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ABSTRACT. Several specific types of ordinary and generalized connectedness
in a generalized topological space have been defined and investigated for var-
ious purposes from time to time in the literature of topological spaces. Our
recent research in the field of a new type of generalized connectedness in a
generalized topological space is reported herein as a starting point for more
generalized types.
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1. INTRODUCTION

Among the most important topological properties (briefly, T-properties rela-
tive to ordinary topology, and T4-properties relative to generalized topology), the
T-properties® called T-connectedness and g-T-connectedness in 7-spaces (ordinary
and generalized connectedness in ordinary topological spaces) and the Tg-properties
called Tg-connectedness and g-T -connectedness in 7g-spaces (ordinary and gen-
eralized connectedness in generalized topological spaces) are no doubt the most
important invariant properties [3, 7, 27]. Indeed, T-connectedness is an absolute
property of a T-set [3, 13, 31], and g-T-connectedness, Ty-connectedness and 0Ty
connectedness, respectively, are absolute properties of a g-T-set, a Tg-set, and a
g-T-set [15, 27]. Typical examples of g-T-connectedness in T-spaces are «, 3, 7-
connectedness [10, 16, 24]; examples of Ty-connectedness in Tg-spaces are semi*a, s,
gb-connectedness [7, 14, 26], whereas examples of g-T;-connectedness in Tg-spaces
are bT#, pu-rgb, mp-connectedness [4, 21, 30], among others.

In the literature of Tg-spaces, the study of g-T;-sets by various authors has pro-
duced some new classes of g-T  -connectedness in 74-spaces, similar in descriptions
to g-%-connectedness in T-spaces [5, 4, 17]. By using the #-modification general-
ized topology and ~f-operator introduced by [23], [28] have extended the notion
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INotes to the reader: T = (£, T), g = (R, Ty) are topological spaces (briefly, T-space and
Tg-space) with ordinary and generalized topologies 7 and Ty (briefly, topology and g-topology).
Subsets of T, Ty, respectively, are called T, Tq-sets; subsets of T, Ty, respectively, are called T, Tg-
open sets, and their complements are called T, 7Tg-closed sets. Generalizations of T-sets, T-open
and T-closed sets, respectively, are called g-T-sets, g-T-open and g-T-closed sets; generalizations
of Ty4-sets, Tg-open and Tg-closed sets, respectively, are called g-Tg-sets, g-Tg-open and g-Tg-
closed sets. Connectedness in ¥ with ¥, g-T-sets are called ¥, g-T-connectedness, respectively;
connectedness in Ty with Ty, g-Tg-sets are called Ty, g-Tg-connectedness, respectively.
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of #-connectedness [1] to the setting of Tg-spaces and studied its Ty-properties ac-
cordingly. Based on the work of [10], [5] have introduced a new type of g-T -
connectedness in 7g-spaces called hyperconnected and studied the 7g-properties
associated with it and its analogue in the generalized sense. In the same year, [29]
have introduced, studied and exemplified the notion of extremally u-disconnected
Tg-spaces, just to name a few.

In view of the above references, it would appear that, from every new type of
g-T-set introduced in a Tg-space, there can be introduced a new type of g-% -
connectedness in the 7Tg-space. Having introduced a new class of g-T-sets and
studied from it some Tg-properties in a Tg-space (see Theories of g-Ty-Sets, g-% -
Maps, and g-%;-Separation Azioms), it seems, therefore, reasonable to introduce a
new type of g-¥ ;-connectedness in the 7g-space and discuss its Tg-properties. In this
chapter, we attempt to make a contribution to such a development by introducing
a new theory, called Theory of g-%;-Connectedness, in which it is presented a new
generalized version of T y-connectedness in terms of the notion of g-%-set, discussing
the fundamental properties and giving its characterizations on this ground.

