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Abstract. In this paper we consider Changhee polynomials of type two, which
are motivated from the recent work of Kim and Kim.

We investigate some symmetry identities for the Changhee polynomials of type
two which are derived from the properties of symmtery for the fermionic p-adic
integral on Zp.

0. Introduction

Let p be a fixed odd prime number. Throughout this paper, Zp, Qp and Cp

will denote the ring fo p-adic integers, the field of p-adic rational numbers and the
completion of the algebraic closure of Qp.

The p-adic norm | · |p is normalized as | p |p = 1
p .

Let f(x) be a continulus funciton on Zp. Then the fermionic p-adci integral on
Zp is defined by Kim as∫

Zp

f(x)dµ−1(x) = lim
N→∞

pN−1∑
x=0

f(x)µ−1(x) = lim
x→∞

pN−1∑
x=0

f(x)(−1)x, (see [9]) (0.1)

For n ∈ N, by (0.1), we get∫
Zp

f(x+ n)dµ−1(x) + (−1)n−1
∫
Zp

f(x)dµ−1(x)

= 2
n−1∑
`=0

f(`)(−1)n−1−`, (see [1, 5, 6, 16])

(0.2)

In particular, if we take n = 1, then we have∫
Zp

f(x+ 1)dµ−1(x) +

∫
Zp

f(x)dµ−1(x) = 2f(0), (see [10,11]) (0.3)

We consider the Changhee polynomials C̃hn(x) of type two by the generating
function

∞∑
n=0

C̃hn(x)
tn

n!
=

2

(1 + t) + (1 + t)−1
(1 + t)x, (see [4]) (0.4)
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For t ∈ Cp with |t|p < p
− 1

p−1 , the Changhee polynomials of type two can be repre-
sented by the fermionic p-adic integrals of Zp:∫

Zp

(1 + t)2y+1+2xdµ−1(y) =
2

(1 + t)2 + 1
(1 + t)2x+1

=
∞∑
n=0

C̃hn(x)
tn

n!

(0.5)

When x = 0, C̃hn = C̃hn(0) are called the Changhee numbers of type two.
Observe

∞∑
n=0

C̃hn(x)
tn

n!
=

2

(1 + t) + (1 + t)−1
(1 + t)2x

=

∞∑
m=0

C̃hm
tm

m!

∞∑
`=0

(2x)`
tn

`!

=

∞∑
n=0

(
n∑

m=0

(
n

m

)
C̃hm(2x)n−m

)
tn

n!

Thus we have

C̃hn(x) =
n∑

m=0

(
n

m

)
(2x)mC̃hn−m, (0.6)

where (x)n = x(x− 1) · · · (x− n+ 1), (n ≥ 1), (x)0 = 1.
From (0.3), we can easily derive the following:

2
n∑

`=0

(−1)`(1 + t)2` =
2{1 + (−1)n+1(1 + t)2(n+1)}

(1 + t)2 + 1
(0.7)

The left hand side of (0.7) can be written as

2
n∑

`=0

(−1)`(1 + t)2` =
∞∑
n=0

(
n−1∑
`=0

(−1)`(2`)n

)
tn

n!
(0.8)

We use the notation of λ-falling factorial in [14,17] for λ ∈ R,

(` |λ)n =

{
`(`− λ) · · · (`− λ(n− 1)), (if n ≥ 1)

1, (if n = 0).

Then the right hand side of (0.8) can be written as

2
n−1∑
`=0

(−1)`(1 + t)2` =
∞∑
n=0

Tm(n; (` | 12)) t
n

n! . (0.9)

where we denote, for λ ∈ R,

Tm(n; (` |λ)) =

n∑
`=0

(−1)`(` |λ)m.

For n ∈ N, n ≡ 1 (mod 2), m ≥ 0 we have

∞∑
m=0

2

(
n∑

`=0

(−1)`(−2`)m

)
tm

m!
=

2(1 + (1 + t)2(n+1))

(1 + t)2 + 1
. (0.10)
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On the other hand, by (0.4) and (0.9), we have

∞∑
m=0

(
C̃hm + C̃hm(n+ 1)

) tm
m!

