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Abstract

By using the new recently proposed extended rational methods, we set some solitary and
multi wave solutions of the coupled Higgs system in the present study. Some new families
of hyperbolic and trigonometric solutions of the coupled Higgs equations are successfully
obtained. Some solutions are real as some are complex valued functions. Particular forms of
some solutions derived by choice of some parameters are demonstrated in three dimensional
spaces. The complex valued solutions are also depicted by plotting both real and complex
component.

Keywords: Coupled Higgs equations, new extended rational methods, traveling wave
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1. Introduction
The coupled Higgs (field) equation was appeared in early 80s in the form

Uy Uy, —Cu+ru[*u—2uv =0,

V, +V, — r(|u|2) =0,
for the choice ¢ > 0,7 > 0 [1]. Its name is changed to the coupled nonlinear Klein-Gordon
equation for both ¢ and r are negative. The coupled equation given above has N-soliton solutions
that can be determined by Hirota’s bilinear approach [1]. This coupled Higgs equation defines
interacting a conserved scalar complex field of nucleons u(x, t) and neutral scalar real field of

mesons v(x, t) [2,3]. Both Lie symmetry and %’-expansion approaches were implemented to the

coupled Giggs equation to derive its solutions in terms of elliptic functions of Jacobi, hyperbolic,
trigonometric and rational functions [4]. Periodic solutions in in infinite numbers and existence of
new wave solutions in solitary forms were discussed by the dynamical system bifurcation theory
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[5]. The conditions to guarantee the existence of these solutions were also summarized in the same
study. Various solutions in hyperbolic or trigonometric function forms were determined by
implementation of exponential function technique [6]. Jacobi type periodic, hyperbolic and
trigonometric solutions in wave forms were set by an algebraic method [7].

In the present study, we focus on the coupled Higgs system [8-10]

Uy — Uy, +|u[ u—2uv =0,

Vy +V,, —(|u|2) =0.

XX

M)

A homoclinic solution to the Higg system (1) was presented in [8] by assistance of Hirota’s
bilinear technique. (G’/G)-expansion and He’s semi inverse methods were also used to set
trigonometric and hyperbolic function solutions covering the complex ones [9]. Solutions
determined by exp(—¢(€))-expansion method in forms of rational, trigonometric and hyperbolic
functions were summarized in [10].

In the last several years, various smart and effective methods have been derived to solve
nonlinear PDEs, systems and even fractional PDEs. Functional variable method [11,12], first
integral approach [13-14], a more general form of the method of Bernoulli equation (Kudryashov’s
method) [15-16], extended hyperbolic tangent fucntion method [17], a finite expansion method
based on Sine-Gordon equation [18], the approach of sub equation [19], generalized form of the
projective Riccati approach [20], exp(—¢(€))-expansion method [21], the predicted solution
method of hyperbolic function [22,23], the unified method [24] are only some of them. Extended
rational methods [25] are also effective techniques to determine solutions to nonlinear PDEs.

In the present study, we implement some extended rational methods in hyperbolic and
trigonometric forms to derive the solution to the Higgs system (1). Both procedures start by choice
of the predicted solutions with various parameters. The aim in the techniques are to determine the
relations among these parameters by using algebraic approaches. The brief description of the
method and the solutions are presented in details below.

2. Description of themethods

In this section we describe the first step of the new extended rational methods for finding
exact solutions of partial differential equations (PDES)

2 2
F U,ﬁ_u,a_uaaila_l:a-n =0, (2)
ot Ox ox oX
where u =u(x,t) is an unknown function and F is a polynomial in u and its various partial
derivatives

Suppose that
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u(x,y,t) =u(é), & =Xx+ct, 3
where ¢ is constant.

Then, by using (3),Eq. (2) can be turned into the following ordinary differential equation
(ODE) with respect to the variable &

G(u,u’u",...)=0. (4)

In two next subsection, we express the main step for finding the exact solutions of Eq.(2) by using
the extended rational sinh-cosh method and the extended rational sin-cos method.

