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1 Abstract: Deformation flows are flows incorporating shear, strain and rotational components. These
= flows are ubiquitous in the geophysical flows, such as the ocean and atmosphere. They appear near
s almost any salience, such as isolated coherent structures (vortices and jets), various fixed obstacles
.  (submerged obstacles, continental boundaries). Fluid structures subject to such deformation flows
s may exhibit drastic changes in motion. In this review paper, we focus on the motion of a small
s number of coherent vortices embedded in deformation flows. Problems involving isolated one and
»  two vortices are addressed. When considering a single-vortex problem, the main focus is on the
s evolution of the vortex boundary and its influence on the passive scalar motion. Two vortex problems
»  are addressed with the use of point vortex models, and the resulting stirring patterns of neighbouring
10 scalars are studied by a combination of numerical and analytical methods from the dynamical system
1 theory. Many dynamical effects are reviewed with emphasis on the emergence of chaotic motion of
1= the vortex phase trajectories and the scalars in their immediate vicinity.

1z Keywords: shear flow; deformation flow; point vortex; elliptic vortex; chaotic dynamics; parametric
1« instability; stability islands)

s 1. Introduction

"

16 Coherent vortex structures are ubiquitous in the ocean. Their horizontal scales range from
17 kilometres to thousands of kilometres (as in large-scale ocean gyres) [1-4]. From all the scales, it
1e  is mesocale vortices that have been recognised as particularly important in maintaining large-scale
1o circulation patterns and contributing to a significant portion of mass transfer occurring in the ocean
20 [5-8]. Because mesoscale vortices are relatively small, global circulation models still struggle resolving
xa  their complex dynamics in desirable detail. Moreover, it is often impossible to separate explicitly
22 vortex dynamics within the full output of such models. Therefore, simpler models that govern the
2 dynamics of a small number of isolated vortices still attract much attention [9]. Another application of
2« simpler vortex models is to help formulate an objective definition of a vortex structure [10-12]. This in
2 turn might help track more reliably vortices using global satellite altimetry data or model data [13,14].
26 The dynamics of vortex structures is often drastically affected by exterior flows. Moreover, if one
2z consider the dynamics of vortex structures evolving in the ocean, such vortices hardly ever appear in
2e isolation. More often, their dynamics is altered by the influences of large- and small-scale structures,
20 shelf boundaries and bottom features. When located far from the vortex structures, all these influences
30 can be approximated as linear contributions to the velocity field that governs the motion of the vortex
a1 structures. These linear contributions are called the deformation flow. If any forcing induces a 3D
sz velocity field V, decomposing the velocity tensor into symmetric and anti-symmetric parts results in
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3 where S and ) are the strain and rotational components of the deformation flow, respectively;

ss V is the gradient operator, ()T is the transpose. Considering two-dimensional flows makes S and Q
ss  scalars S and Q). Often such deformation flows are attributed to the influence of large-scale jets, which
s have sheared velocity fields [15-25], including multiple axes of strain associated with the deformation
sz flow [26,27].

38 Systematic consideration of the influence of steady and unsteady deformation flows on
s two-dimensional vortex systems is the main objective of this review. In this review, we consider
20 two simple models of isolated vortices subjected to deformation flows. The first one is the classic
1 model of singular vortices, which, more than 150 years after its introduction [28,29], is still widely
.2 used in a variety of applications ranging from nano-scale in superfluids [30-32] to cosmological scales
«s  in astrophysics [33]. The singular vortex model is also very useful in getting qualitative insights into
41 the motion of coherent vortical structures in the ocean [34-48]. It also allows a simple formulation of
«s multipolar vortex systems that are instrumental in studying stationary vortex configurations [49-53].
ss The second model is the elliptic vortex model (and its generalisation - the ellipsoidal vortex model)
4z [54-61]. This model is often useful for studying the evolution of isolated distributed vortices in the
s oOcean, since almost elliptic vortices are often observed in the ocean by means of satellite altimetry
a0 [8,62]. This model allows one to study the stability of the vorticity distribution subject to various
so perturbations [63-70].

51 Both models are appropriate to study regular and chaotic motion of nearby fluid particles, since
s the vortex systems induce non-stationary velocity fields in their neighbourhood [71-77]. In the case of
ss singular vortex systems, the nonstationarity originates from the vortex motion itself, whereas, in the
s« case of an elliptic vortex, changing the vortex shape produces nonstationarity in the velocity field.

s5 2. Problem formulation

56 We consider a quasi-two-dimensional, rotating, inviscid, incompressible fluid [1,9,78-85]. The
sz local vertical component of the vorticity accounting for the planetary rotation is w, = fe,, where e,
se is a unit, perpendicular to the plane, vector and f is the Coriolis parameter. f is assumed constant
ss f = fo, which limits the physical scales of the structures to be mesoscale. The fluid density is also
e assumed to depend only on the vertical coordinate, p(z). The quasi-two-dimensionality assumes that
&1 the mean depth of the problem, H, be much smaller than the horizontal scale, L: H/L < 1, and the
sz Rossby number, Ro = U/ fL, where U is a velocity scale, be Ro < 1. Another parameter thatis < 1is
es the Froude number, Fr = U/NH, where N is the buoyancy frequency.

ot All these assumptions lead to the quasi-geostrophic approximation, which can be formulated in
es terms of the potential vorticity conservation law for quasi-two-dimensional fluids [79]. The review
es deals with such fluids, considering mesoscale vortices in barotropic and layered configurations [1,9,36,
o  37,42,43,79].

ee  2.1. Quasi-geostrophic potential vorticity equations

69 The potential vorticity conservation law for a multi-layered fluid reads

0 d 0
gﬂi + uiaﬂi + Z)i@H,‘ =0, 2)


http://dx.doi.org/10.20944/preprints201812.0295.v1
http://dx.doi.org/10.3390/fluids4010014

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 25 December 2018 d0i:10.20944/preprints201812.0295.v1

30f51
70 where IT; and (u;, v;) are the potential vorticity and horizontal velocity components in the i-th
= layer, w; = a;;‘ Bv, is the relative vorticity. Enumerator i = 1..N, where N is the number of layers. If
72 1 =1, the model is elther a single-layer model (barotropic) or a continuously stratified one.
73 These two-dimensional configurations allow to reformulate the problem with the use of
za geostrophic relations
oY; I
i =—=—, Uj = —=—. 3
ul ay Ul ax ( )
75 Following [1,36,37,86,87], we consider the potential vorticity in the form
, T _ 2, Jo . o
qz(x/]/) = 1II; fO \Y Y + (Cz 6171)/ 4)
76 where V? is the horizontal Laplace operator, {; is the interface perturbation between the adjacent

~
J

layers, (o = 0 (rigid-lid approximation), { = h(x,y) is the bottom elevation. Dynamical pressure
s continuity at the layer interfaces results in {; = fo (11 — ;) / (§Api/pi+1), where g is gravity
o acceleration and Ap; = p;j+1 — pi, where p; is the i-th layer density. Then eq. (4) can be recast

~

~

1
qi(x,y) = V¢ + 2 [(Yiv1 — i) / (Bpi/piv1) — (Yi — $io1) / (Bpi-1/pi)], 5)

i

V8H; . . L . . .
80 where R; = fi is the outer Rossby radius of deformation in the i-th layer. For a given potential
1+ vorticity distribution in each layer, one arrives at the equations for stream-functions [1,9,37],

V2, + f° 12— 90l =),

1 .
V2 + f°i L =) — —— -] =giey), (=2 N 1),

8i-1
2
1 h(x,
iy + g oy e = an(oy) fo(HNy)/ ©6)
82 with g/ being the reduced gravity.
o3 These equations are complemented by boundary conditions (either null flow, or conditions

e« which ensure balanced vorticity fluxes [87]). In this review, we focus only on singular vorticity
es distributions [1,9,36,37], or piece-wise uniform ones [1,54,57,58,60,61,84,88]. One exception to the
s purely two-dimensional flows we address here is the case of a continuously stratified fluid. In this
ez case, one introduces potential vorticity in the form [1,57,89] .

d fo> 9

2 0

1= V¢+BZN2( )az"”’ @)
88 where N?(z) = — T EP( z) is the buoyancy frequency (oo is the mean density). Only the case of

so constant stratification is considered (N(z) = Ny = const). By rescaling the vertical length-scale, one
%0 can recast the problem in the form [57,58,89]

VZ#J + 8224) q(x,y,z), Z= l}ﬁ)z. (8)

o1 It is worth noticing that the case of variable stratification can be addressed partially by formulating
a spectral problem for the vertical operator [1,37,90].

©
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o3 2.2. External deformation flow

o4 This review aims at presenting a short account of the dynamical phenomena attributed to the
os impact of deformation flows on vortices either with singular or distributed vorticity. Deformation
os flows are a collective term for flows that feature linear shear, strain and rotational rates of change.
oz Manifestation of deformation flows accompanies almost all the interactions in the ocean and
os atmosphere. Deformation flows always appear near topography boundaries, coherent vortices, jets,
o0 large-scale gyres or other non-uniform flows. More generally, an arbitrary external perturbation can
100 be expanded into a Taylor series up to the second order terms, which gives the following flow form
o1 [54,55,57,58,61,84,89,91-99]

Yo =5t ((x=x0)" = (r—y0)) + Q1) ((x—x0) + (¥ —v0)*) —A()y — B(H)x,

o = % (x2 + y2> —exy — ugy + vpx, )
102 where S(t), e(t) correspond to the strain component, Q)(t), y(t) - rotational component,

103 A(t), B(t) (or ug(t), vg(t)) - linear translation. Which form of the deformation flow (the first or
10s  second equation) to use usually depends on the convention, the first one is common to singular vortex
15 problems, while the second one can be found in elliptic (ellipsoid) vortex problems. Both variants
106 are used in the literature, and they are equivalent up to rotation of the reference frame. Next sections
17 present concrete vortex systems that satisfy the aforementioned general problem formulation.

w0 2.3. Singular vortices

100 The simplest vortex model is the singular (point-) vortex model [1,9,36,37,42,43,49,77,96,97,100—-
w0 104].
111 The vorticity is concentrated in a countable number of points, around which there are finite

1z circulations. Thus, the potential vorticity distribution is represented in the form

N;j
i =2 () (x—xi (D))o (y—yi (1), (10)
a=1
113 where g is the potential vorticity corresponding to the vortex (x#(t), y*(t)) and strengths p&(t) =

114 %, where I'f is the circulation that a singular vortex a induces in the i-th layer, N; is the number
us  of vortices in the i-th layer. The potential vorticity distribution (10) satisfies the potential vorticity
us conversation law provided the strengths remaining constant. Layer-wise equations of motion for each
ur vortex are as follows

d oYP; d oY;

Ex;'x (t) = _aiyl x=x¥(t),y=y*(t) s E]/?‘ (t) = aixl x=x¥(t),y=y*(t) s (11)
118 while the stream-function satisfies eq. (6) when substituting eq. (10) into the right-hand side.
110 The system eq. (6), (10) can be regularly inverted to give explicit forms for the stream-functions

120 [9,37,43,79]. Since the system is linear, all the contributions from each vortex and external flows can be
121 considered separately, while the resulting stream-functions combine them all.

122 After performing the inversion, one arrives at a set of equations that governs the dynamics of N
123 singular vortices (N = Zf\i 1 Ni) embedded in M layers

a5\ _[ ap #EH-a@) ) Mo N ﬁ<y4—y§>®;ﬁ(r;‘f)
dt<y§?‘>_<—B(t)>+2<x{?‘(5(t)—|—0(t))> i;hzﬁ;ﬂi x@_x,_a 7(#)2 , (12)

] 1
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4
124 where r p

ji is the distance between vortices & and . The type of vortex interaction is determined

125 by the function @;‘iﬁ . If the vortices are located in the same layer, their interaction is singular (meaning
126 that the vortices cannot be located at the same point simultaneously), while different-layer vortices
127 interact regularly (alignment of the vortices is permitted).

