementary linear algebra.
Lemma 3.7. Let A € C"™*™. Then
r(A—A*)=r(I,—A)+r(A) —m, (3.44)
r(A—A%) =r(Ln+A)+7r(L, — A)+7(A) —2m. (3.45)

12
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Lemma 3.8 ( [30]). Let A € C™*" and assume that X1, Xo € {AP}. Then
T‘(Xl—XQ) —’I"|: :| —|—T‘[X1, Xz]—T'(Xl)—’I”(XQ). (346)

Lemma 3.9 ( [43]). Let P, Q € C™*™ be two orthogonal projectors. Then

r(P+Q)=r[P, Q] (3.47)
r(P—-Q)=2r[P, Q] —r(P)-r(Q), (3.48)
r(PQ—QP)=2r[P, Q]+ 2r(PQ) — 2r(P) — 2r(Q). (3.49)

Lemma 3.10 ( [43]). Let A € C™*" be given, and let P € C™*™ and @ € C™*™ be two idempotent matrices.
Then the difference PA — AQ satisfies the two rank equalities

r(PA—AQ) = T{PQA] +1[AQ, P] = #(P) — 1(Q) = r( PA — PAQ) + r( PAQ — AQ), (3.50)

A AQ P
(I-P)A(I-Q) (I-P)AQ

r(A—PAQ)=r|PA 0 0| —-r(P)—7r(Q)= 7“[ o ] . (3.51)

o 0 0] PA(I-Q) 0
Lemma 3.11 ( [31,40]). Let A € C™*" B € C™*k and C € C™*"™. Then

Xrélggcxlr(A — BX(C') = min {T[A, B], r{é] }, (3.52)
Xrenciilxlr(ABXC)r[A,B]+r{é] r[é g} (3.53)

Lemma 3.12. Let A € C"™*"™ and B € C"*P, and denote
t; = min{r(A) + r(B), n}, to=r[A*, B], t3=r[A"AB, B],
ty =r[AA*AB, AB]|, t5=r(A)+r[A"AB, B]—r[A", B],
ts =1(AB), t; =r(A)+r(B)—r[A*, B], ts=max{0, r(A4)+r(B)—n}.
Then the following inequalities
t >ty >ty >ty > b5 > 16 > 7 > tg (3.54)
hold.

Proof. The first inequality in (3.54) follows from the two well-known inequalities r[ A*, B] < r(A4) + r(B)
and r[A*, B] < n. The second inequality in (3.54) follows directly the matrix product [A*AB, B| =

[A*, B] AOB IO . The third inequality in (3.54) follows directly the matrix product [AA*AB, AB] =
P

A[A*AB, B]. Furthermore, rewrite [AA*AB, AB] as a triple matrix product [AA*AB, AB] =
. B 0
awa sy
to this triple product yields

and applying the well-known Frobenius’ inequality (XY Z) > r»(XY) + (Y Z) — r(Y)

B 0

r[AA*AB, AB] > r(A[A*A, B]) + r([A*A, B] [O 1

}) —r[A*A, Bl =r(A)+r[A"AB, B] —r[ A", B],

establishing the fourth inequality in (3.54).  Applying the Frobenius’ inequality to [A*AB, B] =

» A 0B O} .. .
[A’I"]{O B]{O Ip} yields

r[A*AB7B]2T<[A*,In][81 g])—i—r([é g} {fg gD—r[‘g g]:r[A*,B]—kr(AB)—r(A),

establishing the fifth inequality in (3.54). Applying (3.36) and inequality (X —Y) > r(X) —r(Y) to [A*, B]
yields
r[A*, B] = r(A*) +r(B — ATAB) > r(A) + r(B) — r(ATAB) = 7(A) 4+ r(B) — 7(AB),

thus establishing the sixth inequality in (3.54). The last inequality in (3.54) is equivalent to the first inequality.
O
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Lemma 3.13. Let A € C™*" B € C"*P  and denote

V- [ABéﬁfZBAB Ail; B] _ [A]EZB } (4°AB. B],
o = T[ABAB*] +r[A*AB, B] - r[A*, B],
sg =r[A*, B]+2r(AB) —r(A) — r(B),
S3=r [Ai%*B} +r[AA*AB, AB] —r(AB),
. [AiB*] +r[A*AB, B+ r(A) +r(B) — 2r[ A*, B] — 1(AB).
Then
r(M) > sy > s9 > r(AB), (3.55)
r(M) > s3 > s4 > r(AB) 3.56)
Proof. Follows from Lemma 3.12. O

4 Fundamental properties of the 63 products BU»J) Ali-d)

We begin with a group of obvious results and facts on the set inclusions in (1.32).
Lemma 4.1. Let A € C™*™ and B € C"*P, and denote M = AB. Then the following results hold.
(a) The following 5 statements are equivalent:
(i) {MM®} D {BG9) AG0)],
(i) {MMDY = {MMOD} = (MMED} = {MM®2D} D (MBE7) AG-9)Y,
(i) {MOM} = {MEDM} = {MEIM} = {ME2IM} D {Bl3) Alid) M}
(iv) {BMMA} D {BB9) A9) A},
(v) MBGD AGd) M = M for all A9 and Bld).
(b) The following 3 statements are equivalent:
(1) {M@O2Y D {Blivd) A1)
(i) {MD} DB ACDY and (B9 AG0)) = (M) for all AG3) and BU»-7),
(i) MBGD AGD) M = M and r(BU3) AG-D) = 1(M) for all A and Blivd).
(¢) The following 2 statements are equivalent:
() {M@3)} D {Bd) AG) Y,
() M* M B AGood) = M for all AG9) and Blod).
(d) The following 2 statements are equivalent:
(1) {MED} D {BD) AG) Y,
(ii) B DA MM* = M* for all AG3) and BU-),
(e) The following 3 statements are equivalent:
(i) {M123)} D {Blrd) Ald)},
(ii) {ME2Y D B A} and {MO3)Y D {BU7) A00) )
(ifi) M*MBU-D) Alissd) = M* and r(BUD AlsD)) = (M) for all AG+3) and Bl
(f) The following 3 statements are equivalent:
(i) {M129) D (Bld) AGd)},
(ii) {ME2Y DB A} gnd { MDY D {BU7) AG0) )
(iii) B A MM* = M* and (B9 Ali9)) = ¢(M) for all At-3) and Bl

(g) The following 3 statements are equivalent:
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(i) {MAB3D)Y D (Bld) oG},
(i) Both {M®3)} 2 {BD) Ao} and {MOD} D (Bl Al
(iii) Both M*M B9 AGr3) = M* and BU»9) A=) MM* = M* for all A%+) and B9,

(h) The following 3 statements are equivalent:

(i) Both Mt = BU»3) AG3) holds for all AU3) and BU»),
() Both {M1:23} D {Blid) A} and {ML2D} D {Blid) A},
(iii) B9 AG9) does not change with respect to B3 A3) gnd Mt = BT AT,

Proof. The equivalence of (i) and (v) in (a) follows directly from the definition of {1}-generalized inverse of
AB. Pre- and post-multiplying both matrix sets in (i) with M respectively lead to the two matrix set inclusions
in (ii) and (iii); pre- and post-multiplying both matrix sets in (i) with B and A respectively lead to the two
matrix set inclusion in (iv). Furthermore, post-multiplying both matrix sets in (ii) with M, pre-multiplying
both matrix sets in (iii) with M, and pre- and post-multiplying both matrix sets in (iv) with A and B leads to
the assertion in (v).

It is easy to verify by elementary block matrix operations that

T[X% Aﬁ(X} :T[]\g XJ(\)4XM} =r(M-MXM)+r(X), (4.1)
T[X% ]\iﬂ N [M_é(MX )O(] =r{X - XMX)+r(M). (4.2)

Combining (4.1) and (4.2) gives the well-known rank formula
r(M — MXM)+r(X) =r(X - XMX )+ r(M). (4.3)
A direct consequence of (4.3) is
MXM =M and X = XMX, ie. X € {M1?}
S MXM =M and r(X) =r(M)
& XMX =X and r(X) = r(M). (4.4)
Applying (4.4) to (i) in (b) leads to the equivalence of (i) and (ii) in (b). The equivalence of (ii) and (iii) in (b)
follows from (i) and (ii) in (a).
The following two facts
Xe{MY} e MX = MM & M*MX = M*, (4.5)
Xe{MUY} o XM =MM < XMM* = M*
are well known and can be easily verified by the definitions of {1,3}- and {1, 4}-generalized inverses of a matrix;
see [27, Propositions 3.5 and 3.6]. Applying (4.5) and (4.6) to (i) in (c) and (d) leads to the equivalences of (i)
and (ii) in (c) and (d).

Results (e)—(h) follow from the definitions of {1,2,3}-, {1,2,4}-, {1, 3, 4}-generalized inverses and the facts
in (b), (c), and (d). O

In order to characterize the set inclusions in (1.32), we first need to know and use some fundamental
properties of the products B9 A7) Note that there are 64 products

for the eight commonly-used types of generalized inverses B9 and AU»9) respectively. From (3.1)(3.7),
the 63 matrix-valued functions generated from the products in (4.7) except Bf At are given by

BYAL3Y = BTAT 4 BIF\UE,, (4.8)
BtAM2Y — BT AT 4 BT ATAUE,, (4.9)
BtA1L23) — BT AT 4 BT, UAAT, (4.10)
BTAMY = BTAt 4 BIUE,, (4.11)
BIA®3) = Btat 4 B F,U, (4.12)
BfAWD — (BYAT + BT R U ) A(AT + U EL), (4.13)
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BTAD = BTAT + BIF,U, + BT UyE,, (4.14)
B3 AT — Bt AT 4 oV ER AT, (4.15)
BUSH A3 _ (Bt | FLVER ) (AT + FaUEL), (4.16)

B3 A28 — (BT 4 PrVER (AT + ATAUE,), (4.17)
BU3HA123) — (Bt 4 ppVEL) (AT + FaUAAD), (4.18)

B3N AOY — (Bl + FpVEgR ) (Al + UEL), (4.19)

BU3H AW — (BT 4 FRVER) (AT + FuU), (4.20)

B(1.3:4) 4(1.2) — (BT + FpVER)( AT + FAU )A(AT + ULE, ), ( )

B34 4(1) — (BT+FBVEB)(AT+FAU1+U2EA)? ( )
BM29 At — BT At 4 BIBVER AT, (4.23)
BA244(13.4) — (BT 4 BIBVER ) (AT + FAUE,), (4.24)
B2 A024) — (BT | BIBVER (Al + ATAUE,), (4.25)
B2 A023) — (Bt 4 BIBVEg ) (Al + FAUAAT), (4.26)

B12.4) 4(1,4) _ (BT+BTBVEB)(AT+UEA)7 ( )
BU2H A3 — (Bt 4 BBV ER) (AT + F,U), (4.28)
B12Y A0 — (BT 4 BBV ER )(AT + FaUy ) A(AT + UsEy), (4.29)
B12D AW = (BT + BIBVER ) (A + FAU, + UsE, ), (4.30)
B123) At — BT AT © PRV BB AT, (4.31)
B2 A34 — (Bt 4 FpV BB (Al + FAUE,), (4.32)
B23) 4124 — (Bt 4 FpVBBY) (AT + ATAUE,), (4.33)
B2 4123 — (Bt 4 FpV BB (A + F4UAAD), (4.34)

B12I) A0 — (Bt 4 FpVBBT) (AT + UEL), (4.35)
BU23) A08) _ (gt 4 pavBBY) (AT + FaU), (4.36)
B2 A2 — (Bt 4 FpVBBY ) (AT + FoU )A(AY + UyEy), (4.37)
BU29 AW — (BT 4 FRVBB')( A + FalUy + UsE), (4.38)
BUHAT = BTAT 4+ VERAT, (4.39)
BOM ALY — (Bt L VEgR ) (Al + FAUE,), (4.40)
BOYA02Y — (Bt L VER (AN + ATAUE,), (4.41)
BUA023) _ (Bt 4 VE, (AT + FaUAAD), (4.42)
BUAACY — (Bt L VER ) (AT +UE,), (4.43)

BUH ALY — (BT L VER ) (A + FuU), (444)
BUYACR) = (Bt 4 VER )(A! + FAU ) A(AT + Uy, ), (4.45)
BUOAW = (Bt £ VER (Al + Faly + UsEy), (4.46)
BU3 AT = Bt At 4+ Fpv AT (4.47)
B3 4034 _ (Bt L FaV ) (Al + FAUEL), (4.48)
B(1.3) 4(1.2,4) _ (BT + FBV)(AT + ATAUEA), ( )
B3 AM23) — (Bf 4 FpvV ) (AT + FAUAAT), (4.50)
B(173)A(1’4) =(B"+ FgV ) (A" +UE4), (4:51)
BIA AL — (BT 4 FpV (AT + FAU), (4.52)
BUS AW — (Bt 4 FpV )(At + FaU; )A(AT + UsE), (4.53)
BI AW — (BT 4 FpV ) (A + FAU, + UsE,), (4:54)
BYADAT = (Bt + FgVi )B(BTAT + V,EgA), (4.55)
BW2DAWSY — (Bt 4 FpVi )B(B' + VaE ) (AT + FAUE ), (4.56)
B A2 — (BT 4 FpVi )B(B' + VaEp ) (A + ATAUE,), (4.57)
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B ALY — (Bt L FpVi YB(BY + VaEp ) (AT + FAUAAT), (4.58)

BUDACY — (Bt 4 FpVi )B(Bf + VaEp )(AT + UEL), (4.59)
BI2D AW — (BT 4 FpVi )B( BT + VaEp ) (AT + FAU ), (4.60)
B2 AN — (BY 4 FpVi )B( BT + VoEp ) (AT + FAU ) A( AT + UL E ), (4.61)
BUD AW = (BT + FgVi )B(B' + VaEp ) (AT + FaU, + UsEx ), (4.62)
BWAY = BT AT 4 FpVi AT + VR E AT, (4.63)
BW ALY — (BT 4 FpVy + VoEg ) (Al + FAUE,), (4.64)
BWAL2Y — (Bt 4 FpVy + VaER )(AT + ATAUE, ), (4.65)
BW AL — (BT 4 FpVy + VoEg ) (AT + FAUAAD), (4.66)
BWAGY — (Bt 4 FpVy + VaEp )(AT + UE,), (4.67)
BWALS — (BT 4 FpVi + VaEg )( AT + FaU), (4.68)
BWAL2) — (Bt 4 FpVi + VaEg ) (AT + FAUL ) A(AT + UL EL ), (4.69)
BWAW = (Bt 4 FgVi + VoEp )( At + FAU, + UyE4), (4.70)

where V', Vi, Vi, U, Uy, Uy are arbitrary matrices of appropriate sizes. The 64 expressions of M B3 Aliv-3) M
for the eight commonly-used types of generalized inverses of A and B are divided into the following 4 groups:
MBTAGSY N = MBYAG2Y N = MBTASD M = MBE3D AT M
— M B3 4134 1p — py B34 4124 pr — Ay B34 414 )
— B2 AT = MB123) 4134 0y — arB(1:2:3) 4(1.24) 3 f
— M B2 A0 pr — A7 BOD AT M = M B AL34) op
= MBO) AL A — MBS A N = MBYATM, (4.71)
MBTAG2I N = MBTACS M = MBTAMD M = MBTAY M
— B3 4(123) ir — Ay B3 A3 4 — A B34 4(12) op
— MBI3D AW pf — My B123) 4(123) )y — Ay p(12:3) 4(13) pf
— M B123) 402 pr — A7 B123) AW pf — A B3 4(1,2.3) 5 f
= MB®3) AW pr — MBS A2 pr = (B3 AW M
= MB'ATM + MBYF,UM, (4.72)
MBL2D AT — MB1:24 4134 pp — pfB(1:24) 4(1.24) 3 p
— M B12Y A0 0 — A7 BAD AT A = M BLD 4134 3f
= MBIH ALY — M BAD ACH pr = MBM2 AT My
— M B2 4134 01 — A7 B2 4124 pp — A7 B(12) AL 0 s
= MBWATM = MBM AL3D pp = (M AL24) 0y
= MBWAGYN = MBTATM + MVERATM, (4.73)
MBL2H 4123 — Ay 124 403 oy — prB124) 4(1.2) op
— M BA2Y AW N — M BE 4123 0 — a7 B A(13) op
— MBAH 402 0 — M BOH AW pp — A B2 4(1.23) 3 f
— MB®2) AW pr — M BG2 A2 a1 — prBG2D AW Mg
= MBMW A®23) pr — (rBO AW pr = (B A2 pr
=MBYAON = (MBY+ MVER)(ATM + FAUM), (4.74)

where V and U are arbitrary matrices of appropriate sizes. The 64 products M* M B3 A7) for the eight
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commonly-used types of generalized inverses of A and B are divided into the following groups

M*MB3H AT = MM B2 AT = MM BMD AT = M* M Bt AT, (4.75)
M*MBTA(I,BA) — M*MB(173’4)A(1’374) _ M*MB(1,2,3)A(1,3,4) — M*MB(1,3)A(1,3,4)
= M*MB'A" + M*MB'FAUE,, (4.76)
M*MBTA(I,QA) — M*MB(1,3,4)A(1,2,4) _ M*MB(I,Q,S)A(1,2,4) —_ M*MB(1,3)A(1,2,4)
= M*MBYAT + M*MBTATAUE,, (4.77)
M*MBTA(1’2’3) — M*MB(1’3’4)A(1’2’3) — M*MB(1,2,3)A(1,2,3) — M*MB(1,3)A(1,2,3)
= M*MBYA" + M*MBTF,UAAT, (4.78)
M*MBTA(IA) _ M*MB(1’3’4)A(1’4) _ M*MB(LZ’?))A(IA) _ M*MB(1,3)A(1,4)
=M*MB'A"+ M*MB'UEy,, (4.79)
M*MB'I'A(LS) — M*MB(1,3,4)A(1,3) — M*MB(LQ,S)A(I,S) — M*MB(1,3)A(1,3)
= M*MBTA" + M*MBTF,U, (4.80)
M*MBTA(LQ) _ M*MB(1’3’4)A(1’2) — M*MB(1’2’3)A(1’2) — M*MB(LB)A(LZ)
= M*MB' (A" + FAU)A(AT + Uy E 4 ), (4.81)
M*MBTA(l) — M*MB(LBA)A(I) _ M*MB(1’2’3)A(1) _ M*MB(I,?))A(I)
= M*MB' (A" + FoU, + U2E,) (4.82)
M*MB®29 AT = MM BAY AT = M* M BM2D AY = MM BM At
= M*MBYAT + M*MVERAT, (4.83)
M*MB(1,2,4)A(1,3,4) — M*MB(1,4)A(1,3,4) _ M*MB(172)A(173’4) _ M*MB(l)A(1,3,4)
= M*M(B" + VER)(A" + FAUE,), (4.84)
M*MB(1,2,4)A(1,2,4) — M*MB(1,4)A(1,2,4) _ M*MB(I,Z)A(I,QA) _ M*MB(l)A(172’4)
= M*M(B' + VER)(A" + ATAUE ), (4.85)
M*MB(1,2,4)A(1,2,3) — M*MB(1,4)A(1,2,3) — M*MB(l,Q)A(1,2,3) — M*MB(l)A(l,Q,L)))
= M*M(B" + VER)(AT + FAUAAY), (4.86)
M*MB(1,2,4)A(1,4) _ M*MB(174)A(174) — M*MB(I,Q)A(IA) _ M*MB(l)A(lA)
= M*M(B' + VER)(AT + UE,), (4.87)
M*MB(1,2,4)A(1,3) _ M*MB(IA)A(I,?)) _ M*MB(1,2)A(1,3) _ M*MB(I)A(LB)
= M*M(B' + VEg)(A" + F4U), (4.88)
M*MB(1,2,4)A(1,2) _ M*MB(1,4)A(1,2) — M*MB(LQ)A(LZ) — M*MB(l)A(l,Q)
= M*M(B" 4+ VER) (A" + FAU)A(AT + Uy E,), (4.89)
M*MB(LQA)A(I) _ M*MB(1,4)A(1) _ M*MB(l,Q)A(l) _ M*MB(I)A(l)
= M*M(B" + VER)(AT + FoU, + UsE,), (4.90)

where V, U, Uy, U, are arbitrary matrices of appropriate sizes. The 64 products B(3) A3 MM* are
classified as the following groups:

Bt A3 s = BT AG2D M = BT ACY MM = BF AT MM, (4.91)
B(1,374)ATMM* — B(1’3’4)A(1’3’4)MM* _ B(1’3’4)A(1’2’4)MM* — B(1’3’4)A(1’4)MM*

= BTATMM* + FgVEg AT MM*, (4.92)
B(1,2,4)ATMM* _ B(1,2,4)A(1,3,4)MM* _ B(1,2,4)A(1,2,4)MM* _ B(1,2,4)A(1,4)MM* _

= BYATMM* + BT BVEgATMM*, (4.93)
B(1,2,3)ATMM* — B(1,2,3)A(1,3,4)MM* — B(1,2,3)A(1,2,4)MM* — B(1,2,3)A(1,4)MM*

= BYATMM* + FgVBBTATMM*, (4.94)

B(1,4)A(1,3,4)MM* _ B(1,4)A(1,2,4)MM* _ B(1,4)A(1,4)MM* — B(174)ATMM*
= BTATMM* + VEgATMM*, (4.95)
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B(1,3)A(1,3,4)MM* _ B(I,S)A(1,2,4)MM* _ B(I,B)A(1,4)MM* —_ B(1,3)ATMM*

= BTATMM* + FgVATMM*, (4.96)
B(l,Q)A(1,3,4)MM* —_ B(1,2)A(1,2,4)MM* —_ B(1,2)A(1,4)MM* — B(l,Z)ATMM*
= (B" + FgV1)B(B' + Vo Eg)ATM M*, (4.97)
BWAGSID e = BW A2 A = BOAGYD M = BD AT M M
= (B'+ FgVi + VoEg )ATMM*, (4.98)
BYA®23) prars = BF A M+ = BY A2 v = BY AW v
= BY(AT + FAU)MM*, (4.99)
B(l,3,4)A(1,2,3)MM* _ B(1’374)A(1’3)MM* _ B(1,3,4)A(1,2)MM* — B(1,3,4)A(1)MM*
= (B' + FgVER) (A" + FAU)MM*, (4.100)
B(1,2,4)A(1,2,3)MM* _ B(1,2,4)A(1,3)MM* — B(1,2,4)A(1,2)MM* — B(1,2,4)A(1)MM*
= (B"+ B'BVER)(A" + FAU)MM*, (4.101)
B(I,Q,S)A(1,2,3)MM* _ B(1,2,3)A(1,3)MM* _ B(1’2’3)A(1’2)MM* — B(1,2,3)A(1)MM*
= (B' + FgVBB") (A" + FAU)MM*, (4.102)
B(174)A(1’2’3)MM* —_ B(1,4)A(1,3)MM* — B(l,4)A(l,2)MM* _ B(174)A(1)MM*
= (B + VEp)(A" + FAU)MM*, (4.103)
B(1,3)A(1,2,3)MM* _ B(1,3)A(1,3)MM* _ B(1,2,3)A(1,2)MM* _ B(1,3)A(1)MM*
= (BT 4+ FgV) (A" + FAU)M M*, (4.104)
B(I,Q)A(I,Q,S)MM* —_ B(I,Q)A(I,S)MM* —_ B(I,Q)A(l,Q)MM* — B(1,2)A(1)MM*
= (B" + FpV1)B(B' + VoEp) (AT + FAU)MM*, (4.105)
BW A2 A = BO AW prar+ = BOAGD ppars = BMW AW pp
= (B" + FgVy + Vo Ep) (At + FAU)MM*, (4.106)

where U, V, V7, and V5 are variable matrices of appropriate sizes. We shall use the above expressions in the
characterization of the set inclusions in (1.32).