2.1. Extended rational sinh-cosh method
According to extended rational sinh-cosh method, which was introduced by Darvishi et. al.,
[25], we assume that the exact solution can be expressed in the following forms

_aysinh(ué) "

U(f)—aﬁaicosh(ﬂé), cosh(us) # 2’ ®)
_a,cosh(ué) . 3,

u(g)_aﬁalsinh(yf)’ sinh(ug) # P (6)

where a,,a, and a, are parameters to be found in terms of the other parameters. The nonzero
constant g is the wave number. The derivatives of the predicted solutions are

0(E) = aoy[cosh(.,uf)a2 +r;11]
[a, +a, sinh(u&)]
(7
) - - 8, sinh(ué)| 2af +a, cosh(ué)a, —a; |
[a, +2, cosh(;zf)]3 ’
in the first form and
(e aO,u[sinh(tuf)a2 —6211] |
[a, +a, sinh(x&)]
(8)

a 1% cosh(ué) [Zaf —a, sinh(ué)a, + a22]
[a, +315inh(,u§)]3

u'(¢) =

in the second form.
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We substitute Egs. (7)or(8)into the reduced form of the governing equation obtained above in Eq.
(4). Then, equating the coefficients of each term having the same power of cosh™(u&) or
sinh™(ué) to zero, an algebraic system of equations including all the parameters used in the
predicted solution, governing equation and the wave transform is solved for a,,a,,a,,cand x .
Determining a,,a,,a,,cand g in terms of other parameters and substitution of them into Eq. (5)
and (6),one gets solutions for Eq.(2) in rational sinh-cosh forms.

2.2. Extended rational sin-cos method
According to extended rational sin-cos method, we assume that the exact solution can be
expressed in the following forms

_ & sin(u&) s

u(g) = 2, + 2, cos(uE) cos(us) # 2’ 9)
aoosd) o &,

u(g) = 2, +a,sin(ul) sin(u&) # 2’ (10)

where a,,a, and a, are parameters to be found in terms of the other parameters. The nonzero
constant 4 is the wave number. The derivatives of the predicted solutions are

1) = aoy[cos(y-f)a2 + ?1] |
[az +a13|n(,u§)]
(11)
” ao,uz sin(ﬂf)[zaf +a, cos(ué)a, —aﬂ
u (5) = 3
[, +& cos(ug)]
in the first form and
()= - aou[sin(gf)az +§1],
[a, +a,sin(ug)]
(12)
ey 2 ot cosu) 228 s avsin(utya, ~; |

[az +a, Sin(ﬂf)]s
in the second form.

We substitute Egs. (11)or(12)into the reduced form of the governing equation obtained above in
Eq. (4). Then, equating the coefficients of each term having the same power of cos™ (u&) or

sin™(u&) to zero, an algebraic system of equations including all the parameters used in the
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predicted solution, governing equation and the wave transform is solved for a,,a,,a,,cand x .
Determining a,,a,,a,,cand x in terms of other parameters and substitution of them into Eq. (9)
and (10), one gets solutions for Eq.(2) in rational sin-cos forms.

3. Exact Solutions
In this Section, we apply new extended rational trigonometric methods to solve the coupled
Higgs equation.

We seek its traveling wave solution of the form

u(xt)=U(&)e’,  v(xt)=V (&),  E=x+ct,  g=px+rt. (13)
In Eq. (13), ¢(x ,t) is the phase component of the soliton, r is the wave number and p is the
velocity of the soliton.

We substitute Eq. (13) into Eq. (1)to obtain nonlinear ODEs

(62 -2)ur(p?-r*)u-20v +U* =0, 14
(¢ +2)v"—2(0'f 20070 a

where prime denotes differentiation with respect to ¢£.
Integrating the second equation in (16) twice and neglecting the constant of integration, we get

(c2+1)v =U?2, (15)

Substituting V into the first equation of the system and integrating we obtain
(c*-2)u"+(c® +1)( p* —r*)U +(c* ~1)U° =0. (16)

Substituting (5) along with (7) into Eq.(16) and collecting all the terms with the same power of
cosh™(u&) together, equating each coefficient to zero, yields a set of simultaneous algebraic

equations for c, &, r,p,and a,, i=0,1,2, as follows

const: ¢’p’a,” —2u’c'a’ +a,” —c’r’a,” +2u’a’ —r’a,’ + p’a,’ — u’a,’
+°c*a,” —a,2c? =0,

cosh: —u’c*aa —2r’a,a +2paa + 1aa +2c’p’aa —2c’r’aa, =0,

cosh®: —a,” —r’a’®—c’r’a’+c’p’a’ +a,°c’ + p°a’ =0.