12s  2.4. Uniformly distributed vortex models: elliptic (Kida vortex), ellipsoidal vortices in deformation flows

120 Another important simple model is the uniform-vorticity distributed vortex model. Consider an
130 ellipsoidal patch of the form

&2 2 2

T A —
f(x,y,zt) =3 + 7 + 2 1=0,
%= (x—xp)cos®+ (y —yo)sin®
7=—(x—xp)sin® + (y — yo) cos b, (13)
131 where the constant vorticity inside the ellipsoid differs from the exterior flow’s vorticity by a

132 factor §. Thus, the potential vorticity is

02 2y, f(x,y,Z,t)>0
2 rYl 7 ]// 7 7
= Z) = 14
v¢+azzlp q(xryr ) { 2’)/+g/ f(x/]//Z/t)SOI ( )
133 where coordinate Z is related to the z-axis through eq. (8). The stream-function is then
¥ =40+ e, (15)
138 where 1 is defined in eq. (9), while the vortex-induced stream function complies with
02 0, f(x,y,Z,t)>0
2 7 1YLy 2
=, = 16
V ¢6+8Z2¢3 { g, f(x,y,Z,t) SO ( )
135 Limiting the vorticity patch to retain its ellipsoidal form, the kinematic condition at the patch’s
13¢ boundary ensues [54,57,61,84,98,105-108],
of (v, y.2,t)  of (x,y,Z,t) _of (x,y.Z1t) ,
5 +u o +0 oy 0, if f(x,y,Z,t)=0 (17)
137 Moreover, the tangential velocities must be continuous. It is worth noting that eq. (17) is written
s given a negligible vertical velocity. From the kinematic conditions, it follows that
Xo =e(t)xo — v (t)yo +uo, Yo = (t)xo—e(t)yo+vo, (18)
130 i.e. the ellipsoid’s centre is transported by the exterior flow. The ellipsoid parameters are governed
140 by the following system
da db dc
i ae cos 20, i —be cos 26, rTi 0,
g - 24+
E = Q+'Y_ mesu’lZ@, (19)

141 where () is the angular rate of change of the ellipsoid provided absence of any exterior flow
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O = S ape / pip _ 8K / pdp
2 2 2 VA 2 1/27
p (@ rm () 0 [0 +au+1)° (KR + )
A(y):(a2+y>(b2+y)(52+y) E:&c K:—E §:€+9:£+1. (20)
7 fO 7 \/%/ b a €
142 The solution for eq. (16) is well-established [57,61,109]
T2 72 2 <
8 1be x g Z 8K pp
we:abc/( I _f/ , (1)
4 a? + b2+ &2+ \ / 2 1/2
A & “ s A2 e+ 1)’ (R4 )
143 where A is determined through the algebraic relation
2 7 72
=1 22
PR Wy - @)
148 outside the ellipsoid and zero - inside.
145 Equations of motions for an elliptic vorticity patch (Kida vortex) can be obtained analogously
s Using the boundary function
5(.'2 2
floyt) = +35=1=0 (23)
147 The ellipse’s variables (semi-axes 4, b and orientation 6) are governed by the same set of equations
148 (19) with
a- 8 . (24)
(a+b)
149 The only difference is thus the self-induced rotation rate taken in the absence of any exterior flow.
150 The ellipse (ellipsoid) centre moves as a passive scalar subjected to an exterior flow.
151 The next section addresses in detail a number of dynamical effects common to vortex systems
152 subjected to deformation flows. To start, we consider linear effects.
153 3. Regular and chaotic dynamics in the systems of singular vortices
154 Papers [110-113] establish that periodic deformation flows may induce parametric instability of

155 the vortex systems, including individual vortices, their ensembles and neighbouring scalars. A brief
16 account of systems undergoing parametric instability is further presented.

w7 3.1. Vorticity centre motion in non-stationary deformation flows

158 First, it is instrumental to derive the governing equation for the vorticity centre of an ensemble of
10 singular vortices embedded in an M-layer flow [110,113,114]. The equations (12) govern the dynamics
10 Of N = Z] 1 Nj singular vortices, whose combined strength is not zero, y = Z 1 Za 1 hipd # 0. For
11 the vorticity centre s coordinates

1M
5y Z hipx, Y =) ) hikdy (25)
N =F- =
162 differentiating eq. (25) using eq. (12), one arrives at
ax ay
=A((t)+2Y(S5(t) —Q(t)), —B(t)+2X(S(t) +Q(t)). (26)

dt dar
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163 The system (26) is linear and thus integrable. It is worth noticing similarity between eq. (26),
16 governing the dynamics of the vorticity centre of a point-vortex system, and eq. (18) for the centre of
1es  an ellipsoidal (elliptic) vortex. Therefore, the following reasoning applies for both characteristics.

166 The solution of eq. (26) has the form
t
X -1 Xo / -1 A(t)
= t X(t) [ X d 27
<Y> X (1) X (0)<YO>+ x| g ) @)
0
167 where X (t) is the fundamental solution of the corresponding homogeneous system
aX ay
ﬁ:2Y(S(t)—Q(t)), EzZX(S(t)—I—Q(t)). (28)
168 It is worth noticing that in the special case
S(t)—Q()
=D = 2
SOETI0 const (29)
160 the system (28) (and (26)) can be solved explicitly [110]. The relation (29) is satisfied either when

w0 S(H) =0,Q(t) #0,0rS(t) #0,Q =0, 0r S(t)/Q(t) = So/p. A solution for the case Q(t) = 0 (a
1 pure external shear) is obtained in [110]. Given condition (29), one obtains

X2 (t) = DY? (t) = X*(0) — DY*(0) (30)
172 Let S(t), Q)(t) be of the form

S (i’) = S0¢1 (l/t) , Q (t) = o2 (Vt) . (31)

173 If g1 (t) = @2(t) = ¢(t), making use of a substitution f = 2,/Q2 — 3 fot ¢(T)dT, one arrives at

X Xo . 2_c2f Yo/ (So+0) \ .z

= cos (f) —4/0p“ — S sin (f). 32
(1)=(2 )i v (25 Y. e
172 The solution (32) is bounded when Q% > S% and unbounded when Q% < S%. When the exterior

s flow is stationary S = const, () = const, the phase trajectories are either ellipses (for the bounded case)

1

3

s or hyperbolas (for the unbounded one). The centres of the family of ellipses (hyperbolas) are shifted to
177 the point Xy = m, Yy = —Z(SOAfOQO).

178 When the form of the deformation flow’s alterations does not satisfy eq. (29), i.e. ¢1 # ¢o,
o the system (28) can be recast as a Hill’s equation [115]. This in turn implies that for some of the
o values of the parameters corresponding to bounded solutions in the special case (32) the system may
121 evolve in a unbounded fashion. This is the case of parametric instability. A detailed analysis of the
1.2 parametric instability occurring in the point-vortex systems is presented in [113]. Here, we just outline
13 the basic concept and its implications on the vortex system dynamics. Figure 1 illustrates the vorticity
« centre trajectories in the case of parametric instability. When the parametric instability is realised, the
s trajectories diverge in a spiral fashion, while in the absence of the parametric instability, the trajectories
s remain bounded.

-
3

1

0

1

'3

1
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Figure 1. Examples of trajectories of the point-vortex system provided (a) parametric instability
(spiralling unbounded trajectories); (b) in the absence of parametric instability (bounded trajectories).

Moreover, it is possible to estimate analytically the parameters’ values that lead to parametric
instability. Choosing the deformation flow in the form S(t) = So(1 + e1sinvt), Q(t) = Qo(1 + exsinvt)
(the frequencies are equal), and performing averaging over fast oscillations [116], one arrives at the
190 estimate (see Appendix I for details)

2,00 59) - L — & ¢ Soho ot~ 1 -3 )

that is valid for the leading parametric instability region in the parametric space. Figure 2
illustrates numerically-calculated parametric instability regions with the analytical estimate (solid

187

188

191
192

193 line).

-08 -08 -04 -02 0 02 04

Figure 2. Parametric instability regions (dark - unbounded motion of the vorticity centre) in the

. 0oSo(e2—¢1) <1 1s .
arametric space A = —%2— — 1,5 = —2292_"U  The solid line corresponds to the analytical
p P 4,/0%-32 05-55 P Y

estimate (33).

It is again worth recalling that because of the linear nature of parametric instability, it influences
only the vorticity centre dynamics, while, in general, little can be said about the motion of the individual
vortices. Their dynamics might be either bounded or unbounded independent of the vorticity centre
trajectory being bounded itself. This is addressed further in the review. Before that, we consider
another vortex problem where parametric instability can also occur but in a slightly different way.

19 3.2. Regular behaviour of relative motion of two singular vortices

When considering a system of point vortices without additional constraints, besides being
20 Hamiltonian, the system conserves the linear momentum and angular momentum. Contrary, if
202 the system is subject to a deformation flow, the angular momentum

M N
M=Y0 Y higt (52 + (5)?) (34)

i=la=1
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203 is no longer conserved provided the vorticity centre and deformation centre are shifted relative to
« each other [117]. Moving from the original reference frame into the one that is bound to the vorticity
s centre X(¢), Y(t)

N
o

N
o

X (1) =y Y (), (35)
206 allows one to recast the system (12) into a symmetric form
- - . ap (op

d(BY (resm-am) ) M N e\ ()

T4 ~n =2 S0 - Z hi Z Hi -« =P 72’ (36)

dt y] xj (S (t) +Q (t)) i = x]. - % (?oc‘B)

]l

207 with two additional motion integrals X = Y =0/[113].

206 3.2.1. Two singular vortices in an alternating deformation flow

200 For example, we consider two singular vortices located in different layers of a two-layer model. In
o literature, this vortex structure is usually referred to as a heton [9,34,35,118]. The governing equations
211 are then

d [ x\_ [ y(SEt—-Q() (i | mek (w,-(a_]-))
dat ( F/j' ) - ( x;<5<f>+ﬂ<t>> ) ~ ot ( x;—xi,j- ) [ a2 , (37)

j(3=7)

2

[

212 where j =1, 2, K; is the modified Bessel function of order 1, and ~ is omitted for brevity. Typical

zu3  steady-state configurations are very similar to the one-layer (barotropic) case [96,110,117,119,120].

[

N
=

« Using the fact that the linear momentum is conserved, it is enough to study the evolution of one of the
a5 vortices, while the trajectories of the other one come from the simple relation [96,117]

Xy —x X1 hl}ll) hp |
= 1+—— |, rnip=m=n|l+ — 38
<y1—yz > <y1 ) < Tatia 12 =121 =1 hotia (38)
216 Introducing dimensionless parameters and coordinate transformation
hipr +h
(xy) = | T2 oy, i = 9 (hapa + ). (39)
hs—jps—j
217 one obtains the equation of motion of one of the vortices
a2\ [(vPEH-0m)-Ea-rkw) W)
e\ y x2S+ + 5 -rKi ()| |
218 For a barotropic case, a simple reduction (4)115 ( f ) = 1) gives instead of (40) [96,120]
S —v(260-am) -3
dt ! r2 )’
dyi Ha—i
Ty ) 41
Yy (2650 + a0+ 25 @)
210 Now, let us return to the two-layer formulation and analyse stationary configurations, i.e. when

220 the deformation flow’s parameters are constant S(t) = Sg = const, Q(t) = Oy = const. Equating the

a1 right-hand side of eq. (40) to zero, we notice that the expressions in square brackets simultaneously

N
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222 become zero only if Sy = 0. This state corresponds to constant rotation of the two vortices with the
223 angular velocity

1
w@ﬂ:20w+¢<r—Kﬂﬂ). (42)
224 If wy and u are of different signs, there is a zero rotational frequency. At r — 0, the term
225 1/r — Kq(7) remains finite thus ensuring that the central fixed point (0, 0) is elliptic.
226 When S # 0, there appear hyperbolic points in the phase space [96,117]. From (40), two sets of

22z fixed points are possible x = 0,y # 0, or x # 0,y = 0. Hence for the fixed points, we have

=0, 2(So—Q —”(1_K ):Q
M 1 _ _

228 For the barotropic case, the fixed points can be obtained explicitly (1 = y1 + p2)

i — i — #3_1' ‘Z/l
=0 = 2, — o)
Ha—i H
g oV 2(So+ Qo) vi *)

220 For definiteness, let 1 > 0. Calculating the eigen-values of the linearised system (40), results in

M_insO (@ (@'—Klqyn))/ (fQ (lel_Kl(M)))/

230 Apart from the central fixed point at (0,0), which is always singular elliptic, all the other fixed
1 points change their type depending on the sign of Sy. Given Sy > 0, the fixed points at the y-axis are
= hyperbolic, while at the x-axis - elliptic. Typical configurations of the phase space are shown in fig. 3.
233 All other configurations can be obtained from the presented ones by rotating the phase space by /2.

|y|, )\2 = iZJ —SO |x| (45)

N
w

N
w

Yl @ ()
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Figure 3. Typical phase portraits of the two-vortex problem in a steady deformation flow: (a) rotation
dominates over strain, |Sg| < |Qg| ; (b) strain dominates rotation, |Sg| > |Q].
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23 3.2.2. Parametric instability of the relative vortex motion near elliptic fixed points