Lemma 4.2 ( [29]). Let A € C™*" and B € C"*P be given. Then the product BT AT can be written as

0 A*AA*} f [A*

F ot — (B
BIAT=—[B"0l\ppp  pea-| |0

] 2 _pitq, (4.107)

where the block matrices P, J, and Q satisfy r(J) =r(A) +r(B), Z(Q) C %#(J), and Z(P*) C Z(J").

Note that the rank of the product B9 A7) may vary with respect to the choice of A7) and B(i»7)
(the variable matrices in the analytical expressions of A7) and B(»-9)). Also note from Lemma 4.1(b), (e),
and (f) that the ranks of the 64 products B3 AG-3) are involved in the set inclusions for the {1, 2}-, {1,2,3}-
,and {1, 2,4}-generalized inverses of AB. Thus it is imperative to determine the maximum and minimum ranks
of Bh3) A7) with respect to the choice of the generalized inverses. In the past several decades, a great
achievement in linear algebra is the sufficient development of the matrix rank theory. Thousands of analytical
formulas for calculating (maximum and minimum) ranks of matrix expressions have been established, and
numerous consequences and applications of these matrix rank formulas have been obtained. In recent two
papers [37,38], the present author provided a comprehensive study of the rank problems of matrix expressions
composed a pair of matrices and their generalized inverses, including the following analytical formulas for
calculating the maximum and minimum ranks of B(7) A7) with respect to the choice of A7) and

B(i"”’j).
Lemma 4.3 ( [37]). Let A € C™*™ and B € C"*P be given, and denote
M=AB, N=[A",B], t=m+p+r(M)—r(A) —r(B). (4.108)

Also use ao( B9 AG9)) and B(BH9) AG9)) to denote the maximum and minimum ranks of the product
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a(BTAG3Y)) = min{ r(B), m +r(M) —r(A)},
a(BTAL24) = r(M),
BIAM29) = min{r(A), r(B)},

«

a(BTA®Y) = min{r(B), m+r(M) —r(A)},
a(BTAT3)) = min{m, r(B)},
a(BTAG2)) = min{ r(A), 7(B)},

Q

BTA(l)) = mln{ m, ’I“(’B;n}
);

a(BUAY AN = min{ r(A), p+ (M) — r(B)),
a(BU3D ALY = min{m, n, p, t},

a(BW3D A2Y = min{r(A), p+r(M)—r(B)},
a(B13H A1:23)) = min{p, r(A)},

Q

B134A(14)
B134A(13)

min{m, n, p, t},
min{m, n, p},

e

a(BUAH ALY = min{p, r(A)},
a(BU3Y AN = min{m, n, p},
a(BMH2H AT = = min{r(A), r(B)},

B(1.2,4) A(134))—m1n{m r(B) },
B1:249 A2 — min{ r(A), 7(B)},
(B) }

2 2

Q

a(B12H A023) = min{ r(A), r ’

a(BY2Y ALY = min{m, r(B)},

a(BM2Y A3 = min{m, r(B)},

043124‘4(12) mln{ ( )7 T(B)}7
)

124 AW) = min{m, r(
L2 41) = £(M),

1.2.3) A3DY = min{r(B), m +r(M) —r(A)},
123)A(124)>—T(M)

129 A0:29)  min{r(4), r(B)},

S o eR

a(B123) ALY = min{ r(B), m +r(M) —r(A)},
a(B1:23) A(13 ) = min{m, r(B)},

a(BU29) A02) = wmin{r(4), r(B)},

a 123)A(1)) = min{m, r(B)},

a(BIY AT = min{p, r(A)},

a(BEH ALY = min{m, n, p},

=

14)A124))
14)A123))

T(A)},
r(4)},
LYACDY = min{m, n, p},
L A0 = min{m, n, p},
14)A12))—m1n{p, r(A) },
LAWY = min{m, n, p},

(
a,
(
(
a,
(
(
a1,
(
(
(
( = min{p,
(
(
(
(
(
(DA = min{r(A4), p+r(M)—r(B)},
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(

min{p, r

e LooooR

L3 AL3DY = min{m, n, p, t},

2

a(BE3AAL29) = min{r(A), p+r(M) —r(B)},
a(BM3 AL23)) = min{p, r(A)},
a(BED ALY = min{m, n, p, t},
a(BEDAL3)) = min{m, n, p},
a(BM3 AL2)) = min{p, 7(A)},
a(B1:3) A1) =min{m, n, p},

a(BM2 AN = min{ r(A4), 7(B)},

o 12)A(134)) min{m, r(B) },
a(BMHD AL29) = min{r(A), r(B)},
a(BM2D AL23)) = min{r(A), r(B)},
a(BEDAQDY = min{m, r(B)},

(B ALY = min{m, r(B)},
a(BMD A2y = min{ r(A), r(B)},
(BB AMY = min{m, r(B)},

Q
sslivelivviiev vy llve RivoRivvfllos lue Blvo Rve R or [l oy v e v R wo i oe Rl we Rlv o R vl or [ we Blvo R v R e vl oe o e Rl v R v R ou L we Bl v o R v R

1AT)_mm{p, ( )}7
DALY = min{m, n, p},
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Bt A 14>) (
BTAWL3)) = (
BTAML2)) = (
Bt AM) = r(4) 4+ r(B)
(134)AT): (
RB(1.3.4) 4(1,3,4)
B(134)A124))
B(134)A(123)) r
B(1,3.4) 4( 14)) r(
B34 A13)) = p(
B3 A12)) = p(
BUSHAD) = r(4) + r(B)
BU2H AN = r(A) +7(B) —
B(124)A134)) T(A)+
(

~—

B1:2H A(124)) — (A) + r(B) — r(N),
B2 A123)) = max{ 0, r(A) +7(B) —n},
BU2H ALY = p(A) + 7(B) — r(N),
B12H ALY = max{ 0, r(A) +r(B) —n},
+r(B) ),
B1:29 AM)) = max{0, r(A) +r(B) —n},
B2 AT = (M),
B1:23) A4 = (M),
B1:2:3) A0.24)) — (1),
B1:23) A(123)) — r(A) + r(B) — r(N),
B(123)A 14)) — (M),
B2 ALY = p(A) + r(B) — r(N),
B1:23) A12)y = r(A) 4 r(B) — r(N),
B2 AWY) = r(A) +r(B) — r(N),
BUDATY = r(A) + )

Al
(
(
(
(
(
(
(B
(
(
(
(
(
(
(
(B
(
(
(B
(
(
(BM29 A12)) = max{ 0, r(A)
(
(
(
(
(B
(
(
(B
(
(
(
(
(
(
(
(B
(
(
(B
(
(

EQQEEEEQEEEEQEEEEQEEQEQEEQEQEEEEQEEEEQEEQE

B AG30) = (4) £ 7(B) - r(N),

BUHAN2D) — r(A) + r(B) — r(N),

B4 A123)y — max{ 0, 7(A) +r(B) —n},

BUAATDY = r(A) 4+ 7(B) — r(N),

BUH ALY = max{0, r(A) +r(B)—n},

BUA ALY = max{0, r(A) +r(B)—n},
BUAAMY) = max{0, r(A)+r(B)—n},
B3 ATy = (M),
B3 AL34)Y = p (A1),

B1L,3) 41,2, 4)) (]\4)7

B(13)A(123) (A) T(B)—’I”(N),
B(B-DAMD) = r(A),
BBUD ALD) = r(4) +r(B) —r(N),
B(BIDAC2) = r(4) + r(B) - r(N),
BB AM) = r(A) + r(B) - r(N),
B(BI2D AN = r(A) +r(B) — r(N),
BB AL = p(A) + r(B) — r(N),
BBUD A02D) = r(4) +1(B) - r(N),
B(B12 AM23)) = max{ 0, r(A) +r(B) —n},
BB ALY = r(A) +r(B) ~r(N),
BB A1) = max{0, 7(A) +r(B) —n},
B(BYY ALY = max{ 0, r(A) +r(B) —n},
B(BYYAWM) = max{0, r(A)+r(B) —n},
B(BWATY) = r(A) +r(B) —r(N),
B(BMAL3YY = r(A) + r(B) — r(N),
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Of( DAG2Y) = min{p, r(4)}, B( =V) =r(A) +r(B) —r(N),

BW ALY — min{p, r(4)}, BBYWAL2Y) = max{0, r(A)+r(B)—n},
a(B(l)A(lA)) =min{m, n, p}, 5(3(1)/1(1*4)) =r(A)+r(B)—r(N),
a(BWAL3)) =min{m, n, p}, BBMALD) =max{0, r(A)+r(B)-n},
a(BMAL2)) = min{ p, r(A4) }, ﬁ(B(l)A(LQ)) =max{0, r(A)+r(B)—n},

a(BM AW = min{m, n, p}, B(BM AN = max{0, r(A) +r(B) —n}.

Notice that the rank formulas in Lemma 4.3 are all given in simple and analytical forms. Thus we can
directly use them to describe algebraic performance of the products of generalized inverses in many situations.

For a matrix expression that involves generalized inverses, one of the most fundamental fact people like
to know is concerned with the invariance property of the matrix expression with respect to the choice of the
generalized inverses; see e.g., [1,13,20,22] for expositions and some precious results. We have seen from Lemma
1.1(h) that the invariance property of the product B (4-23) A(i:---3) gceurs in the characterization of the reverse-
order laws (AB)! = B3) Ali3) Tt is easy to see that the product B9 A7) ig invariant with respect
to the choice of the eight commonly-used types of generalized inverses A7) and B(~7) if and only if

Blisd) glid) — Bt AT (4.109)

holds for all A9 and B(+7), Substituting the 63 matrix-valued functions in (4.8)-(4.70) into (4.109),
respectively, will result in 63 linear or multilinear matrix equations. In this situation, applying Lemmas 2.2-2.8
to the 63 matrix equations, we are able to obtain the following results.

Theorem 4.4 ( [39]). Let A€ C™*" and B € C"*P be given with AB # 0. Then the following results hold.
(1) BFAW3A) s invariant < either r(A) = m or Z(A*) D #(B).

(2) BTAW2A) s invariant < r(A) = m.

(3) BFAW23) s invariant < #(A*) D #(B).

(4) BYACAY) s invariant < r(A) = m.

(5) BYAW3) is invariant < Z(A*) O Z(B).

(6) BYA2) s invariant < both r(A) = m and Z(A*) D %Z(B).
(1) BTAW s invariant < both r(A) = m and Z(A*) D #(B).
(8) BU3D At s invariant < either r(B) = p or Z(A*) C #(B).
(9) )

B34 AM34) s invariant < one of the 4 conditions: A)

(i) r(A) = m and r(B) = p; (ii) r(AB) = n; (iii)
r(A) =m and Z(A*) C Z(B); (iv) r(B) = p and Z(A*) O Z(B).

10) B3 AM24 s inyariant < either r(B) = p or Z(A*) C #(B).

11) BU3D AM23) s invariant < either r(B) = p and #(A*) D Z(B) or r(AB) =

12) B3 ALY s invariant < either r(A) = m and v(B) = p or r(A) = m and Z(A*) C #(B).

13) BU3D AW s invariant < either r(B) = p and %(A*) HA(B) orr(AB) = n.

14) BU3DAN2) s invariant < either r(AB) =m = n or r(A) = m, r(B) = p, and Z(A*) D #(B).

(10)

(11)

(12)

(13)

(14)

(15) BA3YAM s invariant < either r(AB) = m =n or r(A) = m, T(B) =p, and Z(A*) D Z(B).
(16) BL2Y At s invariant < #(A*) C Z(B).

(17) BA2H A3 s inyariant < either r(A) = m and Z(A*) C #Z(B) or r(AB) =n
(18) BML:2H AL24 s inyariant < both r(A) = m and #(A*) C Z(B).

(19) B1:2H A(L23) s inyariant < r(AB) = n.

(20) BML2H A s invariant < both r(A) = m and Z(A*) C Z(B).

(21) BU2YAL3) s inpariant < r(AB) = n

(22) BU2H AL2) s inyariant < r(AB) = m = n.

(23) BU2Y AWM s invariant < r(AB) = m = n.

(24) BM23) AT s invariant < (B) = p.

(25) B1:23) A3 s inyariant < either r(A) = m or Z(A*) D #(B).

(26) B123) A2 s invariant < both r(A) = m and r(B) = p.

(27) )

B1:2:3) A2:3) s inyariant < both r(B) = p and Z(A*) D Z(B).
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BW:23) AQA) s invariant < both r(A) = m and r(B) = p.
29) BW:23) A3) s invariant < both r(B) = p and #(A*) D #(B).
BW:23) A02) s invariant < r(A) = m, r(B) = p, and Z(A*) D #(B).
B1:23) AN s invariant < r(A) = m, r(B) = p, and Z(A*) D Z(B).
32) BUA AT is invariant < Z(A*) C #(B).
33) B AWSY) s invariant < either r(A) = m and #(A*) C #(B), or r(AB) =
34) B4 AM24) s invariant < both r(A) = m and Z(A*) C Z(B).
35) B AM23) s invariant < r(AB) =
36) BUAY ALY s invariant < both 7(A) = m and Z#(A*) C Z(B).
37) B4 4)A (13) is invariant < r(AB) = n.

40) B3 At is invariant < r(B) = p.
41) B3 A3 s invariant < either r(A) = m and r(B) = p, or r(B) = p and Z(A*) D #(B).
B3 A024) s invariant < both r(A) = m and r(B) =

(B)

p
B(1:3) A(1,2.3) and #(A*) D %#(B).

) B

)

) B

)

)

)

)

)

)

)

)

)

)

)

)

) B is invariant < both r(B) =

44) B ALY s invariant < both r(A) = m and r(B) = p.

45) B3 AM3) s invariant < both r(B) = p and Z(A*) D #(B).

46) BM3) A2 s invariant < r(A) = m, r(B) = p, and Z(A*) D Z(B).

47y B3 AW s invariant < r(A) = m, r(B) = p, and Z(A*) D Z(B).

48) B2 At s invariant < both r(B) = p and #(A*) C #(B).

49) B2 A3 s invariant < either r(AB) =n = p, or r(A) = m, r(B) = p, and Z(A*) C %#(B).

50) B2 A2 s inariant < r(A) = m, r(B) = p, and Z(A*) C #(B).

51) B2 AM23) s invariant < r(AB) =n = p.

52) BU 2)A (14) is invariant < r(A) = m, r(B) = p, and Z(A*) C #(B).
)
)
)
)
)
)
)
)
)
)
) B

54) B2 AM2) s invariant < r(AB) = m =n = p.

BM2 AW s invariant < r(AB) =m = n = p.

56) BMWA' is invariant < both r(B) = p and Z(A*) C Z(B).

57) BMAWSY s invariant < either r(AB) =n = p or r(A) = m, 7(B) = p, and Z(A*) C Z(B).
58) BW A2 s invariant < r(A) = m, r(B) = p, and Z(A*) C Z(B).

BWAWL23) s invariant < r(AB) =n = p.

60) BMW ALY s invariant < r(A) = m, r(B) = p, and Z(A*) C Z(B).

61) BMWAWLS) s invariant < r(AB) = n = p.

62) BMAWL2) js invariant < r(AB) =m =n = p.

W AWM s invariant < r(AB) = m =n = p.

The following results can be established similarly. But the details are rather technical and tedious, and
therefore are omitted.

Theorem 4.5. Let A € C™*" and B € C"*P be given with AB # 0, and denote N = [A*, B]. Then the
following results hold.

(1) The products in (4.72) are invariant < r(AB) = r(A) +r(B) — r(N).

(2) The products in (4.73) are invariant < r(AB) = r(A) + r(B) — r(N).

(3) The products in (4.74) are invariant < r(AB) =r(A) +r(B) —

(4) The products in (4.76) are invariant < either r(A) =m or T(AB) r(A) +r(B) —r(N).
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(5) The products in (4.77) are invariant < r(A) = m.

(6) The products in (4.78) are invariant < r(AB) = r(A) +r(B) — r(N).

(7) The products in (4.79) are invariant < r(A) = m.

(8) The products in (4.80) are invariant < r(AB) = r(A) + r(B) — r(N).

(9) The products in (4.81) are invariant < either r(A) = m or r(AB) = r(A) + r(B) — r(N).
(10) The products in (4.82) are invariant < either r(A) =m or r(AB) = r(A) + r(B) — r(N).
(11) The products in (4.83) are invariant < Z(A*) C #(B).

(12) The products in (4.84) are invariant < either r(AB) =n or r(A) =m and Z(A*) C Z(B).
(13) The products in (4.85) are invariant < both r(A) =m and Z(A*) C Z(B).

(14) The products in (4.86) are invariant < r(AB) =n

(15) The products in (4.87) are invariant < both r(A) = m and Z(A*) C Z(B).

(16) The products in (4.88) are invariant < r(A) =r(B) = n.

(17) The products in (4.89) are invariant < r(AB) =m = n.

(18) The products in (4.90) are invariant < r(AB) =m =n.

(20) The products in (4.92) are invariant < either r(B) =p or r(AB) = r(A) + r(B) — r(N).
(21) The products in (4.93) are invariant < r(N) =r(A) +r(B) —r(AB).

(22) The products in (4.94) are invariant < r(B) = p.

(23) The products in (4.96) are invariant < r(AB) =r(A) +r(B) — r(N).

(24) The products in (4.95) are invariant < r(B) = p.

(25) The products in (4.97) are invariant < either r(B) = p or r(AB) = r(A) + r(B) —r(N).
(26) The products in (4.98) are invariant < either r(B) = p or r(AB) = r(A) + r(B) — r(N).
(27) The products in (4.99) are invariant < Z(A*) D #(B).

(28) The products in (4.100) are invariant < either r(AB) =n or r(B) = p and Z(A*) 2 Z(B).
(29) The products in (4.101) are invariant < r(AB) =

(30) The products in (4.102) are invariant < both r(B) = p and Z(A*) 2 Z(B).

(31) The products in (4.103) are invariant < r(AB) = n.

(32) The products in (4.104) are invariant < both r(B) = p and Z(A*) O %(B).

(33) The products in (4.105) are invariant < r(AB) =n = p.

(34) The products in (4.106) are invariant < r(AB) =n =p.

In addition, we need the following rank and range formulas for various products of two matrices.

Lemma 4.6 ( [37,38]). Let A€ C™*" and B € C™*P, and P € CP*™. Then the following results hold
r(AA*ABB*B) = r(A*ABB*) = r(ABB*A*) = r(B*A*AB) = r(AB),

(A*A)2(BB")?] = r[(BB*)'/*(A"A)'/?] = r(AB),

BYA") = r(B*A") = r(B'A*) = r(AB),

r(ATABB") = r(ATABB*) = r(A*ABB") = r(AB),

(
all
(
( r(A ) =r(AB)
r(BBTATA) = r(BBTA*A) = r(BB*ATA) = r(AB),
( ( ) =r(AB)
(
(
(

<

( )
( )
( )
( )
( )
r(ABBTA") = r(ABB'A*) = r(ABB* A") = r(AB), ( )
r(BYATAB) = r(B'A*AB) = r(B*ATAB) = r(AB), (4.116)
r(ABBYATAB) = r(ABBYA*AB) = r(ABB*ATAB) = r(AB), ( )
r(BYATABBTAT) = r(BTA*ABBYA") = r(BTATABB* A") = r(AB), ( )
r((BB*)'(A*A)N)] = r[(BB*)T(A*A)] = r[(BB*)(A*A)")] = r(AB), ( )
r[BI(A*A)N)] = r(BTA* A) = r[B*(A*A)T)] = r(AB), ( )
(BB*)TAT] = r[(BB*)'A"] = r(BB*A") = r(AB), ( )
[(AN)*(BT)*] = r[(A")* B] = r[A(B")"] = r(AB), ( )

r(
(

r
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and
both Z(A) C %Z(B) and 7(A) = r(B) = %Z(A) = Z(B), (4.123)
#(A) C #(B) = #(PA) C #(PB), (4.124)
Z(A) = R(B) = Z(PA) = Z(PB), (4.125)
R(A) = R(AAY) = B(AA*A) = B(AAT) = Z[(AT)"], (4.126)
R(A*) = R(A*A) = B(A*AA*) = Z(AY) = Z(ATA), (4.127)
Z(ABB*A*) = #(ABB*) = #(AB), (4.128)
#(B*A*AB) = Z#(B*A*A) = #(B* A*), (4.129)
R(ABBYATAB) = #(ABB'A") = #(AB), (4.130)
#(BTATABBTA") = #(BTATAB) = #(BTA") = 2#(B" A*). (4.131)

Egs. (4.110)—(4.131) can be used to establish various formulas for calculating the ranks of matrix expressions
or matrix-valued functions composed by products of two matrices with their conjugates and Moore—Penrose
inverses, which we can use, as demonstrated below, to describe performance and reveal fundamental properties
of the matrix expressions and matrix-valued functions.

Applying the preliminary formulas in Section 2 to these matrix-valued functions, we obtain the following
rank formulas.

Theorem 4.7. Let A € C™*" and B € C™*?, and denote M = AB, H = ABBYATAB, and N = [ A*, B].