=
2(1 + t)

(1 + t)2 + 1
+

2(1 + t)2(n+1)(1 + t)

(1 + t)2 + 1

= 2

n∑
`=0

(−1)`(1 + t)2`+1

= 2Tm(n; (`+ 1
2 |

1
2)).

(0.11)

The Stirling number S1(`, n) of the first kind is defined by the generating function(
log(1 + t)

)n
= n!

∞∑
`=n

S1(`, n), see [1, 5, 6, 16,18]

and the Stirling number S2(m,n) of the second kind is given by the generating
function

(et − 1)n = n!

∞∑
m=n

S2(m,n)
tm

m!
, (see [6]).

As is well known, the Euler polynomials En(x) are defined by the generating function

2

et + 1
ext =

∞∑
n=0

En(x)
tn

n!
, (see [3, 20,21]). (0.12)

When x = 0, En = En(0), (n ≥ 0), are called the n-th Euler numbers, whereas the
Euler numbers E∗n of the second kind are given by the generating function

sech(t) =
2

et + e−t
=
∞∑
n=0

E∗n
tn

n!
, (see [3, 19]). (0.13)

From (0.5) and (0.13), we have

∞∑
n=0

C̃hn
tn

n!
=

2

(1 + t) + (1 + t)−1
=

2

elog(1+t) + e− log(1+t)

= sech(log(1 + t))

=

∞∑
n=0

E∗n
(log(1 + t))n

n!
=

∞∑
n=0

(
n∑

k=0

E∗kS1(n, k)

)
tn

n!
.

(0.14)

Thus we have

C̃hn =
n∑

k=0

E∗kS1(n, k). (0.15)

Using E∗0 = 1, E∗1 = 0, E∗2 = −1, E∗3 = 0, E∗4 = 5, E∗5 = 0 and S1(n, n) = 0 for
n ≥ 0, S1(n, 0) = 0 for n ≥ 1, S1(2, 1) = 1, S1(3, 1) = 2, S1(4, 1) = 6, S1(5, 1) = 24,
S1(3, 2) = 3, S1(4, 2) = 11, S1(5, 2) = 50, S1(4, 3) = 6, S1(5, 3) = 35, S1(5, 4) = 10,

we get some values of C̃hn’s as follows:

C̃h0 = E∗0S1(0, 0) = 1,

C̃h1 = E∗0S1(1, 0) + E∗1S1(1, 1) = 0 + 0 = 0,

C̃h2 = E∗0S1(2, 0) + E∗1S1(2, 1) + E∗2S1(2, 2) = 0 + 0− 1 = −1.
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C̃h3 = E∗0S1(3, 0) + E∗1S1(3, 1) + E∗2S1(3, 2) + E∗3S1(3, 3)

= 0 + 0− 3 + 0 = −3,

C̃h4 = E∗0S1(4, 0) + E∗1S1(4, 1) + E∗2S1(4, 2) + E∗3S1(4, 3) + E∗4S1(4, 4)

= 0 + 0− 11 + 0 + 5 = −6,

C̃h5 = E∗0S1(5, 0) + E∗1S1(5, 1) + E∗2S1(5, 2) + E∗3S1(5, 3) + E∗4S1(5, 4)

+ E∗5S1(5, 5) = 0 + 0− 50 + 0 + 50 + 0 = 0.

From (0.6) and (0.13), we get the following, by replacing t by et − 1:

2

(1 + t)2 + 1
(1 + t) =

∞∑
n=0

C̃hn
tn

n!

2

e2t + 1
et =

∞∑
k=0

C̃hk
1

k!
(et − 1)k

=
∞∑
n=0

(
n∑

k=0

C̃hkS2(n, k)

)
tn

n!