235 Now, after introducing the stationary configuration of the two-vortex system, one can perturb
236 it by adding harmonic oscillations to the deformation flow in the form (31). This perturbation can
237 destabilise the motion of the vortices. However, if the perturbation is relatively small, its effect up to
238 the second order of magnitude can induce parametric instability near the elliptic fixed points [120].
230 For definiteness, let the regular elliptic fixed points lay on the x-axis (as in fig. 3 rotated by 7/2).
20 Linearising the equation of motion (40) near the regular elliptic fixed point (xp,0), one arrives at

dx

a5 = 2V (250 + Sogi1 (vt) = Qo2 (vh)),

d

% = 2x0 (So1 (vt) + Qo2 (V1)) + x (xo@P (x) + 2 (Sog1 (vE) + Qoo (v1))), (46)
241 where x, y are small deviations from the fixed point. Considering only the homogeneous part

22 Of the linearised equation, one again encounters a Hill’s equation, which can maintain parametric
a3 instability. An analytical estimate for the leading parametric instability region gives (see Appendix I)

(859 — v)? = 8Spe1 (Soer — oea) - (47)
244 where ¢; 7 and ¢ ; are same as in (33).
245 The estimate suggests that the strongest instability occurs when the deformation flow’s oscillations
2e6  have frequency £85.
247 Qualitatively similar results can be readily obtained for the case of two singular vortices embedded
2e¢  in a deformation flow with an arbitrary number of layers.
249 It is worth recalling that the parametric instability can only be considered in the linearised system

=0 (infinitesimal deviations from the fixed elliptic points of the corresponding stationary configuration),
21 while the original system, which is fully nonlinear, responds to the deformation flow’s oscillations
22 in a nonlinear way, which includes manifestation of chaotic motion of the vortices. The next section
253 analyses the chaotic motion of the vortices subject to an altering deformation flow.

ze  3.3. Chaotic dynamics of singular vortices

255 When vortex systems are perturbed by a time-dependent perturbation, they may start manifesting
26 chaotic behaviour, which is observed through high sensitivity to small changes in initial conditions
27 [121-124]. On the other hand, often only certain fractions of the physical space are destabilised into
zs  chaotic motion, while other parts remain stable, i.e. exhibit regular behaviour. A typical scenario of
20 transition to chaotic motion of steady-state configurations featuring hyperbolic fixed points involves
200 splitting of the separatrix (the self-intersecting stream-line) near its hyperbolic points into stable and
201 unstable manifolds [125-127], thus creating a chaotic motion region near the transverse intersections of
202 the manifolds. However, as the perturbation increases, larger and larger regions of the phase space are
263 involved in chaotic motion due to multiple nonlinear resonances occurring in the system [121-124,128].
264 It is worth pointing out that, unless stated otherwise, we consider only deterministic chaotic
2es motion, i.e. there is no stochasticity (random influences) in the system, and all the uncertainty in
265 the system evolution originates from the high sensitivity of the system against small changes in the
267 perturbations and initial conditions.

268 An instrumental technique to study nonlinear dynamical systems experiencing periodic
260 perturbation is constructing numerical Poincaré maps. This allows us to visualise regions of regular
20 motion and regions of chaotic one in the phase space. A Poincaré map plots a trajectory of the system
2 every perturbation period. Regular trajectories are plotted as orderly structured orbits, while chaotic
22 trajectories are scattered within the chaotic region disorderly [124].

273 Consider the barotropic case (41) with periodic perturbations of the form


http://dx.doi.org/10.20944/preprints201812.0295.v1
http://dx.doi.org/10.3390/fluids4010014

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 25 December 2018 d0i:10.20944/preprints201812.0295.v1

12 of 51
S = So(1+esinvt), QO = (1 +esinvt) (48)
274 Since the forms of the perturbations are same, there is no global parametric instability, but the local

275 parametric instability of the linearised system is still possible. Under this local parametric instability,
zre  vortex trajectories of the linearised system diverge in a spiral manner from the elliptic regular fixed
277 points. On the other hand, in the fully nonlinear system, the spiralling trajectories are bounded by
27 nonlinear effects [120]. The influence of these nonlinear effects are much more important because they
2re  can inhibit the spiralling not only near the separatrix region, but also near the elliptic fixed point, if a
20 stability island appears nearby due to nonlinear resonances.

201 Often, authors link, to some degree, the appearance of parametric instability in the linearised
22 systems and chaotic dynamics characteristic of the fully nonlinear systems [129-134]. But, when
2e3  considering a finite vicinity from the point, around which the linearisation is carried out, the linear
2es  influence of parametric instability attenuates very fast. This suggests dismissing the linear analysis
2es and consider the fully nonlinear systems instead. To support this result, we present Poincaré maps
26 corresponding to the parameters for strongest parametric instability (fig. 4). The maps show that
2e7  the dynamics is controlled by the distribution of stability islands, which correspond to nonlinear
2ee  resonances, and all the spiralling divergence induced by linear parametric instability is suppressed by
20 the stability islands that occupy the region corresponding to the regular elliptic fixed point. On the
200 other hand, if one changes the perturbation frequency such that it no longer induces linear parametric
201 instability, the stability islands move away from the elliptic fixed point region allowing the linearised
202 System to be applicable [120].

203 Note nevertheless that weakly nonlinear theory can be used, by means of perturbation expansions
204 in g, to predict the transition between regular oscillations and chaotic behaviour. Assuming that the
20 external deformation flow contains both a fast time and a slow time variation, a weakly nonlinear
206 equation can be obtained for the amplitude of vortex motion around the elliptic fixed point [96].
27 Depending on the slow time forcing frequency, various branches of solutions exist for this equation,
208 some of them stable and some unstable; a hysteresis cycle occurs between these branches. The exact
200 form of the weakly nonlinear solution can be determined as a function of the forcing flow parameters
s0 for null low-frequency forcing. As e increases, the vortex motion around equilibrium first exhibits
;01 a slow pulsation; then as ¢ is again increased, the amplitude of this motion becomes very large; the
302 vortices escape the vicinity of the elliptic point. This is the onset of chaos.

0

Figure 4. Poincaré maps of the barotropic two-vortex system (Sg = —0.01, Qp = —0.02, pt; = pup = 1)
and perturbation magnitude ¢ = 0.1: (a) perturbation frequency v = 0.08 - strongest linear parametric
instability in the system linearised near the elliptic fixed point; (b) v = 0.07 - no linear parametric
instability.
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s03  3.4. Regular and chaotic motion of a reduced two-layer three-vortex problem in a non-stationary deformation
304 ﬂOZU

305 Although generally, systems that consist of more than two singular vortices subject to stationary
s0s deformation flows manifest chaotic behaviour, special symmetric configurations can remain regular
sz and integrable. Of this type is a reduced three-vortex problem, when one of the vortices is positioned
s exactly at the point where the deformation centre and the vorticity centre coincide; while the other
300 two vortices have the same strengths and are positioned symmetrically relative to the central one. In
a0 this case, given a stationary deformation flow, the system behaves regularly [97]. If the superimposed
su deformation flow is time-varying, the system manifests chaotic dynamics.

312 So, let us consider a two-layer flow (both layers are of equal widths) subject to an external
a3 deformation flow of the form (48). Two singular vortices of equal strengths y are positioned
s symmetrically against the deformation centre in the bottom layer, while another vortex of strength
a5 &y (here only the case & = —2 is considered) is positioned at the deformation centre in the upper
as  layer. Hence the system possesses a mirror symmetry for any of the bottom vortices. The governing
a7 equations can be reduced to the form

fp = —25psin 26,

. 1 (1

6 =20 — 2S5 cos 260 + %E {2 —2[1—pKy (p)] + pKq (Zp)} , (49)
a8 where (p, 0) are polar coordinates written for any of the bottom vortices.
310 Figure 5 exemplifies typical stationary phase portraits for the motion of one of the bottom layer

s20 vortices subject to a stationary deformation flow. Since the system is symmetric, the second bottom
sz vortex has the same phase portraits. The central upper-layer vortex is always stationary, and it affects
;22 the dynamics of the other two vortices by accelerating (if it has the same sign circulation as the bottom
a3 vortices) or decelerating (if its circulation is of the opposing sign) the bottom vortices. Introduced
224 this way the central stationary vortex engenders, compared to the two-vortex problem (see fig. 3a), a
:2s  number of new phase portraits, most notably the appearance of two separatrices instead of one. The
226 diagonal panels (1.1, 2.2, 3.3) exemplify a reconnection sequence, a process when the outer separatrix
;27 becomes the inner one and vice versa.
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Figure 5. Stationary phase portraits for any vortex in the bottom layer for various combinations of
parameters Sg, (g, respectively: rows - 0.1574, 0.1724, 0.1874; columns - 0.0569, 0.0469, 0.0374. The
diagonal panels (1.1, 2.2, 3.3) represent the process of reconnection.

320 It is often illustrative, before tackling the chaotic dynamics, first, to analyse stationary phase
;20 portraits. Since all the trajectories are closed in the stationary case, one may start by calculating
s30  the corresponding frequencies along the closed phase trajectories. Notable phase trajectories are
a1 separatrices, which are designated phase trajectories with zero frequencies. Figure 6 illustrates the
sz frequencies of either of the bottom-layer vortices depending on the initial position at the corresponding
333 symmetry axis.
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Figure 6. Steady-state rotation frequencies depending on the initial position at the corresponding
symmetry axis for the phase portraits shown in fig. 5: (a) 1.2; (b) 2.1; (c) 1.1. The dashed lines show the
perturbation frequencies used to induce chaotic motion in the system: v = 0.0145; v/2; v/3.

334 Knowing the shape of the frequency curves may help detect trajectories that are most susceptible to
s3s  perturbations of certain perturbation frequencies. Such perturbations resonate with the corresponding
s36  steady-state phase trajectory frequencies giving rise to nonlinear resonance phenomena [122-124]. A
sz simple physical intuition about a nonlinear resonance is that the nonlinear resonance with a winding
e number m : n appears in place of the steady-state trajectory whose frequency is proportional to the
s perturbation frequency as Z'. Choosing a small value of the perturbation magnitude ¢ = 0.01 induces
a0 weak destabilisation of the system. Figure 7 demonstrates that narrow layers of chaotic motion emerge
s in place of the steady-state separatrices. The Poincaré maps correspond to the steady states 1.2, 2.1,
sz and 1.1. The panels (a) and (b) correspond to the case of a separatrix reconnection. However, this weak
a3 perturbation does not break a barrier of regular motion between the narrow chaotic layers that emerge
sas  in place of the steady-state separatrices. Increasing the perturbation magnitude results in increased
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a5 areas occupied by chaotic motion. The barrier between the two chaotic layers associated with the
s two steady-state separatrices vanishes and the chaotic trajectories from within the previously disjoint
a7 chaotic regions can now travel to the other one (a trajectory flips-over from one stochastic layer to the
sae  other one [97,135,136]). It is worth noticing that despite the fact that the barrier is already absent, the
a0 flip-overs are still relatively rare, i.e. some remnants of the barrier continue prohibiting a complete
50 merger of the chaotic layers.

4y

Figure 7. Poincaré maps for the perturbed system (49) (perturbation magnitude ¢ = 0.01, and frequency
v = 0.0145) corresponding to the steady-state phase portraits shown in fig. 5: (a) 1.2; (b) 2.1; (c) 1.1.

351 Beside the reconnection of the steady-state separatrices, another type of reconnection is possible
52 in the perturbed system. In this case, reconnection of separatrices belonging to stability islands in
3 the perturbed system can occur. A stability island is a region of stability associated with a particular
s nonlinear resonance occurring in the perturbed system at the corresponding perturbation frequency.
s The perturbation frequency corresponding to the perturbed systems shown in fig. 6 is chosen to be
6 larger than the maximal rotational frequency attainable in the steady-state system. This choice in fact
sz results in a moderately weak destabilisation of the perturbed phase space because only secondary
s nonlinear resonances appear in this case. However, if one chooses a perturbation frequency that is
0 smaller than the corresponding maximal rotational steady-state frequency, the primary nonlinear
0 resonances may appear (given a suitable perturbation magnitude). For this purpose, we set the
se1  perturbation frequency v = 0.0065, so nonlinear resonances 1 : 2 appear in the perturbed system (the
2  perturbation magnitude is left the same & = 0.01). They occupy the region between the now vanished
s steady-state separatrices (see fig. 8a). The resonance 1 : 2 manifests itself in the Poincaré map as
sea  two stability islands that are represented by closed orbits within the chaotic region. Thus, in order to
ses  facilitate vanishing of the barrier between the two chaotic regions, the system should be perturbed
s With a perturbation frequency that resonates with the frequency corresponding to the steady-state
se7  trajectory somewhere near the central region between the two steady-state separatrices. In this case, a
s nonlinear resonance is excited at the corresponding frequency and a stability island that is actually
se0 destabilising its neighbourhood occurs at the corresponding phase trajectory.