(a) The following rank formulas

r(M — MBTAUS9N) = n(M — MBTAC29 1) = (M — MBTACH 0

=7r(M — MBL3H AT M = r(M — MB(1,3,4)A(1,3,4)M) =r(M — MB(1,3,4)A(1,2,4)M)
— T‘(M _ MB(1,3,4)A(1,4)M> _ r(M _ MB(1,2,3)ATM) _ r(M _ MB(1,2,3)A(1,3,4)M)
(M — MB!I AN2IN) = r(M — MBI ACIM) = r(M — MBUY ATM)
= (M — MBUY AN = (M — MBOD AG2ON) = (M — MBI AL )

=7(M — MB'ATM) = r(AEgF4B) = 7(N) 4+ r(AB) — r(A) — r(B) (4.132)

=r

hold for all A7) and BU3) in them.
(b) The following rank formulas hold

max r(AB — ABBT A2 AB) = max r(AB — ABBTAU®) AB)

A(1,2,3) A(1,3)

= max 7(AB — ABB'AM? AB) = maxr(AB — ABBTAY AB)
A,2) B

= max r(AB — ABB(1’3’4)A(1’2’3)AB) = max r(AB— ABB(1’3’4)A(1’3)AB)
B(1,3,4)7A(1,2,3) B(1=3’4>,A(1v3)

= max r(AB — ABB(1’3’4)A(1’2)AB) = max r(AB- ABB(1’3’4)A(1)AB)
B(1,3,4)7A(1,2) B(1»3v4),A(1)

= max r(AB—ABBW?MALZIAB) =  max r(AB - ABBM2) AL AR)
B(1,2,3)7A(1,2,3) B(1,2,3)7A(1,3)

= max r(AB—ABBY?IALDABY = max r(AB-— ABBY2)AWAB (4.133)
B(1,2,3) A(1,2) B(1,2,3) A1)

= max r(AB—ABBUPALZIAB) = max r(AB - ABBMPALIAR)
B(1,3) A(1,2,3) B(1,3) A(1,3)

= max r(AB—ABBYYAMDAB) = max r(AB— ABBGIAMAR)
B(1,3) A(1,2) B1.3) A

= r(N)+7r(AB) — r(A) — r(B). (4.134)

(¢) The following rank formulas hold

max r(AB — ABB12YATAB) = max  r(AB — ABB1:24 4134 o)
B(1,2,4) B(1,2,4) A(1,3,4)
= max r(AB—ABBU2YAM2YAB =  max  r(AB— ABB1:2Y AN YR)
 BO.2Y) JA(,2,4) B(1.2,3) A(1,4)
= max r(AB — ABBYATAB) = max r(AB— ABBUH ALY AR)
B(l 4) B(1.4) A(1,3.4)
max r(AB — ABBYYAL2YAB) = max r(AB— ABBMY ALY AR)
B(1.4) A(1,2,4) B(1,4) A(14)
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= max r(AB — ABBM2ATAB) =  max
B(1.2) B(1.4) A(1,2,4)

= max r(AB—ABBYYA02YAB) = max r(AB— ABBM2AGYAR)
B(1.2), A(1,2,9) B(1,2), A(1,9)

=maxr(AB — ABBWATAB) = max r(AB— ABBW A3 AR)
B B(1), A(1,3.4)

r(AB — ABB12 A0S AR

max 7(AB — ABBWAL2YAB = max r(AB— ABBY ALY ARB)
B(1),A(1,2,4) B1) A(,4)

r(N) +7(AB) = r(A) = r(B). (4.135)

(d) The following rank formulas hold
max r(H — ABBTA"?¥AB) =max r(H — ABBTA9 AB)

A(1,2,3) A(1,3)

=max r(H — ABBT A2 AB) :m(:a))(r( H — ABBTAWAB)
A, B(1

= max 7(H-ABBU3WAW2IAB) = max r(H - ABBM3Y AN AR)
B(1,3,4)7A(1,2,3) B(1,3,4)7A(1,3)

= max 7(H—-ABBY?YALDAB) = max r(ABB'ATABy — ABB139 AW AB)
B(1,3,:4) A(1,2) B(1.3,4) A1)

= max 7r(H—-ABB®2IAL2IABY = max r(H— ABB123) AL AR)
B(1.,2,3) A(1,2,3) B(1,2,3) A(1,3)

= max 7r(H—-ABB®?)AGDAB) = max r(H - ABBM?3 AW AR
B(1,2,3) A(1,2) B(1,2,3) A

= max r(H—-ABBMAL2IAB) = max r(ABBYATABy — ABBU AL AR)
B(1,3) A(1,2,3) B(1,3) A(1,3)

= max r(H— ABB")AGDAB) = max r(H — ABBM) AW AB)
B(1,3) A(1,2) B1.3) A(M)

=7(N) +r(AB) — r(A) — r(B). (4.136)

(e) The following rank formulas hold

maxr( H — ABBO2YATAB) =  max r(H — ABB12Y A034)4B)
B(1,2,4) B(1,2,4) A(1,3,4)
= max r(H—ABBO2DAM2ZDAB = max r(H — ABBL2D AL AR)
B(1»2’4),A(1v2’4) B(1,2,3)7A(1,4)
—maxr(H — ABBUYATAB) =  max r(H— ABBOY ALY AR)
B(1,4) B(1,4)7A(1,3,4)
= max r(H—-ABB"YAU2YAB) = max r(H - ABB"YAYAB)
B(1,4)7A(1,2,4) B(1,4)7A(1,4)
—maxr(H — ABBYPATAB) = max r(H - ABB1M2A13YAR)
B(1,2) B(1L,4) A(1,2,4)
= max r(H—-ABBMPAU2YAB) = max r(H - ABBGP AL AR)
B(1,2) A(1,2,4) B(1,2) A(1,4)
—maxr(H — ABBYA'AB) = max r(H — ABBWAI3HAR)
B B(1), A(1,3,4)
= max r(H—ABBWAM2YAB = max r(H — ABBMW ALY AB)
B(1),A(1,2,4) B1) A(1,4)
=7(N) 4 r(AB) — r(A) — r(B). (4.137)

Proof. 1t is easy to verify that AEgFaB = A(I, — BB — ATA + BBTATA)B = MBTATM — M. The last
rank formula in (4.132) was established in [2]. We next give a direct proof of the last rank formula in (4.132).
Applying (3.39) and (4.107) to M — M BYATM gives

r(M - MBTATM ) =r(AB + ABPJ'QAB)

[ B*A* B*BB* 0 B*A* B*B 0
—r|A*AA* 0 A*AB| —r(A)—r(B)=r| AA* 0  AB | —r(A)—r(B)
0 ABB* —AB 0 AB —AB

BA* BB 0
=r|AA* AB 0 | —r(A) —r(B)=r([A*, B]*[A*, B]) 4+ r(AB) —r(A) — r(B)
0 0 —AB

— r(N) + r(AB) — r(A) — #(B), (4.138)

thus establishing the last two rank formulas in (4.132). The first 16 rank equalities in (4.132) follow directly
from (4.71).
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Applying (3.52) to the difference of AB and (4.72) gives

maxr(AB — H — ABB'FAUAB) = min {r[AB — H, ABB'F,], r(AB)}, (4.139)
where by (3.36) and (3.37),

— f f
r[AB - H, ABBTFA]:T{AB " ABB]—T(A)— [AB ABB

0 A ~"laB A }_T(A)

_ {Af A%B] r(A) = 1(AB) + r(EpA®) — (A)
=r(N)+r(AB) — r(A) — r(B). (4.140)

Substituting (4.140) into (4.139) and noticing that r(N) + r(AB) — r(A) — r(B) < r(AB), we obtain (4.134).
Applying (3.52) to the difference of AB and (4.73), we are also able to obtain

maxr(AB — H — ABVERATAB) = r(N) + 7(AB) — r(A) — r(B),

as required for (4.135). Applying (3.52) to to the differences of H with (4.66) and (4.67), respectively, and
simplifying by (3.36) and (3.37) we obtain the following two rank formulas

max ABB'FAUAB) = r(ABB'F,) = 7(N) 4+ r(AB) — r(A) — 7(B),
max r( ABVEATAB) = r(EgATAB) = r(N) + 7(AB) — 7(A) — r(B),

thus establishing (4.136) and (4.137). O

A common feature of (4.132)—(4.137) is in that all the terms on the right-hand sides of these formulas are
identical. Thus, setting all sides of these formulas equal to zero will produce many equivalent facts on matrix
operations, which will be presented in the next section in the classification study of the 512 reverse-order laws.

Lemma 4.8 ( [36]). Let A € C™*™ and B € C"*P. Then

max r(AB - ABBWAWARB) = maxr[AB — (ABB' + ABVER)(ATAB + FAUAB)]
A B }

=min{r(AB), r(AB)—r(A)—r(B)+n}

=min{r(AB), r(FaEp)}. (4.141)

5 Set inclusions for {1}-, {1,2}-, {1,3}-, {1,4}-generalized inverses of
AB

From Lemma 4.1(a), the following equivalent facts
{(AB)W} D {BU9) A6} o ABBU) Alh)) AB = AB (5.1)

hold for all the eight commonly-used types of generalized inverses A(7) and BU»7)  respectively. In this
situation, substituting (4.71)—(4.74) into (5.1), we see that the equalities in (5.1) are converted to 63 linear or
multilinear matrix equations with one or two unknown matrices for the eight commonly-used types of generalized
inverses of A and B except ABBTATAB = AB.

In this section, we first derive various equivalent statements for the 64 reverse-order laws in (5.1) to hold,
which correspond in turn to the statistical fact in (1.26).

Theorem 5.1. Let A € C™*™ and B € C"*P. Then the following statements are equivalent:

(1) {(AB)®} 2 {BAM}. 2) {(AB)V} 2 (BIACY,

(3) {(AB)1} 2 {BIAUD). () {(AB)V} 2 {BTACGH},

() {(AB)D) D (BlAC29), ©) {(4B)) 2 (B1AM2D)

(1) {(AB)V} 2 (B0}, (8) {(AB)V} 2 {BO3HAD).

9) {(AB)V} 2 {BOSDATDL (10) {(AB)1} 2 {BOSDAOD),
(1) {(AB)V} 2 {BOSA} (12) {(AB)V} 2 {BOSDAC29),
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> )2, <14> {3134/1134}.
(15) {(AB)V} D {B(134 AT} (16) {(AB)} 2 {B124 A4}
(17) {(AB)(U} > {B(124 A, 24)}‘ (18) {(AB)(U} ) {B (1,2,4) 4(1,3,4) 1.
(19) {(AB)V} 2 (B2 AT}, (20) {(AB)V} D {B1:23 AW},
(21) {(AB)M} 2 {B12H AT, (22) {(AB)M} 2 {B12D A3},
<23> {(AB)(l)} 2 {B(1,2,3)A(1,4)}_ <24> {(AB)(l)} 2 {B(1’2’3)A(1’2’3)}.
(25) {(AB)} 2 {B123) 40243, (26) {(AB)V} 2 {B12H) A4},
(27) {(AB)} 2 {B123 AT}, (28) {(AB)V} 2 (B ALY,
(20) {(AB)M} 2 {BUHAO2}, (30) {(AB)M} 2 {BUHAC3)Y,
(31) {(AB)W} D {BUIY AT}, (32) {(AB)M} D {BE3AMY,
(33) {(AB)M} D {B1H AL}, (34) {(AB)M} D {B13) AT,
(35) {(AB)M} D {B1:3 AT, (36) {(AB)M)} D {B1:3)A1:2:3)}
(37) {(AB)} 2 {B1A) A2}, (38) {(AB)} 2 {BHA) AN,
(39) {(AB)V} D (B AT}, (40) {(AB)} D (B2 ALY,
(41) {(AB)M} 2 {B1DAT2}, (42) {(AB)M} 2 {BU1-DAC3),
(43) {(AB)M} D {B1-2) AT}, (44)  {(AB)V} D {BMW ALY,
(45) {(AB)(M} D {BM A2, (46) {(AB)MY D {BMW AW,
(7). {(AB)M} > {BW AT} (48) {(AB)M} 5 BT At
(49) {AB(AB)M} D {ABBTAM}. (50) {AB(AB)M} D {ABBTA:2)},
(51) {AB(AB)V} D {ABBTA13)}, (52) {AB(AB)M} D {ABBtAGY},
(53) {AB(AB)V} D {ABBTA(1:2:3)}, (54) {AB(AB)V} D {ABBfA(:24)},
(55) {AB(AB)M} D> {ABBTAL:3.9}, (56) {AB(AB)M} 5 ABBT AT,
(57) {AB(AB)M} D {ABBM ALY}, (58) {AB(AB)M} D {ABBM AL:2:4),
(59) {AB(AB)M} D {ABBM A3}, (60) {AB(AB)M} D {ABBW AT},
(61) {(AB)WAB} D {BMA'AB}. 62) {(AB)MAB} D {BM2 ATAB}.
(63) {(AB)MAB} D {B"3) ATAB}. (64) {(AB)MAB} D {B"Y AT AB}.
65) {(AB)WAB} D {B1:23) AT AB}. 66) {(AB)MAB} D {B124Y AT AB}.
67) {(AB)WAB} D {B134 AT AB}. (68) {(AB)MAB} > BTATAB.
(69) {(AB)MAB} 2 {B"9AWAB}. (70) {(AB)VAB} 2 {BUYAMABY.
(71) {(AB)WAB} 2 {B!29 AW AB}. (72) {(AB)VAB} 2 {B139 AW AB}.
(73) {B(AB)MA} D {BB<1>A<1>A}. (74) {B(AB)M A} D {BBTAMA}.
(75) {B(AB)<1>A} D {BBWAtA}. (76) {B(AB)M A} > BBTATA.
(77) {[( 1)} > BYA* and/or {[ (B T)*](l)} > B* At
(78) {(A*AB)Y} > BY(A*A)t and/or {(ABB*)M} 5 (BB*)T Al
(79) {(A*ABB*)} 5 (BB*)1(A*A)T and/or {(BB*A*A)V} 5 (A*A)T(BB*)T.
(80) {[(A4*A)Y2(BB*)/2|(1} > [(BB*)'Y2|T[(A* A2 and/or  {[(BB*)'/?(A*A)1/2 1)} >

(A A)W] (BB*)”Q]
81) {(AA*ABB*B)V} 5 (BB*B)T(AA*A)'.
82) {(ATAB)W} > BTA'A and/or {(ABB"))} 5 BBTAT.
83

84) {(FaBB")Y} 3 BB'Fy and/or {(BB'F4)V} 5 F4BB.

85) {(ATAEER)M} 5 EgAtA and/or {(EgATA)V} 5 ATAER.

{
{
{
{
{
{

(
(
(ATABBT)U} 5 BBTATA and/or {(BBTATA)V} 5 ATABBT.
(
(
(

(81)

(82)

(83)

(84)

(85)

(86) {(FaEp)V} € EpFa and/or {(EpFa)V} 3 FAEp.
(87) ABBTAYAB = AB and/or AERFAB = 0.

(88) BYATABBTA" = BT AT and/or BT F4EgA' = 0.
(89) ABB'F4 =0 and/or EgATAB = 0.

(90) AEgFA =0 and/or EgFsB = 0.

(91) ATABB' = BBTATA and/or FABB' = BB1F,, AtAEs = EgAtA, FyEp = EgFa.
(92) (ATABB™)? = ATABB' and/or (BBTATA)2 = BBTATA.

(93)

93) (ABBYA")2 = ABBTA" and/or (BTATAB)? = BTATAB.
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Y (FABB")? = FABB' and/or (BB'F.)?> = BB'F,.

) (AYAER)? = ATAER and/or (EgATA)2 = EgATA.

Y (F4EB)? = F4Ep and/or (EgFa)? = EgFj.

) (AEA")? = AER A" and/or (B'F4B)? = B'F,B.

) (AYABB"' = BBYATA and/or (BBTATA)f = ATABBT.

) (BB'Fy)' = FyBB' and/or (FABB")! = BB'F,.

) (AYAER)t = EgATA and/or (EgATA)t = ATAESR.

Y (FAEB)" = EgFa and/or (EpFa)' = FAEpR.

) (A'A — BBNYY = A'A — BBY and/or (BBt — ATA)t = BBt — ATA.

Y (I, — AtA—-BBY =1, — ATA - BB'.
104) (I, — ABBTA")' = I, — ABBT A" and/or (I, — B'ATAB)' = I, — BT ATAB.

Y (I, — AtABBN' = I, — AYABB' and/or (I,, — BBTA'A)t = I,, — BBTAtA.

Y (Im — AEgAN)Y =1, — AER A" and/or (I, — BIFAB)" = I, — B F4B.

Y (I, — FaBBY =1, — FABB" and/or (I, — BB'Fa)! =1, — BB'F,.

)y (I, — ATAER)t = I, — AYAER and/or (I, — EgATA) =1, — EgATA.

Y (I, — FAER) = I, — FAEp and/or (I, — EpFa)t =1, — EpFa.

) [A*, B|[A*, B]l = ATA+ BB' — ATABBT and/or [ A*, B][A*, B]' = ATA+ BB — BBTATA.

) [Fa, B][Fa, B]' = Fy + BBt — FABB" and/or [Fa, B][Fa, B|' = F4 + BBt — BBF,.
112) [A*, Ep][A*, Eg]f = ATA+ Ep — ATAER and/or [A*, Eg][A*, Eg|t = ATA4+ Ep — EpATA.
113) [Fa, Eg][Fa, Eg|t = Fao + Ep — FAEp and/or [Fa, Eg][Fa, Eg|t = Fio + Ep — EgF,.

)

114) ABBW3) AM AB s invariant with respect to the choice of AM and BM3) | j.e., ABBU3AMAB =
ABBYATYAB holds for all AV and B(-3).

(115) ABBWAWYAB is invariant with respect to the choice of A% and BW, i.e., ABBWALYAB =

ABBTATAB holds for all AM® and BM.
(116) r[A*, B] = r(A) + r(B) — r(AB).

(117) r[Fa, B] =r(Fa) +1(B) — r(FaB).

(118) r[A, Eg] = r(A) +r(Ep) — r(AER).

(119) r[Fa, Eg| =r(Fa) + r(Ep) — r(FaEB).

(120) r(I, — AYABBY) =n — r(AYABB'") and/or r(I, — BBTATA) =n —r(BBTATA).
(121) r(I,, — ABBYA") =m — r(ABBYA") and/or r(1, — BTATAB) = p — r(BTATAB).
(122) r(I, — FABB') =n —r(FaBB") and/or r(I, — BB'F4) =n —r(BB'Fa).

(123) r(I, — AYAEp) =n —r(ATAER) and/or r(I, — EpAtA) =n —r(EgAtA).

(124) r(I, — FAEp) =n —r(FaEp) and/or r(I, — EgFs) =n —r(EgFa).

(125) (I, — AEgAY) =m — r(AEA") and/or v(I, — BtF4B) =p —r(B'FsB).

(126) r(ATA — AYABB'Y) = r(ATA) — r(AYABB') and/or r( BBt — AtABB') = r(BB') — r(AtABB").
(127) r(AtA — AYAER ) = r(AtA) — r(ATAER) and/or r( BBt — F4BB'Y) = r(BB') — r(FABB).

(128) r(Fy — FABBY) = r(Fy) — r(FABB") and/or r(Ep — AYAEp ) = r(Ep) — r(ATAER).

(129) r(Fy — FpAEg) =7(Fa) — r(FAER) and r( Eg — FAEp) = r(Ep) — r(FAEp).

(130)

130) #(I, — ATABBT )N #(ATABB') = {0} and/or (1, — BBIATA)N%(BBTATA) = {0}.
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144) C™ = % (I, — AERAT) ® #(AERAY) and/or C™ = Z[(I,, — AEgA! )] © Z[(AERAT)*].
CP=%(1,— B'FsB)® %Z(B'FaB) and/or CP = Z[(I, — BIFAB)*| @ Z[(B'FaB)*].

(131)

(132) 2(

(133) Z(I, — FAEp) N R (FsER) = {0} and/or Z(I, — EpFx) NZ(EpF4) = {0}.

(134) % (I, — ABBYAYYNZ(ABBTA") = {0} and/or Z|(I,, — ABBTA")*] N Z[(ABB' A" )*] = {0}.
(135) #(I, — BtATAB)N#(BTAtAB) = {0} and/or Z|(I, — Bt ATAB)*] N %|(BtATAB)*] = {0}.
(136) Z( I, — AEgAT)NZ(AERAT) = {0} and/or Z[( I, — AEA)*] N Z[(AERAT)*] = {0}.

(137) #(I, — BIFAB)NZ(B'FAB) = {0} and/or Z|(1, — BT FAB)*] N Z[(B'F4B)*] = {0}.

(138) C" =%(1, — A'ABB") @ #(AYABB") and/or C" = #(1, — BBTATA) & %#(BBTATA).

(139) C" = %(1, — FABB")® %(FaBB") and/or C" = #(1, — BB'F.)® %#(BBF4).

(140) C" =2(1, — ATAER) ® Z(ATAER) and/or C" = %#(1, — EgATA) © Z(EgATA).

(141) C" = R(I,, — FAEp) ® Z(FsER) and/or C" = Z (1, — EpFy) & Z(EpF,).

(142) C™ = %(1,, — ABB'A") @ #(ABB'A") and/or C" = Z|(I,, — ABBTA")*] & Z[(ABBT A" )*].
(143) CP = %(1, — B'A'AB) ® #(BTATAB) and/or CP = #Z|(1, — BIATAB)*| @ Z|(B'ATAB)*] = {0}.
(144)

(145)

(146)

dim[Z(A*) N #Z(B)] = r(AB) and/or dim[%Z(Fa) N #(B)] = r(FaB), dim[Z(A*) N Z(Ep)] = r(AER),
dim[Z(Fa) N Z(EB)] = r(FAER).

BBYATA) C #(AtA) and/or #(ATABB'Y) C #(BB).

BB'F4) C %(Fa) and/or Z(FaBB') C #(BB').

EpAtA) C #(ATA) and/or Z#(ATAER) C Z#(Ep).

EpFa) C %(Fa) and/or #(FaEp) C #(EB).

AYABBY) = #(A'A) N % (BB") and/or #(BBTA'A) = # (At A) N %(BB").
FuBBY = %#(FaA) N %(BB") and/or #(BB'F,) = #(Fa) N %(BB").

FuER)=2Z(Fa)NZ(Ep) and/or Z(EgFa) = Z(Fa) N%(ER).

