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Abstract

In the paper, a fully discrete compact difference scheme with O(τ2+h4) precision is established
by considering the numerical approximation of the one-dimensional Allen-Cahn equation. The
numerical solutions satisfy discrete maximum principle under reasonable step ratio and time step
constraint is proved. And the energy stability for the fully discrete scheme is investigated. An
example is finally presented to show the effectiveness of scheme.
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1 Introduction

The phase field model is a mathematical model which is described by partial differential equations.

Due to its complexity, the numerical simulation of phase field are all along the very important problem

which has been discussed at home and abroad, there are some theory and realistic sense for us to

deal with the problems. In 1979, Allen and Cahn introduced the Allen-Cahn equation to describe

the anti-phase boundary motion in the crystal. This equation describes fluid dynamics problems and

reaction diffusion problems in materials science, and also proposes the same model in the study of

many diffusion phenomena such as competition and rejection of biological populations, migration

processes of riverbeds. For describing the anti-phase boundary motion in a crystal, since there is no

exact solution for such a phase field model, the model was simulated by numerical method. At present

numerical approximation methods for such phase field models include finite difference methods, finite

element methods [8, 9], and spectral methods [6].

This paper presents the compact difference method to approximate the one-dimensional nonlinear

Allen-Cahn equation with initial boundary conditions.
∂u

∂t
= ε2∆u− f(u), x ∈ Ω, t ∈ [0, T ].

u(x, 0) = u0(x), x ∈ Ω̄.

u|∂Ω = 0, t ∈ [0, T ].

(1.1)

where u indicates the concentration of a metal part in a binary alloy, the parameter ε > 0 is the

width of the interface, and the nonlinear term f(u) = u3 − u.

Define the energy function in L2- space

E(u) =

∮
Ω

(F (u)− 1

2
ε2u4u)dx. (1.2)
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where F (u) = 1
4(u2 − 1)2. One of the intrinsic properties of the Allen-Cahn equation is that the

energy function is decreasing with time,

d

dt
E(u) ≤ 0, ∀t > 0. (1.3)

It is known that the Allen-Cahn equation satisfies the maximum principle and energy stability.

Then is it true that these properties are true for numerical approximation solutions? In 2010,

Shen Jie established first-order semi-implicit scheme, second-order semi-implicit scheme and second-

order implicit scheme for Allen-Cahn equation and Cahn-Hilliard equation, and completed energy

digressive stability analysis and error analysis [10]. In 2016, Zhang Jiaqi and Hou Tianliang considered

three discrete schemes of the Allen-Cahn equation: stable first-order linear implicit-explicit scheme,

stable second-order nonlinear correction Crank-Nicolson scheme and stable second-order linear Leap-

Frog scheme, proved that these three schemes satisfy the discrete maximum principle and energy

stability [1]; Tang Tao proved the maximum principle and the unconditional stability of the first-

order implicit-explicit scheme of the Allen-Cahn equation, and gave an error analysis [2]. In 2017,

Zheng Nan gave two high-efficiency numerical schemes for solving the Allen-Cahn equation, compared

the operational efficiencies of the two numerical solutions, and verified the energy diminishing law

by numerical examples [3]; Hou Tian Liang and Tang Tao established the second-order Crank-

Nicolson scheme in time and second-order central difference approximation in space for fractional-in-

space Allen-Cahn equation, which proved that the numerical solution satisfies the discrete maximum

principle and energy stability under reasonable time step constraints, and gave an error analysis [5].

Based on the existing finite difference methods, a discrete format with four-order precision–the

compact difference scheme, is established to perform related numerical analysis. The main research

is two aspects: one is the discrete maximum principle: the numerical solutions for (1.1) can be

bounded by 1 under the condition that the initial data is bounded by 1; the other is the energy

stability: the defined discrete energy is decremented.

2 Establishment of the Compact Difference Scheme

In this section, the compact difference scheme with O(τ2 + h4) precision is established for the

one-dimensional Allen-Cahn equation (1.1) .