0.006

-4 -2 0 2 4 44 45 46 47 48

Figure 8. A Poincaré map for the perturbed system (49) (perturbation magnitude ¢ = 0.01, and
frequency v = 0.0065) demonstrating the manifestation of stability islands corresponding to a nonlinear
resonance 1 : 2. The solid bold lines show the corresponding steady-state separatrices.
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370 In order to demonstrate that the presence of separatrices with hyperbolic fixed points in the steady
sn  states is not necessarily required to effectively perturb the vortex system, let us consider an alternating
sz deformation flow of a different form S (t) = esinvt, while Q) (¢) retains its form from eq. (48). The
a3 steady state may feature no separatrix, therefore each bottom layer vortex may always move in the
s7a  same direction independent on its initial position. However, if there is no separatrix, the corresponding
a5 steady-state rotational frequency curve features a local minimum. Since the trajectory corresponding
s76  to the local minimum is surrounded by trajectories of equal frequencies, by exciting these trajectories
s77 - one can achieve effective destabilisation of the system. Figure 9a illustrates the steady-state rotational
e frequencies for the case of no separatrix (the blue curve) and two circular separatrices (the black
a0 one). Figure 9b and c depict the corresponding Poincaré maps with the solid lines corresponding
;0 to the steady-state zero frequency trajectories. Because the neighbouring trajectories have the same
se1  frequencies, they are excited by the same perturbation, thus facilitating effective overlapping of the
;2 corresponding stability islands leading to effective destabilisation of the system even without having
;a3 actual steady-state separatrices [97].

0.04 Vv
(a)

0.02

Figure 9. (a) Steady-state rotational frequency curves for the case of a deformation flow with zero
mean strain: the black curve - )y = 0.10045; the blue one - )y = 0.27094, and their corresponding
Poincaré maps with perturbation magnitude (b) ¢ = 0.005, (c) ¢ = 0.003, respectively. Perturbation
frequency, v = 0.005, and its half (and also the corresponding negative values) are plotted as dashed
lines.

388 Now, let us consider the case of a purely strained exterior flow, i.e. let (g = 0 in eq. (48). When
sss |Sp| > |Q), the exterior deformation flow is hyperbolic meaning that phase trajectories of the vortices
;e outside the central region, where the interactions between the vortices are much stronger than the
se7  influence of the deformation flow, move to infinity along hyperbolic-like curves. In this case the
s separatrices of the flow can be open and thus, when perturbed, the vortices can jump from the regions
se0  Of finite motion into the region of infinite motion. Examples of Poincaré maps for typical configuration
300 of the corresponding steady-states are shown in fig. 10. When perturbed, a vortex trajectory spends
1 some time near the steady-state separatrices (bold lines in the maps) involved into chaotic motion. If
sz the vortex trajectory starts from within the interior steady-state separatrix region, it may remain near
303 it forever provided some barriers withstand the perturbation (similar to the case shown in fig. 10c;
s however, the vortex trajectory from the figure does eventually drift to infinity but after a long time).
s0s  On the other hand, if the vortex trajectory starts near the exterior steady-state separatrix region, it will
a6 likely drift into the exterior hyperbolic region and then to infinity (see fig. 10a, b).
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(c)
@ 47 47

(b)

Figure 10. Examples of Poincaré maps for a purely strained deformation flow (()g = 0) for different
steady-state separatrix configurations: (a) Sp = 0.2, v = 0.03, ¢ = 0.05; (b) So = 0.17759, v = 0.02756,
e =0.05; (c) So = 0.14, v = 0.03, ¢ = 0.033. The corresponding steady-state separatrices are plotted
by solid lines. The positions of the bottom vortices as they enter and leave the region of interest are
marked by squares and circles.

307 Other types of varying deformation flows that can lead to structural reshaping of the system’s
s0s  phase portrait were studied in [97].

399 Extending this study to two finite-area vortices (with a piecewise constant vorticity distribution),
a0 it has been shown that their horizontal and vertical interactions are modified by the influence of steady
201 oOr time-varying external shear or strain. In the absence of any external flow, horizontal merger, or
a2 vertical alignment occur only if the two vortices are closer than about three vortex radii.

403 In the presence of steady external strain and rotation, when the vortices initially lie on the axis
a0 of elliptic points, merger is prevented and is replaced by filament shedding and final expulsion of
205 the two vortices ([137]). This occurs for close vortices and weak strain or for distant vortices with
s stronger external strain. When the external strain is moderate, and when vortices are initially located
«07 at the elliptic points, they remain steady at this location; when close to the elliptic points, they oscillate
as around these points. A newly observed regime is found when externally imposed rotation advects
a0 the two vortices from their initial position towards the compressional axis of strain leading to their
a0 merger. When the vortices initially on the axis of hyperbolic (saddle) points, the external flow acts
aun  against their merger. The same types of evolution occur where merger is replaced by vortex alignment
a1z ([138]). When the external strain is unsteady, steady states disappear but slow oscillations of the two
a3 vortices near the elliptic points still exist. More straining out is observed for distant vortices. When
a1 the unsteady component of the external flow is increased, distant vortices move irregularly in the
a5 plane and are rapidly eroded. Finally, when a vortex inside a rotating, stratified fluid interacts with
as  a like-signed vortex at the upper fluid surface, the influence of external strain leads to their strong
a7 elongation and irreversible expulsion from the centre of the plane ([139]).

a1s For now, we have concluded our brief analysis of the two-vortex (and reduced three-vortex)
a0 system subjected to constant and alternating deformation flows. Typical steady-state configurations
a20 were shown. When perturbed, the vortex systems can be destabilised into chaotic motion. However,
a2 the motion of the vorticity centre, whose trajectory can be bounded or unbounded provided the
a2 manifestation of parametric instability, is always regular. We will return to the two-vortex system and
a3 study how it can advect its neighbouring passive scalars further in the review.

a2a 4. Regular and chaotic dynamics in the systems of distributed vortices (elliptical and ellipsoidal)

425 Now, we consider the second simple model - a distributed ellipsoidal vortex subject to an external
a2¢ deformation flow. The ellipsoidal model is a generalisation of the well-known elliptic vortex model
«27 taking into account a simple vertical density structure of the flow. In fact, at each vertical level, the
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«2s ellipsoidal model reduces to the elliptic vortex model and they can be analysed interchangeably. To
a20  start, we recall the regimes of regular motion of the ellipsoidal (elliptic) vortex model.

a0 4.1. Regular dynamics of an ellipsoidal vortex

a3 The governing equations for the ellipsoid motion are eq. (19-20). Introducing variable € = a/b
432 instead of (19), one arrives at

2
¢ =2eecos20, 0=Q(e)+y— e;

1
J: 1 sin 26, (50)

433 where ¢ = 2. The area of the elliptic patch at each vertical layer is constant ab = 1. Integrating eq.
as (50) given constant e and 7y, one arrives at

2
in20— € |97t 00 - L o) — ) 4 X 1 . -r
sin26 = 2 [ - sin 26 o [xo0 (a,b,¢) — xo (ag, bo, ¢0)] + . (6 + €0 o (51)

-1 0 €
435 where
Xo (a,b,) / M) = (2 +p) (B +p) (E+p), 52)
0
2 2 <
_ %oa” = pob” / _ /
Qe) = R = ab¢ a+y = c0 ) (53)

436 Making use of the solution (51) allows one to analyse possible regimes of the ellipsoid motion,
a3z which are same for the elliptic vortex model established by Kida [54,66]. Figure 11 illustrates the
as  possible regimes of the vortex motion.

0.6 F
1(+0-0)

-0.4 -0.2 0 0.2 0.4 0.6

Figure 11. Regimes of the ellipsoidal vortex motion depending on the parameters of the deformation
flow.

430 Only the case e > 0 is considered since the case ¢ < 0 can be obtained by linear transformation
o ¢ — —e, 0 — —0,t — —t. All the phase portraits feature a quasi-separatrix at the critical valuee =1,
a0 = 0, when the ellipse degenerates to a circle. All the other fixed points have angular coordinates
a2 £71/4. Motion regime 1 from fig. 11 features no fixed points, which means that the ellipsoid elongates
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a3 toinfinity (see fig. 12a). One elliptic fixed point appears for regimes 2 and 3 at the coordinate § = —rr/4
sas and 0 = 71/4, respectively (see fig. 12b,c). Phase trajectories near the elliptic fixed points correspond
a5 to the ellipsoid oscillating gradually changing its aspect ratio. Phase trajectories that are above the
ass  quasi-separatrix (the bold black lines plotted in the phase portraits) correspond to the ellipsoid rotating.
a7 All the other motion regimes feature two fixed points at 6 = 71/4, one of which is elliptic and the
ass  other - hyperbolic. Since there is a hyperbolic point, a typical separatrix also appears. Regimes 4 and 6
a0 also feature one additional elliptic fixed point at 8 = —7r/4. The corresponding phase portraits are
a0 shown in fig. 13. The shapes of the separatrices is different for these two regimes. Regime 6 allows the
+s1  ellipsoid to rotate with small aspect ratio variations (rotation regime below the separatrix shown in fig.
a2 13b).

Figure 12. Phase portraits of the ellipsoid vortex motion corresponding to the regimes: (a) 1: e = 0.4,
vy=-02,(b)2:e=01v=—-04;(c)3:e=0.1,y=04.

Figure 13. Phase portraits of the ellipsoid vortex motion corresponding to the regimes: (a) 4: e = 0.02,
v =-02;(b)6: e =0.01,y = —-0.2.
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Figure 14. Phase portraits of the ellipsoid vortex motion corresponding to the regimes: (a) 5: e = 0.09,
v = —0.07; (b) 7: e = 0.09, v = —0.04.

453 Regimes 5 and 7 differ from 4 and 6 in that there are no additional elliptic fixed points, hence
ass  only a pair of elliptic and hyperbolic points exists in either regimes. Near the elliptic fixed point the
s ellipsoid nutates periodically, while above the separatrix, the ellipsoid elongates to infinity.

456 Since the phase portraits of the ellipsoidal (elliptic) vortex model feature elliptic and hyperbolic
sz fixed points, it is tempting to perturb this steady-state model by superimposing harmonic alterations
ass  to the deformation flow similar to the case of the singular vortex model (48).

a0 4.1.1. Parametric instability of the relative motion of an elliptic vortex

a60 Now consider an elliptic vorticity patch (or any horizontal level of the ellipsoid vortex model)
s61  subject to an alternating deformation flow of the form (48)

e(t) =eg+ 61’ (vt), v(t) =v0+ 627 (vt). (54)
a62 The governing equations are eq. (50) with () from eq. (24) and the time-dependent exterior flow
463 (54).
a6a When the exterior flow is stationary, the steady-state fixed points in the corresponding phase
ses portrait follow from [54,66]

5 €0 (70 —epsin20p +1) — ey (y0 +eosin20pg+1) (o + egsin26y)
€O + N - . - 0/
(Y0 — eo sin26p) (Yo — eg sin26p)
s
=+—.
b=+ (55)
as6 A full classification of all the possible dynamical regimes in the steady-state case is carried out in

sz [66]. Here, it is important to notice, that the system has either no elliptic fixed points or only a single
«.s one. Now, one can consider a periodic exterior deformation flow (54) and small deviations from the
ae0  elliptic fixed point,

e(t)z€0+€/(t)/ 9(t)%90+9/(t)::|:%+9/(t), (56)

470 where €y, 6 is the solution of the equations (50) given a stationary deformation flow (§; = 0,
ann 0y = 0ineq. (54)). Then, by linearising eq. (50), and taking only the homogeneous part (similar to the
a2 case of the singular vortex model), one obtains
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de’ . / !
rrs = —4¢( sin 26y (60 + d1e (Vf)) 0,
de’ k2 . 4d1egsin26y |
dt |fl€0€0 sin 26, +e(vh) (e0® — 1) €
4 in 2 -1 4 in 2
k2 _ _ €0€p SIN 290 (60 ) . €p€p SIN 290 (57)
(e0+1) (0+1)  (e—1)
ar3 We arrive at another Hill’s equation and thus the possibility of parametric instability. Similar to

a7za €q. (33), one can get an estimate for the boundaries of the leading parametric instability region (see
ars  again Appendix I)