=
2

et + e−t
=
∞∑
n=0

E∗n
tn

n!
.

(0.16)

Thus, from (0.16) we have

E∗n =
n∑

k=0

C̃hkS2(n, k).

On the other hand,∫
Zp

(1 + t)2x+1dµ−1(x) =

∫
Zp

∞∑
n=0

(2x+ 1)n
tn

n!
dµ−1(x)

=

∞∑
n=0

∫
Zp

(2x+ 1)ndµ−1
tn

n!
,

So we have the Witt’s formula for Changhee numbers of type two as follows:

C̃hn =

∫
Zp

(2x+ 1)ndµ−1(x). (0.17)

In this paper we consider Changhee polynomials of type two, which are motivated
from the recent work of Kim and Kim. See [3, 4].

We investigate some symmetry identities for the Changhee polynomials of type
two which are derived from the properties of symmtery for the fermionic p-adic inte-
gral on Zp. Many authors investigated symmetric properties of special polynomials
and numbers. See [7, 8, 12,14] and their references.
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1. Symmetry of Changhee polynomials of type two

Motivated from Kim and Kim [2], for w ∈ N, we define w-torsion Changhee
polynomials of type two by the following generating function

2

(1 + t)2w + 1
(1 + t)2wx+1 =

∞∑
n=0

C̃hn,w(x)
tn

n!
. (1.1)

When x = 0, C̃hn,w = C̃hn,w(0) are called the w-Changhee numbers of type two.

When w = 1, C̃hn,1(x) = C̃hn(x) are just the Changhee polynomials of type two in
(0.6).

From (1.1) and (0.6), we present w-Changhee polynomials of type two by the well
known Changhee polynomials of type two:

C̃hn,w(x) =
n∑

`=0

C̃h`(2wx). (1.2)

On the other hand,

∞∑
n=0

C̃hn,w(x)
tn

n!
=

( ∞∑
`=0

C̃h`
t`

`!

)
(1 + t)2wx

=

( ∞∑
`=0

C̃h`
t`

`!

)( ∞∑
m=0

(2wx)m
tm

m!

)

=
∞∑
n=0

(
n∑

`=0

(
n

`

)
(2wx)`C̃hn−`}

)
tn

n!
.

(1.3)

Thus we present w-Changhee polynomials of type two by Changhee numbers of type
two;

C̃hn,w(x) =

n∑
`=0

(
n

`

)
(2wx)`C̃hn−`.

Now we consider a quotient of p-adic fermionic integrals on Zp,

2
∫
Zp

(1 + t)2w2x2dµ−1(x2)∫
Zp

(1 + t)2w1w2x1dµ−1(x1)
=

w1−1∑
`=0

(−1)(1 + t)2w2`

=

∞∑
m=0

w1−1∑
`=0

(−1)`(2w2`)m

=

∞∑
m=0

w1−1∑
`=0

(2w2)
m(−1)`

(
` | 1

2w2

)
m

=

∞∑
m=0

(2w2)
mTm(w1 − 1 |

(
` | 1

2w2

)
),

(1.4)

where Tm(n | (` |λ)) =
∑n

`=0(−1)`(` |λ)m for λ ∈ R.
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Consider the following

T (w1, w2) =
2
∫
Zp

∫
Zp

(1 + t)2w1x1+2w2x2+2dµ−1(x1) dµ−1(x2)∫
Zp

(1 + t)2w1w2x1+1dµ−1(x1)
(1 + t)2w1w2x

=

∫
Zp

(1 + t)2w1x1+1dµ−1(x1)(1 + t)2w1w2x

×

∫
Zp

(1 + t)2w2x2dµ−1(x2)∫
Zp

(1 + t)2w1w2x1dµ−1(x1)

=
( ∞∑
`=0

C̃h`,w1(w2x)
t`

`!