The chapter is organised as follows: In SECT. 2, preliminary notions are de-
scribed in SECT. 2.1 and the main results of g-%j-connectedness in a 7Tg-space are
reported in SECT. 3. In SECT. 4, the establishment of the relationships among
various types of g-T -connectedness are discussed in SECT. 4.1. To support the
work, a nice application of the concept of g-Tj-connectedness in a Tg-space is pre-
sented in SECT. 4.2. Finally, SECT. 4.3 provides concluding remarks and future
directions of the notion of g-% -connectedness in a 74-space.

2. THEORY

2.1. PRELIMINARIES. Though foreign terms presented themselves here are neatly
defined in our previous works (see Theories of g-%-Sets, g-T;-Maps, and g-% -
Separation Axioms), we thought it necessary to recall some of the most essential
concepts presented in those works.

Throughout, the universe of discours is the master set 4l; it is fixed within the
framework of the theory of g-Tj-connectedness and contains as elements all sets
(A-sets: A € {972} and I'-subset: I' C Q or I' C 35 Ta, g-Ta, Ta, g-Ta-sets; Tg a,

g-Tg,ns TgA, 9-Tg,a-sets) considered in this theory, and 10 def {1/ eNY: v < n}; the

construction of the index sets IS, Iy, I, follows analogously. Let A € {Q,%} C U

be a given set and let P (A) e {Og,, € A: v eIz} be the collection of all subsets
Og,1, Og2, ..., of A. Then every one-valued map Tga : P (A) = P (A) satisfying
Tan (0) =0, Tga (Og) € O, and Tyn (Uyers Osv) = Uyers Ton (Og,y) is called

an absolute g-topology on A, and T 4 Lef (A, Tg,a) is called a Ty a-space, on which

no separation axioms are assumed unless otherwise mentioned [12, 11, 25]. For

any subset I' C A of A, every one-valued restriction map 7y r : P(I') — Ty def

{Ogﬁl" HNOPNS 7;,,\}, then, defines a relative g-topology on I', and g 1 def (T, Tg,r)

is called a Tg-subspace.

The operator clg s : P (A) = P (A) carrying each Ty a-set Sy C Ty A into its
closure clgz (Sg) = Tga —intga (Tga \ Sg) C FTya is called a g-closure operator
and the operator inty o : P (A) — P (A) carrying each T a-set Sg C Ty A into its
interior intg A (Sg) = Tg.a —clg.a (Tga \ Sg) C Tg,a is termed a g-interior operator;
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for clarity clg (+), intg (), respectively, are employed instead of clg a (+), intg a (-).

Let Cp : P(A) — P (A) denotes the absolute complement relative to A C &I, and
let Sy C Ty A be any T4 A-set. Then, the classes

Ta.A « {05 CTga: Og € Ty},
(2.1) —\7—97/\ def {Kg C TQ)A : EA (/Cg) S 7;,/\},

respectively, denote the classes of all Ty x-open and Ty a-closed sets relative to Ty a,
and the classes

C%]?A [Sq] « {Og € Tyn: Og € Sy},
su def
(2.2) CIF [Sa] = {Kg€-Tgn: Ky 28},

respectively, denote the classes of Ty -open subsets and Ty A-closed supersets (com-
plements of the Ty a-open subsets) of the Ty a-set Sy C Ty a relative to Ty a. To
this end, the g-closure and the g-interior of a Tg-set S; C Ty in a Ty a-space [6]
define themselves as

. def def
(2.3)  intga (Sg) = U Oy, clga (Sg) = N K.
O, €05 [Sq] Ko€ChP  15,]

The notations clgointg (), intgocly (), and clgointgoclg (-), respectively, mean
clg (intg (), intg (clg (+)), and cly (intg (clg (-))); other composition operators are
defined in a similar way. Also, the backslash Ty \ Sy refers to the set-theoretic
difference Ty — Sy. A g-operation on P (A) is a map op, : P (A) — P (A) satisfying
the following statements:

VS, € P(A)\ {0}, 3(Og,Ky) € Tya \ {0} x =Tga \ {0} :
(2.4) (Opg 0) = @) \ (ﬁ ODPyg 0) = (Z)) ) (Sg C op, (Og)) v (Sg =2 10pg (’Cg)) )

where —op, : P (A) — P (A) is called the "complementary g-operation” on P (A)
and, for all Ty-sets Sy, Sy, Sg,u € P (A)\ {0}, the following axioms:

AX. 1. (S5 Copg (0Og)) V (S 2 —op, (Kq)),

AX. 11 (op, (Sg) C opgoop, (Og)) V (0op, (Sg) 2 —op, 0-op, (Ky)),
AX. 1L (Sgu € Sgp = 0Py (Og) € 0pg (Og ) V (S € Sgv
T 0Dg (Kgu) 2 0Py (KGW))a

AX. 1v. (op, (UU:,,,M Sg,0) C Up—v,,. OPg (Og.0)) V (—0p, (Uo’:u,u Sao) 2
UO’:V,,LL 70Dy (ICBJT))’

for some Ty r-open sets Og, Og.,, Og € Tga \ {0} and Ty a-closed sets Kg, Kg.u,
Ko € 7Ty [8, 22]. The class Ly [Q] = Ly [A] x Lg [Q], where

(25) Lg[A] % {opy,, () = (opg, (), ~0pg,. () : (v,u) € 19 x 19}
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in the 74 a-space T4 A, denotes the class of all possible g-operators and their com-
plementary g-operators in the 74 a-space Ty . Its elements are defined as:

opg () € LYIAIE {opgo (), 0pg1 (), 0Pga (), 0Py ()}

= {inty (), clgointg (-), intgoclg (-), clgointgoclg (-)};

—opg () € LEA]E {mopgo (), ~0pg (), 70pga (), mopgs ()}

(2.6) = {clg(-), intgocly (-), clgointy (), intgoclgointy (-)}.
A Ty a-set Sy a C Ty in a Ty a-space is called a g-Tg A-set if and only if there exist

a pair (O, /Cq) € Tg.a X =Tg,a of Ty a-open and Ty a-closed sets, and a g-operator
op, () € Ly [A] such that the following statement holds:

@7 @0 [(€ €Sy A ((So S 0py () V (S5 2 0pg (Ky)))] -
The g-Tg a-set Sy C Tg 4 is said to be of category v if and only if it belongs to the
following class of g-v-T 4 A-sets:

g-v-S [TQ,A] « {Sg C Ty (HOQ’ngopg,u ('))

(2.8) [(‘Sg € opg., (Og)) v (Sg =2 70DPg (’Cg))] }
Accordingly, the classes of g-v-%T4 a-open and g-v-Ty r-closed sets, respectively, are
defined by

g_l/_o [SQ»A] déf {SQ c ‘IQVA : (3097 Opg,u ()) [SE g Opg,u (Og)] }a

(2.9) g-v-K[Tga] def {8 C Tgn: (Hng,opg,l, () [Se 2 10Dy, (Kg)] }-
From these classes, the following relation holds:
g-S[Tga] = Uvero g-v-S [Taa]
Uver (g--0[Tg] Ug-v-K[T4])
= (Uuezg g-v-O[Tya]) U (Uuefg g-v-K[Tya])
(2.10) = g-0[Tga] Ug-K[Tgal.

By omitting the subscript g in almost all symbols of the above definitions, very
similar definitions are obtained but in a 7Tx-space. Thus,

(2.11) (36) [(€ € 8) A ((S Cop(0)) V(8 2 ~op (K)))]

is the condition which characterises a Th-set S C Tp in a Tp-space as a g-Tp-set;
it is called a g-%Tp-set S C Ty of category v if and only if it belongs to the following
class of g-v-Tx-sets:

g-v-S[TA] € {SC Ty : (30,K,0p, ()