First, three common numerical differential formulas were described.

Let h > 0 and c be two constants,

(1)If g(x) ∈ C2[c− h, c+ h], there is

g(c) =
1

2
[g(c− h) + g(c+ h)]− h2

2
g
′′
(ξ1), c− h < ξ1 < c+ h. (2.1)

(2)If g(x) ∈ C3[c− h, c+ h], there is

g
′
(c) =

1

2h
[g(c+ h)− g(c− h)]− h2

6
g
′′′

(ξ2), c− h < ξ2 < c+ h. (2.2)

(3)If g(x) ∈ C6[c− h, c+ h], there is

1

12
[g

′′
(c− h) + 10g

′′
(c) + g

′′
(c+ h)] =

1

h2
[g(c+ h)−2g(c) + g(c− h)] +

h4

240
g(6)(ξ3),

c− h < ξ3 < c+ h. (2.3)
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Next, we divide equally the solution interval x ∈ Ω, t ∈ [0, T ] into N equal segments. Let

h = Ω
N , τ = T

N , where h and τ are the space step and time step. Denote Ωhτ = {uni |0 ≤ i ≤
N, 0 ≤ n ≤ N} is called grid function, introduce the following notations,

δtu
n+ 1

2
i =

1

τ
(un+1
i − uni ). δ2

xu
n
i =

1

h2
(uni+1 − 2uni + uni−1).

u
n+ 1

2
i =

1

2
(un+1
i + uni ). (u

n+ 1
2

i )3 =
1

2
[(un+1

i )3 + (uni )3].

where

uni = u(xi, tn), 0 ≤ i ≤ N, 0 ≤ n ≤ N.

Let u = {ui|0 ≤ i ≤ N}, define the operator

(Au)i =


1

12
(ui−1 + 10ui + ui+1), 1 ≤ i ≤ N − 1,

ui, i = 0, N.
(2.4)

Considering equation (1.1) at the point (xi, tn+ 1
2
), we obtain

∂u

∂t
(xi, tn+ 1

2
) = ε2∂

2u

∂x2
(xi, tn+ 1

2
)− f(xi, tn+ 1

2
), 0 ≤ i ≤ N, 0 ≤ n ≤ N − 1. (2.5)

Using formula (2.1) and (2.2), we have

∂u

∂t
(xi, tn+ 1

2
) =

1

τ
[u(xi, tn+1)− u(xi, tn)]− τ2

24
· ∂

3u

∂t3
(xi, θin).

∂2u

∂x2
(xi, tn+ 1

2
) =

1

2
[
∂2u

∂x2
(xi, tn) +

∂2u

∂x2
(xi, tn+1)]− τ2

8
· ∂4u

∂x2∂t2
(xi, θ̃in).

where θin, θ̃inε(tn, tn+1). Then we get

δtu
n+ 1

2
i =ε2 · 1

2
[
∂2u

∂x2
(xi, tn) +

∂2u

∂x2
(xi, tn+1)]− f(xi, tn+ 1

2
)

+ [
1

24
· ∂

3u

∂t3
(xi, θin)− ε2

8
· ∂

2v

∂t2
(xi, θ̃in)]τ2, 0 ≤ i ≤ N, 0 ≤ n ≤ N − 1. (2.6)

Acting operator A on both sides of the above formula, we obtain

Aδtu
n+ 1

2
i =ε2 · 1

2
[A∂

2u

∂x2
(xi, tn) +A∂

2u

∂x2
(xi, tn+1)]−Af(xi, tn+ 1

2
)

+A[
1

24
· ∂

3u

∂t3
(xi, θin)− ε2

8
· ∂

2v

∂t2
(xi, θ̃in)]τ2, 1 ≤ i ≤ N − 1, 0 ≤ n ≤ N − 1. (2.7)