ATABBT) = %(BBTATA) and/or %(ATAEB) = %(EBATA), <%(F‘ABBT) = %(BBTFA), <@(EqE‘B) =
EpFy).

AB) N %(AEg) = {0} and/or Z(FsB) N Z(FAEg) = {0}, Z(B*A*) N #(B*Fa) = {0}, Z(EA*) N
EpFys) = {0}.

A) = Z(AB) ® R(AEg) and/or N (A) = Z(FAB) ® #(FuEg), Z(B*) = #(B*A*) ® #(B*Fy),
N (B*) = B(EpA*) & Z(EpFy).

Z(
Z(
Z(
Z(
Z(
Z(
R(ATAER) = R(ATA) N R(Eg) and/or R(EpAtA) = %#(AtA) N % (Ep).
Z(
Z(
Z(
Z(
Z(
Z(

(157)

158) The matriz equations A*X = BBTA* and/or BY = ATAB are solvable.

160

(

(159) The matriz equations FaX = BBtF, and/or BY = FaB are solvable.

( The matriz equations A*X = EgA* and/or EgY = ATAEp are solvable.
(

)
)
)
)

161) The matriz equations FaX = EgFa and/or EgY = FaEp are solvable.
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Proof. Setting all sides of (4.132)—(4.135) equal to zero The equivalence of (1)—(48), (87), and (116).
Setting all sides of (4.136) and (4.137) equal to zero leads to the equivalence of (114), (115), and (116).
By (3.36),

r(Fa) =n—r(A), r(FaB)=r[A*, B]—r(A"), (5.2)
r(Eg) =n—r(B), r(AEg)=r[A", B] —r(B), (5.3)
r[Fa, B ] =r(Fa) +7(ATAB) =n — r(A) + r(AB), (5.4)
r|A*, Eg] = r(ABB") + r(Ep) = n — r(B) 4+ r(AB), (5.5)
r[Fa, Eg] =r(Fa) +r(ATAER) =n — r(A) — r(B) — r[ A*, B], (5.6)
r(FaEp) =r[A*, Eg] —r(A*) =n—1r(A) — r(B) + r(AB). (5.7)

Substituting (5.2)—(5.7) into the three rank equalities in (117)—(119) and simplifying, we obtain the equivalence
of (116)—(119).

Applying (3.40) to I,, — ATABBY, I, — ABBTA', and I, — BT ATAB, and simplifying by (3.36) and (3.37),
we obtain

r(I, — ATABB') = r(I, — BBt ATA) = r {AAfi* A?HBT} —r(A) =1 [AA* - ‘S‘BBTA* I?L — 1 (A)

— it r(AAT — ABBIA") —r(A) =n 41 B*g iﬁf} — r(4) — r(B)

= n+ ([ A, B*F[A, B*]) = r(A) — r(B) = n+ r(N) — r(A) — r(B), (5.8)
r(In — ABBIAT) = ¢ B*BB B;:T] —r(B)=r [B*B - bralan I?J —r(B)

= (B*FAB) — r(B) + m = r(FaB) — 1(B) +m = r(N) — r(A) = r(B) +m, (5.9
r(I,— BIATAB) = r{gﬁ* f‘}ﬂ —r(4) = T[AA* - ABBIA }ﬂ —r(4)

=r(AEgA*) —r(A)+p=r(EgA*) —r(A)+p=r(N) —r(A) —r(B) +p. (5.10)
Combining (5.8)—(5.10) with (4.114)—(4.116) yields

r(I, — ATABB") —n+r(ATABBY) = r(I, — BBTATA) —n + r(BBTATA)

(
=r(N) —r(A) —r(B) +r(AB), (5.11)
7(In — ABBYAT) —m 4 r(ABBYA") = +(N) — r(A) — r(B) + r(AB), (5.12)
r(I, — BTATAB) — p+r(B'ATAB) = r(N) — r(A) — 7(B) + r(AB). (5.13)

Setting all sides of (5.11)-(5.13) equal to zero leads to the equivalence of (120), (121), and (116). Replacing
A'A with Fs and BB' with Ep respectively in (120) and (121) leads to the equivalence of (122)-(125) with
(116)-(118).
Applying (4.132) to BIF4Eg At = BTAT — BT ATABBT AT and simplifying by Lemma 4.6, we obtain
r(BTF4Eg A" = r(BYAY — Bt ATABBYAY) = r[(BT)*, AT + r(BTAT) — r(BT) — r(AD)
=r(N)+r(AB) —r(B) —r(A). (5.14)
Setting both sides of (5.14) equal to zero leads to the equivalence of (88) and (116).
Replacing A and B in (5.14) with (A1), A*A, (A*A)Y/2 AA*A, AYA, (BT)*, BB*, (BB*)'/?, BB*B, and
BB, respectively, and simplifying by Lemma 4.6, we also obtain the following rank formulas
(A (N) +7(AB) = r(A) = r(B), (5.15)
A(BY* — ABY) B*ATA(B")*] = r(N) + r(AB) — r(A) - r(B), (5.16)
r[(A"A)B — (A" A)BBY (A" A)N (A" 4)B] = r(N) + r(AB) — r(A) — r(B), (5.17)
(5.18)
(5.19)

[(AT)*B — (AT)*BBTA*(A")*B] =

[

[

[A(BB*) — A(BB*)(BB*)TATA(BB*)] = r(N) 4+ r(AB) — r(A) — r(B), 5.18
[

{

r

r

<

r[(A*A)(BB*) — (A*A)(BB*)(BB*) (A*A)!(A*A)(BB*)] = r(N) + r(AB) — r(A) — r(B), 5.19
r ( )1/2(BB*)1/2 (A*A)l/Q(BB*)l/Q[( )1/2] [(A* )1/2] (A*A)l/Q(BB*)l/Q}
=7r(N)+r(AB) —r(A) —

r(B), (5.20)
r[(AA*A)(BB*B) — (AA*A)(BB*B)(BB*B)'(AA*A)1(AA*A)(BB*B)]
=r(N)+r(AB) —r(A) — r(B), (5.21)
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r[ATAB — (ATAB)BTATA(ATAB)] = (N) 4+ r(AB) — r(A) — 7(B), (5.22)
r[ABBY — (ABBTYBBTAT(ABB")] = #(N) 4+ r(AB) — r(A) — 7(B), (5.23)
r[ATABBT — (ATABBYYBBTATA(ATABB™)] = »(N) + r(AB) — r(A) — r(B). (5.24)

Setting all sides of (5.15)—(5.24) equal to zero leads to the equivalence of (77)—(83) and (116).
Replacing A and B in (5.14) with AAT, Fy, BB, and Ep, we further obtain

r[FABB" — (FABB"YBB'Fy(FsBB")] = r[Fy, B] — r(Fa) — 7(B) + r(FaB), (5.25)
r[ATAEp — (ATAER)EgATA(ATAER)| = r[ A, Eg| —r(A) — r(Ep) + r(AEg), (5.26)
T[FAEB — (FAEB)EBFA(FAEB)] = T[FA, EB} — T(FA) - ’I"(E'B) + ’I"(FAAE'B). (5.27)

Setting all sides of (5.25)—(5.27) equal to zero leads to the equivalence of (84)—(86) and (117)—(119).
Applying (3.36) to ABBTF4 and Egp At AB and simplifying by Lemma 3.6(c), we obtain

ABBT} (A) = [ ABB?

r(ABB'F,) :r[ r A—ABBT] —r(A)

A
= r(ABB'Y) + (A — ABB") — r(A) = 7(N) — r(A) — 7(B) + r(AB), (5.28)
r(EgATAB) =r[B, ATAB] —r(B) =r[B — ATAB, ATAB] — r(B)
=7(B— AYAB) + r(ATAB) — r(B) = r(N) — 7(A) — r(B) + 7(AB). (5.29)

Setting all sides of (5.28) and (5.29) equal to zero leads to the equivalence of (89) and (116). Replacing both
A'A and BBT with Fa and Ep in (89) respectively leads to the equivalence of (90) and (117) and (118).
Applying (3.49) to ATABB' — BB AT A and simplifying, we obtain
r(A"ABB' — BB'A'A) = r(FyBB' — BBTF,)
=r(ATAEp — EgpATA) = r(FAEp — EpFy)
=2r[AYA, BB'] — 2r(ATA) — 2r(BB') 4 2r(ATABBT)
=2r(N) — 2r(A) — 2r(B) + 2r(AB). (5.30)
Setting both sides of (5.30) equal to zero leads to the equivalence of (91) and (116).
Applying (3.44) to (ATABB')?2 — ATABB', (BBTA'A)2 — BBTATA, (ABB'A")? — ABBTA' and
(BTATAB)? — BYATAB, and simplifying by (5.8)-(5.10) yield
r[(ATABB")? — ATABB'] = (I, — ATABB") 4+ r(ATABBY) —n = r(N) — r(A) — r(B) (5.31)
r[(BBTATA)? — BBTATA) = (I, — BBTATA) 4 r(BBTATA) —n =r(N) — r(A) — r(B) + r(AB), (5.32)
[(ABBTA"? — ABB'A"] = v(I,, — ABBYA") + r(ABBTA") — m = r(N) — r(A) — 7(B) + r(AB), (5.33)
r[(BTATAB)? — BYAYAB| = (I, — BTATAB) 4+ r(B'ATAB) — p = r(N) — r(A) — r(B) + r(AB).  (5.34)

r

Setting all sides of (5.31)—(5.34) equal to zero leads to the equivalence of (92), (93), and (116). Replacing
ATA with F4 in (92) leads to the equivalence of (94) and (117). Replacing BB' with Ep in (92) leads to
the equivalence of (95) and (118). Replacing both ATA and and BB' with F4 and Ep in (92) leads to the
equivalence of (96) and (119). Replacing ATA and and BB' with F4 and Ep in (93) respectively leads to the
equivalence of (97) with (117) and (118).
Applying (3.43) to (ATABBT)' — BB AT A and simplifying by (3.44) and (5.8), we obtain
r[(ATABBY)' — BBTATA] = r[(ATABB")! — (ATABB™)*]
=r[(ATABB") — (ATABB")(ATABB"*(A"ABB™)] = r[ (ATABB') — (ATABB")?]
=r(A"ABB") + (I, — AYABB") —n = r(N) + r(AB) — r(A) — r(B). (5.35)
Setting all sides of (5.35) equal to zero leads to the equivalence of (98) and (116). Replacing ATA with Fj4 in
(98) leads to the equivalence of (99) and (117). Replacing BB' with Ep in (98) leads to the equivalence of
(100) and (118). Replacing both ATA and BB with F4 and Ep in (98) leads to the equivalence of (101) and
(119).
Applying (3.43) to the difference (ATA — BBY)" — (AT A — BB') and simplifying by (3.45)(3.48) gives

r[(A'A - BB" — (A'A — BBT)]

=r[(ATA— BB — (ATA - BB")3]

=r(ATA— BBY) +r(I, — A'A+ BB") +r(I, + ATA— BB") — 2n

=2r[AYA, BB'] — r(ATA) — »(BBY) +r[I, — ATA, BBT| 4+ r[I, — BBY, ATA] — 2n

=2r(N)—r(A) —r(B)+n—r(A)+r(AB)+n—r(B)+r(AB) — 2n

= 2r(N) — 2r(A) — 2r(B) + 2r(AB). (5.36)
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Setting both sides of (5.36) equal to zero leads to the equivalence of (102) and (116). Replacing ATA with F4
in (5.36) yields

r[(In, — ATA— BB — (I,, - A"A — BBY)| = v[F4, B] — r(Fa) — r(B) + r(FaB). (5.37)

Setting both sides of (5.37) equal to zero leads to the equivalence of (103) and (117).
It can be derived from (3.40) that

r(21,, — ABB'AT) :r[ by Eg}f ] —+(B) :r|: B*B—BSATAB& 2? } (B)
=m+r[B*(I, — ATA/2)B] —r(B) = m + r(B) — r(B) = m, (5.38)
T(QIPBTATAB)T[ ];4&** gllB } T(A)T[ AA* — ABBTA*/Q 2(},7 ] (A)
=p+r[A(I, — BBT/2)A*] —r(A) = p-l—r( 2 (5.39)

* T
r(21n—ATABBT):r(zln—BBTATA):r[ BB B AA]

_ [ B*B-B*AtAB/2 0
=" 0 oI,

=r(B)+n-—r(B)=n. (5.40)

} —r(B) =r[B*(1, — ATA/2)B] +n — r(B)

We then derive from (3.43), (5.8)—(5.10), and (5.38)—(5.40) the following formulas

r[ (I, — ABBYA")' — (I,, — ABBTA")]

r[(I,, — ABBYAT) — (I,, — ABBTA")3]

r(In — ABBYAT) +r(2I,, — ABBTA") + 7(ABBTAT) — 2m
=r(N)—r(4) —r(B)+2m+r(AB) —2m

r(N) —r(A) —r(B)+r(AB), (5.41)

r[ (I, — BTATAB)' — (I, — BTATAB)]
r[(I, — BYATAB) — (I, — BTATAB)?]
(I, - BTATAB) +r(2I, — B'ATAB) +r(B'ATAB) — 2p
r(N)—r(A) —r(B)+2p+r(AB) - 2p
r(N) —r(A) —r(B) +r(AB), (5.42)
w—ATABBY) — (I, — ATABB")]
[(I,— ATABB") — (I, — ATABB")3]
(I, — ATABB") 4 r(2I, — ATABB") + r(ATABB') — 2n
(N)—7r(A) —r(B)+2n+r(AB) — 2n
(N)—7r(A) —r(B) +r(AB). (5.43)
Setting all sides of (5.41)—(5.43) equal to zero leads to the equivalence of (104), (105), and (116). Replacing
ATA with F4 and BBT with Ep in (104) and (105) respectively leads to the equivalence of (106)—(109) and

(117)~(119).
The following rank identities

|
<

(1,

‘ ‘ /-\
5

([
5 0303

r(NN'— ATA— BB" + ATABB") = r (NNT — ATA— BB" + BBTATA)
=r(N)—-r(A) —r(B)+r(AB)

were proved in [44]. Setting the three sides of these two identities equal to zero leads to the equivalence of (110)
and (116). Replacing A* and B with F4 and Ep in (110) respectively leads to the equivalence of (111)—(113)
and (117)—(119).

It follows from (3.36) and (3.37) that

r(ATA— ATABB'") = r(EpA*) = r(N) —r(B), r(BB'—ATABB") = r(FaB) = r(N) —r(A).

Thus the two rank equalities in (126) are equivalent to (116). Replacing ATA and BBT with Fy and Ep in
(126) respectively leads to the equivalence of (127)—(129) and (117)—(119).

The equivalence of (120)—(125) and (130)—(137) respectively follows from Lemma 3.6(f). The equivalence of
(130)—(137) and (138)—(145) are obvious.
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The equivalence of (146) and (116)—(119) follows from the following well-known dimension formulas

dim[Z(A*)NZ(B)] = r(A) +r(B) —r[A*, B],
dim[#(Fa) N%Z(B)] = r(Fa) +r(B) —r[Fa, B],
dim[Z(A*)NZ(Eg)] = r(A) +r(Eg) — r[A*, Eg],
dim[Z(FA) NZ(Eg)] = r(Fa) +r(Ep) —r[Fa, Eg].

Applying Lemma 3.6(a) and (b) to (89) leads to the equivalence of (89) and (149). Replacing ATA and BBT
with Fy and Fp in (149) respectively leads to the equivalence of (148)—(150) and (117)—(119).
It follows first from (147) that

#(ATABB') C #(ATA)N % (BB') and/or Z(BBTATA) C %#(A'A)n%(BB"), (5.44)
and from (116) that
dim[Z(ATA) N #(BB")] = r(ATA) + r(BBY) —r[ATA, BBY] = r(ATABB') = r(BBTATA). (5.45)

Applying (4.123) to (5.44) and (5.45) leads to the range identities in (151). Conversely, (151) obviously implies
(147). Replacing ATA and BBT with F4 and Ep in (151) respectively leads to the equivalence of (152)—(154)
and (117)—(119).
By Lemma 3.5(c) and (3.36),
r|ATABBY, BBYATA] = r[(I,, - BB")ATABB', BBTATA] = r[(I, — BB")ATABB'| + r(BB'ATA)
r[B, AYAB] —r(B) 4+ r(AB) = r[(I, — ATA)B, ATAB]| — r(B) +r(AB)

[
[
|
r(

=7r[(I, — ATA)B] +r(ATAB) — r(B) + r(AB)
=r(N)—r(A)—r(B)+2r(AB). (5.46)
Combining (5.46) with (4.113) and (4.114), we obtain
r[ATABB', BBTATA] — r(ATABBY) = [ ATABB', BBTATA] — r(BBTATA)
=r(N)—r(A) —r(B)+r(AB). (5.47)

Setting both sides of (5.47) equal to zero leads to the equivalence of the first range equality in (155) and (116).
Replacing ATA and and BB' with Fy and Ep in the first range equality of (155) respectively leads to the
equivalences of the second, third, and fourth range equalities in (155) and those in (117)—(119).

By (3.36), the dimension of the intersection Z(AB) N Z(AFEg) is reduced to

dim[%Z(AB) N #(AEg))

r(AB) +r(AEg) —r[AB, AEg]
r(AB)+r(N)—r(B) —r[AB, A]
=r(N)—r(A) —r(B) +r(AB).

(5.48)

Setting both sides of (5.48) equal to zero, we obtain the equivalence of the first range equality in (156) and
(116). The equivalence of the other three range equalities in (128) with (116)—(119) can be shown similarly.
The equivalence of (156) and (157) follows from the definition of direct sum of linear subspaces.

Applying (2.2) to (147)—(150) leads to the equivalence of (147)—(150) and (158)—(161). O
Theorem 5.2. Let A € C™*™ and B € C"*P be given with AB # 0, and denote N = [A*, B]. Then the
following 28 statements are equivalent:

(1) {(AB)M} > {BU21 4023}, (2) {(AB)M} 2 {BU21 AN}
(3) {(AB)M} 2 {BU2V A2} (@) {(AaB)M} > (B2 AMY
(5) {(AB)“)} 2 {BUYAML2IY, (6) {(AB)M} 2 {BUH ALY,
(1) {(AB)W} 2 {BH A2, (8) {(AB)W} 2 {BHHAMY.
(9) {(AB)M} 2 {BI2) A2} (10) {(AB)V} D (B2 AT},
(11) {(AB)M} 2 (B2 AT}, (12) {(AB)M} 2 {BH2 AWM},
(13) {(AB)} 2 {BMAL23)}, (14) {(AB)D} 2 {BM ALY,
(15) {(AB)M} > {BMAW 2)}- (16) {(AB)M} 2 {BWAW}.
(17) {AB(AB)<1>} D {ABBM A(1:23)], (18) {AB(AB)W} D {ABBM A1)},
(19) {AB(AB)W} D {ABBW AG2)}, (20) {AB(AB)V} D {ABBMAM}Y,
(21) {(AB)MAB} D {BL2H AW ABY. (22) {(AB)MAB} 2 {BOH AW AB}.
(23) {(AB)YMAB} D {B1HD AW AB}. (24) {(AB)MAB} 2 {BW AW ABY.
(25) {B(AB)M A} D {BBMW AWM A}, (26) FEither AB =0 or r(AB) =r(A) +r(B) —
(27) Either AB=0 or FyEp =0. (28) Either A4 (A) D #Z(B) or Z(A*) C A4 (B )
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Proof. The equivalence of (1)—(16), (26), (27), and (28) follows from (4.141) and Lemma 4.8. The equivalence
of (1) and (17)—(25) follows from Lemma 4.1(a). O

We next characterize the set inclusions in (1.32) for {1, 2}-, {1, 3}-, and {1, 4}-generalized inverses of AB.

Theorem 5.3. Let A € C™*™ and B € C"*P be given with M = AB # 0, and denote N = [A*, B] and
t=m+p+r(M)—r(A) —r(B). Then the following results hold.

(a) The following 5 statements are equivalent:

(1) {(AB)1:2} 5 BtAT. 2) {(AB)1:2} D {BTAL249)},
(3) {(AB)1:2} D {B(1:2:3) AT}, 4) {(AB)1D} D {B(12:3) A124)}
(5) ABBYATAB = AB and/or BTATABBTAY = BTAT. (6) r(M)=r(A)+r(B)—r(N).

(b) The following 9 statements are equivalent:

(1) {(AB):21} 2 {BTAC29)}, (2) {(AB)12)} 2 {BTAL)},

<3> {(AB)(1,2)} D {B(1’2’4)AT}. <4> {(AB)(LQ)} 2 {B(1’2’4)A(1’2’4)}.
<5> {( B)(l,Q)} 2 {B(l,Q,S)A(l,Q,B)}_ <6> {(AB)(LQ)} 2 {B(l’Q’?’)A(l’Q)}.
(7) {(AB)(LZ)} D {3(1,2)AT}. (8) {(AB)(LQ)} ) {B(l,z)A(1,z,4)}_
(9) PEither Z(A*) C Z(B) or Z(A*) D %#(B).

(¢) The following 9 statements are equivalent:

(1) {(AB)12} 2 {B1AD A2}, (2) {(AB)1:2} D {BU34 402}
3) {(AB):2} D {BIYATY, ) {(AB)1:2) D (B 4124,
(5) {(AB)1:2} D (B A2}, (6) {(AB)1:2} D (B ALY,
(1) {(AB)®2} O {BW AT}, (8) {(AB)1:)} D {BWAN2DY,
(9) FEither Z(A*) C #(B), or Z(A*) 2 #Z(B) and r(B) = p.

(d) The following 9 statements are equivalent:

(1) {(AB)19) D (B1A19)}. (2) {(AB)12) D (BIAD},
(3) {(4B)12) > (BO2 4020}, 1) {(4B)1) 3 [BO.2 A},
() {(AB)12)} 2 {B129) A0}, 6) {(AB)12)} D {B29) AW},
(1) {(AB)12)} 5 (B2 4080}, 8 {(AB)12) D {BAD A0},
(9)  Bither Z(A*) 2 Z(B), or r(A) =m and %(A*) C Z(B).
(e) The following 5 statements are equivalent:

(1) {(AB)121} 2 {BUSD AT} (2) {(AB):2} 2 {BO:SHAN24Y,
(3) {(AB)12)} 2 {BU9) AT}, (4) {(AB)12)} 2 B3 4020}

(5) FEither Z(A*) C#(B), or r(B) =p and r(M) =r(A) + r(B) —r(N).