Solution of the algebraic system given above leads
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Case 1:
2 2 2 2 2 2 1
VET e T
Case 2
2 2 2 2 L2 2 1
P T R G [ @
Case 3
> [p2_r2 p>-r?)(c*+1
e

Combining Egs. in (17), (13) and (5), the system (1) has the following exact solution

. 2(p2—r2)
( Z—rz)(cz+1) sinh P (x+ct)
u(x,t):i\/— p : gilPxsm). (20)
c -1 2( 2—I’2)
+1+cosh

2(p>-r?
sinh ( 5 )(x+ct)
(x,t) (r*-p) ‘-
VX, 1) = > ) (21)
c -1 Z(pz_rz)
+1+cosh < (x+ct)
Combining Egs. in (19), (13) and (5), the system (1) has the following exact solution
i( px+rt)
(P =r*)(c*+1) (V2 [p-r
u(x,t) ==+4|- tanh| — ,[——— (x+ct , 22
(r*-p%) (2 [pP=r
v(x,t)=~——Ztanh?| — X+ct) |,
( ) 2_1 { 2 C2 _1 ( + ) (23)
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Substituting (6) along with (8) into Eq.(16) and collecting all the terms with the same power of
cosh™(ué&) or sinh™(ué) together, equating each coefficient to zero, yields a set of simultaneous

algebraic equations forc, x,r,p,and &, i=0,12, as follows

. R2p24 2 2,242 2,4, 2 2.4, 2 242 242 24 2 24 2 24 2
const: c’r’a,” —c“p“a,” —u°c'a,” —2u’c'a + pa’ —r‘a’° —p’a,” +rea,” +ua,

+ 2[Ll2a12 + CZ p2a12 _CZr2a12 — O,
sinh: —2c¢*p’a,a, +2c’r’aa —2p°a,a +2ra,a + u’cla,a — fa,a =0,
cosh?: —c’p%a’® +c’r’a’ — p’a’ +r’a’ —a,’c* +a,” =0.

Solving the system of algebraic equations gives

Case 1:
2 2_r2 2 r.2 C2 1
= (:2_1 )’ aOzi\/_(p CZ)—(l i )a'z' a, =*ia,. (24)
Case 2
2(p? —r2 2_¢2\(c2 41
= % a0=$\/—(p cz)—(l ! )az, a, =dtia,. (25)
Case 3
2_ 2 2r?)(c*+1
u=% pc_rl ao=i\/—(p Cz)_(l +)a1, 8, =0. (26)

Combining Egs. in (24), (13) and (6), the system (1) has the following exact solution

2 2
— cosh Z(plr)(x+ct)
U(X,t):i\/—(p —T )(C +1) ©- ei(px+rt)

c’-1 2 .2
+1+isinh 2(p*-r)

, (27)
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2 2_ 2
cosh ( ; r )(x+ct)
(rz—pz) c' -1
v(x,t) = , (28)
c’-1 N 2(p2—r2)
+1+isinh ﬁ(xwt)

Combining Egs. in (26), (13) and (6), the system (1) has the following exact solution

U(X,t)zi\/—(p =r )(C +1) Coth[\/_ o (X_I_Ct)Jei(pHrt), (29)

c?-1

v(x,t) = ( L\/_ x+ct j (30)

Substituting (9) along with (11) into Eqg.(16) and collecting all the terms with the same power of
cos™ (ué) together, equating each coefficient to zero, yields a set of simultaneous algebraic
equations forc, 4,r,p,and a,, i=0,1,2, as follows

const: ¢’p’a,’ —c’r’a,’ + p°a,” —r’a,’ —a,” — p’c'a’ + pfa,® —2a u® +a,°c?
2 2.4

+2a°u°c” =0,
cos: —2a,c’r’a, +2a p’a, +2ac’ p’a, —a,u’a, —2ar’a, +a,u’c'a, =0,
2 alzcz pz —afCZI’Z +a12 pz _alzrz —a02c2 +a02 —0.

Solution of the algebraic system given above leads

Case 1:
2(p? —r2 2_¢2\(c? +1
P I i (G [ A -
Case 2

a, a =*ta,. (32)
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\/_ p>—r?)(c® +1
> . _1’ a =+ ( Cz)_(l )al’ a, =0. (33)
Combining Egs. in (31), (13) and (9), the system (1) has the following exact solution
2(p?-r?
sin —(pz)(x+ct)
(pz_rz)(cz +1> c -1 .
u(x,t)== gllPert), 4
c?-1 2( 2 2) (34)
—r
+1+cos _Ezl(HCt)
2
2(p?-r?
o sin| 4[- (:2_1 )(x+ct)
(p*-1?)
v(x,t) = , (35)
c’-1 2(p2_r2)
+1+cos —W(Hct)

Combining Egs. in (33), (13) and (9), the system (1) has the following exact solution

u(x,t) =J_r\/( P _rz)(cz +1) tan(\/_

c’-1 c’-1

(x + ct)J g1, (36)

v(x,t) = ( 1)