Using formula (2.3), we have

A∂
2u

∂x2
(xi, tn) = δ2

xu
n
i +

h4

240
· ∂

6u

∂x6
(ξin, tn).

where ξinε(xi−1, xi+1). Add the two equations of (2.7) that labeled n and n + 1, and divide by 2,

we have

1

2
[A∂

2u

∂x2
(xi, tn) +A∂

2u

∂x2
(xi, tn+1)] =

1

2
(δ2
xu

n
i + δ2

xu
n+1
i ) +

h4

240
· ∂

6u

∂x6
(ξin, tin). (2.8)
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where ξinε(xi−1, xi+1)tinε(tn, tn+1).

Substituting (2.8) into (2.7), we obtain

Aδtu
n+ 1

2
i = ε2 (δ2

xu
n
i + δ2

xu
n+1
i )

2
−Af(xi, tn+ 1

2
) +Rin, 1 ≤ i ≤ N − 1, 0 ≤ n ≤ N − 1. (2.9)

where

Rin = A[
1

24
· ∂

3u

∂t3
(xi, θin)− ε2

8
· ∂

2v

∂t2
(xi, θ̃in)]τ2 +

ε2

240
· ∂

6u

∂x6
(ξin, tin)h4. (2.10)

In (2.9) , omit the error term Rin and substitute the following

f(xi, tn+ 1
2
) =

(un+1
i )3 + (uni )3

2
−
un+1
i + uni

2
.

Then we can get the Allen-Cahn equation (1.1) corresponding compact difference scheme:

A
un+1
i − uni

τ
+A[

(un+1
i )3 + (uni )3

2
−
un+1
i + uni

2
] =

ε2

2
(δ2
xu

n+1
i + δ2

xu
n
i ), (2.11)

1 ≤ i ≤ N − 1, 0 ≤ n ≤ N − 1.

Finally, we use the second-order central finite difference to approximate the spatial derivatives

and denote Dh as the corresponding discrete matrix, so Dh is given by

Dh =
1

h2


−2 1 0 0

1 −2
. . . 0

0
. . .

. . . 1
0 0 1 −2


N×N

. (2.12)

where N indicates the number of internal nodes in the space, and h indicates the space step.

It can be verified that the discrete matrix Dh satisfies the following properties:

(1) Dh is symmetric;

(2) Dh is negative semidefinite, i.e.

UTDhU ≤ 0, ∀ U ∈ RN ; (2.13)

(3)Elements of Dh satisfy

dii = −b < 0, b ≥ max
1≤i≤N

∑
j 6=i
|bij |. (2.14)

To represent the average operator, A can be expressed as:

A =


10
12

1
12 0 0

1
12

10
12

. . . 0

0
. . .

. . . 1
12

0 0 1
12

10
12


N×N

. (2.15)

It can be verified that the matrix A satisfies the following properties:

(1) A is symmetric;
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(2) A is positive, i.e.

UTAU > 0, ∀ U ∈ RN ; (2.16)

(3)Elements of A satisfy

aij > 0, ‖A‖∞ = max
1≤i≤N

N∑
j=1

aij = 1. (2.17)

Substituting the matrix Dh and A into (2.11), we construct the compact difference scheme as

follow:

A
Un+1 − Un

τ
+A[

(Un+1).3 − Un+1

2
+

(Un).3 − Un

2
] =

ε2(DhU
n+1 +DhU

n)

2
. (2.18)

where

Un := (Un1 , U
n
2 , · · · , UnN )T ,

(Un).3 := ((Un1 )3, (Un2 )3, · · · , (UnN )3)T .

On both sides of the compact difference scheme (2.18) multiplied by matrix A−1, we obtain,

Un+1 − Un

τ
+ [

(Un+1).3 − Un+1

2
+

(Un).3 − Un

2
] =

ε2

2
A−1Dh(Un+1 + Un). (2.19)

It can be verified that the matrix A−1Dh satisfies the following properties:

(1) A−1Dh is symmetric;

(2) A−1Dh is negative, i.e.