(2.12) [(S S op, (0) V(S 2 —op, (K))]}.
Evidently, the classes of g-v-Tr-open and g-v-%Tp-closed sets, respectively, are de-
fined by

g-0[Ts] ¥ {ScTr: (30,0p, () [S Cop, (O]},

(213) gw-K[Ta] ¥ {ScTa: (3K,0p, () [SD-op, (K)]}.
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The classes O [Tg 4] and K [Ty 4] denote the families of Ty a-open and Ty -
closed sets, respectively, in Ty 4, with S[T3a] = O[Tga] UK[Tga]; the classes
O [%A] and K [T ] denote the families of T-open and ¥ 5-closed sets, respectively, in
Ta, with S[Tp] = O [TA]UK [Ta]. (Whenever we feel that the subscript A € {Q, ¥}
is understood from the context, it will be omitted for clarity.)

A (Tq,%Ts)-map and a (T4 .0, %, »)-map, respectively, are mappings in the usual
sense between 7T-spaces and Tg-spaces. Thus, 7 : To — Ty is a (T, Tx)-map
between T-spaces Tq = (2,7q) and Ty = (£,7x), and 7 : Tgo — Tyx is a
(Tg,0, Tg,5)-map between Tg-spaces Tgo = (2, Tg,0) and Ty 5 = (X, Tyx).

A map 7y : T — Ty is called a g- (To,Tx)-map if and only if, for every
(0w, Ky) € Ta x =7Tq, there exists (O,,K,) € Ts x =Tx such that the following
statement holds:

(2.14) [1g (Ou) C op (Os)] V [mg (Ku) 2 =0p (Ko)].

It is said to be of category v if and only if w4 € g-1-M [Tq; Tx] where,
g-v-M [To; Ts] & {my (YO, Ku) (304, K, 0p, (+))
(2.15) (74 (Ou) S o, (O5)) V (g (Ku) 2 =0, (Ko))] -
Write g-v-M [Tq; Tx] = g-v-Mg [Ta; Tx| U g-v-My [To; Ts| where,
g-v-Mo [Ta; Ts] € {my 1 (VOL) (30,,0p, () [74 () C 0p, (Os)]}.

(2.16)  g-v-My [To; Ts] & {mg ¢ (VL) (3Ks, 0D, () [ (Ku) 2 0p, (Ko)]}-

Then, if 7y € g-v-Mg [Tq; Tx], it is said to be a g-v- (Tq, Tx)-open map; if 7y €
g-v-Mk [Tq; Tx], it is said to be a g-v- (T, Tx)-closed map. As in the foregoing
discussion, the establishment of g-M [Tq;Tx] = g-Mg [Ta; Tx| U g-Mk [Ta; Ty is
immediate.

A map 7y : Ty 0 = Ty » is called a g- (T4,0,%y,x)-map if and only if, for every
(Og,u: Kg,w) € Tg,0 X = Tg,0, there exists (Og,,Kq,5) € Ty, 5 X = Tg,x such that the
following statement holds:

(2.17) [Wg (Og,w) - ODPyg (Og,oﬂ \ [Wg (’Cg,w) 2 T 0Dg (Kg,a)]

It is said to be of category v if and only if 7y € g-v-M [T ; T4,5] where,
d f
g-v-M[T0; Ty x] = {mg: (VOgu, Ky) (3097‘77K97070pg,u ()

(2.18) (7 (Og,w) C opg, (Og,0)) V (g (Kgw) 2 ~0pg , (Kg.o))] }-
Let g-v-M [Tg.0;%g.5] = g-v-Mg [Tg,0; Ty, 5] U g-v-Mg [Z4.0; Tg,5] where,

g-v-Mg [Sg ;% def {

g+ (VOgw) (304,6,0pP4, ()
(74 (Og.) € 0Dy, (Og.0)] },
v My [Tg0: Tax] € {mg 1 (VKu) (Ig.o, 0Py, ()
(2.19) (75 (Kgw) 2 0pg.,, (Kg0)] }-

Then, if 74 € g-v-Mg [T4,.0;Tq 5], it is called a g-v- (T4 0, Ty x)-open map; if
g € g-v-Mg [T4.0; %4 5], it is called a g-v- (T4 .0, Ty x)-closed map. The establish-
ment of g-M [Ty 0;Fg 5] = 9-Mg [Tg,0; Tg.n] U g-Mg [T4,0; Tg,5] is immediate.