(f) The following 5 statements are equivalent:

(1) {(AB)12} D {BTALSD}, (2) {(AB)12} D {BTATA}.
(3) {(AB)12)} 2 {BU:2Y AU}, (4) {(AB):2)} 2 {BO:2D ALY,
(5) FEither Z(A*) 2 #(B), or r(A) =m and r(M) = r(A) +r(B) — r(N).

(g) The following 9 statements are equivalent:

(1) {(AB)1:2} D {B1:34) A13)], 2) {(AB)(1:2} D (B34 4},
(3) {(AB )<172>}9{3(174>A<173,4>}. 4) {(AB )<12>}3{B(14>A<14>}
(5) {(AB)12)} D {B1:D A1)}, (6) {(AB)1:2)} D {BUHAWY,
(1) {(AB)12} O {BW AW, (8) {(AB)12} 2 {BWAIN}.
9) r(M)=r(A)+7r(B)—r(N)=min{m, n, p}.

(h) The following 5 statements are equivalent:

1) {(AB)1:2} D {BU3HAL3DY (2) {(AB)12} D {BL3HA0HY,
(3) {(AB)12} D (BIHAMSIY (4) {(AB)12} D {BIH ALY,
(5) (M) =r(A) +r(B)—r(N)=min{m, n, p, t}.
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(i) The following 17 statements are equivalent:

(1) {(AB)12) D {BL2DAM2IY  (2) {(AB)2)} D B2V AT},

(3) {(AB)2} D{BU2AM2IY - (4) {(AB)(1D} D {BU2 AT,

(5) {(AB)*2)} D (B2 ALY, 6) {(AB)*2} 2 (B2 AW},

(1) {(AB)+2)} D (B2 AN}, (8) {(AB)+2} 2 (B2 AW,

(9) {(AB)12} D {BMVAC23Y (10) {(AB)H2} 2 {BEH ALY,
(11) {(AB)12} 2 {BH AT, (12) {(AB):2} 2 {BMHAM2Y,
(13) {(AB)2} 2 {BLAH ALY, (14) {(AB)"2} 2 {BUAH AW},
(15) {(AB)™»} 2 {BW ALY} (16) {(AB):2} 2 {BWAM}.
17y r(A) =r(B) =n or equivalently, r(M) = n.

Proof. Applying (4.132) to BTATABB' At — Bt A" and simplifying by Lemma 4.6, we obtain
r(BTATABBTAY — BTA") = r[(B")*, AT] — #(BTA") — r(A") — r(BY)
=r(N)+r(M)—r(A) —r(B). (5.49)

Setting both sides of (5.49) equal to zero leads to the equivalence of the second rank equality in (5) and (6).
All the remaining equivalences in (a)—(i) follow from Lemma 4.1(b), Lemma 4.3, Theorem 5.1, as well as the
simplification of the combined conditions. O

Theorem 5.4. Let A € C™*™ and B € C"*P be given with M = AB # 0, and denote N = [A*, B]. Then the
following results hold.

(a) The following 26 statements are equivalent:

1y {MT3} 5 BrAt, (2) {MO3)Y D (B3 ATY,
(3) {MOD)} D (BO23 4T}, (4) (M09} D {BUS) AT},
(5) MMT = MBtAT. (6) M*MBTAT =M
(7Y ABBTA*M = AA*M (8) BBTA*M = A*M.
(9) (ABB")' = BBTA'. (10) B*(ABBY)fAA* = M*.
(11) (AEp)T = EAT. (12) A(AEp)" = AERAT.
(13) MMTA=MB'. (14) A*ABB' = BBTA*A.
(15) r[A*M, B] =r(B). (16) r[A*AEp, Eg]=r(EB).
(17) Z(A*M) C Z(B). (18) Z#(A*AER) C N (B*).
(19) Z(A*M) = Z(A*) N % (B). (20) Z(A*AEp) =Z(A*)N AN (B*).
(21) #(A*ABB') = #(BBfA* A). (22) R (A*AEpR) = Z(EpA*A).
(23)  MBTAT is an orthogonal projector, i.e., (MBTA"? = MBTAT = (MBTA")*.
(24)  AEpBAT is an orthogonal projector, i.e., (AEgAT)? = AEgAT = (AEgA')*.
(25)  Both MBTATM = M and (MBYA")* = M BT AT,
(26) Both r(N)=r(A)+r(B) —r(M) and r| AA*M, M| = r(M).
(b) The following 6 statements are equivalent:
<1> {M(1,3)} 2 {BTA(L?’A)}. <2> {M(l,S)} D {B(1,3,4)A(1,3,4)}
<3> {M(l,s)} ) {B(1’2’3)A(1’3’4)}. <4> {M(1,3)} 2 {B(1’3)A(1’3’4)}.
(5) M*MBYFA\UE, = M* — M*MBTA" for all U.
(6) Z(A*M) C %(B).
(¢) The following 6 statements are equivalent:
<1> {M(1,3)} 2 {BTA(1’2’4)}. <2> {M(l,S)} 2 {B(1’3’4)A(1’2’4)}.
<3> {M(l,s)} 2 {B(l’Q’?’)A(l’2’4)}. <4> {M(l,S)} 2 {B(l’?’)A(l’2’4)}.
(5) M*MB'ATAUE, = M* — M*MBt A for all U.
(6) Both r(A) =m and Z(A*M) C Z(B).
(d) The following 6 statements are equivalent:
<1> {M(1,3)} ) {BTA(172’3)}. <2> {M(1,3)} ») {B(173’4)A(1’273)}.
<3> {M(l,s)} D {B(1’2’3)A(1’2’3)}. <4> {M(1,3)} D {B(1’3)A(1’2’3)}.
(5) M*MBYFAUAAY = M* — M*MBYA' for all U.
(6) Z(A*M) C Z(B).

(e) The following 6 statements are equivalent:

(1) {MOD} 2 {BIALY). (2) (M2} 2 {BI3DACDY,
<3> {M(l,s)} o) {B(1,2,3)A(1,4)}. <4> {M(l,S)} > {B(1’3)A(1’4)}.
(5) M*MBYUE, = M*— M*MBTA" for all U.

(6) Both r(A) =m and Z(A*M) C Z(B).
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(f) The following 6 statements are equivalent:

(1) (MO} D (B0 (2) {MOD} D [BOAD A0
<3> {M(1’3)} D {B(1’2’3)A(1’3)}. <4> {M(1,3)} D {B(173)A(1’3)}.
(5) M*MB'FAU = M* — M*M B A" for all U.
6y Z(A*M) C #Z(B).
(g) The following 6 statements are equivalent:
(1) (MO} (B1A0) (2) {MOD} D [BOAD A0
<3> {M(l,S)} D {B(1’2’3)A(1’2)}. <4> {M(1’3)} D {B(l,S)A(l,Z)}.
(5) (M*MBTAY + M*MBTFAU)(AAY + AULE4 ) = M* for all Uy and Us.
(6) Both r(A) =m and Z(A*M) C Z(B).
(h) The following 6 statements are equivalent:
(1) (MY} 2 {BTAM], (2) M} 2 {BEAD AW},
8) (MOD) 5 (BO29AM) (Y (M09} 5 [BUYAD),
(5) M*MBYF U, + M*MBYU;E4 = M* — M*M BT A" for all Uy and Us.
(6) Both r(A) =m and Z(A*M) C Z(B).
(i) The following 6 statements are equivalent:
(1) {M3} > (B2 AT}, (2) (M@} 2 {BUHAT.
(3) {M®H} 2 {BU2 AT} (4) (MY} 2 {BWAT}.
(5) M*MVEgAt = M* — M*M BT A" for all V.
(6) Z(A*) C Z(B).

() The following 6 statements are equivalent:

<1> {M(I,S)} ) {B(1’2’4)A(1’3’4)}. <2> {M(I,B)} > {B(1’4)A(1’3’4)}.
<3> {M(l,S)} ») {B(1’2)A(173’4)}. <4> {M(1,3)} > {B(l)A(1’3’4)}.
(5) (M*MB' + M*MVER)(A" + FAUEA) = M* for allU and V.
(6) PEither r(B) =mn, or r(A) =m and Z(A*) C #(B).
(k) The following 6 statements are equivalent:
<1> {M(l,B)} 2 {B(1’2’4)A(1’2‘4)}. <2> {M(l,s)} ) {B(1,4)A(1,2,4)}_
<3> {M(I,S)} > {B(1’2)A(1’2’4)}. <4> {M(I,S)} ) {B(l)A(1’2’4)}.
(5) (M*MB' + M*MVER)(A" + ATAUE ) = M* for all U and V.
(6) DBoth r(A) =m and Z(A*) C Z(B).
(1) The following 6 statements are equivalent:
<1> {M(l,s)} 2 {B(1’2’4)A(1’2’3)}. <2> {M(l,B)} D {B(1’4)A(1’2’3)}.
<3> {M(1,3)} 2 {B(I’Q)A(l’Q’?’)}. <4> {M(I,S)} ) {B(l)A(l’z’g)}.
(5) (M*MB' + M*MVER)(At + FAUAAY) = M* for allU and V.
(6) r(B)=n.
(m) The following 6 statements are equivalent:
<1> {M(1,3)} ) {B(1’2’4)A(1’4)}. <2> {M(l,S)} 2 {B(1’4)A(1’4)}.
(3) (M0} > {B0DA0D), {4 {MOD} > B AOH).
(5) (M*MB"+ M*MVER)(A" +UE4) = M* for allU and V.
6 oth r =m an - .
Both r(A d #(A*) C (B
(n) The following 6 statements are equivalent:
<1> {M(1,3)} ) {B(1,2,4)A(1,3)}_ <2> {M(l,S)} 2 {B(1’4)A(1’3)}.
(3) {(MOD) > {B0DACH) () (MOD) > [BOALDY,
(5) (M*MB" + M*MVER)(A" + FAU) = M* for allU and V.
(6) r(B)=n.
(o) The following 6 statements are equivalent:
<1> {M(1,3)} D {B(1’2’4)A(1’2)}. <2> {M(l,s)} D {B(1’4)A(1’2)}.
(3) (M09} 3 {B02) 402y, (@ (M09} {BOA0),
(5) (M*MB" + M*MVER)(A" + FaU,)(AA" + AULE4) = M* for all Uy, and Uy, and V.
(6) Both r(A) =m and r(B) = n.
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(p) The following 6 statements are equivalent:

(1) (M09} 3 (B2 4D}, 2) (MU} (BODADY,

(3) (MO} 3 (BO2AD). @) (M09} 5 (BVAD),

(5) (M*MB' + M*MVEg)(Al + FAUy + UsE4) = M* for all Uy, and U, and V.
(6) Both r(A) =m and r(B) = n.

Proof. The equivalence of (1) and (25) in (a) follows from the definition of {1, 3}-generalized inverses of a

matrix.
The equivalence of (1)—(6) in (a) follows from (4.5) and (4.75).
Applying (3.42) and simplifying gives

r(MMT — MBYAT) =¢(M* — M*MBYA") = [ M*AA* — M*MBTA*)

B*B B*A*AB ] _ (B)
AB  AA*AB "

r(AA*AB — ABBTA*AB) = r[

B* § B* §
:T([A] [B, A AB]) —r(B) :T({B*A*A] [B, A AB]) —r(B)
=r[A*AB, B] —r(B). (5.50)
Setting all sides of (5.50) equal to zero leads to the equivalence of (5)—(7), (15), and (17).
By (3.50),
r(BBYTA*M — A*M ) = r(EgpA*M) = [ A*AB, B] — r(B). (5.51)
Setting all sides of (5.51) equal to zero leads to the equivalence of (8) and (15).
By (3.36),
r[A*AEg, Eg] —r(Ep) = T(BBTA*AEB> =r(B*A*AER) =r[A*AB, B*] — r(B). (5.52)

Setting all sides of (5.52) equal to zero leads to the equivalence of (15), (16), and (18).
It follows from t5 > tg in (3.54) that

r[A*AB, B] —r(B) 2 r(M)+r(M) —r(A) —r(B) > 0. (5.53)
Also by (4.124),
H(A*AB) C #(B) = #(AA*AB) C Z(AB). (5.54)
Combining (5.53) and (5.54) yields
r[A*AB, B] = r(B) = both r(M) =r(A) + r(B) —r(M) and r[ AA*AB, AB]| = r(M). (5.55)
So that (28) implies (15). Conversely, substituting the two rank equalities in (28) into both sides of t4 > t5
in (3.54) yields r[ A*AB, B] < r(B), which in fact implies r[ A*AB, B] = r(B). So that (15) is equivalent to
<26>Applying (3.40) to (ABB")t — BBt At and simplifying yields

r[(ABB")' — BBTA'] = r[B*(ABB")TAA* — B* A"]

_ [(ABB")*(ABB")(ABB")* (ABB'")*AA* +
(B*A*ABBYA* B*A*AA*
:’f‘- B* A* B*A* :|_T(M)
0 B*A*AA* — B*A*ABBt A*
=5 - | - ron
=r(AA*AB — ABBTA*AB)
= r[A*AB, B] —r(B) (by (5.50)). (5.56)

Setting all sides of (5.56) equal to zero leads to the equivalence of (9), (10), and (15).
Replace BBT with Ep in (5.56) and applying (5.52) yields

r[(AER)" — EgA'] = r[A*AEgR, Eg| — r(Ep) = r[A*AB, B*] — r(B). (5.57)

Setting all sides of (5.57) equal to zero leads to the equivalence of (11) and (15).
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By (5.50) and (5.52),

r[A(AER)" — AEpA'] = r[(AER)(AER)" — (AEp)(Ep)' A]
’/‘[A*AEB, EB] — T(EB)

r[A*AB, B*] - r(B). (5.58)
Setting all sides of (5.58) equal to zero leads to the equivalence of (12) and (15).
By (3.36),
r(MMYA —~ MB") =r[M*A—~ M*ABB"| = r(EgA*M) = r[A*M, B] — r(B). (5.59)
Setting both sides of (5.59) equal to zero leads to the equivalence of (13) and (15).
By (3.50),
r(A*ABBT — BBTA*A) = 2r[ A*ABB', BB'] — 2r(BB'") = 2r[ A*AB, B| — 2r(B). (5.60)

Setting all sides of (5.60) equal to zero leads to the equivalence of (14) and (15).
It follows from (17) that

H(A*AB) C Z(A*)NZ%(B), (5.61)
and from (3.34) and (28) that
dim[Z(A*)N#(B)| =r(A) +r(B) —r[A*, B] = r(M). (5.62)

Applying (4.123) to (5.61) and (5.62) leads to the range identities in (19). Conversely, (19) obviously implies
(17). The equivalence of (18) and (20) can be shown similarly.
Replace BBT with Ep in (5.63) and applying (5.52) yields

%(A*AEB) = %(EBA*A) ~ T‘[A*AEB7 EB] = T(EB),
establishing the equivalence of (16) and (22).

Since MM is both idempotent and Hermitian, (5) implies (23). Conversely, the first equality in (23) is
equivalent to M BTATM = M by Theorem 5.1(48) and (93). This equality together with the second equality in
(23) implies (1).

Replace BBT with Ep in (23) leads to the equivalence of (16) and (24).

Applying Lemma 4.6 and (3.36) to [ A*ABB', BBTA*A] yields

r[A*ABBY, BBTA*A] = r[A*AB, BBTA*]
r[A*AB — BBTA*AB, BBTA*]
r[(I, — BBT)A*AB, BBTA*]
[
[

r[(I, — BB")A*AB] + r(BBTA*)
=r[A"AB, B]+r(M) —r(B).

Hence,

#(A*ABB') = #(BBTA*A) < r[ A*ABB', BBTA*A] = r(A*ABB") = r(BBTA*A) = r(M)
& r[A*AB, B] = r(B), (5.63)

establishing the equivalence of (15) and (21). Replace BBT with Ep in (21) leads to the equivalence of (22)
and (16).

The equivalence of (1)—(5) in (b) follows from (4.76). By Lemma 2.2, the matrix equation in (5) holds for
all U if and only if

[M*MBTAY — M*, M*MBTF,] =0 or [M MBEA M ] =0, (5.64)
A
where by (3.37)
r[M*MBYAT — M*, M*MBTF,]
_ [M*MBtAt — M+ M*MBY| )
- 0 A "
(—B*A* M*MBf B*A*A M*MB?t
:r_—AAT A :|—T(A)=7‘|: N A :|—’I“(A)
r * T_ * Ak
— 21 MEMB ; BrA A] —r(A) = (BBt A*M — A*M)
=r[B, A*M]—r(B) (by (3.36)), (5.65)
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and

T{M*MBTAT - M

B, } =r(M*MBTA" — M*) +r(E4) (by Lemma 3.5(d))

=m—r(A)+r[B, AM] —r(B). (5.66)

Combining (5.64) with (5.65) and (5.66) leads to

[M*MBYF4, M*MBTAT — M*] =0 M*MBTA" — M* =0 & 2(A*M) C #(B), (5.67)
[M MBEIj M ] =0<r(4A)=m and Z(A*M) C %Z(B). (5.68)

Combining (5.67) with (5.68) and (5.64) leads to the equivalence of (5) and (6) in (b).
The equivalence of (1)—(5) in (c) follows from (4.78). By Lemma 2.2, the matrix equation in (5) holds for
all U if and only if

M*MBTAY — M*

[M*MBTAT — M*, M*MBTATA] =0 or I =0, (5.69)
A
where the rank of the first block matrix in (5.69) is
r[M*MBYAT — M*, M*MBYATA] = r[-M*, M*MBTATA] = r[M*, 0] = r(M) #0, (5.70)

a contradiction to the first equality in (5.69). In this case, combining (5.68) with (5.69) leads to the equivalence
of (5) and (6) in (c).

The equivalence of (1)—(5) in (d) follows from (4.79). By Lemma 2.2, the matrix equation in (5) holds for
all U if and only if

=0, (5.71)

[M*MBYAT — M*, M*MBTF4] =0 or [M MBA M]

AAT

where the first equality in (5.71) is equivalent to (5.67), and the second equality is a contradiction to A # 0
Thus (5) and (6) in (d) are equivalent.

The equivalence of (1)—(5) in (e) follows from (4.80). By Lemma 2.2, the matrix equation in (5) holds for
all U if and only if

[M*MBYAT — M*, M*MB"] =0 or [M MBEA M } =0, (5.72)
A
where the rank of the first block matrix in (5.72) is
r[M*MBYAT — M*, M*MB"| = r[-M*, M*MB'] = r[M*, 0] = 7(M) # 0, (5.73)

a contradiction to the first equality in (5.72), while the second equality in (5.72) is equivalent to (5.68). Com-
bining (5.72) with (5.68) and (5.73) leads to the equivalence of (5) and (6) in (e).

The equivalence of (1)—(5) in (f) follows from (4.81). By Lemma 2.2, the matrix equation in (5) holds for
all U if and only if [M*MBTA" — M*, M*MB'F4] = 0, which is equivalent to (5.67). Thus (5) and (6) in (f)
are equivalent.

The equivalence of (1)—(5) in (g) follows from (4.82). By Lemma 2.4(e), the matrix equation in (5) holds
for all Uy and U, if and only if

“MBYAT — M* M*MB?
{MMBA M* M*MBTF4] _ (5.74)

E4 0
where by Lemma 3.5(d)

“AVBTAT — M+ “ /Bt
T[M MB AT =M™ MMB FA] = r[M*MBYAT — M*, M*MB'Fa] + r(Ea)

Ea 0
—m—r(A)+ 7B, A"M]—r(B) (by (5.65)). (5.75)
Thus
[M*MB;;” - M M*%BTFA} — 04 r(A) = m and Z(A* M) C Z(B), (5.76)

establishing the equivalence of (5) and (6) in (g).
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The equivalence of (1)—(5) in (h) follows from (4.83). By Lemma 2.3(b), the matrix equation in (5) holds for
“MBYAT — M* M*MB'
all Uy and Us if and only if M MBEA MEM ]VIOB Fal _ 0, which is equivalent to (6) in (h) by (5.76).
A
The equivalence of (1)—(5) in (i) follows from (4.84). By Lemma 2.2, the matrix equation in (5) holds for all
V if and only if

M*MBYAT — M~
M*MBTA" — M*, M*M] =0 =0 5.77
[ ) ] or |: EBAT :| ) ( )
where the rank of the first block matrix in (5.77) is
r[M*MBYAT — M*, M*M ] = r[0, M*M] = r(M) # 0, (5.78)
a contradiction to the first equality in (5.77), and the rank of the second block matrix in (5.77) is
M*MBYAT — M*|  [M*MBTA" — M* 0 —(B) = -M* —M*M| (B)
" EpAf =" Af B| " Af B "
_ |(AB)*AA* (AB)*AB 10 0
= VABL =[O O] )
=r[A*, B] —r(B). (5.79)
Thus
MBTAT —
n =0<r[A*, Bl=r(B) & Z(A*M) C Z(B). (5.80)
EgA

with (5.80) leads to the equivalence of (5) and (6) in (i).

Combining (5.77) and (5.78)
(1)—(5) in (j) follows from (4.85). By Lemma 2.4(a), the matrix equation in (5) holds for

The equivalence of (1)
all U and V if and only if

78
{

“MBtAT —
e e e A o
Ep At FgFy | 7% g =5 :

A

where the ranks of the two block matrices in (5.81) are

M*MBtAt — M* M*MB'F,]  [M*MBtA" — M* M*ABB'(I, — ATA)
" Ep At EgFa |~ "] EpAf Ep(I, — At A)
_ [M*ABB'A' — M* —M*AEp
=" EpAf Eg
0 0
=7 EB:| =n —r(B), (5.82)
A BtAt — ]
M| prraspiat o) | (Ea)=r| .0 | +r(Ew)
T B =T EBAT rta)=rT EBA-I. T A
Ey

=r[A*, B] —r(B) +m —r(4). (5.83)

Combining (5.81) with (5.82) and (5.83) yields

M*MBTAT — M* M*MB'F,
EpAl EpFy ] =0« r(B) =n, (5.84)
M*MBTAt — M
EgAf =0< r(A) =m and Z(A*) C Z(B), (5.85)
E4

establishing the equivalence of (5) and (6) in (j).

