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1 Abstract: Information theory is widely used in various disciplines, and effective calculation of Shannon mutual
> information is typically not an easy task for many practical applications, including problems of neural population
s coding in computational and theoretical neuroscience. Asymptotic formulas based on Fisher information may
4+ provide accurate approximations to mutual information but this approach is restricted to continuous variables
s  because the calculation requires derivatives with respect to the encoded variables. In this paper, we consider
s  information-theoretic bounds and approximations based on Kullback-Leibler divergence and Rényi divergence.
7 We propose several information metrics to approximate Shannon mutual information in the context of neural
s  population coding, and these asymptotic formulas hold true for discrete variables as there is no requirement
o  for differentiability. In particular, one of our approximation formulas has consistent performance and good
10 accuracy regardless of whether the encoded variables are discrete or continuous. We performed numerical
1 simulations and confirmed that our approximation formulas were highly accurate for approximating mutual
12 information between the discrete variables or stimuli and the responses of a large neural population. These
13 approximation formulas may potentially bring convenience to the applications of information theory to many
14 practical and theoretical problems.

15 Keywords: Shannon mutual information; Kullback-Leibler divergence; Rényi divergence; Chernoff divergence;
16 approximation; discrete stimuli; neural population codes

7 1. Introduction

18 Information theory is a powerful tool with widespread applications in diverse fields such as neuroscience,
19 machine learning, and information and communication technology [1-7]. However, in many applications it
20 is often notoriously difficult to effectively calculate Shannon mutual information [8]. Various approximation
21 methods have been proposed to approximate the mutual information, such as those based on asymptotic expansion
22 [9-13], k-nearest neighbor [14] and minimal spanning trees [15]. Another approach is to simplify the calculations
23 by approximations based on information-theoretic bounds, such as the Cramér-Rao lower bound [16] and the van
22 Trees’ Bayesian Cramér-Rao bound [17].

25 An efficient approach for estimating the mutual information based on asymptotic approximation has
26 attracted the attention of researchers in recent years [ 18-23]. For encoding of continuous variables, asymptotic
27 relations between mutual information and Fisher information have been presented by several researchers [18-21].
23 Recently Huang and Zhang [23] proposed a more precise approximation formula which remains very accurate
29 for high-dimensional variables. Unfortunately this approach does not generalize to discrete variables because
s calculation of Fisher information requires partial derivatives of the likelihood function with respect to the encoded
a1 variables. For encoding of discrete variables, Kang and Sompolinsky [22] represented an asymptotic relationship
2 between mutual information and Chernoff information for statistically independent neurons in a large population.
s However, Chernoff information is still hard to calculate in many practical applications.

3 In this paper, we present several information metrics to approximate the mutual information for discrete
35 variables. While some input variables or stimuli are naturally continuous, such as movement direction, luminance
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s level, and the pitch of a tone, other stimuli are naturally discrete, such as the types of molecules in olfaction,
a7 distinct visual objects, identity of faces, and words in human speech. For definiteness, in this paper we will frame
s our questions in the context of neural population coding, where some physical variables are encoded by eliciting
s responses from many neurons or a population of neurons. Nonetheless, our mathematical results are quite general
20 and should be applicable to any large input-output system that satisfies specific conditions as it scales up. For
41 example, independent sampling from repeated trials can be mathematically equivalent to having a population of
«2 neurons with independent responses.

43 In the following we first derive several upper and lower bounds on Shannon mutual information using
s Kullback-Leibler divergence and Rényi divergence. Next we derive several new approximation formulas for
s mutual information in the limit of a large population or a large sample size. In particular, our approximation
s formula I, (see Eq. 10) is valid for both discrete variables and continuous variables. The approximation formulas
a7 Iy and Ip (see Eq. 15 and 18) are applicable only to discrete variables, and they are more convenient to calculate
s than mutual information in some situations. Finally, we use numerical simulations to confirm the validity of our
s approximation formulas by a comparison against the values of mutual information obtained by Monte Carlo
s simulations.

