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Abstract: Based on previous research results, we propose a new preprocessing HSS iteration method
(PHSS) for the generalized Lyapunov equation. At the same time, the corresponding inexact PHSS
algorithm (IPHSS) is given from the angle of application. All the new methods presented in this paper
have given the corresponding convergence proof. The numerical experiments are carried out to
compare the new method with the existing methods, and the improvement effect is obvious. The
feasibility and effectiveness of the propos method are proved from two aspects of theory and

calculation.
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1. Introduction

We consider the system of large sparse linear equations

Ax=b, (H

where 4e C™" is non-Hermite positive definite matrix and x,be C"". The actual

background of such problems can be found in [1, 2, 3, 4, 5, 6, 7] and its references.
For (1), Bai, Golub and Ng put forward the HSS®! iteration method in 2003.
Any matrix can be decomposed into the sum of symmetric matrices and skew

symmetric matrices so that we can get the formula:

A= H(A)+S(A4) = (al + H(A)) — (] = S(A)) = (] +S(A)) — (] — H(A)),
where « is normal number, H(A):%(A+A*) , S(A):%(A—A*), and

H(A),S(A)e C™, As a result, the HSS iterative format proposed by Bai and others
is:
Let x” e C” be an initial guess. For k=0,1,2,....., until the sequence of

(k+1)

iterates {x''} converges, compute the next iterate x“*" through the following

procedure:

© 2018 by the author(s). Distributed under a Creative Commons CC BY license.


http://creativecommons.org/licenses/by/4.0/
http://dx.doi.org/10.20944/preprints201811.0484.v1
http://creativecommons.org/licenses/by/4.0/
http://dx.doi.org/10.3390/math7010038

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 20 November 2018 d0i:10.20944/preprints201811.0484.v1

*  Corresponding author. E-mail address: hailong_shen@126.com.

** Project supported by the National Natural Science Foundation of China (No. 11371081) and

the Natural Science Foundation of Liaoning Province (No. 20170540323).

1
(al + H(A)x 2 = (el = S(A)x™ +b,
1

(@l +S(ANx* = (ol = H(A)x 2 +b,
where « is normal number. Bai and others proved its unconditional convergence to
the unique solution of (1) in [8].
In order to speed up the HSS iteration method, Bai and others put forward the
PHSS iteration method [9-11]. Decompose coefficient matrix A into the sum of

symmetric matrices and skew symmetric matrices and we can get the formula:

A=(aP(A)+H(A4))—(aP(A)=S(A)) = (aP(A)+S(4) - (aP(4)-H(4)), (2)
where P(A)e C™" is Hermite positive definite matrix. Therefore, we can get the

HSS iterative format:

(aP(A)+ H(A))x””%) = (@P(A4) - S(A)x® +b,
(aP(A)+ S(A)x**) = (@ P(4) - H(A))x(k%) +b,

where « is normal number. Bai and others proved its unconditional convergence to

the unique solution of (1) in [10].

2. The PHSS iterative method for the generalized Lyapunov equation

Many methods to solve the standard Lyapunov equation have been put forward
in [12-19].In the literature [12], Xu Qingqing and others put forward the HSS iterative
solution of the generalized Lyapunov equation. Inspired by this, this paper proposes
the PHSS iterative solution of the generalized Lyapunov equation.

Consider the generalized Lyapunov equation as follows:

AX+)(}4T+Zm:NJXNJT+C:O, 3)
=

where A, N »,Ce R™", A is an asymmetric positive definite matrix, C is a symmetric

matrix and HN jHZ < ||A||2 (j=1,2...,m). When a=b, the equation (3) degenerates to the
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standard Lyapunov equation.
Then we apply the PHSS iterative method to solve the generalized Lyapunov
equation (3):
Let's suppose that & is a normal number, then the decomposition of 4 is
similar to (2):
A= (aP(A)+H(A)~(aP(A)~S(4)) = (aP(A) +5(4)) — (aP(4) — H(A)),
A" =(aP(4)+ H(A)~(aP(A)+S(4) = (aP(4) - S(4)) - (aP(4) - H(A)),

Then the iterative format can be obtained:

(@P(A)+H(ADX |+ X, (@P(A)+H(4)) =

2

(aP(A) - S(A)X, + X, (aP(A) +S(4)) - i N,X,NT-C,

4
(aP(A)+ S(A))Xk+1 + Xk+1 (xP(A)—S(A4))=

(@P(A)—H(ANX | +X | (aP(4)-H(A)- i N, X N'-C,

2 j=1
According to the nature of Kronecker product, we can get

(I(A)®(aP(A)+H(A)+(axP(A)+ H(A)® I(A))xk 1=

2

(1(A) ®(aP(A) = S(A) +(aP(A) = S(A) @ 1(A))x, — Zm: (N; ®N;)x, —c,
([(A) ®(aP(A) +S(A) +(aP(A) +S(A) @ I(A)x,,, =
(L(A) @ (aP(A)—H(A)+(eP(A)-H(AD))S1(A)x , —Zm:(N,» ®N,)x, —c,

- =

where x, =vec(X,),c=vec(C),then, according to the nature of Kronecker product,

we can get
(0{P+H)xk+l =(aP-S)x, —Z(Nj ®N,)x, —c,
: 5)
(xP+98)x,,, = (0{P—H)xk+l _Z:‘(Nf ®N,)x, —c,
2 J=
where

P=1(4)® P(A)+P(A)®I(A),
H=I1(A)®H(A)+H(A)®I(A),
S=1(A)®S(A)+S(A)®I(A).

The convergence of the iterative scheme (4) is equivalent to the convergence of the
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iterative scheme (5) and their convergence factors are the same.

Theorem 1. Let's suppose that 4e R™ is an asymmetric positive definite matrix,

K =HP‘1H2 and the maximum and minimum eigenvalues of matrix

SN, e,
=

2

P'H are A, and A

‘min >

respectively. Then the convergence factor of the PHSS

iterative method (4) is the spectral radius of matrix

G=(aP+S) " (aP-H)aP+H) " (aP-S)-2aP(aP+S) " (aP+ H)"Zm: (N,®N,)).

=

Its upper bound is

= e [2A] 2K
O-O(a) = max :
4eﬂ(P*‘H)‘O(+ A ‘ O+ A

When A, >K and a=\A4, -4, ., 0,(&) reachesthe minimum. It means that

ﬂ’min ) ﬂ’max - ﬂ’min + 2K
<1,
Y ﬂmin ’ ﬂ’max + ﬂ’min

Therefore, the PHSS iterative method for solving the generalized Lyapunov equation

0, (07) =

is convergent.
Proof. The first form of the iteration format (5) is brought into the second form, and
its iteration matrix is obtained:

G=(aP+S) ' (aP-H)aP+H) "' (aP-S)

—20P(aP+S) " (aP+H)™ i (N,®N)),

j=1
Then the convergence factor of the iterative scheme (5) is p(G), which is the same

as the convergence factor of the iterative scheme (4).

Because Pe R™ is a symmetric positive definite matrix, we can suppose that

1 1 1 1

H=P2HP >,S=P 2SP 2,

Because G is similar to
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G, =(aP+S)G(aP-S)™
=(aP-H)aP+H) " (aP-S)aP+S)"

—2a(aP+S)P(aP+S) " (aP+H)™ i (N, ®N )aP+S)"

J=
and G, is similar to

1 1
G,=P G,P>

1 1 1 1 1 1 1 1 1 1

=P 2P>(al —H)P?P (el + H)"' P 2P>(aI = S)P?P *(al +S)' P 2 P?
11 1 1 11 1 m
—2aP 2P>(al +S)P>PP *(al +8)'P 2P *(al + H)'P ) (N, ®N)
j=1
1 1

1 11
P 2(aP+S)"'P 2P?
=(al —H) el +H) " (ol = S) (el +8)!
o B N
—2a(al +S)P(al +8) ' P (al + H)'P 2 (N, ®N )P *(al +S) ",

j=1
we can get that

p(G)=p(G) = p(G,)<|G,|
< H(a] — Aol +H) (ol - S)(edl +5) HZ

2all [ fer+ | [Evom)) |

J=1

far+57, ©

2

= i@t ~ et + 1Y @1 = S)a +5Y°,

2

_20(”(0"] + I:I)_l Hz Hp—l Hz i (NJ ®Nf) H(Od + 5)_1 Hz )
j=1

2

Because H is positive definite matrix, S is a semi positive definite matrix. For any
non-zero column vector xe R", we can get that
T T
x Hx>0,x"Sx=>0,

P is symmetric positive definite matrix, so P~'is positive definite matrix. It is easy to

1
prove that P 2x is a non-zero column vector by means of proof of absurdity. Then

we can see that

1 1 1 \T 1
x"Hx=x"P 2HP ZXZ(P sz H[P 2xj>0,
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1 1 1 \T 1
¥'Sx=x"P 2SP 2)C=[P 2x] S[P ZXJZO.