The two groups of equivalence in (1)—(5) of (k) and (m) follow from (4.86) and (4.88), respectively. By Lemma
M*MBTAT — M*]
2.4(b), the two matrix equations in (5) of (k) and (m) hold for all U and V' if and only if EpAf =0,
Ey

which, by (5.85), is equivalent to (6) in (k) and (m), respectively.
The two groups of equivalence in (1)—(5) of (1) and (n) follow from (4.87) and (4.89), respectively. By Lemma
M*MBIAT = M* M*MBTF4] _,

2.4(b), the two matrix equations in (5) holds for all U and V" if and only if EpAl FuF,

which, by (5.84), is equivalent to (6) in (1) and (n), respectively.
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The equivalence of (1)—(5) in (o) follows from (4.90). By Lemma 2.5(b), the matrix equation in (5) holds
for all Uy, Us, and V if and only if

M*MBTAY — M* M*MBtF,
EgAt EgFa =0, (5.86)
E4 0

where by Lemma 3.5(d) and (5.82)

“MBTAt — M* M*MB!
MTMB AT M7 MEMBTE M*MB'AT — M* M*MB'F,
T EBA EBFA =T + +’I"(EA)
EpA EpFy
Ey 0
=m—r(A)+n—r(B). (5.87)
Thus
M*MBTAT — M* M*MBTF4
EpAt EpFa =0« 7r(A) =m and r(B) = n, (5.88)

Ea 0

establishing the equivalence of (5) and (6) in (o).
The equivalence of (1)—(5) in (p) follows from (4.90). By Lemma 2.5(b), the matrix equation in (5) holds
for all Uy, Us, and V if and only if (5.87) holds, which is equivalent to (6) in (p) by (5.88). O

The following theorem can be established by a similar approach, and the details are therefore omitted.

Theorem 5.5. Let A € C™*™ and B € C"*P be given with M = AB # 0, and denote N = [A*, B]. Then the
following results hold.

(a) The following 26 statements are equivalent:

<1> {M(1’4)} ) {B(1’3’4)AT}. <2> {M(1,4)} ) {B(1’3’4)A(1’3’4)}.
<3> {M(1,4)} ) {B(1’3’4)A(1’2’4)}. <4> {M(1,4)} ) {B(1’3’4)A(1’4)}.
(5y MtM = BtAtM. (6) BTATMM* = M*.
(1Y B*ATABM* = B*BM*. (8) ATABM* = BM*.
(9) (ATAB)' = BTATA. (10) B*B(ATAB)TA* = M*.
(11) (FaB)' = BTF4. (12) (FaB)'B = B'FsB.
(13) BMTM = ATM. (14) AYABB* = BB*A'A.
(15) r[BM*, A*] =r(A). (16) r[BB*Fa, Fa]l=1(Fa).
17y Z(BM*) C Z(A*). (18) Z(BB*F4) C A (A).
(19) Z(BM*) = 2Z(B) N Z(A"). (20) Z(BB*F4) =Z%(B)NA(A).
(21) Z(ATABB*) = #(BB*AtA). (22) H(FaBB*) = Z(BB*Fj,).
(23) BYATM is an orthogonal projector, i.e., (BTATM)% = BTATM = (BTATM)*.
(24)  BTF4B is an orthogonal projector, i.e., (BIFAB)?> = BIFyB = (BtFAB)*.
(25)  Both MBYA'M = M and (BtATM)* = Bt AT M.
(26) Both r(N)=1r(A) +r(B)—r(M) and r[ B*BM*, M*] = r(M).
(b) The following 6 statements are equivalent:
<1> {M(1,4)} ) {B(173’4)AT}. <2> {M(174)} 2 {B(1’3’4)A(1’3’4)}.
<3> {M(1,4)} D {B(1’3’4)A(1’2’4)}. <4> {M(1’4)} D) {3(1’3’4)A(1’4)}.
(5) FpVEBATMM* = M* — BTATMM* for all V.
(6) B(BM*) C Z(A").

(¢) The following 6 statements are equivalent:

<1> {M(1,4)} D {B(1’2’4)AT}. <2> {M(1’4)} 2 {B(1’2’4)A(1’3’4)}.
<3> {M(1,4)} D {B(1’2’4)A(1’2’4)}. <4> {M(1,4)} 2 {B(1’2’4)A(1’4)}.
(5Y B'BVEgATMM* = M* — BIATMM* for all V.
(6) Z(BM*) C Z(A*).
(d) The following 6 statements are equivalent:
{M(1,4)} ») {B(LQ’?’)A*}. <2> {M(1,4)} ) {B(1’2’3)A(1’3’4)}.
{M(1,4)} D {B(1’2’3)A(1’2’4)}. <4> {M(1’4)} D {B(1’2’3)A(1’4)}.

(1)
(3)
(5) FpVBBIATMM* = M* — Bt ATMM* for all V.
(6) Both r(B) =p and Z(BM*) C Z(A*).
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The following 6 statements are equivalent:

(1) (MO0} 2 (B0, (2) (MO0} 2 (B0 A0S,
<3> {M(1,4)} D {3(1’4)14(1’2’4)}. <4> {M(1’4)} 2 {B(1’4)A(1’4)}.
(5) VEgATMM* = M* — BTATMM* for all V.

6y Z(BM*) C Z(A").

The following 6 statements are equivalent:

(1) (MO0} 2 {BOD AT, (2) (MO} D (B0 A0S,
<3> {M(1’4)} D {B(1,3)A(1,274)}_ <4> {M(1’4)} D {B(1’3)A(1’4)}.
(5) FgVA'MM* = M* — BTATMM* for all V.

(6) Both r(B) =p and Z(BM*) C #(A*).

The following 6 statements are equivalent:

(1) (MO0} 2 (BO2AT), (2) (MO0} 2 (B0 A0S,
<3> {M(1,4)} 2 {B(l’Q)A(1’2’4)}. <4> {M(1,4)} 2 {B(l,Q)A(l,AL)}.
(5) (BT + FgV1)(BBTATMM* + BVoEgATMM*) = M* for all Vi and Vs.
(6) Both r(B) =p and Z(BM*) C Z(A*).

The following 6 statements are equivalent:

(1) (MU} (BOAT, (2) {MOD} D (B0 4TS,
(3) (MOO} 2 {BOAC2O} ) (MO} S (B ACY),

(5) FpViATMM* + Vo Eg ATMM* = M* — Bt ATMM* for all Vi and V.
(6) Both r(B) =p and Z(BM*) C Z(A*).

The following 6 statements are equivalent:

(1) (MY} D {BTAL2]Y, (2) (M} D{BTATI].

(3) {MOD} 2> {BTAC2Y, (4) (MY} 2 {BTAM},

(5) BYFAUMM?* = M* — BtAtMM* for all U.

6y Z(A*) D #Z(B).

The following 6 statements are equivalent:

<1> {M(1,4)} D {B(1’3’4)A(1’2’3)}. <2> {M(1,4)} o) {B(1’3’4)A(1’3)}.
<3> {M(1,4)} ») {3(1’3’4)14(1’2)}. <4> {M(1’4)} > {B(1’3’4)A(1)}.
(5) (BY+ FgVER)(ATMM* + FAUMM?*) = M* for allU and V.
(6) PEither r(A) =n, or r(B) =p and Z(A*) D %(B).

The following 6 statements are equivalent:

<1> {M(1,4)} 2 {3(1’2’3)A(1’2’3)}. <2> {M(1,4)} 2 {B(1’2’3)A(1’3)}.
<3> {M(1’4)} D {3(1’2’3)/1(1’2)}. <4> {M(1,4)} ) {B(1’2’3)A(1)}.
(5 (B'+ FgVBBY) (ATMM* + FAUMM?*) = M* for allU and V.
(6) Both r(B) =p and Z(A*) O Z(B).

The following 6 statements are equivalent:

> {M(1,4)} > {B(1’2’4)A(1’2’3)}. <2> {M(1,4)} 2 {B(1’2’4)A(1’3)}.
> {M(1,4)} - {B(1’2’4)A(1’2)}. <4> {M(1,4)} ) {B(1’2’4)A(1)}.

Yy (BT+B'BVER)(ATMM* + FAUMM*) = M* for allU and V.
) r(A) =n.

The following 6 statements are equivalent:

(1
(3
(5
(6

<1> {M(1’4)} 2 {B(1’3)A(1’2’3)}. <2> {M(1,4)} ) {B(1,3)A(1,3)}_
(3) {MO9} 2 {BUHACDY  (g) {MOV) D {BADAVY,

(5 (B'+ FpV)(ATMM* + FAUMM*) = M* for allU and V.

(6) Both r(B) =p and Z(A*) 2 Z(B).

The following 6 statements are equivalent:

<1> {M(1’4)} 2 {B(1’4)A(1’2’3)}. <2> {M(1,4)} ) {B(1’4)A(1’3)}.
(3) {MUD}S{BADACY  (g) {MOD} S {BLOAD],
(5) (BT+VER)(ATMM* + FAUMM*) = M* for allU and V.
6) r(A)=n.
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(o) The following 6 statements are equivalent:

> {M(1’4)} o) {B(I,Z)A(l,z,S)}. <2> {M(1,4)} 2 {B(I,Q)A(l,B)}'

) {M(174)} ) {3(1,2)A(1,2)}_ (4) {M(l"")} ) {3(1,2),4(1)},

) (BJr + FpVy )B(BT + ‘/QEB)(ATMM* + FAUMM* ) = M* for all U, V1, and V3.
y  Both r(A) =n and r(B) = p.

(p) The following 6 statements are equivalent:

(1
(3
(5
(6

(1) (M09} (BOAC2Y () (M9} D (BOACY)

(3) {MIAY D {BMALY, 4y {MOA} D {BMAMLY,

(5) (BY+ FgVi + VoEp)(ATMM* + FAUMM*) = M* for all U, Vi, and Vs.
(6) Both r(A) =n and r(B) = p.

6 Set inclusions for {1,2,3}-, {1,2,4}-, {1, 3,4}-generalized inverses of
AB

Applying Lemma 4.1(e), (f), and (g) to Theorems 5.3-5.5, we obtain the following theorems. The details of the
proofs are omitted.

Theorem 6.1. Let A € C"™*"™ and B € C"*P be given with AB # 0. Also denote M = AB andt =m +p+
r(M) —r(A) —r(B). Then the following results hold.

(a) The following 3 statements are equivalent:

1y {(MO29) 5 BTAT. (2) {ME23} D {BE2IATY. (3) Z(A™M) C #(B).
e following 3 statements are equivalent:
b) The foll [
<1> {M(1,2,3)} ) {BTA(172’3)}. <2> {M(172’3)} ) {B(1’2’3)A(1’2’3)}.
(3) FEither #(A*) C %#(B) or Z(A*M) = Z(B).
(¢) The following 5 statements are equivalent:
(1) (MO29) 5 praczay
(3) {M®23} 2 {BTAMY}. (
(5) Both r(A) =m and Z(A*M) C Z(
(d) The following 5 statements are equivalent:
<1> {M(1’2’3)} D {BTA(LZ)}_ <2> {M(l,z,s)} D {B(1’2’3)A(1’2)}.
<3> {M(l,Q,B)} 2 {B(1’3’4)A(1’2)}. <4> {M(1,2,3)} ) {B(I,S)A(l,Q)}'
(5y Either r(A) =m and Z(A*) C Z(B), or r(A) =m, r(B) =p, and Z(A*M) = Z(B).
(e) The following 5 statements are equivalent:
(1) (MO2D} 2 (BU2OATL (3) (M2} 5 (BU AT},
(3) AME23y 2 {BUAAN (4) {MI23} D {BMATL
(5) Z(A*) C Z(B).

(f) The following 9 statements are equivalent:

2 {M(1,2,3)} > {B(1’2’3)A(1’2’4)}.
4> {M(1’2’3)} D {3(1’2’3)/1(1’4)}.
B).

<1> {M(1,2,3)} > {B(1’2’4)A(1’2’4)}. <2> {M(1,2,3)} ») {B(1’2)A(1’2’4)}.
<3> {M(1,2,3)} D {B(1’4)A(1’2’4)}. <4> {M(1’2’3)} D {B(l)A(1,2,4)}_
< {M(1’2’3)} ) {B(1’2’4)A(1’4)}. <6> M(l,Q,S)} 2 {B(1’2)A(1’4)}.
( (8) {MO:29} 2 {BHAODY,

{

?; (M123)) 5 (B AL},
9) Both r(A) =m and Z(A*) C Z(B).
e
<1> {M(1,2,3)} o) {B(1’3’4)A(1’2’3)}. <2> {M(1,2,3)} D {B(l’B)A(1’2’3)}.
(3) PEither Z(A*) C #(B), or r(B) =p and Z(A*M) = Z(B).
(h) The following 3 statements are equivalent:
<1> {M(1,2,3)} 2 {BTA(l’g)}. <2> {M(1’2’3)} 2 {B(1,2,3)A(1,3)}_
(3) PEither Z(A*M) = %(B), or r(A) =m and Z(A*) C #Z(B).
(i) The following 3 statements are equivalent:
(1) {MO29) > (BIAD). (2) (M029) 3 [B120 40},
(3y Either r(A) =m and Z(A*M) = Z(B), or r(A) =m and Z(A*) C %Z(B).
() The following & statements are equivalent:
<1> {M(1,2,3)} ) {3(1’2’4)A(1’3’4)}. <2> {M(1’2’3)} 2 {B(l’z)A(l’?’A)}.
<3> {M(1,2,3)} ) {3(1’4)/1(1’3’4)}. <4> {M(1,2,3)} 2 {B(l)A(1’3’4)}.
(5) PEither r(M) =n, or r(A) =m and Z(A*) C Z(B).
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(k) The following 3 statements are equivalent:
(1) (M2} 5 (BUAD AT, (2) (M2} 2 (RO AT).
(3) PEither Z(A*) C %#(B), or Z(A*M) C #(B) and r(B) = p.
(1) The following 3 statements are equivalent:
<1> {M(l,Q,S)} ) {B(1,3,4)A(1,2,4)}_ <2> {M(1,2,3)} ) {B(l,B)A(l,QA)}'
(3) PEither r(A) =m and Z(A*) C #(B), or r(A) =m, r(B) =p, and Z(A*M) C Z(B).
(m) The following 3 statements are equivalent:
<1> {M(1,2,3)} 2 {BTA(LSA)}. <2> {M(1,2,3)} ) {B(1’2’3)A(1’3’4)}.
(3) FEither Z(A*M) = %(B), or r(A) =m and Z(A*M) C #Z(B).
(n) The following 3 statements are equivalent:
(1) {MO29) 5 (B3 409} @ 1
(3) Both r(M) =min{m, n, p} and Z(A*M) C %#(B
(o) The following 3 statements are equivalent:
<1> {M(1,2,3)} 2 {B(1’3’4)A(1)}. <2> {M(1’2’3)} ) {B(l’g)A(l)}.
(3) r(A)=m, r(M)=min{m, n, p},and Z(A*M) C Z(B).
(p) The following 3 statements are equivalent:
<1> {M(1,2,3)} 2 {B(1’3’4)A(1’3’4)}. <2> {M(1,2,3)} 2 {B(l,B)A(1,3,4)}.
(3) Both Z(A*M) C #(B) and r(M) = min{m, n, p, t}.
(q) The following 3 statements are equivalent:
<1> {M(1’2’3)} ) {B(1’3’4)A(1’4)}. <2> {M(1,2,3)} > {B(l’B)A(lA)}.
3) r(A)=m, Z(A*M) C Z(B), and r(M) = min{m, p, t}.

(r) The following 9 statements are equivalent:

M(123)}D{B(13A(13}
(B).

<1> {M(1’2’3)} > {B(1’2’4)A(1’2’3)}. <2> {M(1,2,3)} 2 {B(1*2)A(1’2’3)}.
<3> {M(1,2,3)} 2 {B(1’2’4)A(1’3)}. <4> {M(172,3)} o) {B(1’2)A(173)}.
<5> {M(1,2,3)} D {B(1’4)A(1’2’3)}. <6> {M(l,Z,S)} D {B(l)A(1’2’3)}.
<7> {M(1’2’3)} 2 {B(1’4)A(1’3)}. <8> {M(1’2’3)} 2 {B(l)A(l’S)}.
(9) r(M)=n.

(s) The following 9 statements are equivalent:
<1> {M(1,2,3)} ) {B(1’2’4)A(1’2)}. <2> {M(1,2,3)} D {B(1,2)A(1,2)}_
<3> {M(1,2,3)} ») {3(1’2’4)A(1)}. <4> {M(1,2,3)} > {B(l’z)A(l)}.
<5> {M(1,2,3)} ) {B(1’4)A(1’2)}. <6> {M(1,2,3)} 2 {B(l)A(Lz)}.
(1) {MO29} 2 {BIDAWY. (g) {M023} 2 {BHAD].
9 r(M)=m=n.

Theorem 6.2. Let A € C"™*"™ and B € C"*P be given with AB # 0. Also denote M = AB andt =m +p+
r(M) —r(A) —r(B). Then the following results hold.

(a) The following 3 statements are equivalent:
(1) {ME2Dy 5 BiAT (2) {(MI2DY D (BTALZDY (3) Z(BM*) C #(A*).

(b) The following 8 statements are equivalent:
<1> {M(1’2’4)} ) {B(1’2’4)AT}. <2> {M(1’2’4)} D {B(1’2’4)A(1’2’4)}
(3) FEither Z(A*) D Z(B) or Z(BM*) = Z(A*).

(¢) The following 5 statements are equivalent:
<1> {M(1’2’4)} 2 {B(17273)AT}. <2> {M(1’2’4)} ) {B(1’2’3)A(1’2’4)}.
<3> {M(1,2,4)} ) {3(1’4)AT}. <4> {M(1’2’4)} ) {B(1’3)A(1’2’4)}.
(5) Both r(B) =p and Z(BM*) C Z(A*).

(d) The following 5 statements are equivalent:

(1) {M(1,2,4)} D {B(1’2)A*L}. (2) {M 1,2,4 )} ) {B(l 2) A(1,2,4) }
<3> {M(1’2’4)} ) {B(1’2)A(1’374)}. < > {M 1,24 )} ) {B(l 2)A(1 4)}
(5) FEither r(B) = p and Z(A*) 2 #(B), or r(A) =m, r(B) =p, and Z(BM*) = Z(A*).

¢ e following 5 statements are equivalent:

The foll [
(1) (MO20) 2 (BIAC2ZY () (M2} 3 (BIACHY,
(8) {MU29) 5 (BTA0DY (4) {MO29) 3 {BTAW).
(5) Z#(A*) 2 Z(B).

44


http://dx.doi.org/10.20944/preprints201812.0342.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 28 December 2018 d0i:10.20944/preprints201812.0342.v1

(f) The following 9 statements are equivalent:
<1> {M(1’2’4)} 2 {B(1’2’4)A(1’2’3)}. <2> {M(1’2’4)} D {B(1’2’3)A(1’2)}.
<3> {M(1,2,4)} 2 {B(I,Q,B)A(l,s)}. <4> {M(1’2’4)} . {B(1’2’3)A(1)}.
<5> {M(172’4)} ) {B(1’3)A(1’2’3)}. <6> {M(1’274)} ) {B(1’3)A(1’2)}.
<7> {M(1’2’4)} D {B(1’3)A(1’3)}. <8> {M(1’2’4)} D {B(l,S)A(l)}_
(9) Both r(B) =p and Z(A*) 2 Z(B).
(g) The following 3 statements are equivalent:
<1> {M(1,2,4)} > {3(1’2’4)A(1’3’4)}. <2> {M(1’2’4)} 2 {B(1’2’4)A(1’4)}.
(3) PEither Z(A*) D #(B), or r(A) =m and Z(BM*) = Z(A*).
(h) The following 3 statements are equivalent:
<1> {M(1’2’4)} 2 {B(1,4)AT}' <2> {M(1’2’4)} ) {B(1’4)A(1’2’4)}.
(3) FEither Z(BM*) = %(A*), or r(B)=p and Z(A*) D #(B).
(i) The following 3 statements are equivalent:
(1) (MO29) > (B0AT). () (MU29) D (B AG20)
(3) FEither r(B) =p and Z(BM*) = #Z(A*), or r(B) = p and Z(A*) O #(B).
() The following & statements are equivalent:
<1> {M(1,2,4)} 2 {3(1’3’4)A(1’2’3)}. <2> {M(1’2’4)}
<3> {M(1,2,4)} 2 {3(1’3’4)14(1’3)}. <4> {M(1’2’4)}
(5) PEither r(M) =mn, or r(B) =p and Z(A*) O % (B
(k) The following 3 statements are equivalent:
(1) (M029) D (Bratad) (2) (MO29) D (BIAGHY,
(3) Either #(A*) 2 #(B), or r(A) =m and Z(BM*) C Z(A*).
(1) The following 3 statements are equivalent:
<1> {M(1,2,4)} 2 {B(I’Q’S)A(1’3’4)}. <2> {M(1,2,4)} ) {B(1’2’3)A(1’4)}.
(3) FEither r(B) =p and #(A*) 2D #(B), or r(A) =m, r(B) =p, and Z(BM*) C Z(A*).
(m) The following 3 statements are equivalent:
(1) (M0:29) D (B AT} (2) (M0:29) 2
(3) FEither Z(BM*) = #(A*), or r(B) =p and Z(BM*) C %
(n) The following 3 statements are equivalent:
<1> {M(1,2,4)} ) {B(1’4)A(1’3’4)}. <2> {M(1,2,4)} ) {B(1’4)A(1’4)}.
(3) Both r(M)=min{m, n, p} and Z(BM*) C Z(A*).
(o) The following 3 statements are equivalent:
<1> {M(1’2’4)} > {B(l)A(1’3’4)}. <2> {M(1,2,4)} > {B(I)A(l,zl)}.
(3) r(B)=p, r(M)=min{m, n, p}, and Z(BM*) C Z(A*).
(p) The following 3 statements are equivalent:
<1> {M(1’2’4)} ) {B(1’3’4)A(1’3’4)}. <2> {M(1,2,4)} D {B(1’3’4)A(1’4)}.
(3) Both Z(BM*) C Z(A*) and r(M) = min{m, n, p, t}.
(@) The following 3 statements are equivalent:
<1> {M(1,2,4)} ) {B(l,S)A(1,3,4)}_ <2> {M(1,2,4)} D {B(l’S)A(lA)}.
3y r(B)=p, Z(BM*)C Z(A*), and r(M) =min{m, p, t}.

(r) The following 9 statements are equivalent:

2 {B(1’3’4)A(1’2)}.
2 {B(1’3’4)A(1)}.

).

{B(1’3’4)A(1’2’4)}.
(47).