UTA−1DhU ≤ 0, ∀ U ∈ RN . (2.20)

3 The Discrete Maximum Principle

Theorem 3.1. Let us consider the Allen-Cahn problem (1.1). If the initial value is bounded by 1,

i.e. max
xεΩ
|u0(x)| ≤ 1, then the numerical solution of the fully discrete scheme (2.18) is also bounded

by 1 in the sense that ‖Un‖∞ ≤ 1 for all n ≥ 1, and the step ratio satisfies 1
6 ≤ λ ≤ 5

6 , and the

time step size satisfies 0 < τ ≤ min{λ− 1
6 , 1−

6
5λ}.

Proof. Obviously, ‖U0‖∞ ≤ ‖u0‖ ≤ 1. We assume ‖Un‖∞ ≤ 1 and will verify the result is true

for ‖Un+1‖∞ ≤ 1.

Expand the established compact difference scheme (2.11),

1

12
[
un+1
i−1 − uni−1

τ
+

(un+1
i−1 )3 + (uni−1)3

2
−
un+1
i−1 + uni−1

2
] +

10

12
[
un+1
i − uni

τ
+

(un+1
i )3 + (uni )3

2
−
un+1
i + uni

2
]

+
1

12
[
un+1
i+1 − uni+1

τ
+

(un+1
i+1 )3 + (uni+1)3

2
−
un+1
i+1 + uni+1

2
] =

ε2

2
(
un+1
i−1 − 2un+1

i + un+1
i+1

h2
+
uni−1 − 2uni + uni+1

h2
).

Let λ = ε2 τ
h2

on both sides of the above formula multiplied by τ , and shift item,gives

10

12
[un+1
i +

τ

2
(un+1
i )3 − τ

2
un+1
i ] +

1

12
[un+1
i−1 +

τ

2
(un+1
i−1 )3 − τ

2
un+1
i−1 ]
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+
1

12
[un+1
i+1 +

τ

2
(un+1
i+1 )3 − τ

2
un+1
i+1 ]− λ

2
(un+1
i−1 − 2un+1

i + un+1
i+1 )

=
10

12
[uni −

τ

2
(uni )3 +

τ

2
uni ] +

1

12
[uni−1 −

τ

2
(uni−1)3 +

τ

2
uni−1]

+
1

12
[uni+1 −

τ

2
(uni+1)3 +

τ

2
uni+1] +

λ

2
(uni−1 − 2uni + uni+1).

We obtain

[
10

12
(1− τ

2
) + λ]un+1

i +
10

12
· τ

2
(un+1
i )3 =[

λ

2
− 1

12
(1− τ

2
)]un+1

i−1 −
1

12
· τ

2
(un+1
i−1 )3

+ [
λ

2
− 1

12
(1− τ

2
)]un+1

i+1 −
1

12
· τ

2
(un+1
i+1 )3

+ [
λ

2
+

1

12
(1 +

τ

2
)]uni−1 −

1

12
· τ

2
(uni−1)3

+ [
10

12
(1 +

τ

2
)− λ]uni −

10

12
· τ

2
(uni )3

+ [
λ

2
+

1

12
(1 +

τ

2
)]uni+1 −

1

12
· τ

2
(uni+1)3. (3.1)

For the right side of (3.1) , the sum of the last three items is recorded as P .

Let ‖Un‖∞ = x, we assume ‖Un‖∞ ≤ 1.

Let

f(x) = [
10

12
(1 +

τ

2
)− λ]x− 10

12
· τ

2
x3, x ∈ [0, 1].

This gives that

f(0) = 0, f(1) =
5

6
− λ.

and

f
′
(x) =

5

6
(1 +

τ

2
)− λ− 5τ

4
x2.

f
′′
(x) = −5τ

2
x ≤ 0.