st 2. Theory and Methods

52 2.1. Notations and Definitions

Suppose the input x is a K-dimensional vector, x = (x1,- -, xK)T, which could be interpreted as the
parameters that specifies a stimulus for a sensory system, and the outputs is an N-dimensional vector, r =
(ry,--- ,rN)T, which could be interpreted as the responses of N neurons. We assume N is large, generally
N > K. We denote random variables by upper case letters, e.g., random variables X and R, in contrast to their
vector values x and r. The mutual information between X and R is defined by

[=I(X;R) = <1n "’;E'r’)‘) >r,x, (1)

ss wherex € X CRK re R C RN, and <-)r,x denotes the expectation with respect to the probability density

s« function p(r, x). Similarly, in the following we use (-),, and (), to denote expectations with respect to p(r|x)

r|x
ss and p(x), respectively.
If p(x) and p(r|x) are twice continuously differentiable for almost every x € X', then for large N we can

use an asymptotic formula to approximate the true value of I with high accuracy [23]:

I~ = % <ln (det (c;;)) ) > +H(X), o)
I~lp=1 <ln <det (Jz(;f)) > +H(X), 3)

which is sometimes reduced to

where det (-) denotes the matrix determinant, H(X) = — (In p(x)), is the stimulus entropy,
G(x) =J(x) +P(x), €y
9?In p(x)
P(x) = T oxoxT ®)
and

oxoxT 0x oxT

T = — <821np(r|x)>r|x _ <81np(rx) 81np(rx)>r|x ©

s6 1S the Fisher information matrix.
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We denote the Kullback-Leibler divergence as

and denote Rényi divergence [24] of order § + 1 as

x| X —l n p(r\x) ﬁ
Dﬁ( || )_‘Bl <<P(r|§()) >r|x‘

30f 18

)

®)

s Here BDg (x|[X) is equivalent to Chernoff divergence of order  + 1 [25]. It is well known that Dpg (x||X) —

ss D (x||X) in the limit B — 0.
We define

Iy = — ((In (exp (=D (x|[%)))4)

fpo = = (i {exp (=p0s () + (1= 2E) ) )

ss where in Iz, we have 8 € (0,1) and & € (0, 00) and assume p (x) > 0 forall x € X'.

(€]
10)

an

In the following we suppose x takes M discrete values, X, m € M = {1,2, ---, M}, and p(x,,) > 0O for

all m. By the definitions above in (9)-(11), we have

M M (s
L, =—- Z p (xm) In ( Z pg 111§ exp (—D (Xm||xm))> + H(X),
m=1 =1 P Xm
—M ngP(xm)x—eflxx
k= mZ::lP( w1 <m2—11p(xm)ep< D (x| '?‘)>>+H(X)’
M M N
Igy = —mZ::lp (xm) In (mzl (iéﬁ;) exp (—,BDﬁ (xm||xm))> + H(X).

Iy =— Z P(Xm)h’l 14+ A Z P(Xm) exp (—ele (Xmem)>> + H(X),

e exp(D(xm||><m>>> +H(X),

d 7_M ) 1n p (%) “ex _ x| 150
I,IX_ Zp( m)l <1+AZ (P(Xm)> P( :BDﬁ(mH m)))+H<X)/

1+ Y exp(—e_lD(mexm)))+H(X),

12)

13)

(14)

s)

(16)

a7

(18)
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where
ME =L = argmin Dg (3m|[x) ¢, (19
meM—NMP,
MY = {m:m: arg min D(xm||x,;1)}, (20)
meM—-MY,
N, = {02 Dg (x| |x) = 0}, @1
MY = {112 D (x| [x) = 0}, (22)
My = ME O NE - {my, (23)
My, = M UM, — {m} . (24)
60 2.2. Theorems
o1 In the following we state several conclusions as theorems and prove them in Appendix.
Theorem 1. The mutual information I has the following bounds:
Igo <1< Iy (25)
Theorem 2. The following inequalities are satisfied,
Ipa <l <1y (26)
where B1 = e~ and according to Eq. 11,
i1 = = (In {exp (=1Dp, (x||9) )5 - @7
Theorem 3. [f there exist y1 > 0 and v > 0 such that
BDg (Xm|[xm;) > y1In N, (28)
D (Xm||Xm,) > 712InN, 29)

or discrete stimuli X,,, where m € M, m; € M — Mf,%i and my € M — MY, then we have the following
m
asymptotic relationships:

Igo=1I§, +O(N") <I<I,=1I{+0(N ) (30)

and
L=0L+0 (N_”/e) . 31)

Theorem 4. Suppose p(x) and p(x|x) are twice continuously differentiable for x € X, ||q'(x)|| < oo,
4" (x)|| < oo, where q(x) = Inp(x) and ' and " denote partial derivatives 3/9x and 8*/9xdx!, and

G, (x) is positive definite with H NG;l (x) H = O (1), where ||-|| denotes matrix Frobenius norm,

Gy(x) =7J(x)+P(x), (32
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¥y=PB(1—pB)and B € (0,1). If there exist an w = w (x) > 0 such that
det(G()"/* [, PP (Dl ax=0(N"7), (33)
det (Gn,(x))l/2 /A?C(x) p(X) exp (—BDg (x|%)) dx = O <N*1) , (34)

forall x € X and e € (0,w), where Xy(x) = X — Xy(x) is the complementary set of X(x) =
{)“( e RK: (x— x)T G(x) (X — x) < Nw? }, then we have the following asymptotic relationships:

Ipa <1y +O(N') ST< L= Ig+K/2+0(N71), (35)

L=Ic+0(N1), (36)

I =1, +0(NT), 37)
where . G (x)
X

I, = > /X p(x)In (det ( ;7_[ )) dx + H(X) (38)

e and yg = Po (1 —ﬁo) =1/4 with By =1/2.

Remark 1. 7o see how condition (33) could be satisfied, consider the case where D (x||X) has only one extreme
point at X = x for X € X, (x) and there exists an 7 > 0 such that N~1D (x|%) > 1 for x € X (x). Now
condition (33) is satisfied because

det ()72 [, p(x)exp (~D (x/1%)) s

<det(G0)2 [ p®)exp (0 (o) N) ds

-0 <NK/2€717(£)N> ) (39)

& where by assumption we can find an 7j (€) > 0 for any given € € (0, w). Condition (34) can be satisfied in a

64 Similar way.
When Bo = 1/2, BoDg, (x||X) is the Bhattacharyya distance [26]:

BuDs, (I1%) = ~In ( [ \/pirbop(rixiar), (0

and we have

_ 2(D(I%)

0% (4BoDg, (x||%)
J(x) OXOXT - T :

- %X
fex o0X0Xx

P (8H (x]I%)

9%0XT ’ “1)

X=X

where Hj (x||X) is the Hellinger distance [27] between p(x|x) and p(r|X):

B2 (%) = 5 [ (/pta - ¢p<r|f<>)2dr. @)

By Jensen’s inequality, for B € (0,1) we get

0 < Dg (x||%) < D (x]|%). 43)
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Denoting the Chernoff information [8] as
C X) = D X = D X 7 44
(x[[%) P (BDg (x[|%)) = PuDpg,, (x|1%) (44)
where BDpg (x||X) achieves its maximum at By, we have
Iﬁ & H(X)
.- A p ()
<he=—Y pxm)n| ) exp (—C (Xm]|xm)) (45)
m=1 m=1 p (Xm)
o A p (%)
Sha=—=3 pOaum)in| ), exp (—BmDp (xullxi)) | - (46)
m=1 m=1 p (xm)
By Theorem 4,
max Igy = I, +O (N_l) , (47)
pe(0,1)
K, 4
If B = 1/2, then by (50), (46), (47) and (48) we have
K, 4 -1 -1
—_ — < =
ﬁrer}g,)i)lﬁ—i_ 2lne—i-O(N ) <I I—i—O(N )
<h;+H(X) <. (49)
s Therefore, from (45), (46) and (49), we can see that 1, and I are close to h. + H(X). O

66 2.3. Approximations for Mutual Information

In this section, we use the relationships described above to find effective approximations to true mutual
information I in the case of finite N. First of all, Theorem 1 and Theorem 2 tell us that the true mutual
information I and I, lie between I,B,tx and I, or between Iﬁl,l and I;; that is, Iﬁ,a <I<1I,,and 151,1 <I <I,.
On the other hand, from (2) and (36) we can obtain the following asymptotic equality under suitable conditions:

I=L+0(NT). (50)
Hence, for continuous stimuli, we have the following approximate relationship for large N:
I~1, ~I;. (&2))

For discrete stimuli, by (31) for large but finite N, we have

ININI:—ﬁ p (%) 1 .
~ [~ p(xm)In {1+ ) exp ( e D (xm||xm)) +H(X). (52)
m=1 meMY, p(xm)
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Consider the special case p(x;;) =~ p(xy) for hi € MY,. With the help of definition (18), substitution of
p(Xim) =~ p(xm) into (52) yields

M
I~Ip=— Z p(xm) In (1 + Z exp (—e—lD (xm||xﬁ1))> + H(X)

m=1 me My,
M
~ =Y pow) L exp (—e 71D (xullxa) ) + H (X)
m=1 me M,
=1} (53)

o7 where IOD < Ip and the second approximation follows from the first-order Taylor expansion when the term
s Y exp(—e D (xp||x)) is small.

meM,
69 The theoretical discussion above tells us that [, and I; are effective approximations to true mutual
70 information I in the case of large N. Moreover, we find that they are often good approximations of mutual

71 information I even for relatively small N, as illustrated in the following section.

72 3. Results of Numerical Simulations

Consider Poisson model neuron whose responses follow a Poisson distribution [23]. The mean responses or
the tuning curve of neuron n, n € {1,2, - - -, N'} is described by the tuning function f (x; 8, ), which takes the
form of a rectified linear function:

f(x;6,) = max (0,x —6y), (54)

73 where x € [T, T], is the stimulus with T = 10, and the centers 01, 60,, - - -, Oy of the N neurons are uniformly
74 distributed on interval [T, T], i.e., 0, = (1 —1)d — T withd = 2T /(N — 1) when N > 2, and 6,, = 0 when
75 N = 1. We suppose the discrete stimulus x has M possible values with M = 5, and these values are evenly
76 spaced from —T to T, namely, x € X = {xp :xy =2(m—-1)T/(M—-1)—-T,m=1,2,--- ,M}.
77 In the first example, we suppose the stimulus has a uniform distribution, so that the probability is given by
78 p(xm) = 1/ M. Figure 1a shows graphs of the input distribution p(x) and a representative tuning curve f (x;6)
79 with the center 6 = 0.
To evaluate the precision of the approximation formulas, we employed Monte Carlo (MC) simulation
to approximate mutual information I [23]. In our MC simulation, we first sampled an input x; € X from
the uniform distribution p(xj) = 1/ M, then generated the neural responses r; by the conditional distribution

p(xj|x;) based on the Poisson model, where j = 1,2, -, jmax. The value of mutual information by MC
simulation was calculated by
1 Jmax p(r;|x;)
Lie=-—YIn Latay (55)
Me Jmax ]; ( P(rj)
where
M
p(rj) = Y p(xjlxn)p(xm). (56)
m=1

To evaluate the accuracy of our MC simulation, we computed the standard deviation of repeated trials by
bootstrapping:

1 imax

Iyg = | — Y (Ic — Iuc)’ (57)

Imax ;=4
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where
. 1 Jmax (I’r.’,|xl*,l,)
Iyc=+—27_In PR ) , (58)
Jmax j=1 p(rr/.,].)
1 imax .
Inc = Y Tie, (59)
max ;j—q
and Tj; € {1,2, -+, jmax} is the (j,i)-th entry of the matrix I' € N/max*imax with samples taken randomly
from the integer set {1,2, - - -, jmax } by a uniform distribution. Here we set jmax = 5 X 10°, imax = 100 and
M =103

For different N € {1,2,3,4,6,10, 14, 20, 30, 50, 100, 200, 400, 700, 1000}, we compare Iy;c with I, I;
and Ip, which are illustrated in Figure 1b—d. Here we define the relative error of approximation, e.g., for I,, as

I, -1
DI, = =M€, (60)
Imc
and the relative standard deviation I
DIy = ISfd. (61)
MC

For the second example, we kept all other conditions unchanged and only changed the probability distribution
of stimulus p(x,). Now p(xy,) is a discrete sample from a Gaussian function:

2
_ 71 Y _
p(xm)—Z exp <_2T2)rm_1/2/"'/M/ (62)
where Z is the normalization constant. The results are illustrated in Figure 2.
Next, we changed each tuning curve f (x;6;) to a step function or Heaviside function:
x;0,) = - 63
f (x:6n) {0;x<9n ©3)

Figure 3 and Figure 4 show the results under the same conditions of Figures 1 and 2 except for the shape of the
tuning curves.