<1> {M(1’2’4)} D {B(1’2’4)A(1’2’3)}. <2> {M(1,2,4)} 2 {B(1’2’4)A(1’2)}.
<3> {M(1,2,4)} >\ {B(1’4)A(1’2’3)}. <4> {M(1,2,4)} > {B(1’4)A(1’2)}.
<5> {M(1,2,4)} D {B(1’2’4)A(1’3)}. <6> {M(1’2’4)} D {B(1’2’4)A(1)}.
<7> {M(1’2’4)} 2 {B(1’4)A(1’3)}. <8> {M(1’2’4)} 2 {B(1’3)A(1)}.
9) r(M)=n.

(s) The following 9 statements are equivalent:

<1> {M(1’2’4)} 2 {3(1’2)A(1’2’3)}. <2> {M(1,2,4)} 2 {B(1’2)A(1’2)}.
<3> {M(1,2,4)} D {B(l)A(l,Q,S)}. <4> {M(1’2’4)} D {B(l)A(l’Q)}.
<5> {M(1,2,4)} ») {B(1’2)A(1’3)}. (6) {M(1,2,4)} 2 {B(l’Q)A(l)}.
(1) {MO20} 2 {BOACDY (g) (M2} 2 {BHADY.
9 r(M)=n=p.

Theorem 6.3. Let A € C™*" and B € C"*P be given with AB # 0, and denote M = AB. Then the following
results hold.
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(a) The following 5 statements are equivalent:
(1) {MO349) 5 BT AT, (2) {M349}) D {BFAL3AY
<3> {M(1’3’4)} ) {B(1’3’4)AT}. <4> {M(1,3,4)} > {B(1’3’4)A(1’3’4)}.
(5) Both #(A*M) C #(B) and Z(BM*) C %#(A*).
(b) The following 5 statements are equivalent:
(1) (MO39 D (Brat2d), (2) (MO39} 2 (BTAC),
<3> {M(1,3,4)} 2 {3(1’3’4)A(1’2’4)}. <4> {M(1,3,4)} 2 {3(173’4)A(1’4)}.
(5) r(A)=m, Z(A*M) C #(B), and Z(BM*) C Z(A*).

(¢) The following 3 statements are equivalent:
(1) (MO39} 5 (BA2DAT, (2) (MOSD} D (BADATY. (3) Z(BM") = 2(A").
(d) The following 3 statements are equivalent:

(1) {MOADY D (BFAL2DY. (2) (MO} D (BIACD). (3) 2(A°M) = R(B).

(e) The following 3 statements are equivalent:
<1> {M(1’3’4)} 2 {B(1’2’4)A(1’3’4)}. <2> {M(1,3,4)} 2 {3(1’4)A(1’3’4)}.
(3) FEither r(B) =n and Z(BM*) C Z(A*), or r(A) =m and Z(BM*) = Z(A*).

f) The following 5 statements are equivalent:

( 9 q
<1> {M(1,3,4)} 2 {B(1’2’4)A(1’2’4)}. <2> {M(1’3’4)} D {B(1’2’4)A(1’4)}.
<3> {M(1,3,4)} > {B(1’4)A(1’2’4)}. <4> {M(1,3,4)} 2 {3(1’4)A(1’4)}.
(5) Both r(A) =m and Z(BM*) = #(A*).

(g) The following 5 statements are equivalent:
<1> {M(1’3’4)} 2 {B(1,2,3)AT}. <2> {M(1’3’4)} ) {B(1’2’3)A(1’3’4)}.
<3> {M(1,3,4)} 2 {B(l’g)AT}. <4> {M(1’3’4)} D {B(l,S)A(l,BA)}'
(5) r(B)=p, B(A"M)C R(B), and Z(BM*) C #(A").

(h) The following 5 statements are equivalent:
<1> {M(1’3’4)} 2 {B(1’2’3)A(1’2’4)}. <2> {M(1’374)} 2 {B(1’2’3)A(1’4)}.
<3> {M(1’3’4)} D {B(l’B)A(1’2’4)}. <4> {M(1’3’4)} D) {B(l,B)A(l,AL)}.
(5) r(A)=m, r(B)=p, Z(A*M) C #Z(B), and Z(BM*) C Z(A*).

(i) The following 3 statements are equivalent:
(1) {M 3Dy > (BA2 AN (2) {ME3D) D (BWATY. (3) r(B) =p and Z(BM*) = Z(A*).

() The following 3 statements are equivalent:
<1> {M(1,3,4)} ) {B(l’Q)A(l’?’A)}. <2> {M(1’3’4)} 2 {B(l)A(l,SA)}_
(3) FEither r(B) =n=p and Z(BM*) C Z(A*), or r(A) =m, r(B) =p, and Z(BM*) = Z(A*).
(k) The following 5 statements are equivalent:
<1> {M(1,3,4)} ) {B(l’z)A(l’QA)}. <2> {M(1,3,4)} o) {B(l 2)A(1 4)}
() (MOAD)3(BUAGZY(g) {080} 3 (BWACD),
5y r(A)=m, r(B)=p, and Z(BM*) = Z(A*).
(1) The following 3 statements are equivalent:
<1> {M(1’3’4)} 2 {B(l,S)A(l,Q)}. <2> {M(1,3,4)} 2 {B(l’?’)A(l)}.
<3> {M(1,3,4)} 2 {B(l’Q’S)A(1’2)}. <4> {M(1,3,4)} 2 {B(1,2,3)A(1)}_
5y r(A)=m, r(B)=p, and Z(A*M) = %Z(B).
(m) The following 3 statements are equivalent:
(1) (M0} 5 (BiAC2) (2) (M02) D (BIAD),
(3) Both r(A) =m and Z(BM*) = #(A*).
(n) The following 3 statements are equivalent:
<1> {M(1’3’4)} 2 {B(1’3’4)A(1’2’3)}. <2> {M(1’3’4)} 2 {B(1’3’4)A(1’3)}.
(3) FEither r(A) =n and Z(A*M) C Z(B*), or r(B) =p and Z(A*M) = %(B).
(o) The following 3 statements are equivalent:
<1> {M(1’3’4)} 2 {B(1’3’4)A(1’2)}. <2> {M(1’3’4)} 2 {B(1,3,4)A(1)}_
(3) FEither r(A) =m=mn and Z(A*M) C Z(B), or r(A) =m, r(B) =p, and Z(A*M) = Z(B).
p e following 5 statements are equivalent:
The foll l
<1> {M(1’3’4)} ) {B(1’2’3)A(1’2’3)}. <2> {M(1’3’4)} . {B(I’Q’B)A(l’g)}.
§3§ {M(LS,?)})D {B(L?))A(EQ)S)}') ( ) <4> {M(1’374)} > {B(1’3)A(1’3)}.
5) Both r(B) =p and Z(A*M) = Z(B).
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(q) The following 5 statements are equivalent:

<1> {M(1,3,4)} 2 {B(1’2’4)A(1’2’3)}. <2> {M(1,3,4)} D {B(1’2’4)A(1’3)}.
<3> {M(1’3’4)} ) {3(1’4)A(1’2’3)}. <4> {M(1’3’4)} o) {B(1’4)A(1’3)}.
(5) r(M)=n.

(r) The following 5 statements are equivalent:

<1> {M(1’3’4)} 2 {B(1’2’4)A(1’2)}. <2> {M(1’3’4)} 2 {B(1’2’4)A(1)}.
<3> {M(1’3’4)} 2 {B(1’4)A(1’2)}. <4> {M(1’3’4)} 2 {B(1’4)A(1)}.
(5) r(M)=m=n.

(s) The following 5 statements are equivalent:

<1> {M(1,3,4)} 2 {B(l’Q)A(1’2’3)}. <2> {M(1’3’4)} 2 {B(1’2)A(1’3)}.
<3> {M(1,3,4)} ) {B(l)A(l,Q,S)}. <4> {M(1’3’4)} D {B(l)A(l’g)}.
5y r(M)=n=p.

(t) The following 5 statements are equivalent:

<1> {M(173’4)} ») {B(1’2)A(172)}. <2> {M(1,3,4)} ) {B(1’2)A(1)}.
(3) (MOS0} S {BWACDY(4) {(MOAD} D {BHADY
5y r(M)=m=n=p.

Since the product B AT is unique, the last 64 cases in (1.32) can be written as
(AB)T = ((AB)123)} 3 (Bl 409} (61)
for the eight commonly-used types of generalized inverses of matrices. From Lemma 4.1(h),
(AB)' = {(AB)1:234) D {Blrd) Alii)} i Bld) AG0) s invariant and (AB) = BfAT.  (6.2)

The invariance property of B(i-7) A7) is characterized in Theorem 4.4. Also by the definition of the
Moore—Penrose inverse,

(AB)' = BT AT & {(AB)"23} 5 Bt AT and {(AB)2Y} 5 Bt Al (6.3)
Thus we obtain from Theorems 6.1(a) and 6.2(a) that
(AB)' = BTA" & #(A*AB) C #(B) and %(BB*A*) C Z(A*). (6.4)

This fact was well known in the theory of generalized inverses and was first established in [7]. Finally, combining
Theorem 4.4 with (6.4), we obtain the following results.

Theorem 6.4. Let A € C™*™ and B € C"*P be given with AB # 0. Then the following results hold.
(1) (AB)" = BYA" & both #(A*AB) C #(B) and #(BB*A*) C #(A*).

(2) (AB)t = BTAWSY holds for all ALY o either r(A) = m, Z(A*AB) C %(B), and
Z(BB*A*) C #(A*), or Z(A*AB) = Z(B).

—~

T = BTAW2) holds for all AV?) & both r(A) =m and Z(A*AB) = #(B).
T = BTAW holds for all A < both r(A) = m and Z(A*AB) = %(B).

(AB)t = BW3YAY holds for all BA3Y & either r(B) = p, #(A*AB) C #(B), and

Z(BB*A*) C #(A*), or Z(BB*A*) = #(A*).

B3 A3 holds for all BL3Y and AL3Y < one of the 4 conditions: (i) r(M)

= m, r(B) = p, Z(A*AB) C #(B), and Z(BB*A*) C Z(A*); (iii) r(A) = m
RZ(BB*A*) = #(A*); (iv) r(B) =p and Z(A*AB) = Z(B).

(11) (AB)t = BU3D A2 holds for all BY3Y) and A2 & either r(B) = p, Z(A*AB) C #(B), and

Z(BB*A*) C #(A*), or Z(BB*A*) = #(A*).

(12) (AB)t = BU3HAM23) holds for all BE3Y and A28 o either r(M) = n, or r(B) = p and
R(A*AB) — 2(B).

(3)

(4) )

(5) )

(6) (AB)t = BT A3 holds for A3 all & #(A*AB) = %(B).
(7) )

(8) )

(9) )

—~
—
=]
R
N
Do
W
~
-
Il
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(13) (AB)t = B34 AQA) holds for all B34 and ANY & either r(A) = m, r(B) = p, Z(A*AB) C Z(B),
and Z(BB*A*) C #(A*), or r(A) =m and Z(BB*A*) = #(A*).

(14) (AB)t = BW3DAW3) holds for all BY34 and A3 & either (M) = n, or #(B) = p and
Z(A*AB) = Z(B).

(15) (AB)t = B34 AL2) holds for all BY34) and AM?) & either r(M)=m =n, or r(A) =m, r(B) = p,
and Z(A*AB) = % (B).

(16) (AB)T = BU3HAM holds for all BY34) and AY) & either r(M) = m = n, or r(A) = m, r(B) = p,
and Z(A*AB) = #(B).

(17) (AB)t = BA2Y AT holds for all BM2Y < Z(BB*A*) = %(A*).

(18) (AB)T = BU2YAC3Y holds for all BY2Y and AL3Y) o either 7(M) = n, or r(A) = m and
H(BB*A*) = Z(A").

(19) (AB)t = BU:2D A(24) holds for all BY24Y and A2 & both r(A) = m and Z(BB*A*) = #(A*).
(20) (AB)T = B1:24 A123) holds for all BY2% and A123) < r(M) =n.

(21) (AB)t = B2 AQA) holds for all BE24) and ALY < both r(A) = m and Z(BB*A*) = Z(A*).

(22) (AB)t = BU2D AQ3) holds for all BH2Y and A3 < (M) = n.

(23) (AB)T = B2 A02) holds for all BY24) and AN & (M) =m = n.

(24) (AB)t = BA2Y AW holds for all BH2Y and AV < (M) =m = n.

(25) (AB)t = BU:23) AT holds for all B123) < (B) = p, Z(A*AB) C Z(B), and Z#(BB*A*) C Z(A*).

(26) (AB)t = BUL23) A3 holds for all BA23) and AV3Y) < either r(A) = m, Z(A*AB) C Z(B), and

Z(BB*A*) C %(A*), or #(A*AB) = %(B).

(27) (AB)t = B:23) A249 holds for all B123) and AM?Y o r(A) = m, r(B) = p, Z(A*AB) C Z(B),
and Z(BB*A*) C #(A*).

(28) (AB)t = B(1:23) A123) holds for all BY%3) and A123) < both r(B) = p and Z(A*AB) = %#(B).

(29) (AB)t = B:23) ACY) holds for all BY23) and A < r(A) = m, 7(B) = p, Z(A*AB) C #(B), and
Z(BB*A*) C Z(A).

(30) (AB)t = B1:23) A03) holds for all BY23) and AY3) < both r(B) = p and #(A*AB) = %(B).

(31) (AB)t = BU:23) A2 holds for all B3 and AN < r(A) = m, 7(B) = p, and #(A*AB) = Z(B).
(32) (AB)t = B1:23) AW holds for all BH23) and AY) & r(A) = m, r(B) = p, and Z(A*AB) = Z(B).
(33) (AB)T = B A holds for all BMY < Z(BB*A*) = Z(A*).

(34)

(AB)t = BUNACSD holds for all BMY and AM3Y o either 7(M) = n, or 7(A) = m and
Z(BB*A*) = Z(A*).

(35) (AB)T = BUH AM24) holds for all BYY and AM2Y < both r(A) = m and Z(BB*A*) = Z(A*).

(36) (AB)T = B AM23) holds for all BYY and AM23) < (M) = n.

(37) (AB)t = BAY AW holds for all BEY and AMY & both r(A) = m and Z#(BB*A*) = Z(A*).

(38) (AB)T = BUH AW holds for all B&Y and AN < (M) = n.

(39) (AB)t = BAD AN holds for all BSY and AN2) < (M) =m = n.

(40) (AB)" = BOY AW holds for all BMY and AV < r(M) =m = n.

(41) (AB)t = BA3) A holds for all BY®) < r(B) = p, Z(A*AB) C Z(B), and Z(BB*A*) C %(A*).

(42) (AB)T = B3 AW34) holds for all BL3) and A4 & either r(A) = m, r(B) = p, Z(A*AB) C %Z(B),

and Z(BB*A*) C #(A*), or r(B) =p and Z(A*AB) = #Z(B).

(43) (AB)t = B3 AM24) nholds for all BY3) and AN < r(A) = m, r(B) = p, Z(A*AB) C #Z(B), and
Z(BB*A*) C Z(A*).

(44) (AB)t = B3 AW23) holds for all B3 and A28 < both r(B) = p and Z(A*AB) = %Z(B).

(45) (AB)t = B3 ALY holds for all B3 and A4 < r(A) =m, r(B) = p, and Z(BB*A*) C #(A*).
(46) (AB)T = B3 AW3) holds for all BM3) and AY3) < both r(B) = p and Z(BB*A*) = Z(A*).

(47) (AB)t = BA3) A2 holds for all B3 and AM2) & r(A) = m, r(B) = p, and Z(A*AB) = Z(B).
(48) (AB)t = B3 AW holds for all B3 and AV < r(A) =m, r(B) = p, and Z(A*AB) = Z(B).
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(49) (AB)t = B2 At holds for all BM?) < both r(B) = p and Z(BB*A*) = Z(A*).

(50) (AB)t = B2 AW3A holds for all BY?) and AY34) < either r(M) =n = p or r(A) = m, r(B) = p,
and B(BB*A*) = B(A*).

51) (AB)T = BO2 A2 nholds for all BM2) and AM2Y < r(A) = m, r(B) = p, and Z(BB*A*) = Z(A*).

(51)

(52) (AB)T = B2 AL23) holds for all BM?) and A28 < (M) =n = p.

(53) (AB)t = B2 ALY holds for all B&?) and A4 < r(A) =m, r(B) = p, and Z(BB*A*) = #(A*).
(54) (AB)t = B2 A3 holds for all B2 and AY3) < r(M) =n = p.

(55) (AB)T = B2 A2 holds for all BM?) and A2 & r(M) =m =n = p.

(56) (AB)T = B2 AW holds for all BM?) and AV < (M) =m =n = p.

(57) (AB)t = BMW AT holds for all BY) < r(B) = p and Z(BB*A*) = #(A*).

(58) 1)A(1 34) holds for all BV and A13Y) & either r(M) =n = p or r(A) = m, r(B) = p, and

(AB) =
Z(BB*A*) = Z#(AY).

(59) (AB)t = B(l)A(1 4 holds for all BM and A2Y < r(A) =m, r(B) = p, and Z(BB*A*) = Z(A*).
(60) (AB)t = AM23) holds for all BV and AM23) < (M) =n = p.

(61) (AB)t = AT holds for all < BMY and AYY r(A) =m, r(B) = p, and Z(BB*A*) = #(A*).
(62) (AB)T = <1>A<1 3) holds for all BV and A13) < r(M) =

(63) (AB) = BMW AW holds for all BM) and AV?) & r(M) =m =n=p.

(64) (AB)t = BMW AW holds for all BV and AV < r(M)=m =n=p.

7 Miscellaneous results on reverse-order laws

As demonstrated in the previous sections, the reverse-order law (AB)T = BT AT for the Moore-Penrose inverses is
one of the most important forms in (1.27), while both (6.3) and (6.4) show that (AB)" = B A" has essential links
with other types of the reverse-order laws in (1.27), and can be characterized by many equivalent statements.
In this section, we reconsider this reverse-order law and present a bunch of necessary and sufficient conditions
for it to hold.

Lemma 7.1. Let A € C™*" and B € C"*P, and denote M = AB. Then the following 11 statements are
equivalent:

{(A* M3} 5 MT(A9)T,
t = (ATM)T AT,
f = (A*M)tA*

)
)
)
)
5) ATMMTA is Hermitian, i.e., (ATMMTA)* = ATM M A.
Y MM and AA* commute, i.c., MMTAA* = AA*MM?T.
) MBYA' is EP, i.e., Z(M BT A') = [(M Bt At)*].
)

The range reverse-order law Z[(M*)T] = Z[(A*)T(B*)1] for the Moore-Penrose inverse of matrixz product
holds.

(9) T[AA*M, M| =r(M).
(10) Z(AA*M) = RZ(M).
(11y r[AA*M, M| =r(A)+r[A*M, B] —r[A*, B] and r[A*M, B] =r[A*, B]+r(M) —r(A).
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Proof. By Theorem 5.4(1) and (15), Result (1) holds if and only if r[ AA*M, M| = r(M), establishing the
equivalence of (1), (9), and (10).

The equivalence of (9) and (11) follows from ¢4 > t5 > t¢ in (3.54).

It is easy to verify that (AB)T, (ATAB)TAT, and (A*AB)TA* are {2}-inverses of AB. Then we obtain by

(3.46) that
[ T
(M~ (ATAB) AT] = _(AT%)TAT} e[ MY, (ATMYTAT] — r(MT) — o[ (ATM)T AT
=7 _(AT%;AT] +r[M*, (ATM)*] — 2r(M)
—, _M%A*} (M)
=r[AA*M, M ] —r(M), (7.1)
and
P M- (A M)A = _(A*%;TA*} b MY, (ATMYTAT] - (M) — [ (A7 M)T A7
— _(A*%;*A*] + [ M*, (A*M)*] — 2r(M)
M*
=r _(AA*M)*:| —r(M)
= r[AA*M, M| — (M), (7.2)

It is also easy to verify that (ATM)T and MTA are {2}-inverses of ATM. Then we obtain by (3.46) that
r[(ATM)T — MTA] = [ AA*M, M| — r(M). (7.3)

Setting all sides (7.1)—(7.3) of equal to zero leads to the equivalence of (2)—(4), and (9).
The rank of (ATMM*TA)* — ATMMTA is
r[(ATMMTA) — ATMMTA] = r[ A*MMT(AT) — ATMMTA]
=r(AA*MMT — MMTAA")
= 2r[ AA*MMT, MMT] —2r(MMT) (by (3.50)
=2r[AA*M, M| —2r(M). (7.4)
Setting all sides of (7.4) equal to zero leads to the equivalence of (5), (6), and (9).
By (3.35) and Lemma 4.7,
r[MBYAT, (MBTA")*] = r[M, (A")*B] = r[AA*M, M],
r[(MT)*, (AN (BY)* ] =r[M, (A")*B] =r[AA*M, M].

Hence,
#(MB'AY) = 2[(MB'AY)'] & r[(MT)", (AN (BY)"] = r(M) & r[AA*M, M| = r(M),
ZI(M)] = Z[(A)*(B")] & r[(MT)", (AD)*(BN)"] = r(M) & r[AA"M, M] = r(M),
establishing the equivalence of (7), (8), and (9). O

Lemma 7.2. Let A € C™*" and B € C"*P| and denote M = AB. Then the following 11 statements are
equivalent:

(1) {(MB*)ID} 5 (B°)F M,

(2) MT = BI(MBN).

(3) Mt = B*(MB*)t.

(4) (MBY" = BM*t.

(5) BMTMB' is Hermitian, i.e., (BMTMB")* = BMTMBT.
(6) MM and B*B commute, i.e., MTMB*B = B*BM'M.
(7)

7) BTATM is EP, i.e., #(BTATM) = %[(Bt ATM)*].
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(8) The range reverse-order law Z(M') = %(BTA") for the Moore—Penrose inverse of matriz product holds.
(9) r[B*BM*, M*]| =r(M).
(10 Z(B*BM™) = Z(M*).

(11) r[B*BM™*, M*| =r(B) +r[BM*, A*] —r[A*, B] and r[ BM*, A*| =r[A*, B]| +r(M) — r(B).