_ sin26p g (ep — 1)
e (e+1)7°

(2k—v) = j:251\/ (58)
476 The estimate shows that the leading parametric resonance occurs at a frequency twice the proper
a7 frequency of the linearised system. A more detailed numerical analysis of the parametric instability in
a7s  the elliptic vortex model can be found in [112]. When the parametric instability manifests itself, the
aro  elliptic vortex phase trajectory spirals out from the elliptic fixed point. In the physical space it means
a0 that the vortex nutates gradually increasing its aspect ratio and maximal angle of nutation at each
a1 quasi-period until the corresponding phase trajectory reaches the region of high nonlinearity near the
w2 steady-state separatrix.

a3 4.2. Chaotic dynamics of an elliptic vorticity patch subject to an alternating deformation flow

a8a When, instead of linearising it, one considers the full nonlinear system governing the evolution of
ass  an elliptic vorticity patch (50) in an alternating deformation flow, the system starts manifesting chaotic
ass dynamics. The regions near the hyperbolic points are most susceptible to the perturbations. It is of
ss7  interest to track the evolution of stability islands appearing in the perturbed system as the perturbation
«s  frequency is changed. We consider a similar perturbation form

e(t) =ep(1+ecos(vt+ m)), v(t) = yo = const. (59)

aso As an example, a drift of the stability island associated with the leading nonlinear resonance 1 : 1
a0 is shown in a series of Poincaré maps in fig. 15. The perturbation magnitude is taken relatively small
401 (¢ = 0.005) in order to make the destabilisation of the phase space less intense. As the perturbation
a2 frequency increases the stability island appears near the steady-state hyperbolic point (see fig. 15a).
a3 Increasing the perturbation frequency drives the stability island towards the region associated with
04 the steady-state elliptic fixed point (fig. 15b). When the perturbation frequency is close to the maximal
a5 eigen-frequency of the stationary phase portrait, the stability island and the stability region associated
a6 with the steady-state elliptic fixed point start interacting. As a result the stability island associated
a7 with the nonlinear resonance occupies the central stability region (fig. 15c). Moreover, the next stability
s island associated with the nonlinear resonance 1 : 2 appears near the steady-state hyperbolic fixed
499 pOil’lt.


http://dx.doi.org/10.20944/preprints201812.0295.v1
http://dx.doi.org/10.3390/fluids4010014

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 25 December 2018 i:10. reprints201812.0295.v1

23 of 51

0.5 150

Figure 15. Poincaré maps detailing the drift of the stability island associated with the nonlinear
resonance 1 : 1 as the perturbation frequency is increased: (a) 0.25; (b) 0.48; (c) 0.5.

500 It is well-established [140,141] that the size of chaotic region changes not-monotonically as the
s perturbation parameters vary monotonically. This is because the size of the chaotic region actually
so2 depends on the population of stability islands appearing in the perturbed system. As an example of
sos the phenomenon, a sequence of Poincaré sections (see fig. 16) details the phase portrait changes when
sos the perturbation frequency is increased.

505 Let the perturbation magnitude be somewhat larger ¢ = 0.07. As the chosen perturbation
sos magnitude is much larger compared to the case of fig. 15, a much larger area is involved into chaotic
sor motion. As the stability island induced by the nonlinear resonance 1 : 1 appears in the phase space
soe  (see fig. 16a for the perturbation frequency v = 0.350), it is separated from the central stability region
soo associated with the steady-state fixed elliptic point by a wide chaotic region. As the perturbation
s10 frequency is changed, the stability islands drift towards the central stability region (see fig. 16b for
su v = 0.42). Finally, when the perturbation frequency is changed further to become close to the maximal
si2  steady-state eigen-frequency, the stability island occupies the central stability region (fig. 16c), which
s1s regularises the system. As the perturbation frequency is increased further, the next nonlinear resonance
s1e 1 : 2 appears in the system, and a similar process of the resonance occupying the central stability region
sis proceeds (an intermediate configuration is shown in fig. 16d).
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Figure 16. (a)-(c) Poincaré maps detailing the stability island induced by the nonlinear resonance 1 : 1
merging with the central stability region as the perturbation frequency is increased for the perturbation
magnitude ¢ = 0.07: (a) 0.35; (b) 0.42; (c) 0.47. (d) a similar process for the stability island 1 : 2 for
e=02andv = 0.88.

s16 This concludes the first part of our review, devoted to the regular and chaotic dynamics of
si7 - analytical vortex models (the singular vortex model and ellipsoidal (elliptic) vortex model) subject to
sie  stationary and non-stationary deformation flows. The second part reviews the scalar fluid particle
s1e  advection induced by the models considered in the first part.

s20 5. Regular and chaotic advection of scalars induced by point vortex systems subjected to
sz deformation flows

522 Vortex systems are also of great interest because they facilitate effective stirring and transport of
s2s  scalars. This has many implications, for instance, on the water transport in the ocean and atmosphere.
s2 Estimates show that a significant part of ocean recirculation is due to the action of coherent mesoscale
s2s  eddies [2,3,6,7,142], which can be reasonably approximated by point-vortex and elliptic-vortex models
s [9,34,35,40,143-147]. This section analyses chaotic advection of passive scalars induced by the vortex
sz systems subjected to exterior deformation flows.

528 If the advection system experiences periodic perturbations (either from exterior flow alterations
s20  Or from internal perturbations induced by the periodically moving vortices), constructing Poincaré
s0 maps provides us with an effective means to study chaotic advection. However, despite being a very
sa2 powerful method to detect chaotic motion regions, it is limited to periodically perturbed systems. If
sz the system experiences aperiodic perturbations or a superposition of periodic ones with incompatible
s33  frequencies, one needs to resort to other methods to study chaotic motion. Since such aperiodically
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ssa  perturbed systems often resemble stochastic systems, many methods of identifying regular and chaotic
sss  motion regions rely on tracking the evolution of ensembles of Lagrangian particles and calculating
s.s  some measures along trajectories of the particles. Of this class is calculating various measures
ss7 identifying local changes in the flow topology such as Finite-Time Lyapunov exponents (FTLE)
sss  [148-151], Finite-Size Lyapunov exponents [62,152], complexity measures [5,153], local arc-lengths
s3o  [154] and methods alike.

se0  D.1. Barotropic flow with two singular vortices subject to deformation flow

541 To start, we consider barotropic singular vortex models, such that the interaction function in the
sz governing equation (12), @i‘lﬁ = 1. The phase trajectories of the vortex system itself are similar to the
ses ones shown in fig. 5. In the case of a dominantly straining external flow, one has a hyperbolic system
sas  (similar to the one shown in 5b), whereas a dominantly rotating external flow induces elliptic vortex
ses trajectories at infinity ( 5a). Only the case of a dominantly rotating external flow features elliptic fixed
see points and thus periodic vortex trajectories in their immediate vicinity. This salience can be used to
saz  study the advection of fluid particles induced by the vortex system. Let us consider a passive fluid
ses particle moving in a velocity field induced by two singular vortices of strenghts 1, y» and an external
se0 deformation flow of the form eq. (9) with (48). A particle trajectory is governed by a set of Hamiltonian
sso  equations

£ =2y(5-0) - (M;yl +sz_2y2>,

1 2
. xX—x X — X
y:2x(S+Q)+<y1 zl—i—;iz 5 ), (60)
" 3
ss1 where r? = (x — ) + (y— yi)z, i = 1,2 is the distance from the current particle position (x, y)
ss=  to the current position of vortex i, (x;, y;).
553 Now, let us focus only on the case of a stationary external deformation flow, so S = Sy, Q = ().

ssa Bven taking into account the stationarity of the deformation flow, the system (60) is still non-stationary
sss  in general because the vortex coordinates (x;, y;) depend on time. To make the system stationary one
sss  Needs to position the vortices precisely at the fixed points of the corresponding vortex system (see fig.
ss7 D). Once positioned this way, the vortices remain stationary and thus induce a stationary velocity field
sss  for passive fluid particles in their neighbourhood [74,75,155]. For definiteness, let the fixed elliptic
sso  points lie on the y-axis, thus their x-coordinate is x* = 0. Whereas the y-coordinate y° can be obtained
seo from the algebraic equation

5\3 s SN (1,5)2 .S M1+t ) s Vlyi + ‘uzysi
— (] + + — s + == =0, 61
V)" = (1 + ) () <y1yz (89— Op) 2 (S0 = Q) (61)
s61 where y;, i = 1,2 is the position of the i-vortex fixed elliptic point. Despite having up to 9 fixed

se2 points in the steady-state fluid particle system, the types of the three ones defined by eq. (61) determine
ses the possible phase space topology [117]. When any of the three fixed points changes its type as the
sea deformation flow’s parameters are varied, the phase space topology restructures itself to accommodate
ses for the change. Figure 17 depicts possible phase space configurations of the advection system given
ses the vortex strengths pq1 =1, pp = 2.
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Figure 17. Phase portraits of the stationary advection system eq. (60) given yiy =1, pip =2, 3 = —0.02
as the absolute value of the strain intensity is being decreased, Sg: (a) —0.014; (b) —0.01; (c) —0.005; (d)
—0.0001.

s67 The phase portraits feature plenty of fixed hyperbolic points. To perturb the advection system,
ses one needs to superimpose time-dependent oscillations. The problem with superimposing periodic
seo perturbations to the exterior deformation flow similar to eq. (48) is that such perturbations destabilise
s7o  the dynamics of the vortices into a quasi-periodic or even chaotic motion. Therefore, the advection
sn  system would experience almost random perturbations, which would be harder to separate between
sz the influence from the exterior flow perturbations or the irregular motion of the vortices themselves.
s73 Another way to perturb the advection system is to shift the vortices from their stationary positions thus
sz allowing them to periodically oscillate along closed phase trajectories of the phase portraits shown in
sss  fig. 3. This periodic oscillation also serves as a perturbation to the advection system. One limitation of
sz such an intrinsic perturbation is that it cannot be controlled voluntarily as the superimposed harmonic
s77  perturbations are. Indeed, as one shifts the vortices from their stationary position, the frequency and
s7e magnitude of their motion are fixed according to the corresponding vortex phase trajectory. Shifting the
s7o  vortex initial position differently will generally produce again a new set of the perturbation frequency
ss0 and magnitude. This significantly limits this type of perturbation to induce effective chaotic advection
se  in the advection system. Nevertheless, chaotic advection can still manifest itself.
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Figure 18. Rotating frequency of the phase portrait similar to the one shown in fig. 3a. The dashed
straight line corresponds to the asymptotic rotation frequency imposed by the exterior deformation
flow 24 /Q% - S%. Zero values of the frequency correspond to the separatrices of the vortex phase

portrait. The plateau in-between the zero values serves as the perturbation frequency for the advection
system.

se2 Figure 18 depicts a typical vortex rotational frequency curve that shows the vortex rotational
ses  frequency along closed orbits of the vortex phase portrait shown in fig. 3 depending on the initial

ss«  y-position. At infinity the frequency approaches the value 2,/Q2 — S3 (shown by a straight dashed
ses line), which is imposed by the deformation flow. Nearing the separatrix, the frequency drops to
ses  zero, then it increases to reach a plateau. After the second separatrix crossing, the frequency tends to
sez  infinity as it approaches the central singular point. The plateau in-between two separatrix crossings
ses features a local maximum, which corresponds to the fixed elliptic point. Therefore, this plateau
se0 Tregion corresponds to allowed perturbation frequencies when the vortex is shifted from its stationary
soo  position. Moreover, altering the perturbation frequency is only possible with simultaneously altering
so1 the perturbation magnitude by means of shifting the vortices further from their stationary positions.
so2 Figure 19 exemplifies Poincaré maps for the perturbed advection system for different values of the
so3  strain parameter Sy when the underlying vortices are shifted from their stationary positions by 0.3 in
ses the positive y-direction.
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Figure 19. Poincaré maps of the perturbed advection system as the vortices are shifted by 0.3 from their
stationary positions. Colour-coded are the steady-state separatrices, which vanish as the perturbation
is toggled. The corresponding steady-state configurations shown in fig. 17 for Sp: (a) —0.014; (b) —0.01;
(c) —0.005; (d) —0.0001.