In all these examples, we found that the three formulas, namely, I,, I; and Ip provided excellent
approximations to the true values of mutual information as obtained by Monte Carlo method. All these
approximations were extremely accurate when N > 100. The saturation of information for large N is due to the
fact that completely distinguishing all M = 5 stimuli requires at most log, 5 = 2.32 bits of information. It is not
possible to gain more information than this amount regardless of how many neurons are used in the population.
For relatively small values of N, we found that Ip tended to be less accurate than I; and L. In these simulations,
I; and I, were about equally good although I, is more versatile and could potentially be used for continuous
stimuli as well.

4. Conclusions

We have derived several asymptotic bounds and effective approximations of mutual information for
discrete variables and found some relationships among different approximations. Our methods are based
on Kullback-Leibler divergence and Rényi divergence, and our final approximation formulas involve only
Kullback-Leibler divergence, which is often easier to evaluate than Shannon mutual information in many
practical applications. Although in this paper our theory is developed in the framework of neural population
coding, our mathematical results are generic and should hold in many related situations beyond the original
neuroscience context.

We propose to approximate the mutual information with Kullback-Leibler divergence and provide several
formulas, including I, in Eq. 10 or 13, I; in Eq. 15 and Ip in Eq. 18. The approximation I, works not only

reprints201812.0209.v1
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Figure 1. A comparison of approximations I, I; and Ip against I;c obtained by Monte Carlo method for
one-dimensional discrete stimuli. (a) Discrete uniform distribution of the stimulus p(x) (black dots) and the
rectified linear tuning curve f (x;0) with center = 0 (blue dashed lines). (b) The values of Iy, I, I; and Ip
depend on the population size or total number of neurons N. (¢) The relative errors DI,, DI; and DIp for the
results in panel b. (d) The absolute values of the relative errors |DI,|, |[DI;| and |DIp| as in panel ¢, with error
bars showing standard deviations of repeated trials.
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Figure 2. A comparison of approximations I, I; and Ip against I5;c. The situation is identical to that in Figure 1
except that the stimulus distribution p(x) is peaked rather flat (black dots in panel a).
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Figure 3. A comparison of approximations I, I; and Ip against I5;c. The situation is identical to that in Figure 1

except for the shape of the tuning curve (blue dashed lines in panel a).
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Figure 4. A comparison of approximations I, I; and Ip against Ip;c. The situation is identical to that in Figure 1
except that the stimulus distribution p(x) is peaked rather flat (black dots in panel a) and that the shape of the

tuning curve is different (blue dashed lines in panel a).
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14 for discrete stimuli but also for continuous stimuli. The formula for I, is well justified theoretically and
105 its performance was excellent in our numerical simulations. Overall I, is our most accurate and versatile
16 approximation formula although in some cases I; and Ip are more convenient to calculate.

107 Our numerical experimental results show that the three approximations I, I; and Ip were very accurate
18 even when the population size N is relatively small. Among the three approximations, Ip tended to be the least
100 accurate, although as a special case of I; it is slightly easier to evaluate than I;. In conclusion we recommend
110 using I, and I; as approximations for Shannon mutual information. Of these two, I, is the universal formula and
11 Iy is restricted only to discrete variables.