Theorem 7.3. Let A € C™*"™ and B € C™"*P, and denote M = AB. Then the following 70 statements are
equivalent:

Mt e {BtAG39],

Mt e {BtAt:241

Mt e {BtALYY,

Mt e {B(1L34) ATy,

Mt e {B(1’3’4)A(1v374)}.
Mt e {B(1’3’4)A(1’2’4)}.
Mt e {B(1’3’4)A(1’4)}.
Mt e {B(1:23) AT},

Mt e {B(123) 4021,

Mt e {B1:23) A}

Mt e {B(13) AT},

Mt e {BO:3) A3

Mt e {B(13) 40297,

Mt e {B13) A0

(MO39} 5 {BtAL3DY

(MO39} 5 {BA3DATY

(MO3D) 5 (B3 g139))

Both {M®3)} 5 BYAt and {MO4} 5 BT AT

Both {M13} > {BU3DATY and {MEH} D {BTAG3H ]

Both {M13} > {B123 AT} and { MDD} D {BTAG2H ]

Both {M13} > {BU3 AT} and (MO} D {BTAGH Y

Both {M13} 2 {BTAL3DY qnd { MDD} D {BU3DATL.

Both {M13} > {B13HDAW3DL gpg {M D} D {BA3HAM3DY
Both {M13)} 2 {B1:23) 413D gpg {M D} D {BA3HAL2H Y
Both {M13} > {B1HAWSDY gngd { MO} D {BESD AL
Both {M13)} 2 {BTAW23} and { MV} D {BU2D AT

Both {M®3} 2 {BO3D AN gng {MOD} D {B12HA03301
Both {M®3} 2 {B1:23)A023)1 gng {M O} D {B12H A2
Both {M®3} 2 {BO3 AL gng {MOA} D {BO2H A0

Both { M3} 2 {BIAUSY and {MO) D {BUH AT}
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33) Both {M(IB)} {B (1,3,4) A(1,3) } and {M (1,4) } > {B(14 A(134)}
Both {M(l 3)} {B (1,2,3) 4(1,3) } and {M(l 4)} {3(14 A(124)}

(33)
(34)
(35)
(36)

35) Both {M®3)} 2 {BUH ALY gpd {MEA} D {BAH AT

36) {(A*M)V} 5 BFA*A), {(A*M)EDY 5 M(AHT, {(MB*)M} 5 (BB*)TAT, and {(MB*)1Y} 5
(B*)*MT

37 = BtATM BT AT

38) BM'A = BBTAtA.

39) B*BMTAA* = M*.
40) Both MM = M BT A" and MTM = BT AT M.
41) Both MM'A = MB' and ATM = BM*tM.
42) Both BBYA*AB = A*AB and ABB*A'A = ABB*.
44) Both Mt = (ATAB)T At and (ATAB)" = BfATA.
45) Both Mt = BY(ABB")! and (ABB")! = BB A'.
46

Both Mt =

(37) M

(38) B

(39)

(40)

(41)

(42)

(43) BBTA*ABB*A'A = A*ABB*.
(44)

(45) (

(46) Both Mt = (A*AB)TA* and (A*AB)t = Bf(A*A)T.
(47) ABB*)! and (ABB*)" = (BB*)' Af.
(48)

(49)

49) Both Mt = B*)E-1[(A* A)*(BB*)*]T (A* A)*1A* and

B*(

Both M = BT (ATABB")TA" and (ATABBT)! = BBTATA.
B*(B

[(A*A)*(BB*)*|t = [(BB*)*|T[(A* A)*]|' for any integer k > 1.

(50) Both M' = B*B(AA*ABB*B)tAA* and (AA*ABB*B)! = (BB*B)T(AA*A)T.
(51) Both (ABB")! = BBTA" and (ATAB)I = BTATA.

(52) Both MBYA' and BT ATM are orthogonal projectors.

(53) Both AEg A" and BYFB are orthogonal projectors.

(54) Both MM'A = MBY and BMTM = AT M.
(55) Both A*ABB' = BBYA*A and AYABB* = BB*ATA.
(56) Both MBYATM = M and Mt = (ATM)TAT = BT (M B™)T.
(57) Both MBYATM = M and M' = (A*M)TA* = B*(M B*)'.
(58) MBTATM = M, (ATM)t = MTA, and (MB")T = BM*.
(59) MBTATM = M, (ATMMTA)* = ATMM'A, and (BMTMBY)* = BMTMBT.
(60) MBTATM = M, MMTAA* = AA*MMT, and MTMB*B = B*BMTM.

(61) Both #(A*ABB") = #(BBTA*A) and #(ATABB*) = #(BB*A' A).

(62) Z(ATABBY) = #(BBTATA), #(M") = %(BTA"), and Z[(M*)1] = Z[(A*)T(B*)].
(63) Both %#(ATABB'") = #(BB*A*A) and %#(BBTATA) = #(A*ABB*).

(64) Z(A*ABB*) = Z(BB*A* A).

(65) Both Z(A*M) C %#(B) and %(BM*) C Z(A*).

(66) Both #(A*M) = #(A*) N #(B) and Z(BM*) = Z(B) N Z(A*).

(67) Both r[ A*M, B] = r(B) and r[ BM*, A*] = r(A).

(68)

68) r[A*, Bl =7r(A)+r(B) —r(M), r[AA*M, M =r(M), and r[ B*BM*, M*| = r(M).
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MM*M MB*B M B*

69 r qa s M A

(70) The matriz equation BXA = A*ABB* is consistent.

Proof. Result (1) obviously implies (2)—(16) by Lemma 3.1(c). Conversely, if one of the following holds

M= BTA34) Mt = BtAt2Y), (7.5)
Mt =BfALY, Mt = B3 AT (7.6)
Mt = B34 4(13.4), Mt =B34 4024 (1.7)
Mt = B3 4(014) Mt = B(1:23) gt (7.8)
Mt = B(1:23) 41,34 M = B(1:2:3) 4(1,24) (7.9)
M= B1:23) A04), MT =B AT, (7.10)
MT = B3 4(134) Mt = B3 4024 (7.11)
Mt = B3 410, (7.12)

then pre- and post-multiplying BB and AA' to both sides of the equalities and applying (3.15), (3.17), and

BTBMTAAT = MT lead to
MT = BT BMTAAT = Bt BBT A3 A AT = Bt AT, (7.13)
M' = B'BMYAAT = BtBBTAL2H 44T = Bt AT, (7.14)
Mt = B'BMTAAT = Bt BBT ALY A4t = BT AT, (7.15)
M' = B'BMYAAT = Bt BBTBBU39 AT 44T = BT AT, (7.16)
Mt = BfBMtAAT = BU3H) A034) g AT = BT AT, (7.17)
MT = Bt BMTAAT = B134H g(1.249) g 4T = BT AT, (7.18)
Mt = Bt BMTAAT = B3O A4 g4t = BT AT, (7.19)
M' = Bt BMTAAT = BA23) At 44T = BT AT, (7.20)
Mt = BfBMtAAT = B123) A034) g AT — BT AT, (7.21)
MT = Bt BMTAAT = BL23) g(1.249) g 4T — BT AT, (7.22)
Mt = Bt BMTAAT = B1L23) A4 g4t = BT AT, (7.23)
Mt = Bt BMTAAT = B AT AAT = BT AT, (7.24)
Mt =B BMTAAT = BOH 4034 g4t = BT AT (7.25)
Mt = Bt BMTAAT = B3 4124 g 4T = BT AT, (7.26)
Mt = BIBMTAAT = B3 A0 44T = BT AT, (7.27)

Egs. (7.13)—(7.27) show that each of (2)—(16) implies (1).

The equivalence of (1) and (17)—(19) follows from Theorem 6.3(a).

The equivalence of (20)—(35) and (67) follows from Theorem 5.4(a), (b), (d), and (f), and Theorem 5.5(a),
(b), (d), and (f).

The equivalence of (36) and (68) follows from Theorem 5.1(78) and (116), Lemma 7.1(1) and (9), and Lemma
7.2(1) and (9).

Result (1) obviously implies (37). Conversely, pre-multiplying the equality in (37) with AB yields ABMT =
ABBTATABBTAY = (ABBTA")2, where ABMT is idempotent. So that (ABBTA")? = ABBYAT, which is
equivalent to Bf ATABBT A" = BT AT by Theorem 5.1(88) and (93). Thus, (37) implies (1).

Pre- and post-multiplying A and B to both sides of (1) yields (38). Conversely, pre- and post-multiplying
At and BT to both sides of (38) yields (1).

Pre- and post-multiplying A* and B* to both sides of (1) yields (39). Conversely, pre- and post-multiplying
(AT)* and (B)* to both sides of (39) yields (1).

The equivalence of (1) and (40) follows from Theorem 5.4(a)(1) and (5) and Theorem 5.5(a)(1) and (5).
The equivalence of (1) and (41) follows from Theorem 5.4(a)(1) and (5) and Theorem 5.5(a)(1) and (5).
The equivalence of (42) and (67) follows from Theorem 5.4(a)(8) and (17) and Theorem 5.5(a)(8) and (17)
The equivalence of (43) and (67) is derived from Lemma 2.2(d) and (e).

The equivalence of (44) and (68) follows from Lemma 7.1(2) and (9) and Theorem 5.5(a)(9) and (26).
The equivalence of (45) and (68) follows from Lemma 7.2(2) and (9) and Theorem 5.4(a)(9) and (26).
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Applying the equivalence of (1) and (65) to the two equalities in (46), we first see that

M" = (A*AB) A* & Z(AA*M) = Z(M), (7.28)
(A*AB)" = BT (A*A)" < both Z[(AA*)?AB] C %(B) and Z(BB*A*) C Z(A*). (7.29)

Also by (4.124),
R(AA*AB) C #(B) = Z[(AA*)?AB] C %Z(AA*B) = Z[(AA*)>AB] C %#(B). (7.30)

Thus if (1) holds, combining (65) and (68) with (7.28), (7.29), and (7.30), we see that the two equalities in (46)
hold. Conversely, merging the two equalities in (46) and simplifying yields the equality in (1).

Merging the two equalities in (48) and simplifying yields the equality in (1). Conversely, notice that
BT(ATABBT)TAT is a {2}-inverses of AB. Then we obtain by (3.46) that

r[M' — BT (ATABBT)TAT]

T
Bt Aty | O BUATABBT AT - () - B (AT ABBY AT

[ M* * *
=7 (ATABBT)*AT} +r[M*, (ATABBY)*] — 2r(M)

*

BﬂfAT] +r[M*, BY(ATABBY)"] - 2r(A)

+r[ M, AA*M ] — 2r(M). (7.31)

M
\MB*B
So that

M = BY(ATABB") A" & r[ AA*M, M| = r(M) and [ B*BM*, M*] = r(M). (7.32)

Thus if (1) holds, combining (68) with (7.32) and Theorem 5.1(98) and (116}, we see that the two equalities in
(48) hold.
Merging the two equalities in (49) and simplifying yields the equality in (1). Conversely, notice that
B*(BB*)k=1[(A* A)(BB*)*]T(A* A)k~1 A* is a {2}-inverses of AB. Then we obtain by (3.46) that
,r,{ MJ[ o B*(BB*)kfl[(A*A)k(BB*)k]T(A*A)kflA*}
MT
T[B*(BB*)]C1[(A*A)k(BB*)k]T(A*A)k1A*
F[M1, B (BB (A A (BB (4" 4) A
— (M) —r{ B*(BB" )" '[(A"A)*(BB")*]T (A" 4)F 1 A* )

=r [B*(A*%zk—lA*} +r[M*, B*(BB*)?**71A*] — 2r(M)
=T [A(BB{:/S[?’Cl B} +r[M, A(A"A)* 1 B] - 2r(M). (7.33)

So that
M= B*(BB*)k—l[(A*A)k(BB*)k]T(A*A)k—IA*
& BIA(A*A)*R1B] = #(M) and Z[B*(BB*)** 1 A*] = #(M*). (7.34)
Applying the equivalence of (1) and (65) to the product (A*A)*(BB*)F yields
[(A*A)*(BB*)*)T = [(BB*)F|T[(A*A)*|T & Z[(A*A)**B] C Z(B) and Z[(BB*)**A*] C % (A*). (7.35)
Also note from (7.30) that

Z(A*M)
Z(BM”)

(B) = Z[(A*A)?*B] C #(B) and Z[A(A*A)**~1B] = %#(M), (7.36)

-7
C #(A*) = Z|(BB*)** A*] C #(A*) and Z|B*(BB*)**~1A*| = %#(M™). (7.37)

Thus if (1) holds, combining (65) with (7.34)—(7.37), we see that the two equalities in (49) hold.
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Merging the two equalities in (50) and simplifying yields the equality in (1). Conversely, notice that
B*B(AA*ABB*B)TAA* is a {2}-inverses of AB. Then we obtain by (3.46) that

r[M" — B*B(AA*ABB*B)TAA*]

=r B*B(AA*iWBTB*B)TAA*] +7r[MT, B*B(AA*ABB*B)TAA* ]
— r(M") —r[B*B(AA*ABB*B)TAA*]
=r Af‘(ﬁA*)Q} +r[M*, (B*B)*B*A*] — 2r(M)
—r M(éfB)Q} + [ M, (AA*)2M ] — 2r(M). (7.38)
So that
MT = B*B(AA*ABB*B) AA* & Z[(AA*)? M| = #(M) and Z|(B*B)>M*] = Z(M*). (7.39)
Applying the equivalence of (1) and (65) to the product AA* ABB*B yields
(AA*ABB*B)" = (BB*B)(AA*A)l & #Z[(A*A)*B] C #Z(B) and Z[(BB*)3A*] C Z(A*). (7.40)
Also by (4.124),
R(A*M) C %(B) = Z[(A*A)®B] C #Z(B) and Z|(AA*)>M] = Z(M), (7.41)
RZ(BM*) C Z(A*) = Z[(BB*)*A*] C #(A*) and Z[(B*B)*M*)] = Z(M™). (7.42)

Thus if (1) holds, combining (65) with (7.39)—(7.42), we see that the two equalities in (50) hold.

The equivalence of (51) and (65) follows from Theorem 5.4(a)(9) and (26) and Theorem 5.5(a)(9) and (26).

The equivalence of (52) and (65) follows from Theorem 5.4(a)(23) and (26) and Theorem 5.5(a)(23) and
(26).

The equivalence of (53) and (65) follows from Theorem 5.4(a)(23) and (26) and Theorem 5.5(a)(23) and
(26).

The equivalence of (54) and (65) follows from Theorem 5.4(a)(13) and (26) and Theorem 5.5(a)(13) and
(26).

The equivalence of (55) and (65) follows from Theorem 5.4(a)(14) and (26) and Theorem 5.5(a)(14) and
(26).

The equivalence of (56) and (68) follows from Theorem 5.1(a)(87) and (116), Theorem 7.1(2) and (9), and
Theorem 7.2(2) and (9).

The equivalence of (57) and (68) follows from Theorem 5.1(a)(87) and (116), Theorem 7.1(3) and (9), and
Theorem 7.2(3) and (9).

The equivalence of (58) and (68) follows from Theorem 5.1(a)(87) and (116), Theorem 7.1(4) and (9), and
Theorem 7.2(4) and (9).

The equivalence of (59) and (68) follows from Theorem 5.1(a)(87) and (116), Theorem 7.1(5) and (9), and
Theorem 7.2(5) and (9).
The equivalence of (60) and (68) follows from Theorem 5.1(a)(87) and (116), Theorem 7.1(6) and (9), and
Theorem 7.2(6) and (9).
The equivalence of (6
The equivalence of (6
Theorem 7.2(8) and (9).

It can be derived from (3.40) that

1) and (68) follows from Theorem 5.4(a)(21) and (26), and Theorem 5.5(21) and (26).
2) and (68) follows from Theorem 5.1(a)(116) and (155), Theorem 7.1(8) and (9), and

r[ATABBY, BB*A*A] = r[ BM*, A*] +r(M) —r(A), (7.43)

r[BBTATA, A*ABB*| = r[A*M, B] +r(M) — r(B). (7.44)
Thus

Z(ATABB') = #(BB*A*A) < r[ BM*, A*] = r(A), (7.45)

Z(BBYATA) = #(A*ABB*) < r[ A*M, B] = r(B). (7.46)

If (1) holds, then (63) implies (64) by (7.45), (7.46), and Theorem 5.1(a)(1) and (155). Conversely, (64) obviously
implies (65), and thus it implies (1) as well.
Applying (3.40) to M* — B*BMTAA* gives

M*MM* M*A* MM*M MB*B
* % T *\ o _ .
r(M*—B*BMTAA*)=r B M B*A*} T‘(M)T|:AA*M M r(M). (7.47)
Setting both sides of (7.47) equal to zero leads to the equivalence of (39) yields (69).
The equivalence of (65) yields (70) are derived from Lemma 2.2(b) and (e). O
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Some equivalent statements in Theorem 7.3 were formulated by different authors and were scattered in the
literature. But we prefer to giving complete proofs for the equivalences of all these statements in order to
sufficiently recognize and use this collection of results in different situations.

8 Concluding remarks

We have seen in the previous sections that reverse-order law problems link many results and facts in matrix
theory together. So that people can distinguish and utilize these results and facts in many different situations.
The whole work is based on establishing various matrix equations associated with the reverse-order laws and
calculating the ranks of various block matrices associated with the matrix equations. Especially, all the results
obtained in the paper are presented in simple and explicit forms, so that they are easy to understand and to
accept in comparison with many other tedious and ambiguous results in the literature on the reverse-order laws
of generalized inverses. It has already been recognized that the three fundamental and valued methods—BMRM,
MEM, and MRM have deep and solid roots in matrix theory, which are easy to understand within elementary
linear algebra, and have been taken as reliable and efficient tools to deal with various equality problems on
generalized inverses of matrix products.

Furthermore, the present author remarks that the results and methods demonstrated in this paper will
have certain influential impact on the development of matrix equality theory, and many more deep and fruitful
investigations can be conducted on equality problems of matrix-valued functions and generalized inverses of
matrix products. For instance,

(I) For a given matrix A of order m and two scalars A and p, the matrix product
()‘Im - A)(/u'[m - A)’ A 7é 2 (81)

is a simplest form of matrix polynomial matrices. Applying the results in Sections 5-7 to the matrix
polynomial will lead to necessary and sufficient conditions for the following matrix set inclusions

{[((M — A) (L — A GDY D {(uL,y, — A) G-I (AL, — A) B9 (8% = 512 situations) (8.2)

to hold for the eight commonly-used types of generalized inverses, including the special cases for A — A2
and I, — A? in (8.2).

(IT) Let P, @ € C™*™ be a pair of idempotent matrices (or orthogonal projectors). Then the anti-commutator
PQ + QP and the commutator PQ — QP satisfy the following decomposition identities

PQEQP=(P+Q)(P+Q—1,). (8.3)

In this situation, applying the results in Sections 5-7 to (8.3) will lead to necessary and sufficient conditions
for the set inclusions

{(PQ+QP)" D} D{(P4Q — L) )(P+Q)"I} (2 x8>=1,024 situations) (8.4)
to hold for the eight commonly-used types of generalized inverses, respectively.
(ITI) Rewriting the matrix product AB as the two alternative forms
AB = A(ATAB) = (ABB")B, (8.5)

and applying the results in Sections 5-7 to (8.5) will lead to necessary and sufficient conditions for the
following set inclusions

{(AB)59)} D {(ATAB) 9 AG0)} (8% = 512 situations), (8.6)
{(AB)9)} D {BUI) (ABBT) ()} (8% = 512 situations), (8.7)
{(ATAB)3)} D (BU-D) (AT A) i)y (8% = 512 situations), (8.8)
{(ABBH @)y o {(BB1)(09) AGs0)) (8% = 512 situations), 9)
{(AtABBT 30} D {(BBT)09) (AT A) B9y (8% = 512 situations) (8.10)

to hold respectively for the eight commonly-used types of generalized inverses. It should be pointed out
that many situations in (8.6)—(8.10) are in fact equivalent to those in (1.32).

(IV) Let A € C™*™, B € C"*P, and C € C™*P be given. Then a group of set inclusions for the generalized
inverses of for the eight commonly-used types of generalized inverses of A, B, and C are given by

{CGDy DB A6y (83 = 512 situations), (8.11)

which are direct extensions of the matrix product AB in (1.32) to a third matrix C.

o6


http://dx.doi.org/10.20944/preprints201812.0342.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 28 December 2018 d0i:10.20944/preprints201812.0342.v1

(V) For the triple matrix product ABC, the sum of two matrices A + B, and the two-by-two block matrix

[é ZB;], the three groups of reasonable set inclusion problems for the eight commonly-used types of
generalized inverses of the matrices are given by
{(ABC) ()} D {Cl63) Blisd) glis0)Y (8* = 4,096 situations), (8.12)
{(A+ B)D)} D {AGD) 4 Blivi)y (8% = 512 situations), (8.13)
(i,... . . . .
Alnd) 0sd) . .
{ {C ] } ») { {B(i,“.,j) D(i"“’j)] } (8% = 32,768 situations). (8.14)

(VI) In addition, rewriting ABC' in the alternative tripe matrix products
ABC = (AB)B'(BC) = (ABB")B(BTBC),

and applying (7.7) leads to the following matrix set inclusions

{(ABC)@%»--J)} D {(BC)9) B(AB)(9)} (8% = 512 situations), (8.15)
{(ABC)2} o {(BtBC) o9 Blir-d) (ABBT) (-0} (8* = 4,096 situations), (8.16)
as well as
) . A (4-57) A 0 ) )
{(A+ B)(9} D H [0 B] [A, B]Gd) (8% = 512 situations), (8.17)

{(a+ Bt }3{[;112} 7 o

for the eight commonly-used types of generalized inverses of the matrices.

(ireor
] [AAT BBT G- J)} (8* = 4,096 situations) (8.18)

Many special cases of matrix equalities involved in (8.11)—(8.18) were considered in the literature; see e.g.,
[8,16,28,29,33,42]. It is no doubt that necessary and sufficient conditions for all these designated set inclusions
can be derived clearly and systematically by mean of the three valued algebraic methods, but people have
to make tremendous preparation on various analytical rank formulas and invariance properties of the matrix
expressions appeared in (8.11)—(8.18) before finishing this task; see [37,38,41].

Finally, the author remarks that all the results and facts presented in this paper can symbolically be extended
to the same topics on reverse-order laws in other algebraic structures (mainly rings and operator algebras) in
which generalized inverses of elements are also defined by the four Penrose equations. It should be pointed out
that for the same reverse-order law problem, any result derived from other methods or established for elements
in other algebraic structures must be consistent with these derived by the BMRM, MEM, and MRM for real or
complex matrices. Otherwise, there do exist some flaws in their derivations, and thus the corresponding results
are not acceptable as reasonable extensions of the work on real or complex matrices.
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