595 When perturbed, the steady-state separatrices vanish and narrow chaotic advection regions
sos appear instead. As the strain component intensity is decreased (consequently from fig. 19a to 19d),
so7 the system becomes more localised. This nears the stochastic regions associated with the different
sos steady-state separatrices until they merge.

soo  5.2. Fluid particle advection in the system subject to an alternating deformation flow in the parametric

soo instability regime

601 Now, let us consider the advection of fluid particles governed by the system (60) with two
ez singular vortices subject to an alternating deformation flow. So, let S and () be of the form eq.
s0s (48). As established earlier, the two-vortex system can experience parametric instability that leads
sos to unbounded spiral motion of the vorticity centre as is in section 3.1. The advection system now
eos undergoes perturbations not only from the exterior flow’s alternations, but also from the motion of the
s vortices themselves, which can be chaotic or quasi-periodic. Therefore this sort of perturbation is not
o7 periodic and the machinery of the Poincaré map cannot be applied. Instead, we will use the notion of
s0s Finite-Time Lyapunov Exponents that measure local stretching of ensembles of Lagrangian particles in
soo time.

610 Let us choose the exterior flow’s parameters that lead to parametric instability of the vorticity
s centre of two singular vortices [119]. The form of the deformation flow alterations is eq. (31), where
sz @1(t) =1+ esinvt, and ¢o(t) = 1 with Qp = —0.02, Sy = —0.01, ¢ = 0.5, v = 0.07. These parameters
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13 result in parametric instability of the vorticity centre, which manifests itself through an unbounded
e1a  spiralling trajectory. Taking v = 0.1 corresponds to no parametric instability and thus bounded motion
a5 Of the vorticity centre. It is worth recalling that the parametric instability is a property of the alternating
s1s deformation flow and its manifestation is independent of the number of the singular vortices, their
e1z initial positions and strengths.

618 Let us consider four sets of the two vortices” strengths: p; =1, yp = 2; 1 = —1, yp = =2;
o0 J1 =1, 4y = —2; u3 = —1, up = 2. The two singular vortices start from the initial positions x;(0) = 0,
20 Y1(0) = =3 and x2(0) =1, y2(0) = 0.5. Figure 20a exemplifies trajectories of the two vortices along
ez with that of their vorticity centre when it experiences parametric instability. For comparison, the
e22 case of no parametric instability is shown in fig. 20b. The shape of the vortex trajectories will differ
sz depending on the vortices’ strengths and initial positions, but they cannot alter the manifestation of
e2a the parametric instability. Instantaneous spatial distributions of FTLE corresponding to the vortex
e2s trajectories shown in fig. 20 are illustrated in fig. 21. Brighter regions correspond to larger Lyapunov
s26 exponents, which indicate regions of intense local stretching. The insets show enlarged parts of the
2z FTLE distributions focused on the neighbourhood of the vortices. The insets clearly show that the
e2 local advection patterns revealed by the FTLEs almost equivalent in both cases, whereas the global
20 advection patterns significantly differ from each other.

(b)

4o

20+

20

a5
Figure 20. The trajectories of two singular vortices (thin lines) and their vorticity centre (bold line) in
the case of (a) parametric instability manifestation; (b) no parametric instability.

630 In the case of parametric instability (see fig. 21a), the FTLE pattern indicates more intense
1 stretching compared to the case of no parametric instability (see fig. 21b). The darker and lighter

6.

w

es2 Tegions elongates along the strain axis creating a folding pattern, whereas in the case of no parametric
e33 instability, the FTLE distribution is reminiscent of the perturbed configurations shown in fig. 19.

w
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Figure 21. Instantaneous distributions of Finite-Time Lyapunov exponents for the case of (a) parametric
instability manifestation; (b) no parametric instability. The darker the region, the more intensely local
stirring of fluid particles occurs.
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Figure 22. Standard deviations (logarithmic scale) for four combinations of the vortices’ strengths of a
circular patch consisting of 10* markers evenly distributed over the vortices: the curves with a linear
increasing trend - parametric instability manifestation; no linear trend - no parametric instability.

634 To emphasise the different transport properties of the deformation flows with or without
e3s parametric instability, we obtained the following quantitative estimate. A circular patch of 10* markers
e3s was distributed such that they completely covered both vortices; then the mean standard deviation of
e37 the patch’s markers was calculated in time. Figure 22 demonstrates the results. The standard deviation
ess for the parametric instability case (see fig. 22) increases almost exponentially (as it would do for the
e30 case of strain dominating rotation |So| > |Q)g|), whereas for the case of no parametric instability, the
se0 standard deviation oscillates around a local value. The same result is observed for all the combinations
sa1  Of the vortices’ strengths, which govern the local stirring patterns [119]. Another conclusion that can
ssz be drawn from the standard deviation curves is that the type of vortex interaction (i.e. the signs of the
sas  strengths of the two vortices) matters only in the immediate vicinity of the vortices, for the general
saa transport properties of the flow. On the other hand, it is the influence of the large-scale deformation
ess flow that is much more important and it, in fact, dominates the advection of the fluid particles - if the
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sss exterior flow allows for unbounded motion to appear, the fluid particles will eventually end up at
647 1nf1n1ty

sse  0.3. Fluid particle advection in singular vortex systems in layered flows

649 The previous section considers singular vortices in barotropic configurations. This implies that
eso there are actually regions of the flow prohibited for fluid particles to be advected there - these regions
es1  are the singular vortices’ current positions and their immediate vicinities where velocities tend to
es2 infinity [144,156]. The barotropic setting also prohibits the singular vortices to be at the same position
es3  at the same time because of the infinite velocities in their vicinities. Using instead layered flows can
ess help overcome these shortcomings and study, for instance heton configurations [9,34-37,118], when
ess two singular vortices are located one over the other in different layers of a multi-layered flow. Another
ess configuration of interest is two singular vortices located in the lower layer of a two-layer flow. This
es7  configuration allows us to study the advection of upper-layer fluid particles perturbed by the periodic
ese  motion of the lower-layer vortices. This model thus may help shed light into the problem of identifying
ess the signs of the subsurface vortices by their imprints on the ocean surface advection [6,94,157-164].
660 Let us consider two singular vortices of strengths 111 = 2 located in the lower layer of a two-layer
ssx  flow. The governing equations for fluid particles read

d(x) _, [ y(So—) : vy
a(v) == (e ) men(20y)

662 where h; is the width of the lower layer, R; is the distance from the i-th vortex to the fluid particle
ess  with coordinate (x, ). When S = const and Q) = const, and the vortices are positioned exactly at their
sse corresponding fixed points, the advection system is stationary, and the fluid particles move according
ses to phase portraits similar to the ones shown in fig. 17. When |Qy| > |Sp|, the phase portraits feature
ess periodic trajectories and fixed points. Choosing the y-axis as the symmetric axis for the system, hence
sz the positions of the fixed points follow x{ = x5 = x* = 0 and for the y-coordinate

1 Ki(R)

, (62)

2 (SO - QO) 1 { 1 H1 1 }
— L = ——— "= [1-RiKy (Ry)] + ————[1 — RK; (R 63
ot y (y—yl)}lz[ 1K1 (Ry)] (y—yz)[ 2Kq (Ro)] (63)
e6s A detailed analysis of the allowable number of the critical points can be found in [111]. In short,

ses depending on the strengths of the vortices, one, three or five fixed points can be present at the y-axis.
er0 In the case of equal vortex strengths 11 = 2, the advection phase portraits are symmetric with respect
o1 to both coordinate axes, which is in contrast with the presence of only the y-axis symmetry in the
ez case of differing vortex strengths exemplified by fig. 17. Figure 23 illustrates typical advection phase
ers portraits in the case of equal strengths of the two vortices.

(@ (®) (©

Figure 23. Phase portraits of the stationary advection system eq. (62) given 1 = pp = 0.3, Qg = —0.02
as the absolute value of the strain intensity is being decreased, Sy: (a) —0.015; (b) —0.007; (c) —0.0001.

674 The main difference between the baroclinic case and the barotropic one is that the baroclinic
ers configuration, when the singular vortices are located in the lower layer, ensures a regular velocity
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e7e  for the fluid particle advection in the upper-layer, while the lower-layer advection is evolving in a
ez singular velocity field similar to the barotropic one. As we have shown in section 5.1 the area of the
e7e  fluid manifesting chaotic advection is severely limited by the presence of singular points in the velocity
7o field, which immediate vicinities act as advection barriers because of high velocities tending to infinity.
esc  On the contrary, the upper-layer velocity field of the two-layer configuration features no singular
es1 points and thus no barriers associated with singularities to chaotic advection.

682 Similar to the barotropic case considered earlier in the review, by shifting the vortices from their
ess stationary fixed points, one can introduce time-dependent perturbations into the advection system. But
sss NOW, instead of changing the deviation of the vortices from their stationary position, we will change the
ess strain parameter Sg and thus alter the perturbation magnitude and frequency. Our goal here is to find
sss parameters of the exterior flow that facilitate effective chaotic advection of fluid particles in the upper
esz layer. In order to do that, one needs to ensure the perturbation frequency, i.e. the rotational frequency of
ess the vortices shifted from their stationary positions, be comparable with the proper rotational frequency
seo  Of the fluid particles in the steady-state [111]. Figure 24 illustrates Poincaré maps of the perturbed
e0 advection system as the strain parameter is changed. As the strain intensity is decreased, the proper
eo1 fluid particle frequency of the associated steady-state, nears the perturbation frequency. This results in
e02 the appearance of more profound chaotic advection regions.

(@) ()

(© (d)

~Wmm=wg@?w

3

Figure 24. Poincaré maps illustrating the increase of the chaotic advection zone in the upper layer
for py = pup = 0.3, 9 = —0.02 as the absolute value of the strain intensity is being decreased, Sy: (a)
—0.019; (b) —0.014; (c) —0.011; (d) —0.0035.

693 Another distinctive feature of the two-layer model is that given very weak singular vortices
e0s located in the lower layer, the upper-layer stationary phase portrait may feature no fixed points except
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sos for the central one and, therefore, separatrices. One of the implications of such a possibility is that
eos from the point of view of an observer there are no signs of the vortex influence in the upper layer at all.
eo7  This suggests that the fluid advection in the upper layer is completely governed by the deformation
e0e flow. Figure 25a exemplifies this possibility for the a weak vortex strength 1 = yup = u = 0.05. The
ess stationary phase portrait of the advection system reveals no vortex influence from the underlying
700 layer. If the system had no vortex influence, the rotational frequency of fluid particles along the elliptic

701 trajectories would be constant and equal 2,/Q32 — S3. However, as fig. 25b attests, the rotational
72 frequencies of fluid particles are deformed by the underlying vortices (the curves correspond to
703y = 0.03, 0.05, 0.07), but not strong enough to make them reach the zero value and thus produce
70s  separatrices. Nevertheless, the fact that the fluid particle rotational frequencies vary allows one to find
705 appropriate perturbations that lead to multiple resonance phenomena in the upper-layer advection
706 System [111].
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Figure 25. (a) A stationary phase portrait of the advection system 62 with two singular vortices of

weak strengths i1 = pip = 0.05 that are located in the lower layer: Qg = —0.02, Sg = —0.01. (b) Fluid
particle rotational frequency corresponding to the phase portrait for different vortex strengths.

707 Now, let us perturb the advection system with the parameters corresponding to the phase portrait
70 shown in fig. 25a. Once shifted from their stationary positions, the vortices start oscillate (solid lines
700 in fig. 26) and thus periodically perturb the advection system. It is worth pointing out again that in
no  the case of stationary weak lower-layer vortices, there may appear no complex advection patterns
71 in the upper layer. Consider vortex strengths = 0.03 and various shifts of the vortices from their
=2 stationary positions. Figure 26 illustrates Poincaré maps corresponding to the shifts: (a) 0.1; (b) 0.3;
73 (c) 0.4. Given a small shift, the advection pattern starts experiencing perturbation from the vortices,
na but still is relatively stable (see fig. 26a). As the perturbation is increased, an intricate pattern of
ns  stability islands appear in the advection system (fig. 26b). As the perturbation is further increased,
ne  the advection pattern becomes much more complicated as many new series of nonlinear resonances
=z manifest themselves in the advection system (fig. 26c).
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Figure 26. Poincaré maps for the upper-layer advection system perturbed by two lower-layer vortices
of equal weak strength y = 0.03 when Sy = —0.01, Qg = —0.02 and the shift of the vortices from their
stationary positions is: (a) 0.1; (b) 0.3; (c) 0.4.