Therefore, H is a positive definite matrix, S is a semi positive definite matrix.

H is areal symmetric matrix and S is an antisymmetric matrix, so we can see

that

1 1\t 1 1 1 1
I:IT:[P 2HP 2} =P2H'P2=P?HP =1,

1 \T 1 1 1 1
S‘T:(P 25P 2) =p2§'"P2=—_p2§p2=_§.

Therefore, H is a symmetric positive definite matrix, § 1is an antisymmetric

semidefinite matrix. Meanwhile, since

1 1 1 1 11

P:HP>=P2p2HP *P>=P'H,

1 1 1 1 1 1

P2SP2=p2p2SP2p2=pP'S,
we can conclude that A is similarto P"'H and S is similarto P'S.

Let’s suppose that O = (af —S)(el +S)™" and we can see that

00" = (a1 - 8)el +8)" (el - S)(ed +§)")
=(al -S)al +8) " (al - S) (I + )
=(al -S)al-S) " (ol +S) (el + )
=1.
It’s easy to deduce that Q°Q =1 and we can conclude that Q0" =0°0=1.So Q

is a unitary matrix and we can deduce that

H(a] —HYed +H) (o - S)al +5) HZ =1 - el + i) . (7)
Let’s suppose that L = (ol — H)(eeI + H)™ and we can deduce through that

LL =(od — HYed + H)" ((ed =AYl +H)")
=(al-H)ol+H) (al +H) (ol - H)
=(al +H) " (ol —H) el - H) (e + H)™
=LL.
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Therefore, L is a normal matrix and we can deduce through the formula (7) that
H(a] — Aol +H) (ol -8l +85) Hz =@z - iy + ) HZ
®)

It’s easy to see that
(el +HY" (@l +0)") =(al + A) " (el + B)" =((el + AY") (ed + )",
(@l +8)" (@1 +8)") =(ad +5) (@1 -§)"
= (a1 -8) (el +8)" =((al +8)") (ad +8)",

so both (af+H)" and (af+S)" are normal matrices. Because H is a positive

definite matrix and § is a semi positive definite matrix, we can easy to deduce that

. 1 !
|t + i1y = max. m,.%: oAy,

)

- 1]
H(OKI+S) 1H2 :#EE%) oy SE.

Through the formula (6), (8) and (9), we can see that

|, 2%

-4
PLG) Sgﬂ%)‘a+ﬂ+ a+A..

The following proves that when A >K anda=\4_ -4

min

o,(or) reaches

the minimum and ©,(¢) is less than 1 at this time.

. (04
In fact, for fixed « , function
o+

is monotonically decreasing with respect

to A.So we can see that

la-A.]. 2k |a-A.|. 2K
0, () = max + R + ,
‘ o+A | o+AL, o+ AL o+ AL
2 | a min 2K :
It’s easy to see that when A, >K, + monotonically decreases
a+&m‘ o+,

over (0,4

‘min

) and increases monotonously on (A4

‘min ?
max

too) |05—/1maX+ 2K
Clat A oA,
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monotonically decreases over (0,4 ) and increases monotonously on (A ,+e°).

ax ax >

a—/imer 2K :a—ﬂmax+ 2K
o+, o+, a+i, a+i,

2

Therefore, when A, <a<A , and

o,(ax) reaches the minimum. And we can conclude that when o =./4 -4

min max

a,

/,i’min ’ //i’max - ﬂ’min + 2K
<1
\/ ﬂ’min ’ ﬂ’max + ﬂ’min

Through the proof of the expression of o,(¢r), we can see that on the one hand,

we can get that o, (&) =

when a — +eo, we can get that o,(«¢) >1 and o ,(«) increases monotonously on
(&, +e0), on the other hand, when a — —, we can get that o () =>1 and o, (@)
decreases monotonously on (&,+e), Therefore, we can see that on the one hand,

when a>a=\A. A

min max

we can get that o («)<1, on the other hand, when

0<a<a=.A. - A

min max ?

we can get that o () <1. Summing up the above, we can

conclude that the PHSS iterative method for the generalized Lyapunov equation is

convergent and the upper bound of the convergence factor is o,(«r) which is only

associated with matrix HP*IH2 and the eigenvalues of matrix P'H .