So, we can get f
′
(x) is decreasing,

f
′
(0) =

5

6
(1 +

τ

2
)− λ, f

′
(1) =

5

6
(1 +

τ

2
)− λ− 5τ

4
.

It can be verified that if τ ≤ 1− 6
5λ then f

′
(1) ≥ 0, we have f

′
(x) ≥ 0.

Therefore, f(x) ≤ f(1) for all x ∈ [0, 1], gives

f(x) ≤ 5

6
− λ, λ ≤ 5

6
. (3.2)

Let

g(x) = [
λ

2
+

1

12
(1 +

τ

2
)]x− 1

12
· τ

2
x3, x ∈ [0, 1].

Similarly, we have

g(x) ≤ λ

2
+

1

12
. (3.3)
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together with (3.2) and (3.3), we obtain

P ≤ f(1) + 2g(1) = 1. (3.4)

For the first two terms to the right side of (3.1), denote Un+1 = y. Let

h(y) = [
λ

2
− 1

12
(1− τ

2
)]y − 1

12
· τ

2
y3. (3.5)

h(0) = 0, h(1) =
λ

2
− 1

12
.

We have

h
′
(y) =

λ

2
− 1

12
(1− τ

2
)− τ

8
y2.

When h
′
(y) = 0, find the maximum point y0 =

√
8
τ ·

√
1
2(λ− 1

6) + τ
24 , where λ ≥ 1

6 .

Since h(y) is an odd function, it is increasing in (−y0, y0), gives |h(y)| ≤ |h(y0)|.
Substituting (3.4) and (3.5) into (3.1) , we can obtain

[
10

12
(1− τ

2
) + λ]un+1

i +
10

12
· τ

2
(un+1
i )3 ≤ h(un+1

i−1 ) + h(un+1
i+1 ) + 1, 1 ≤ i ≤ N − 1. (3.6)

Assume ‖Un+1‖∞ = |Un+1
i0
| = M .

On the one hand, for both h(un+1
i−1 ) and h(un+1

i+1 ), the absolute value is taken on both sides of

the equation. According to the triangle inequality, we have

|h(un+1
i−1 )| = |λ

2
− 1

12
(1− τ

2
)]un+1

i−1 −
τ

24
(un+1
i−1 )3|

≤ [
λ

2
− 1

12
(1− τ

2
)]|un+1

i−1 |+
τ

24
|un+1
i−1 |

3

≤ [
λ

2
− 1

12
(1− τ

2
)]M +

τ

24
M3. (3.7)

|h(un+1
i+1 )| = |λ

2
− 1

12
(1− τ

2
)]un+1

i+1 −
τ

24
(un+1
i+1 )3|

≤ [
λ

2
− 1

12
(1− τ

2
)]|un+1

i+1 |+
τ

24
|un+1
i+1 |

3

≤ [
λ

2
− 1

12
(1− τ

2
)]M +

τ

24
M3. (3.8)

Let the left side of (3.6) take i = i0, then put (3.7) and (3.8) into the right sidegives

[λ+
5

6
(1− τ

2
)]M +

5τ

12
M3 ≤ [λ− 1

6
(1− τ

2
)]M +

τ

12
M3 + 1. (3.9)

which is

(1− τ

2
)M +

τ

3
M3 ≤ 1.

It is easy to verify that M ≤ 1
1− τ

2
≤ 2, and |un+1

i0
| ∈ (0, 2), where τ ≤ 1.

Suppose y0 = 2, we can get h(y) is monotonically increasing on (−2, 2),

h
′
(y) =

λ

2
− 1

12
(1− τ

2
)− τ

8
y2 ≥ 0.
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τ

8
y2 ≤ λ

2
− 1

12
(1− τ

2
) =

1

2
(λ− 1

6
) +

τ

24
.

Since yε(−2, 2),

τ

2
≤ 1

2
(λ− 1

6
).

This gives that

τ ≤ λ− 1

6
.