112 Finding effective approximation methods for computing mutual information is a key step for many practical
113 applications of information theory. Generally speaking, Kullback-Leibler divergence (Eq. 7) is often easier
114 to evaluate or approximate than Chernoff information (Eq. 44) and Shannon mutual information (Eq. 1). In
115 situations where this is indeed the case, our approximation formulas are potentially useful. Besides advantages
1s in numerical simulations, the availability of a diverse set of approximation formulas might potentially provide
117 helpful theoretical insights in analytical studies of information coding and representations.
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11e  manuscript. K.Z. verified the proofs and revised the manuscript.
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122 Appendix A. The Proofs

123 Appendix A.1. Proof of Theorem |

By Jensen’s inequality, we have
P(r[x)p
L= {1 / PEIX)pTX).
== (e
)Pt (%) )>
X + H(X) (A1)
x)p"‘(x) r|x

and

=0. (A2)

124 Combining (A1) and (A2), we immediately get the lower bound in (25).
125 In this section we use integral for variable x although our argument is valid for both continuous variables
126 and discrete variables. For discrete variables, we just need to replace each integral by a summation, and our
127 argument remains valid without other modification. The same is true for the response variable r.

To prove the upper bound, let

@) = [ pirbo [ g (LI dsa, 3
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where g(X) satisfies
q(%) = 0
By Jensen’s inequality we get
®[9(x)] = [ p(xx)n (pmx)> dr. (AS)
R p(r)
To find a function g(X) that minimizes ® [(X)], we apply the variational principle as follows:
9P [q(%)] / (P(r|x)ﬂl(f<)>
- = r|x) In ~ — |dr+1+A, (A6)
a0 JeP P ) o
where A is the Lagrange multiplier and
® 03] = (%)) + A [ oz 1). (a7
Setting a?{g‘zg)] = 0 and using the constraint (A4), we find the optimal solution
‘o p(%) exp (=D (x||%))
q (%) = 5 Sy (A8)
Ja p(%) exp (=D (x| [%)) dx
Thus the variational lower bound of ® [g(X)] is given by
@ (¢ (%) = min® [g(%)] = ~In ( [ p(R)exp (~D (x]%) ) dx. (49)
q(x

128 Therefore, from (1), (A5) and (A9), we get the upper bound in (25). This completes the proof of Theorem 1.[]

120 Appendix A.2. Proof of Theorem 2

It follows from (43) that

o == {in (o (0 0+ 1= n5)) )

< — —e¢ 1 % =
< <ln <exp ( e D (x||x)) >x>x I

< —(In(exp (=D (x|[%)))g)y = Lu, (A10)
130 where B1 = e~ 1and a; = 1. We immediately get (26). This completes the proof of Theorem 2. (]

131 Appendix A.3. Proof of Theorem 3

For the lower bound [ B> W have

Ipa = _Zle p(xm) In <an\f_1 (Z Ei:;)aexp (—BDg (xm|xm))>

= = Y pOon) In (14 d (xa)) + H (X)), (A11)

where

d(xm) = Znﬁer{m} (ZE;‘:%) exp (—BDg (Xmx,,)) - (A12)
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Now consider
In(1+4+4d(xm))
=In(1+a(xm)+b(xm))
= I (1+a () +1n (14 (x) (1+2 (x)) ")
=In(1+a(xw)+O(N77), (A13)
where
0 050) = L (B0} exp (=D (sl (Alda)
b(xm) = Zmeran (m> exp (_:BDﬁ (Xm| Xm))
<N M ZmerMﬁ, (Z gz;)a =0 (N™™). (A14b)

132 Combining (A11), (A13) and Theorem 1, we get the lower bound in (30). In a manner similar to the above, we
133 can get the upper bound in Egs. (30) and (31). This completes the proof of Theorem 3. O

134 Appendix A.4. Proof of Theorem 4

The upper bound I, for mutual information I in (25) can be written as

I, =- /X (h\/Xp(f() exp (—D (x|§())d§() p (x) dx
_ <ln (/X exp ({L(rI%) = L(x}x)) ) dx)> YH(X). (A15)

X
135 where L (r|&) = In (p (r|%) p (X)) and L (r|x) = In (p (r|x) p (x)).
Consider the Taylor expansion for L(r|X) around x. Assuming that L(r|X) is twice continuously
differentiable for any X € X, (x), we get