> (N, ON,)

2

In addition, when a=&, the upper bound o,(«r) of the convergence factor of the

PHSS iterative method of the generalized Lyapunov equation (3) is minimal, but the

convergence factor p(G) does not necessarily reach the minimum at this time, that

is to say, when a=d& , the PHSS iteration does not necessarily converge the fastest.
How to obtain the optimal parameters needs to be further studied.

The actual iterative parameter ¢« is advisable to be =& .Because

H=I®H(A)+H(A)®I, we can get that

ﬂ’min = 2/1

min

(H(A), A, =24, (H(A)).

ax max

Therefore, we can get that
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& = \/ﬂ’min ’ ﬂ’max = \/2/1

win (H () 22,0 (H (4)) = 24 Ay (H (A)) - Ay (H (A)).

To sum up, the PHSS iterative method is convergent for the generalized

Lyapunov equation (3) which satisfies the condition.
3 Inexact PHSS (IPHSS) iterative algorithm

In order to reduce the computational complexity of the HSS iterative method for
solving the generalized Lyapunov equation, Xu Qingqing and others proposed an
IHSS iteration method for solving the generalized Lyapunov equation in [12].
Similarly, the IPHSS iteration method for solving the generalized Lyapunov equation
can be derived from the PHSS iteration method for solving the generalized Lyapunov

equation.
Taking X, as the initial value, the following generalized Lyapunov equation is

approximated by iterative method, and X | 1is obtained:
k+—
2

(@P(A)+HADX | +X | (@P(A)+H(4) =

m (10)
(@P(A)~ S(A)X, + X, (P(A)+S(4)~ > N,XNT ~C.

J=1

Because the matrix of the Lyapunov equation (10) is symmetric and positive definite,

the approximate solution can be obtained by the CG algorithm.

Next, we use X | as initial value approximation to solve the following
k=
2

Lyapunov equation and get X, :

(aP(A)+ S(A))Xk+1 + Xk+1 (xP(A)—S(A4)) =

(@P(A)—H(ANX +X | (aP(4)—H(4)~- i N,X N S-C. (i

2 Jj=1 2
For Lyapunov equation (11), the approximate solution can be obtained by CGNE
algorithm. Similar to the inexact HSS iterative method for solving the generalized
Lyapunov equation in the literature [12], the inexact PHSS iteration method for

solving the generalized Lyapunov equation can be summarized as follows:

Algorithm 2. Let’s give the initial value X,e R™, k=0,l,..., and calculate the
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X,,, until the accuracy requirement is met.

(1) Let's approximate the solution of

((){P+H)Zk+l =,

2

where
P=1(A)®P(A)+P(AR®I(A),H=1(A)QH(A)+H(A)®I(A)

and

R =AX, +X,A"+)Y N XN +C, z =vec(Z )1, =vec(R,)
2

Jj=1 2

until Z | makes the corresponding residual
k+—
2

pk . :—rk—((ZP+H)zk .
+5 +5

satisfy |\p . <& [nl,-

2

2
(i) Let's approximate the solution of

(aP+98)z,,, = 20{sz -
2

where z,,, =vec(Z,,,) and S=1(A)®S(A)+S(4A)®I(A) until Z,_, makes the

corresponding residual

Qi1 = 20{sz ,—(aP+H)z,,,

2

satisfy ||qk+1 ||2 <2om, ||sz+1 ||2

(1i1)) Computing X,,, =X, +Z,

+1°
In algorithm 2, ¢, and 77, is used to control the accuracy of internal iterations

in the iterative process, and the stopping criterion of the (ii) step only makes the

following convergence theorem more concise. In fact, the criterion can be changed to

lgall, 7] Pzicall, -

Theorem 3. Let’s suppose that 4€ R™ is an asymmetrical positive definite matrix.

