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Abstract: This paper based on systems - theoretic approach to the definition of a country's GDP as 9 
not directly observable characteristic of system state. Leontief dynamic model is generalized to take 10 
into account the stimulating effect of consumption on GDP growth. In consumption, apart from 11 
final consumption, terms are considered: balance of foreign trade, fictitious investments and hidden 12 
costs. The Kalman filter uses Rosstat's gross output (for system output) and final consumption (for 13 
system control) data from 1995 to 2015. It is concluded that if in the years 2014, 2015 it was possible 14 
to increase consumption by 5% by, say, price cuts or some increase in money supply, then GDP 15 
would be greater by about 2.5%. GDP real values in recent years are most likely greater than official 16 
values. Fictitious investments and hidden costs are found in the amount of up to third the value of 17 
final consumption. The accuracy of one-year forecasts of true GDP by the methodology of this article 18 
is approximately 1.5%. 19 
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1. Introduction 24 
At present, various mathematical methods are used in macroeconomic researches. For example, 25 

the Bayesian parameters estimation, when the a posteriori distribution is determined through the 26 
simulation of the appropriate Markov chain (see, for example, (Kreptsev & Seleznev, 2016). 27 
Alternatively, a dynamic factor model, where factor estimation is performed using the Kalman 28 
smoother (see, for example, (Porshakov, 2016)). In the last mentioned work, without revealing the 29 
mechanism of country's economy functioning, using the published numerous macroeconomic 30 
indicators, a forecast is made of the value of GDP, which will soon be announced by Rosstat (based on 31 
the same indicators). 32 

To the author's opinion, the most suitable for the study of the dynamics and goals of forecasting is 33 
systems - theoretic approach, when the output and the control variables are assigned, comprehensive 34 
model of the dynamics of the system in the state space is constructed and its parameters, the evolution 35 
of the state and output variables, including forecasts, are being estimated by the Kalman filter (KF). 36 
Borodachev (2018a) presented this approach to the definition of a country's GDP as not directly 37 
observable characteristic of system state. It was assumed that the gross output ty  breaks up into 38 
intermediate consumption and the final product (national income, GDP) tx  39 

 t t t ty A y x= + ,                                           (1) 40 
the final product tx  is used for investments ti  and final consumption  tc  41 

 t t tx i c= + .                                          (2) 42 
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Investments provide the commissioning of new production funds tiw , which in turn give an 43 
increase in gross output 1( )t t ty y y+Δ = −  by the next year t t tiw B y= Δ . The estimation of such GDP by 44 
the KF according to available data on tc  (controls) and ty  (outputs) turned out to be (especially in 45 
recent years) significantly different from the official GDP. 46 

In this paper, it is proposed to improve this approach in two ways. The first improvement: it is 47 
known that there are large expenditures claimed as investments, but those that are not (fictitious 48 
investments) as well as balance of foreign trade and hidden costs. We denote them in the sum as tz . 49 
They are taken from GDP along with investments that really increase output and final consumption. 50 
Therefore, instead of (2), we must write 51 

 t t t tx i z c= + + .                                      (3) 52 
It is difficult to acquire tz . A simple way to account for them is to increase (scale) the data on final 53 

consumption. That is, in (3) to replace t t t tz c c uω+ = =  and consider  tu  as controls in the system. 54 
The factor ω is estimated together with other parameters of the model by the method of minimizing the 55 
root-mean-square prediction error (RMSE) by the KF of gross output (see, for example, (Borodachev, 56 
2017a, 2018b)). 57 

Second improvement: it is believed that growing/falling consumption causes growth/fall of GDP. 58 
The last example is the crisis of 2008-2009, when the collapsed consumption caused stagnation in 59 
production. However, in the simple dynamic Leontief model used in (Borodachev, 2018a), even with 60 
the adjustment of ω, an increase in final consumption can only reduce the funds spent on investment 61 
and, therefore, cannot increase GDP.  62 

For example, if we estimate the model parameters for all observations except the last two, and then 63 
estimate GDP for the last two years with actual consumption data and with an increase of 5%, then in 64 
the second case, GDP will be less.  65 

Therefore, it is necessary to include a development term in the model that allows, with increasing 66 
consumption, to improve the structure of intermediate consumption, for example, to reduce it by 67 
reducing unreleased product stack, which we assume will not go outside production and could not be 68 
involved in investment and final consumption. In the formula (1) we replace 11 2t t t t t tA y A y A u −→ − . 69 
That is, last year's consumption reduces the intermediate consumption of the current year. The first 70 
term in the right hand part can be regarded as purely direct costs. Finally, instead of (1), we have 71 

 11 2t t t t t t ty A y A u i u−= − + + .                               (4) 72 

2. Calculation results and interpretation  73 
Carrying out the transformations similarly to (Borodachev, 2018a), we obtain the equations of 74 

the system for the state vector ( )1 1 2 Tt t t t tX x x u u− − −= . We will consider the parameters of the 75 
model 1, 2, ,A A B λ  as being independent of time within the window used for their estimation by 76 
the RMSE minimum method.  The initial data on gross output ty  and final consumption tc  are 77 
the same as in (Borodachev, 2018a). 78 