718 Now, let us consider another reconnection phenomenon that can occur in the perturbed system.
ne  Since, the stationary configuration features no separatrix, there is no separatrix reconnection in the
720 stationary system. On the other hand, when the advection system is perturbed, stability islands may
71 appear in the system and reconnections of their separatrices become possible. Let # = 0.045 and the
722 perturbation shift be 0.1. Two distinctive series of large stability islands associated with the nonlinear
723 resonance 1 : 2 appear in the advection system’s phase space. The first series is symmetric over the
724 Yy-axis, while the second one is symmetric over the x-axis. Their separatrices have already vanished
725 because of the interaction with smaller resonance series, and resulting chaotic motion region encircles
726 both series (see fig. 27a). As the parameter y is slightly varied, the two series of stability islands start
727 changing their positions which results in a united chaotic motion region (see fig. 27b), which again
72¢ then splits up into two distinctive chaotic layers attributed to the action of each series of the nonlinear
720 resonances (see 27¢).

Figure 27. Poincaré maps for the upper-layer advection system perturbed by two lower-layer vortices
of equal weak strength y when Sy = —0.01, g = —0.02 and the shift of the vortices from their
stationary positions is 0.1. The sequence shows a reconnection of the chaotic regions associated with
two resonance series 1 : 2 as the vortex strengths vary: (a) u = 0.045; (b) 4 = 0.0475; (c) u = 0.052.

730 This concludes the subsection devoted to the analysing regular and chaotic advection of fluid
71 particles perturbed by the motion of singular vortices. The next section considers fluid particle
722 advection induced by the motion of an ellipsoidal vortex.

733 5.4. Regular and chaotic dynamics of passive scalars close to an ellipsoid vortex

738 Now, let us consider the ellipsoidal vortex model and analyse the evolution of passive fluid
735 particles located near the vortex and thus affected by the evolution of its shape. First, let us define a
76 stationary problem, when the shape of the vortex does not change and thus the velocity field around
737 the vortex is stationary. This stationary configuration is attained at any elliptic fixed point of the phase
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73s  portraits shown in figs. 12-14. These elliptic fixed points correspond to the vortex not changing its
730 shape and orientation angle, thus remaining stationary.

740 The governing equations for the motion of a fluid particle in the ellipsoidal vortex system is given
741 by

X =ex —yy+ucosh —vsinf — Oy,

Y =7x—ey+usinf +vcosf + fx, (64)
742 where
u= —%abcﬁo (@ +A 02428 +2) 7,
0= %abcao (a2 AR+, 2+ A) z. (65)
743 and these equations should be solved together with the equations for the evolution of the vortex
7aa  itself €q. (50), (53)
745 Given a stationary ellipsoidal vortex, the velocity field near the vortex is also stationary, hence

7es  all the fluid particles move periodically. Figure 28 demonstrates typical fluid particle trajectory
a7 patterns (phase portraits) induced by a stationary ellipsoidal vortex at the surface. The phase portraits
7es can be of three types: only closed trajectories (fig. 28a,b,c) for the case of the deformation flow’s
70 rotational component dominating the strain component. In this case, if the motion inside the vortex
70 counter-directional to the imposed rotation, there appear recirculation zones near the vortex that are
71 separated by a separatrix from the exterior flow (fig. 28a,b). It is worth noticing that the area occupied
752 by the recirculation zones can exceed the area of the vortex itself (see fig. 28b). If the motion inside
753 the vortex co-directional with the imposed rotation, no recirculation zones appear in the advection
s system (fig. 28c). On the other hand, when the strain component of the deformation flow dominates
7ss  the rotational component, the exterior flow turns hyperbolic and a separatrix demarcating the exterior
76 flow and the immediate vicinity of the vortex emerges in the system (fig. 28d).
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Figure 28. Examples of fluid particle trajectory patters induced by a stationary ellipsoidal vortex
corresponding to various regimes of the ellipsoidal vortex’s orientation against the exterior deformation
flow. The boundary of the vortex is marked by a black line. The red line shows the separatrix: (a)
e=017=-04¢ =1997560 = —F (b)e = 0.01, 7 = —0.2; g = 3.10565, 6 = —F;(c) e = 0.1,
v =04; e = 1.163625,0 = F;(d) e = 0.09, y = —0.07; ¢g = 1.7826, 6 = 7.

787 Now, to perturb the advection system it is enough to shift the vortex from its stationary position.
7ss  Once shifted, the vortex starts oscillating periodically in accordance with the phase portraits shown in
70 figs. 12-14. These oscillations play the role of a perturbation to the fluid particles near the vortex.
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Figure 29. (a) Rotational frequencies of the corresponding stationary configurations: the numbers
refer to the corresponding vortex motion regime; index p (particle) implies that the frequency curve
corresponds to the stationary advection system, whereas v (vortex) stands for the corresponding vortex
motion system. (b)-(c) Poincaré maps illustrating the appearance of chaotic motion regions in the
advection system as the vortex oscillates or rotates: (b) e = 0.1, v = 0.4 - the vortex oscillating from the
initial position e = 1.330625; (c) the vortex rotating € = 3.045.

Figure 30. The same as in 29 (b) e = 0.01, v = —0.3 - the vortex oscillating € = 1.50591; (c) the vortex
rotating € = 1.71.

760 Let us first address the case of zero fixed points in the advection system. When the vortex is
761 shifted from its stationary position, a narrow region of chaotic motion emerges in the advection system.
762 Figure 29a depicts rotational frequency curves of the stationary advection system (p for particle) and
763 the corresponding rotational frequency curves of the vortex system (v for vortex). The numbers refer
7es to the corresponding vortex motion regime shown in fig. 11. The vortex frequency thus plays the role
7es  Of the perturbation frequency to the advection system. The red interval corresponds to the vortex
766 Oscillating, whereas the green interval - the vortex rotating. The values in both intervals are greater
7z than the particle rotational frequency, which features a constant value corresponding to the motion
7es  within the ellipsoid, then it monotonically decreases approaching the asymptotic value imposed by the
760 deformation flow.. This result in the appearance of nonlinear resonance 1 : 2 in the perturbed advection
770 system. Poincaré maps shown in fig. 29b,c evidence the appearance of a chaotic motion region near
1 the vortex. Two stability islands associated with nonlinear resonance 1 : 2 occur in the system because
72 the perturbation frequency (the frequency of the vortex oscillations) surpasses the eigen-frequency of
773 the advection system (the rotational frequency of a fluid particle in the corresponding stationary case).
77a  As the vortex starts rotating the advection is perturbed in a similar manner and a set of pronounced
775 stability islands emerges (see fig. 29¢).

776 When the stationary advection system features fixed points (corresponding to the stationary
7z case fig. 28a), perturbing these advection configurations typically produces much more effective
7e  chaotic advection. The corresponding rotational frequency curves for the advection system and for
770 the vortex motion itself are shown in fig. 30a. The blue interval indicates the particle frequency
7e0 values corresponding to the lateral recirculation zones. The vortex motion frequency values and the
ze1  stationary advection frequency values are commensurate for the case. As the vortex is shifted and starts
ez oscillating, a very pronounced chaotic advection region manifests itself (see fig. 30b). The recirculation
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7es  zones have disappeared and been substituted by the chaotic motion regions. Weak stability islands
7es can be discerned near the exterior flow region. When the vortex starts rotating, a similar perturbed
7es Poincaré map is obtained (see fig. 30c).

786 When the strain components dominate the rotational component, the deformation flow induces
=z hyperbolic fluid particle trajectories at infinity. Therefore, once perturbed, the separatrix, which
7ss  separates the region of bounded advection from the unbounded one, vanishes and chaotic fluid
7e0 particle trajectories leave the bounded advection region. The corresponding frequency curves are
70 presented in fig. 3la. In the case of regime 7, the vortex frequency values, given an oscillating
701 ellipsoid, are similar to the stationary advection frequency values. Given a rotating ellipsoid, the
72 vortex frequency values decrease rapidly and eventually become less than the stationary advection
73 frequency ones. Therefore, influential nonlinear resonances 1 : 1 and 1 : 2 occur in the advection
7a system. When overlapping, the resonances induce a large chaotic region. Typical Poincaré maps are
705 illustrated in fig. 31: case (b) corresponds to the vortex oscillating, whereas case (c) — the vortex rotating.
76 A detailed study of the perturbed advection system, including analysing the advection patterns at
7oz different vertical levels, can be found in the paper [89].

(b)
2 ) ©
06 @
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g 04
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Figure 31. The same as in 29: (b) ¢ = 0.05, v = 0 - the vortex oscillating € = 1.2141734; (c) the vortex
rotating € = 2.9814234.

78 5.5. Diffusion-affected leakage of an ellipsoidal vortex

799 The vortex boundary in the ellipsoidal vortex model is impermeable and thus there is no exchange
soo  Of fluid particles between the vortex and its ambient fluid [165]. On the other hand, the effect of vortex
so1 leakage is well-documented. In order to imbue the ellipsoidal vortex model with this property, one
s02 can introduce diffusion effects in the system. Now the fluid particles are allowed to jump between
=03 the vortex interior and its ambient fluid. Taking into account the stirring properties of the ellipsoidal
sos vortex model, it is of interest to assess the joint contribution of deterministic stirring and diffusion to
sos the net mixing of the model.

806 A Monte-Carlo method is used to add diffusion into the advection system (64) [145,166-170].
sor  Fluid particles of concentration g (r, t) are subject to a deterministic velocity field U (r, t), where r is
sos the spatial vector coordinate, and diffusion contribution as follows

) 0 02
(5 +utng ) atr0) = x52001), 00,0) = o), (66)
809 where « is the diffusivity. An auxiliary scalar field 7 (r) can be introduced to satisfy
O (e, 2 ) qr 1) = —a(t) 2q(r,1), 7(r,0) = go(r) (67)
at 7 ar q 7 - 12 arq 7 7 q 7 - ‘70 7
s10 where «(t) is a delta-correlated vector Gaussian process with the properties

(wlt) = 0, (as(t)(t') = 20836t — ), i, = 1,2,
(az(t)aj(t') = 2x2030(t —t'), 1, ] =1, 2,3, (68)
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811 51‘]‘ is the Kronecker delta, §(t) is the Dirac function, t, t are two consecutive instants in time.
a1z Averaging over an ensemble of a random process «’s realisations, one obtains an average solution

qr, £) = (q(r, 1)) - (69)

813 The random process « is the modelled diffusion process with diffusivity ¥ = (k,«,«;) as the
s1a  vertical diffusivity is an order of magnitude smaller than the horizontal ones [171] in absolute values,
a5 but has the same magnitude when scaled by the vertical velocity. The governing equations for a fluid
a6 particle ensue

X =ex—qy+ucosd—ovsind — Oy + ay

J=x—ey+usinb +vcos6 + 0x +a, (70)
zZ= Ny
s17 where the ay, &, terms correspond to the horizontal diffusivity x and «; is scaled by the vertical
ais  diffusivity x;.
810 We will consider two cases: first - when the vortex is stationary and therefore the advection is

s20 regular; second - when the vortex is non-stationary and thus its oscillation (rotation) engenders chaotic
sz advection in its vicinity. To demonstrate the effect of adding diffusion to the advection system, a series
s22  of numerical experiments was conducted. 6 x 103 markers were evenly distributed within the ellipsoid
s23  and then the distributions of the markers were followed in time for both cases. The time scale is 20
s2¢ rotational periods of the ellipsoid. 10 realisations of the stochastic process & were then averaged to
s2s produce a solution. The surface area of the vortex was constant 7rab = 1.