According to theorem 1, ¢ is chosen to make the HSS iterative method converge.
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{X,] is an iterative sequence generated by algorithm 2, and X is the exact

solution of the generalized Lyapunov equation. Then we can get that

[ x| < ao<a>+m<ek+ma+ek» s
o+
where x, =vec(X,) and x =vec(X'). Let's define the vector norm H||” as: For

any vector y , we can define that H|y|” = H(al +P_IS)yH2

In particular, if
2|17,

(gmax + nmax (1 + gmax )) < 1’
o+

oy () +

s
b

the iterative sequence {x,} converges to x , that is, {X,} converges to X

where £, =max{g,} and 7, =max{7y,}.

Proof. Because
=1 —(aP+H)z |,
k+5 k+E

Qi1 = 20{sz , —(aP+8)z,,,
2

p

satisfies P <g, ||rk ||2 and ||qk+1 ||2 <2om, ||sz+1 ,» then we can conclude that
+E 5
Xiw1 = X T 24
=x, +(@P+S)"'QaPz | —q,,)
k+§
= x, ~2(aP+SY P(aP+H)"(; +p_)—(@P+S)"q,, (12)
+L
2
=x, =20l +P'S) (al +P'H)'P'(r, + P Y= (aP+S)'q,.,.
WL
2
Because
ro=Fx,+c=(H+S+Y N, ®N )x, +c, (13)
Jj=1

we can bring the formula (13) into the type (12) and see that
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Xeq =(al +P'S) (ol + P'H)" | (al =P'H)(@l = P"'S)=2aP"' ) N, ® N, |x,

=

=20(al+P'SY (Il +P'H) ' P ' (c+ p_)—(aP+ )"y
i

Let X~ be the exact solution of the generalized Lyapunov equation, that is, x"

is the exact solution of the following two equations:

(0(P+H)x=(0(P—S)x—i(Nj ®N,)x—c,
- (14)
(aP+S)x=(aP-H)x-Y (N,®N )x—c.

j=1
Through the first equation in formula (14), we can see that
X' =(aP+H)(aP-8)x"—(aP+H)' (QO.N,®N x" +c), (15)
j=1
We can bring the formula (15) into the second equation of the formula (14) and see
that

x =(al+P'S) (al+P'H)"' {(m —P'H)(al-P'S)-2aP™ Y N, ®N, } x

=

2o(al+P'S)y (al + P'H) ' Pc.
As a result, we can conclude that

X, —x =(al+P"'S) (al+P'H)"

.{(az —P'H)al —P’IS)—ZaP’liNj ®Nj}(xk —x")

J=1

“2a(al +P'S)y (al + P'H) ' P P o= (al+P'S)"'Pq,,,.
Nl

2

Let’s suppose that vector norm is H| ym = H(Od +P7'S) sz and the matrix norm is
7l = |z + P $)¥ (a2t + P7'5)7| .
Because (a/+P'H) and (al-P'H) can be exchanged, we conclude that

(¢l +P'H)" and (al—P'H) can be exchanged. As a result, we can conclude

that
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:
=+ 1<

(al+P'S) (el +P'H)™ {(0{1 —P'H)al-P"'S)-2aP"'Y N,®N j}
Jj=1

+m(a1 +P'S)' P g, m

mxk - x*m +2o

(el +PSY (el +P'H)'P'p.

1
4=
2

(al + P H)' [(0{] ~P'H)(al-P'S)-2aP" Y N, ®N, } (I +P'S)”
j=1

2

mxk - xm +2a|(al+ P H)'P'p
2

-1
P g,
2

=|(e = P H el + P H) (0 = P7'S) (el + P7'S)”

—2a(al +P'H)'P"'Y N, ®N, (al +P'S)"

J=1

2

2

-mxk —x*m +2ax

(al+P HY'Pp | +[P g
212
<|(@1 - Ayl + )" (@1 -S)al+8)",

~2a]P Jiar 207,

izvj ®N, H(od+§)-1 Hz
J=1 2

2

“Hx" —x*m +2«

(@l +PHY'P'p | + |Pq.
212

<oy(@)v -+ 2aP| @1+ P11 o,

1
2

+P] -
2

Because |7, = HF(xk —x*)H2 < HF(Od +P'S)! H2 mxk —x*m , we can see that

<g|nl, <& |Far+pPs)|, mxk —x*m <e ||, |z + Py, mxk —x*m,

P
21i2

[9.ll, <20, ([P,

o | ~2amtefar s en-s )
2 2

2 2

<2an fiar+ 2 Gl o]
2

)

2

<2am, H(Otl + P_lH)_lH2 (1+ gk)”rk ”2

<2am,(1+&) (s + P HY| |, |t + P$)|, ||, —x*m,

Through the formula (9), we can see that
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<[o,@+2ate, +n,(+ )| P, (@1 + P Y |F), (@ +275) ]
‘ ‘_xk - x*m
<| oy(@)t2a(e, +m,0+£ )P,

:
J =1

<| oy(@+2a(e, +7,0+£)|[P7] (1 + )]

1 1 1 1
P 2(al +P 2HP ) P2

2

1 1 1 1
|F|,|P (eI +P2SP >y P?