On the other hand, take i = i0 on the left side and i − 1 = i0, i + 1 = i0 on the right side of

(3.6), we have

[λ+
5

6
(1− τ

2
)]|un+1

i0
|+ 5τ

12
(|un+1

i0
|)3 ≤ h(|un+1

i0
|) + h(|un+1

i0
|) + 1. (3.10)

Using (3.5) gives

[λ+
5

6
(1− τ

2
)]M +

5τ

12
M3 ≤ [λ− 1

6
(1− τ

2
)]M − τ

12
M3 + 1. (3.11)

(1− τ

2
)M +

τ

2
M3 ≤ 1.

which yields M ≤ 1.

In summary, when step ratio and time step satisfies 0 < τ ≤ min{λ − 1
6 , 1 −

6
5λ},

1
6 ≤ λ ≤ 5

6 ,

we can conclude that ‖Un+1‖∞ ≤ 1.

This completes the proof of Theorem 1.

4 Stability of the Discrete Energy

From the given function (1.2), the discrete energy function of the compact difference scheme

(2.18) can be expressed as

E(u) =
1

4
· h ·

N∑
i=1

(U2
i − 1)2 − ε2

2
· h · UTA−1DhU. (4.1)

Theorem 4.1. Consider the Allen-Cahn problem (1.1). If the initial value is bounded by 1, i.e.

max
xεΩ
|u0(x)| ≤ 1, under the conditions in theorem (3.1), then the numerical solutions is obtained by

the scheme (2.18) satisfies the discrete energy decreasing property:

E(Un+1) ≤ E(Un). (4.2)

Proof. Taking the difference of the discrete energy between two successive time levels,we get

E(Un+1)− E(Un)

h
=

1

4

N∑
i=1

[((Un+1
i )2 − 1)2 − ((Uni )2 − 1)2]

− ε2

2
((Un+1)TA−1DhU

n+1 − (Un)TA−1DhU
n). (4.3)

Preprints (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 25 December 2018                   Preprints (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 25 December 2018                   doi:10.20944/preprints201812.0294.v1

http://dx.doi.org/10.20944/preprints201812.0294.v1


9

Note that following two fundamental inequalities hold for any a, bε[−1, 1]

(a3 − a)(a− b) + (a− b)2 ≥ 1

4
[(a2 − 1)2 − (b2 − 1)2]. (4.4)

(a3 − b)(a− b) + (a− b)2 ≥ 1

4
[(a2 − 1)2 − (b2 − 1)2]. (4.5)

Under the conditions in theorem (3.1), we have ‖Un‖∞ ≤ 1 and ‖Un+1‖∞ ≤ 1. Consequently, it

follows from (4.4) and (4.5) that

1

4

N∑
i=1

[((Un+1
i )2 − 1)2 − ((Uni )2 − 1)2]

≤
N∑
i=1

[
1

2
((Un+1

i )3 − Un+1
i )(Un+1

i − Uni ) +
1

2
((Uni )3 − Uni )(Un+1

i − Uni ) + (Un+1
i − Uni )2]. (4.6)

Since the matrix A−1Dh is symmetric, we have

ε2

2
(Un+1 − Un)TA−1Dh(Un+1 + Un) =

ε2

2
((Un+1)TA−1DhU

n+1 − (Un)TA−1DhU
n). (4.7)

Combining (4.3) , (4.6) and (4.7) get

E(Un+1)− E(Un)

h

≤
N∑
i=1

[
1

2
((Un+1

i )3 − Un+1
i )(Un+1

i − Uni ) +
1

2
((Uni )3 − Uni )(Un+1

i − Uni ) + (Un+1
i − Uni )2]

− ε2

2
(Un+1 − Un)TA−1Dh(Un+1 + Un). (4.8)

Taking L2 inner product of (2.19) with (Un+1 − Un) obtain

N∑
i=1

[
1

2
((Un+1

i )3 − Un+1
i )(Un+1

i − Uni ) +
1

2
((Uni )3 − Uni )(Un+1

i − Uni ) +
1

τ
(Un+1

i − Uni )2]