(L(x]%) = L(x[x))

r|x

1 1 _ . —
=y = 5yy - 5y G2 (0 (G(X) ~G(x) G2 ()y (A16)
where
y = G2 (x) (8 —x), (A17)
vi=G 2 (x) ¢ (x) (A18)
and
X=x+t(&—xX) € Xy(x), te(0,1). (A19)
For later use, we also define
v=G2(x)I'(x|x) (A20)
where
I(r|x) =Inp(r|x). (A21)

Since G(X) is continuous and symmetric for X € X, for any € € (0,1) thereis a e € (0, w) such that

vy G712 (x) (G(%) — G(x)) G2 (x) y| < eyl (A22)
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forally € Ve, where ) = {y eRE: |yl < S\/ﬁ} Then we get
In (/X exp ((L(x1%) = L(x})) ) df()
1
> —% In (det (G(x))) + ln/y exp (yTV1 ~3 (1+¢€) yTy> dy (A23)
and with Jensen’s inequality,
T 1 T
ln/ exp (y vi—z(1+e)y y) dy
Ve 2
>InY. + /y y'vige (y) dy
_ K (A ~K/2,~Né
—zln(1+€>+O<N ey, (A24)
where J is a positive constant, fy{ yivi¢e (y)dy =0,
-1 1 T
e (y) =Y exp | —5 (1+e)yy
1 (A25)
Te= [y exp <—2 (1 +€)yTy> dy
and
Ve={y € R¥: |yl < eVN/K k=12,--- K} C Vi (A26)

Now we evaluate
Y ——/ ex —1(1+e)yT dy—/ ex —l(l—l—e)yT d
€ RK p 2 y ]RKfj)s p 2 y y

27 \ K72 1 -
= <1+€) _/]RIL)”/S exp (—2 (1+e)y y) dy. (A27)

. . . —a2/ —2/
Performing integration by parts with [~ e P/24F = # — 2 ;2 2 dt, we find

1
: exp <—2(1+€)£2N>
/Rk_yg exp (—2 (1+e) yTy> dy < ((1 ereNy (4K)>K/2

-0 (N*K/ 2e*N‘5) ) (A28)

13 for some constant § > 0.
Combining (A15), (A23) and (A24), we get

I < % <ln (det ((1;;6) G(x)>)>x +H(X) +0 (NTK/ZmN0) (A29)
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On the other hand, from (A22) and the condition (33), we obtain
Ly @ (L 0618) = L))
<det(6() 2 [ exp (v~ 3 (1-)yTy ) dy
— det (12_7T€G(x)) o exp G (1-e)! vTv1> (A30)

and
[ exp (LG50 = L(x}o)y ) s

= [y &P (1LE19) — Lrb) ) i /. o &P ((L018) = L(xb0),,)

< det <12_7T€G(x)> o <exp <2 (VlTﬁle)> +0 (Nl)) . (A31)

It follows from (A15) and (A31) that

<ln (/X exp ((L(r|$<) - L(r|x>>r|x) dx)>
1
2

< —% <1n <det (“2_7:) G(x)> ) >X t-(1-e) " <vTv1>x +0(N7). (A32)

Note that
<vTv1> -0 (N_1> . (A33)
Now we have . a1 )
: —€ -1
I > 5 <1n (det( — G(x)>>>x+H(X)+O(N ) (A34)
137 Since € is arbitrary, we can let it go to zero. Therefore, from (25), (A29) and (A34) we obtain the upper bound in
138 (35).
The Taylor expansion of & (X, x) = < (ZSI:; ) 'B> around X is
r|x
. ap(r(x) > .
h(X,x —1+< p £ —x)+
( ) p(r|x> Ix r|x ( )
o T B _ 1y 9p(r[x) 9p(r|x) O*p(r|x) oy
& =0T (goire (81 Lo 2 oy A R
=1 PP Ty 4 (A39)

In a similar manner as described above, we obtain the asymptotic relationship (37):

Ipo =L +0 (N7

= %/X p(x)1In (det (G;(Tx))) dx + H(X). (A36)

Notice that 0 < v = B (1 — B) < 1/4 and the equality holds when p = By = 1/2. Thus we have
det (G, (x)) < det(G,,(x)). (A37)

139 Combining (25), (A36) and (A37) yields the lower bound in (35).
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140 The proof of Eq. (36) is similar. This completes the proof of Theorem 4. (|
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