)( ∞∑
k=0

(2w2)
kTk(w1 − 1 | (k | 1

2w2
))
)

=
∞∑
n=0

(
n∑

k=0

(
n

k

)
C̃hn−k,w1(w2x)(2wk)kTk(w1 − 1 | (k | 1

2w2
))

)
tn

n!
.

(1.5)

Similarly we have the following identity for T (w1, w2) because T (w1, w2) is symmetric
on w1 and w2.

T (w1, w2) =
∞∑
n=0

(
n∑

k=0

(
n

k

)
C̃hn−k,w2(w1x)(2w1)

kTk(w2 − 1 | (k | 1
2w1

))

)
tn

n!
. (1.6)

Thus, by (1.5) and (1.6), we have the following theorem.

Theorem 1. For w1, w2 ∈ N with w1 ≡ 1 (mod 2), w2 ≡ 1 (mod 2) and n ≥ 0, we
have

n∑
k=0

(
n

k

)
C̃hn−k,w2(w1x)(2w1)

k Tk(w2 − 1 | (k | 1
2w1

))

=
n∑

k=0

(
n

k

)
C̃hn−k,w1(w2x)(2w2)

k Tk(w1 − 1 | (k | 1
2w2

)).

Remark: If we take w2 = 1 in Theorem 1, we have the following

Corollary 2. For w1 ∈ N with w1 ≡ 1 (mod 2) and n ≥ 0, we have

C̃hn(w1x) =

n∑
k=0

(
n

k

)
C̃hn−k,w1(x)2kTk(w1 − 1 | (k | 12)).

From (1.5), we rewrite T (w1, w2) as follows:

T (w1, w2) =

∫
Zp

(1 + t)2w1x1dµ−1(x1)(1 + t)2w1w2x

×
2
∫
Zp

(1 + t)2w2x2dµ−1(x2)∫
Zp

(1 + t)2w1w2x1dµ−1(x1)

=

∫
Zp

(1 + t)2w1x1dµ−1(x1)(1 + t)2w1w2x

× 2

w1−1∑
`=0

(1 + t)2w2`(−1)`
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= 2

w1−1∑
`=0

(−1)`
∫
Zp

(1 + t)2w1x1+2w1w2x+2w2`dµ−1(x1)

= 2

w1−1∑
`=0

(−1)`
∫
Zp

(1 + t)
2w1x1+2w1w2x+

w2
w1

`
dµ−1(x1)

= 2

w1−1∑
`=0

(−1)`
∞∑
k=0

C̃hk,w1

(
w2x+

w2

w1
`
) tk
k!

=

∞∑
n=0

(
2

w1−1∑
`=0

(−1)`C̃hn,w1

(w2

w1
`+ w2x

)) tn

n!
(1.7)

Similarly, by the symmetry of T (w1, w2), we have the following identity

T (w1, w2) =

∞∑
n=0

(
2

w2−1∑
`=0

(−1)`C̃hn,w2

(w1

w2
`+ w1x

)) tn

n!
. (1.8)

Now from (1.7) and (1.8), we have the following theorem.

Theorem 3. For w1, w2 ∈ N with w1 ≡ 1 (mod 2), w2 ≡ 1 (mod 2) and n ≥ 0, we
have

w1−1∑
`=0

(−1)`C̃hn,w1

(w2

w1
`+ w2x

)
=

w2−1∑
`=0

(−1)`C̃hn,w2

(w1

w2
`+ w1x

)
.

When we take w2 = 1, we have

C̃hn(w1`+ w1x) =

w1−1∑
`=0

(−1)`C̃hn,w1

( `

w1
+ x
)
.

2. Conclusion

The Changhee polynomials of type two are considered by D. Kim and T. Kim
(see [4]) and various properties on their polynomials and numbers are investigated.

In this paper we investiate some symmetry identities for the Changhee polynomi-
als of type two which are derived from the properties of symmetry for the fermionic
p-adic integrals on Zp.

Especially we introduce w-Changhee polynomials of type two and investigate in-
teresting symmetry identities.
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