d0i:10.20944/preprints201810.0742.v1
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A map my : Ty o — Ty 5 is said to be g- (Ty4.0, Ty x)-continuous if and only if,
for every (Og.o,Kg,0) € Tg 5 X =Ty 5, there exists (O, Kg.w) € Tg,0 X 77,0 such
that the following statement holds:

(2.20) [779_1 (Og,0) € oDy (Og,w)} vV [ﬂ'g_l (Kg,0) 2 ~0p, (Kg,w)]-

It is said to be of category v if and only if 7y € g-v-C[Tq o; T4 5] where,

g-v-ClTg0; T def {Wg : (Vog o: Ky, 0) (309 wi Ko Opg v ))
(2.21) [(mg! (og,g) C opg, (Ogw)) V (15! (Kg.o) 2 —0pg, (Kgw))] }-

Obviously, g-C [Tg.0;Fg.5] = Uyelg g-v-C[Tg.0; %5

A map 7y : Tgo — Tyx is said to be g- (T4 .0, Ty n)-irresolute if and only if,
for every (Og,0,Kg,0) € Tg,z X =Ty 5, there exists (Og, Kg,w) € Tg,0 X = 7Tg,0 such
that the following statement holds:

(75" (0pg (Og,0)) C 0pg (Ogw)] V [m5 " (mopg (Kgo)) 2 m0pg (Kgw)]-
(2.22)

It is said to be a g- (%40, T4 x)-irresolute map of category v if and only if 7, €
g-v-1[%4 0; Ty »] where,

g-v-1 [Tg % def {Wg : ( Og,0: Kg, )(Honglcgwaopgu( ))
[(mg " (opg,. (0g7o>) € 0Py (Ogw)) V (15 ' (m0opg ,, (Kgo)) 2
(2.23) —opy, (Kgw))]}-

Evidently, g-1[%4,0;%,x] = Uuelg.’ g-v-1[%40; %y x]. The classes Mo [Tq; Tx] and
Mk [Tq; T denote the families of T-open and ¥-closed maps, respectively, from T
into EE, with M [‘ZQ, TE] = MO [TQ; Tg] UMK [{ZQ; Sg] The classes MO [KQ,Q; Tg)g]
and Mk [T4.0;T4,5n] denote the families of Tyg-open and Ty-closed maps, respec-
tively, from T o into Ty 5, with M [T5.0; Ty 5] = Mo [Tg,0; Tg,n] UMk [Tg,0; Tg,5]-

DEFINITION 2.1 (g-T4-Separation, g-%4-Connected). A g-Tg-separation of category
v of two nonempty Tg-sets Ry, Sy C T4 of a Ty-space Ty = (Q, Tg) is realised if and
only if there exists either a pair (Ug¢,Uy ) € g-v-O [Sg] x g-v-0O [Sg] of nonempty
g-T,-open sets or a pair (Vge, Vg ¢) € g-v-K [T4] x g-v-K[T4] of nonempty 0-Ty-
closed sets such that:

(2.24) ( || Upr =Rg usg> \/( || Ver=RgU sg).
A=£,¢ A=£,C

Two nonempty Ty-sets Ry, Sg € Ty of a Tg-space Ty = (,7,) which are not
g-T4-separated of category v are said to be g-Ty-connected of category v.

The definitions of classes of g-Tj-connected and g-T4-separated sets of category
v follow.