826 When the vortex is stationary (¢ = 1.0551, 6 = I), the deterministic motion of the fluid particles
27 is always regular and thus the fluid mixing results from diffusion. Thus the probability distribution
s2¢ functions remain Gaussian in space and time. Examples of marker distributions in the stationary
s20 case are presented in fig. 32 after 40 characteristic time steps. Figures 32a,b are plotted for the case
s0  Of switched-on vertical diffusion (x, = 2x), whereas 32¢,d correspond to the case of only horizontal
o1 diffusion at work (x, = 0). A significantly improved leakage of the vortex markers due to the presence
sz Of vertical diffusion is evident. Figures 32a,c illustrate the distributions at the surface (z = 0), whereas
s33  b,c — at the lower level of the initial marker distribution.
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Figure 32. Marker distributions after 40 characteristic time steps out of evenly distributed within the
ellipsoid 6 x 10° markers for the case of stationary vortex (e(0) = 1.0551,9(0) = —Z). The bold lines
mark the initial distribution boundaries (the ellipsoidal vortex boundary). (a) x, = 2« - the surface
layer (z = 0); (b) the lower layer of the initial marker distribution; (c)-(d) same as in (a)-(b), respectively,
with switched-off vertical diffusion.

a3s Now, consider the case of a non-stationary vortex. The vortex thus induces a non-stationary
a3s  velocity field for the ambient fluid particles, which leads to chaotic advection. In this case the markers
s3s  that are initially distributed within the vortex and diffused through its boundary can be chaotically
es7 advected near the vortex. The ellipsoid makes one full rotation in T,; = 1.89165, which accounts for
sss 21T, in 40 time steps (to compare with the stationary case). Figure 33 shows instantaneous marker
s30  distributions after 21 full revolutions of the ellipsoid, such that it is oriented the same as initially.
se0 Similar to the case of a stationary vortex, the leakage of the vortex is much higher in the case of
sa1  switched-on vertical diffusion because now the markers are allowed to move between vertical levels.
sa2  Another feature is that since the ambient fluid is mixed due to both deterministic stirring and diffusion,
sa3s the marker distribution is noticeably anisotropic and spread over a significantly larger area compared
sas  to the case of a stationary vortex.
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Figure 33. Same as in fig. 32 for the case of a non-stationary vortex ((0) = 2,9(0) = 7), i.e. the
marker mixing is duto both deterministic stirring and stochastic diffusion.

sas To accentuate the difference between the stationary vortex case and the non-stationary one,
ses  probability density curves are calculated as follows. Since for the case of a non-stationary vortex
sa7 the vortex rotates, the ambient fluid shrinks and elongates together with the vortex. Therefore, to
sae  accurately estimate the marker distribution, one needs to calculate it only for the same orientation of
sa0 the vortex. In our case, the same orientation repeats itself with period T,;. Then, all the markers are
sso  attributed to ellipsoidal rings of equal volumes. The value

N;
- 71
pi= 71)
851 is calculated for every vortex rotational period, where N; is the number of markers located in the

ss2  i-th ellipsoidal ring and N is the total number of markers injected into the system for all the realisations
sss  Of the stochastic process a. The volume of every nested ellipsoidal ring is 1/5 of the ellipsoid’s volume
ssa  and thus p = 0.2 initially for every ellipsoidal ring within the ellipsoid. Figure 34 depicts the obtained
ess  PDFs for the stationary vortex case (fig. 34a,b) and non-stationary on (fig. 34c,d). Correspondingly, fig.
sss  O4a,c refer to the case of switched-on vertical diffusion, whereas fig. 34b,d - to the switched-off vertical
ss7  diffusion. PDFs for four time intervals 10, 20, 30, 40 are presented. The PDFs for the stationary vortex
ese  case imply a Gaussian distribution of the markers. On the other hand, the PDFs for the non-stationary
sso  vortex case suggest a different distribution with heavier tails that are impacted by the chaotic stirring
sso process that the vortex induces. Switching on the vertical diffusion facilitates the transport of markers
se1 through the vortex’s boundary for either case. Detailed analysys of the problem can be found in [170].
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Figure 34. The PDFs versus the ellipsoid’s semi-axis a. Initially p = 1 inside the ellipsoid and the
density disperses in 10, 20, 30, 40 time intervals. The vertical lines mark the ellipsoid’s boundary.
(a)-(b) the stationary vortex case with switched-off and switched-on vertical diffusion, respectively;
(c)-(d) the non-stationary vortex case with switched-off and switched-on vertical diffusion, respectively.

se2 6. Discussion

863 This review paper has recalled and synthesized the recent efforts to model the evolution of several
sse point vortices or of a single elliptic (ellipsoidal) vortex, under the influence of external strain and
ses rotation. The equilibria (elliptical or hyperbolic fixed points) have been determined in the case of
ses steady external flows. The number and nature of these fixed points have been determined as a function
se7  Of the external flow parameters. The steady state rotation frequencies around these equilibria were
ses calculated. The parametric instability of these equilibria, when the external flow is imposed as time
seo varying (most often, periodic in time), has been described, and in particular the conditions for their
s70  bounded or unbounded characters. As the unsteady component of the external strain or rotation are
e increased, chaos in the vortex evolution due to multiple nonlinear resonances becomes more profound.
sz Stability islands replace the elliptic points, and control the evolution of the flow, as shown by Poincaré
ezs maps. Chaos also proceeds by destabilizing the steady state separatrices, so that, as the unsteady
e7a external flow magnitude increases, the barriers between chaotic regions vanish. Chaos can also grow
e7s  via the reconnection of separatrices belonging to stability islands in the perturbed system.

876 For the two-point-vortex (or three-point-vortex) system, chaos gives rise to chaotic trajectories
e7z - which span larger and larger regions of physical space. For the elliptic (ellipsoidal) vortex system,
e7e  chaos can lead to the irreversible (and infinite) deformation of the vortex (with an ever-increasing
7o aspect ratio).
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880 The influence of external deformation flows on the fluid particle advection in the vortex system
se1 1S also very prominent. The evolution of fluid particles can become chaotic due to the perturbations
sz introduced by time-varying external flows or due to the non-stationarity of the motion of the vortices.
s83 The chaotic advection of passive particles in the unsteady flow composed of one or several
ses  vortices, and of a time-varying external shear/strain flow, was studied by means of FTLE (finite-time
sss Lyapunov exponents). Parametric instability of the vortices leads to more stretching of the particle
ses patches. In the two-layer case, the lower layer has singular points, the vicinity of which acts as a
se7 dynamical barrier; on the contrary, in the upper layer, there are no barrier to chaotic advection. It is
ses then possible to have no signature of the deep vortices in the upper layer. Chaotic advection intensifies
seo  as the strain intensity is decreased. But complex advection in the upper layer can be absent if the
s0 lower-layer vortices are weak and steady.

ao1 The presence of steady or unsteady external strain also affects the interaction of finite-area vortices.
sz In particular, nonlinear regimes appear such as: steady vortices at the elliptic point location, oscillation
s03 Near these points, advection of the vortices to infinity, irreversible elongation of the vortices, some of
s0a these processes act against vortex merger or vertical alignment.

805 Vortices in shear have been studied as the prototype of low- to mid-latitude flows on giant gaseous
s0s planets. In particular, much work has been devoted to explain the structure and evolution of the Great
sz Red Spot on Jupiter, an elliptic vortex in the midst of a banded, sheared zonal flow; work has also
s0s concentrated on the evolution of Neptune Great Dark Spot, detected by the Voyager probe, considering
s00 again its elliptical shape [172]. But the likeliness of such situations for oceanic vortices has been less
o0 investigated.

001 Using satellite altimetry, and vortex identification and tracking software, Chelton et al ([3]) have
%02 discovered that about 5500-6000 eddies exist at any time in the world oceans. Dividing the total ocean
03 surface by this number yields a mean distance between eddies (d) of about 250 km. Their study also
s indicated that the mean radius (R) of eddies thus identified is 90 km. The ratio of shear on vorticity
o0s thus goes as r?/(2d?) or 6.5 percent. This value is below the threshold for irreversible vortex elongation
ss in 2D flows (about 15 percent, see the review paper by ]J.C. McWilliams [173]), but it is still important
sz when considering vortex deformation. Therefore eddies in the ocean appear most often deformed
s0s (with prevalent azimuthal mode 1 and mode 2 deformations on their contours).

%09 It should be noted that eddies move relative to each other in the ocean, both because they
o0 self-advect differently and also because they are embedded in different external flows. Vortex drift
ou1 in the ocean usually range between 2 and 8 cm/s (more rarely 10 cm/s or faster). With 5 cm/s (4.5
212 km/day) this would lead to a vortex radius being spanned in 20 days; this can be considered as a
a3 forcing period, for the shear that one vortex exerts on its neighbour, while the natural rotation period in
o1« avortex is rather 5 — 7 days. Thus, a rough estimate of the ratio of forcing to rotation period in oceanic
15 vortices is 3 to 4. This may allow resonance. Nevertheless, a specific study, using output from a high
a1 resolution numerical ocean model, would be necessary to ascertain the frequency of such resonant
17 interactions, in oceanic domains rich in vortices (near unstable boundary currents, for instance).

o1 Author Contributions: Conceptualization, X.C., K.K. and E.R.; methodology, X.C., KK. and E.R.; formal analysis,
o1s  X.C., KK. and E.R,; writing—original draft preparation, X.C., K.K. and E.R.; writing—review and editing, X.C.,
920 K.XK. and E.R.

921 Funding: The contribution of K.K. was funded by the POI FEB RAS Program No.0271 — 2019 — 0001 and by the
922 Russian Foundation for Basic Research, Project No.17 — 05 — 00035. X.C. thanks CNRS (Centre National de la
923 Recherche Scientifique, France) for support under PRC (programme de recherche conjoint) 1069, between RFBR
o2 and CNRS.

925 Acknowledgments: We want to express our gratitude to our long-term collaborators, Mikhail A. Sokolovskiy,
926 Xavier Perrot, Vladimir V. Zhmur, who contributed significantly to parts of the research reviewed here.

927 Conflicts of Interest: The authors declare no conflict of interest. The funders had no role in the design of the
928 study; in the collection, analyses, or interpretation of data; in the writing of the manuscript, or in the decision to
920 publish the results.


http://dx.doi.org/10.20944/preprints201812.0295.v1
http://dx.doi.org/10.3390/fluids4010014

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 25 December 2018 d0i:10.20944/preprints201812.0295.v1

44 of 51

030 Appendix A Determination of the resonant frequencies by averaging over fast oscillations

Let us consider the second order linear system of ODE with periodic coefficients

d d

= (A+B)y, T =(C+Dn)x (A1)
Based on ideas from the invariant embedding method [110,116,136], we introduce a new function

Re~ () — (—1+iEZ), where ¢ (vt) is defined later. It is convenient to choose the parameter E in the

form E = £+4/—A/C. Then, a Riccati equation ensues

— i (vT) R = iE (C + D (vt)) ¥V 4 i(A;g(w)) (Rze_i‘/’(”) +2R+ ei‘P(”)) (A2)
031 Averaging over fast oscillations results in
iB (vt) ei‘/’(”)> A <iB (vt) e‘i‘/’(”)>
PR : ip(vT) < T i > P2
R=E(iD (vt) e} 4 AL +1(E +1,D(VT)>R+ - R (A3
032 The averaged equation (A3) can be solved explicitly
P —ip(vt)\ _ .
p (B M) g 4 (B +dn) -
= Koexp {ipt},

(iB(vt)e D) o

2R +i (% - ¢(vt)) +ip
‘B _ \l <2£:4 + l/) (VT))z +4<iB (Vt) e—il/}(l/T)> (E <ZD (Vt) eil/J(Vt)> + <lB(1/i’)E€“/}(Vt)>> . (A4)

E
033 The expression for decrement § gives us an approximation for the first parametric instability
93¢ ZONe.
035 Exact positions of the parametric instability zones for the system (A1) can be found making use

s of the Floquet theory [115,174]. Auxiliary functions that satisfy the Riccati equations [110,136] are
37 introduced

9.

w

U= (C+D(vt)— (A+B(vt))U? U(0)=0, (U=y/x),
V=(A+B(vt)—(C+D(wt) V2 V(0)=0, (V=x/y) (A5)
038 The expression for Floquet multipliers is
Z}(A—I—B(vr))ll(‘r)dl' f C+D(v))Vdr
0 — 0
det (X (T) — pE) = det | © . P VT(T) ¢
2 [ (A+B(vt))udr 2 [ (S(7)+Q(1))V(T)dT
U(T)e © e -p
ZfT(A-‘rB(VT))U(T)dT 2} S(1)+Q(7))V(1)dt
=p>—pfle® +eo +1=0 (A6)
030 where X (T) is the fundamental matrix of the system (A1) with initial conditions X (0) = E, and

sac T = 27 /v is the period of the coefficients. The Wronskian is equal to unity. Thus, the boundaries
sa1  between the real (unbounded) and complex (bounded) solutions are defined by the relation
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T T
2 [ (A+B(vt))U(T)dT 2 [ (S(1)+Q(1))V(T)dT

e o +e 0 = +2. (A7)
042 Now, comparing equations (28) from section 3.1 with system (A1) and setting
sas E=[(Qo—Sp) / (Qo+ So)]l/z, § = vt, estimate (33) can be obtained from eq. (A4).
0as Estimate (47) ensues similarly by comparing system (46) and eq. (A1l). In this case ¢1 (vT) =
was  €18invt, o (vT) = exsinvt and ¢ (vt) = —vt, E = 1, then one needs to use eq. (A4).
046 For elliptic (ellipsoidal) vortex, one can compare system (57) with eq. (Al) and set E =
047 — w, ¢ = —vtand ¢’ (vt) = cosvt. Then from (A4), estimate (58) follows.
oas The exact boundaries of the stability zones can be found by solving the appropriate analogues of

a0 the equations (A5) and (A7).
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