=
ε2

2
(Un+1 − Un)TA−1Dh(Un+1 + Un). (4.9)

Consequently, together with (4.8) and (4.9), yields

E(Un+1)− E(Un)

h

≤
N∑
i=1

[
1

2
((Un+1

i )3 − Un+1
i )(Un+1

i − Uni ) +
1

2
((Uni )3 − Uni )(Un+1

i − Uni ) + (Un+1
i − Uni )2]

−
N∑
i=1

[
1

2
((Un+1

i )3 − Un+1
i )(Un+1

i − Uni ) +
1

2
((Uni )3 − Uni )(Un+1

i − Uni ) +
1

τ
(Un+1

i − Uni )2].

that is

E(Un+1)− E(Un)

h
≤ (1− 1

τ
)

N∑
i=1

(Un+1
i − Uni )2. (4.10)

Since 0 < τ ≤ min{λ − 1
6 , 1 −

6
5λ}, the right-hand side of (4.10) is non-positive, and hence

(4.2) follows.
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5 Numerical Tests

In this section, some numerical examples are provided to validate the effectiveness on the energy

stability and numerical maximum principle. We consider one-dimensional problems for (1.1) with

homogeneous Neumann boundary condition. The initial condition is chose as

u0(x) = 0.9 ∗ rand(·) + 0.05,

where ”rand(·)” represents a random number on each point in [0, 1].

First, we let the parameter ε2 = 0.001 , and the mesh size in space is h = 0.01. Denote λ = ε2 τ
h2

,

combine the conditions 1
6 ≤ λ ≤ 5

6 , 0 < τ ≤ min{λ − 1
6 , 1 −

6
5λ} in the theorem (3.1), we have

1
54 < τ < 1

13 . The following figures shows the numerical solution curves and the energy curves for

several values of τ :
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Fig. 1: Maximum values for scheme (2.18) with time step τ = 0.5, 0.3.
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Fig. 2: Energy for scheme (2.18) with time step τ = 0.5, 0.3.
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Fig. 3: Maximum values for scheme (2.18) with time step τ = 0.07, 0.02.
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Fig. 4: Energy for scheme (2.18) with time step τ = 0.07, 0.02.

Fig1 and Fig3 plots the numerical solution of the discrete scheme (2.18) does not satisfy

the maximum principle when the time step is τ = 0.5 or τ = 0.3, but it satisfies the maximum

principle when the time step is τ = 0.07 and τ = 0.02. Moreover, Fig2 and Fig4 plots the

discrete energy diminishing stability.

Second, we let the parameter ε2 = 0.0001 , and the mesh size in space is h = 0.01. We have
1
6 < τ < 5

11 . When the time step τ = 0.5 and τ = 0.2, we get the following figures:
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Fig. 5: Maximum values for scheme (2.18) with time step τ = 0.5, 0.2.
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Fig. 6: Energy for scheme (2.18) with time step τ = 0.5, 0.2.

Fig5 plots the numerical solution of the discrete scheme (2.18) does not satisfy the maximum

principle when τ = 0.5, but it satisfies the maximum principle when the time step is τ = 0.2.

Fig6 plots the discrete energy diminishing stability.

6 Conclusions

The main contribution of this work is the establishment of the full-discrete fourth-order compact

difference scheme for the one-dimensional nonlinear Allen-Cahn equation (2.18). For the fully

discretized scheme, we prove that the numerical solution is bounded by the constant 1, i.e. numerical

maximum principle. This offers us the possibility to achieve the numerical solution satisfies energy

stability. At the same time, the restrictions of the step ratio and the time step 1
6 ≤ λ ≤ 5

6 , 0 <

τ ≤ min{λ − 1
6 , 1 −

6
5λ} are obtained. Finally, the compact difference scheme is considered as a

illustrative example to show the effectiveness and advantages of the proposed scheme.
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