DEFINITION 2.2. Let §; C ¥4 be a Ty-set in a Tg-space Ty = (£2,7y). Then:
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o I. The Ty-set Sy C T, is said to be g-T4-connected of category v if and
only if it belongs to the following class of g-v-%4-connected sets:

g-v-Q [T =

(2.25) P( || Uon :Sg> /\ﬁ< || Ven :sgﬂ }

A=£,¢ A=£,¢
o 1. The Ty-set S5 C Ty is said to be g-Ty-separated of category v if and
only if it belongs to the following class of g-v-%4-separated sets:

{Sg C Ty (v(ug,A,vg,A)A:M € g-v-0[T,] x g-v-K[T,))

def

g0-D[T,] {sg € Ty (FUgrs Vor)s_c o € 80-0[T,] x g-K[T,)])

(2.26) K L] ug,xzsg)\/( | ] Vg,xzsg)”.
A=£,¢ A=£,¢

The dependence of g—I/—Q[Tg] and g-v-D [Tg] on both g-v-O [fg] and g-v-K [Tg]
is immediate. Thus, to define the pairs (V—Q [‘Eg} ,v-D [Tg]), (g—y—Q [E] ,g-v-D [f] ),
and (v-Q[Z],v-D[T]), respectively, it suffices to let them be dependent on the
pairs (V—O[{Eg],V—K [‘Ig]), (g—V—O[E],g—l/—K [T]), and (V—O[‘Z],V—K [‘I]), the char-
acters of these classes are found in earlier chapters (see Theories of g-Tq4-Sets, g-Tg-
Maps, and g-%;-Separation Azioms). The notations g-Q [T4] and g-D [T] stand for
g-Q[T,] = Uue[g g--Q[%,] and g-D [Ty = Uuelg g--Q[Tg], respectively.

REMARK 2.3. In defining the classes g-v-Q [T4] and g-v-D [T], it is clear that by the
statement (ugx)"vgx*)ng,g € g—u—O[‘IE] x g-v-K [‘Ig] is meant a pair of nonempty
g-T4-open and g-T4-closed sets. Furthermore, by 2 € g-v-Q [T4] or € g-v-D [T]
is meant a g-Ty-connection of category v or a g-T4-separation of category v of the
Tg-space Ty = (2, Ty) is realised.

DEFINITION 2.4. Let T4 = (2, 7,) be a Tg-space. Then:

e I. T, is called a g—V—Té@—space g—V—Té@ Lef (Q,g—u—’TéC)) if and only if it

is g-T4-connected of category v.
o II. T is called a g—V—’TéD>—space g—v—fém def (Q,g—l/—TéD>) if and only if it
is g-T4-separated of category v.

In the sequel, by g—u—SéL@ def (Q,g—V—TéL@), g—u—SéPm def (Qg—u—TéPC)),
g—u—‘IéLPQ def (Q,g-z/-TéLP@), and g—u—‘Iésc) def (Q,g—V—TéSC)), respectively, are
meant locally, pathwise, locally pathwise, and simply g—l/—Té@—spaces. Finally,
by a g-V—T;M—space g-‘IgM = (Q,g-TéM) is meant g—‘IéA> = \/Velg g—u—‘IéM =
(0 Vyerp ov-TH) = (2,0-T§), where A € {C,LC, PC,LPC,SC,D}. In the
following sections, the main results of the theory of g-Tj-connectedness are pre-
sented.

3. MAIN RESULTS

If for all (Ugx, Vor),_e o € 8-0[Fg] x g-K[Tg] neither Uye U Vg = Q nor
Uy ¢y e = Qis satisfied, then a Ty-space T4 = (€, T) is said to be g-T;-separated.
Hence, the following theorem:
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THEOREM 3.1. If g—‘l'ém = (Q,g—Tém) be a g—TéD> -space, then there exists a pair
(Ug,g,Vmg) € g-0 [‘Ig] x g-K [‘Ig] or a pair (ug,g,vg75) € g-0 [‘Ig] x g-K [‘Ig] such
that

(3.1) [ugé UVg¢ = Q] Vv [UQ,C UVge = Q]

PrROOF. Let g—iém = (Q,g—Tém) be a g—TéD>—space. Then, there exists a pair
(U&)\,Vg,)\)/\:&c € g-0[T,] x g-K|[T] such that

( || Usr = Q> \/< L] Var = Q)
A=E£,¢ A=£,¢
If Uy e € g-O [Tg] then Uy ¢ = U(L{g@) € g-0 [Sg] Ng-K [‘Ig], and if Vg € g-K [Tg]
then Vg = C(Vge) € 9-0[Ty] Ng-K[Ty]. Thus, if Uge € g-O[T], it suffices to
set Vg¢ = 0 (Ugye), and if Vg € g-K[Tg], it suffices to set Uy = C(Vye). By
substitutions, it follows, then, that

[umé UV = Q] v [Ug,c UVge = Q]v

which was to be proved. Q.E.D.