2

Al ez + 37, ]l -

< 0'0(0{)+26¥(8k+77k(1+€k))HP_lH P /1 |71, }H\xk—xm

2lp ‘1H I

<| o, (e)+

(Ek +77k(1+€k))]mxk -X m

If we accurately solve the Lyapunov equation (10) and (11), the corresponding

{€,} and {7,} should be zero, so both £  and 7

max

are zero. At this point, the

convergence factor of the IPHSS iteration method is the same as that of the PHSS
iteration method. Theorem 3 shows that in order to guarantee the convergence of the
IPHSS iterative method, we only need the conditional

2|27,
o+ A

‘min

o,(a)+ (e, +1,(1+£,)) <1

to satisfy, and we do not need {g,} and {7} to go to zero with the increase of k.
Therefore, when the generalized Lyapunov equation is solved, the selection of {g,}

and {7,} should make the calculation as small as possible, and the iterative factor of

the IPHSS iterative method is as close to the convergence factor of the PHSS iterative

method as possible.
4 Numerical experiments

In this section, we test the IPHSS algorithm for solving the generalized
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Lyapunov equation by numerical examples.

Now, we consider the generalized Lyapunov equation as follows:

T < T _
AX +XA"+ N, XN] +C=0,

J=1

where n=NXxXN, N ; is a random matrix that satisfies the condition of theorem 1;
A=1®R+Q®]I where ® is Kronecker product. Let
R =tridiag((-2—-h),8,(-2+h)) and Q =tridiag((-2-2h),8,(-2+2h))

) ) 1 .
are three diagonal matrices; A :N; x© = vec(X (0)) is taken as a zero vector; and

the program is executed by Matlab. The order of the coefficient matrix 4 is n. The
1,

el

number of iterations. CPU is iterative time. The parameters are taken as «=0.9.

relative error is Res = . The stopping criterion is Res<10™°. Iter is the

The preconditioned matrix P is selected as the diagonal matrix of the coefficient

matrix A4 . Through the IPHSS algorithm we can get Table 1 as follows:
Table 1 Comparison of calculation results between IHSS and IPHSS method

IHSS IPHSS

n

Iter CPU Res Iter CPU Res

4 118 0.0083 9.3898x107 3 0.0310 5.5442x107
16 114 0.0439 9.9883x1077 5 0.0270 9.3586x107
36 116 2.3878 9.9562x107 5 0.0516 4.6816x107
64 121 40.7979 9.9562x107 5 0.7346 7.9511x1077
100 131 252.4446 9.0056x107" 5 4.2164 8.8654x107"

The numerical results in the analysis Table 1 show that the amplitude of the
number of iterative times for the IHSS iteration and the IPHSS iteration of the

generalized Lyapunov equation is smaller, which indicates that the two methods are
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very stable, but the number of iterations and times of the IPHSS iteration are far
smaller than that of the IHSS iteration, and the relative error of the IPHSS iteration is
also less than the relative error of the IHSS iteration. Not only that, it can be seen that
the gap between the iterative time of the IPHSS iterative method and the iteration time
of the IHSS iteration method is larger, as we can see the higher order of the matrix,
and thus the IPHSS iterative method for solving the generalized Lyapunov equation is

more effective than the IHSS iteration.
5 Conclusion

In this paper, a new method of solving the generalized Lyapunov equation by
PHSS iterative method is proposed and its convergence is proved. Then, the IPHSS
algorithm for solving the generalized Lyapunov equation is put forward, and the
convergence of the generalized Lyapunov equation is proved. Finally, a numerical
experiment is carried out to compare the new method with the existing methods. It is
found that compared with the IHSS iteration method, the IPHSS iteration method has

obvious improvement effect.
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