¢’ -1

L\/_ (X+CI)J, (37)
Substituting (10) along with (12) into (16) and collecting all the terms with the same power of

cos™ (u&) or sin™(u&) together, equating each coefficient to zero yields a set of algebraic
equations. Solving these equations yields

Case 1:
2(p? -1 2-r?)(c®+1
oo ""oziJ(p A e >
Case 2:

2( 2 _r? 2_¢2\(c? 41
ya/—%. ao=¢J(p :2)_(f+)az, 8, =+, (39)
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Case 3:
RSN AR
= |- =+ = V.
u=a deh o a & =0 (40)
Combining Egs. in (38), (13) and (10), the system (1) has the following exact solution
2( p*-r?
cos —(521)(x+ct)
2_r2\(c? 41 - _
U(X,t)Zi\/(p 2)( + ) e|(px+rt)’ (41)
c -1 2 2
_ 2(p*-r?)
+14sin —Czi_(xmt)
2
2 2_r2
cos| 4|- (p2 )(x+ct)
(pz—rz) c -1
v(x,t) = o — ’ (42)
_ 2(p*-r?)
+14sin —W(X+Ct)

NowCombining Egs. in (40), (13) and (10), the system (1) has the following exact solution

u(x,t)zJ_r\/(p - )(C +1) cot{g —M(Hct)Jei“’””), (43)

c’-1 c?-1

() o 2 [
v(x,t)_ﬁcot DR (x+ct) |, (44)

4. Physical comments on graphical illustrations

We illustrate some particular forms of the solutions in order to comprehend better. The solutions
are plotted in three dimensional space for some particular selections of parameters.

a. Solution given in equations 20-21

We plot real and imaginary componentsseparately, Fig 1-2,and modulus of u(x,t), Fig 3,
and v(x,t) , Fig4, for the parameters p =0.1,r =0.2,c =2,v=2 in the finite space
x € [—20,20] x te[0,5]. The solution u(x, t) is in the complex form whose real and imaginary
components represent multi wave solutions. As a result, the modulus is also in form of multi waves.
The solution v(x, t) is in the real form and represent single solitary wave of negative amplitude
moving along the space axis with a constant velocity c, Fig 4 .
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&

Fig 1. Real component of u(x, t) Fig 2. Imaginary component of u(x, t)

[u(x, 1)
0

S0 =

Fig 3. Modulus of u(x, t) Fig4. v(x,t)

b. Solution given in equations 22-23

The solution given in equation (22) is plotted for some particular choices of parameters as p =
1/10,r =1/4,c =1/5,v =1 in the finite domain x € [0,40] X te[0,25] . The Figures 5-8
demonstrate the motion of multi waves of u(x, t) as Figure 8 indicates the motion of v(x, t) in the
same domain with the same parameters.

R(ulx, 1))
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Fig 5. Real component of u(x, t) Fig 6. Imaginary component of u(x, t)

1.238484800400000000 It

25

Fig 7. Modulus of u(x, t) Fig 8. v(x, t)

c. Solution given in equations 22-23

The solution given in equation (34-35) is plotted for some particular choices of parameters as p =
1/10,r =1/2,c = 1/4,v =1 in the finite domain x € [0,50] X te[0,10]. The Figures 9-11
demonstrate the motion of multi waves of u(x,t) as Figure 12 indicates the motion of v(x, t) in
the same domain with the same parameters. Both real and imaginary components of u(x, t) are of
the form of sinusoidal curve moving along the space axis as time proceeds. The modulus of u(x, t)
is also depicted in Fig 11. Fig 12 is the simulation of v(x, t) with the same selection of parameters
in the same finite domain.

R(u(x, t)) S(ulx, t))

Fig 9. Real component of u(x, t) Fig 10. Imaginary component of u(x, t)
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0

Bk
|u(x, t)]

02

Fig 11. Modulus of u(x, t) Fig 12. v(x, t)

5. Conclusions

The new extended rational methods with trigonometric or hyperbolic functions are used to
construct the solutions. The logic of the method is simple. The predicted solutions of the forms of
rational forms of trigonometric or hyperbolic functions with various parameters are substituted
into the governing ODEs derived from the governing system by compatible traveling wave
transforms. The remaining steps of the procedure is to determine the unknown parameters and the
relations among them by using algebraic methods.

Eventually, in this article, we derive some solutions to the coupled Higgs system in rational forms
of trigonometric and hyperbolic functions solutions. Some of the solutions are of the forms in
complex valued functions whose components represent solitary or multi waves as some are only
real valued solutions. The plots of some particular solutions are used to comprehend the motion.
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