If you evaluate the parameters for all available data from 1995 to 2015, then the best value of 79 
RMSE = 4.35 trillion RUB is obtained at ω̂ = 1.5, 1A = 0.547, 2A  = 0.366, B̂ = 0.258, λ̂ = 0.116. 80 
Without a development term (at A2 = 0), RMSE = 4.46 trillion RUB was the best, and if in addition ω 81 
= 1 (Borodachev, 2018a), RMSE = 4.53 trillion RUB was the best.  82 

Thus, in the overall model, the situation is as follows. Coefficient of direct costs 0.547, capital 83 
costs 0.258 (real investments are effective); small λ̂ = 0.116 indicates the rapid incorporation of 84 
investment (≈ 1 year). 2A = 0.366 means that about a third of consumption is returned by an increase 85 
in output after a year. The estimated real GDP is somewhat more than the official one, see Fig. 1,  86 
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Figure 1. KF estimate of GDP |ˆ t tx  (point curve) and Rosstat data at time t (solid curve), at current 87 
prices; trillion RUB. 88 

but it leaks a lot into fictitious investments and hidden costs (together about 34% of  the value of 89 
final consumption). The structure of real GDP expenditures (except for final consumption): real 90 
(worked) investments |垐t t tx u− , balance of foreign trade + fictitious (unworked) investments + hidden 91 
costs ˆˆ ( 1)t tz cω= − . If you subtract the balance of foreign trade data 92 
(http://www.cbr.ru/statistics/credit_statistics/trade/trade.xls) recalculated in rubles from the last 93 
values, then you can find fictitious investments + hidden costs. If further to the claimed (official) 94 
investments to take the information the same as in (Borodachev, 2018a) and consider that they consist 95 
of real and fictitious, then you can find fictitious investments, and then hidden costs. See Fig. 2. 96 

 97 

Figure 2. Real investments (solid curve), fictitious investments (point curve) and hidden costs (dashed 98 
curve); trillion RUB. 99 

If we now estimate the parameters of the model for all observations except the last two, and then 100 
calculate the GDP for the last two years with actual consumption and with an increase of 5%, then 101 
GDP in the second case will be greater by approximately 2.5%. This means that if in the year 2014, 102 
2015, it was possible to stimulate consumption by, say, price cuts or some increase in the money 103 
supply, it would facilitate the accelerated development of the economy. 104 

If we consider the official GDP data as sufficiently reliable and independent (for example, from 105 
the declared investments), then we can choose ω = 1.3 (RMSE = 4.37), when the estimated GDP 106 
practically coincides with the official GDP in all years from 1995 to 2015. In doing so, compared to 107 
the Fig. 2, the hidden costs will mainly change. They will be approximately equal to zero. Thus, in 108 
this case, the main conclusion will be the growth of fictitious investments in the structure of claimed 109 
one from 60% before the crisis of 2008-2009 to 80% in 2011-2014, with an improvement to 50% in 2015. 110 
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Forecasts of gross output and GDP for the year ahead are made using information (the gross 111 
output and final consumption) up to the current year inclusive. For the purposes of forecasting, it is 112 
better to use the adaptive version of the KF (Borodachev, 2017b, 2018b), when the system parameters 113 
are estimated in the window immediately preceding the forecasting moment. We fix ω = 1.3, A2 = 114 
0.366, B = 0.258. A1 and λ are estimated in a moving window 14 years wide. For the forecasts of output 115 
(gross output) for the years 2011 to 2015, the average error of forecasts according to information for 116 
a year ago (RMSEA) was = 3.43 trillion RUB. 1A  and λ̂  in these years slightly changed around 0.6 117 
and 0, respectively. Estimates of GDP for 2011-2015, GDP forecast (according to information for a 118 
year ago) 2016|2015x̂  and Rosstat's data, see in Fig.3. 119 

 120 

Figure 3. Rosstat data (solid curve), GDP estimates (point curve) for 2011-2015 and GDP forecast for 121 
information a year ago 2016|2015x̂  (asterisk) at current prices; trillion RUB. 122 

In (Borodachev, 2017b) without the two improvements of this article the same RMSEA was 5.32 123 
trillion RUB.  124 

Given the relationship between GDP and gross output (4), one can estimate the forecasting error 125 
of true GDP in Fig. 3 equal to ≈ (1-A1) * (output forecast error) = 1.37 trillion RUB (1.5%).  126 

3. Conclusions 127 
Compared with previous analysis (Borodachev, 2018a), when additional mechanisms are 128 

included in the consideration, the emphasis in explaining the functioning of the Russian economy 129 
shifts from the slow incorporation of investments to the presence of large fictitious investments and 130 
hidden costs. Speaking about GDP, this means that its real values in recent years are most likely 131 
greater than official values. The accuracy of forecasts of true GDP by the methodology of this article 132 
is approximately 1.5%.. 133 
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