REMARK 3.2. Given (Ry,Sg) € Ty and —opy, : P(Q2) — P (1), the statement
(Rg M —0py, (Sg)) U (m0pg, (Rg) NSy) = 0, when v = 0, may be called the
Hausdorff-Lennes Separation Condition in the Tg-space Ty = (2, Ty).

If a Tg-space Ty = (€, Ty) is g-T4-connected, then either C (U \) = Uy, so
that Uy x € g-K[T4] or, C(Vgn) = Vg, so that Vg n € g-O[T,], where (A, n) €
{(&,¢), (¢, &)} Therefore, Ty is g-T4-connected if it has no nonempty proper g-%g-
set Sg € g-O [‘IQ] Ng-K [Eg]. Hence, these theorems follow:

THEOREM 3.3. If a Ty-space Ty = (Q, Tg) has a nonempty proper g-%4-open-closed
set Sq € g—O[ig] Ng-K [59], then it is a g—TéD>-space g—‘IéD> = (Q,g-Tém):
(3.2) 38, € 00[T NgK[T] = ¢TI = (g T).
Proor. Let Sy € g-O [‘Ig] Ng-K [Tg] be a nonempty proper g-T4-open-closed set
in €4. Then, there exists (MQ’A’VQ’A)A:E,C € g0 [Tg] x g-K [‘Zg] such that

[ugé 28,2 E(Ug,c)] v [C (Vgg) 2 Sy 2 ngC]'
Consequently, the following relation holds:

( |_| Uy 2 Sg Uy, 2 C(Use) ng,()
A=£,¢

\/<E (Va,e) UVge 2 SgUVge 2 |_| Vg)\)
A=¢£,¢

Since C (Uy,¢)Uly,c = Q, SgUUG ¢ = Q and, consequently, Ln=¢.c Us.x = §; observe
that, Uy ¢ = Sy = C (Uy,¢) because Sy € g-O [Tg] Ng-K [Tg] is a nonempty proper
g-Tg-open-closed set in Ty. Since 0 (Vg e) UV = Q and Sy € g-O[T,] Ng-K[Ty],

d0i:10.20944/preprints201810.0742.v1
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C(Vge) = Sg = Vg Therefore, C(Vye) UVye = S UVge = Ly—ec Var- By
substitutions, it consequently follows that

(L =0V o)

A=£,C A=£,¢
which was to be proved. Q.E.D.

The converse of the above theorem also holds as demonstrated below.

THEOREM 3.4. If g-iém = (Q,g—Tém) be a g—TéD>-5pace, then it has a nonempty
proper g-Tq-open-closed set Sy € g—O[Tg] Ng-K [ig] :

(3.3) 38, € 9-0[F,] NgK[T,] < o-TP) = (Q,0-T).

PROOF. Let g—‘Iém = (Q,g—Tém) be a g—TéD>—space. Then, there exists a pair
(UBJ\’VQJ\)AZ&C € g-0[T,] x g-K|[T] such that

( || Usr = Q) \/( L] Var = Q)
A=E£,¢ A=£,¢
But | |,_¢ Ugn = Q implies either Uy e = C(Uyc) or Uge = C(Uge), and on
the other hand, | |,_, - Vgx = Q implies either Vg e = (Vg ¢) or Vg = C(Vge).
Consequently, there exists a Tg-set Sg C T4 such that
[ugaé 28,2 E(Ugyc)] v [B (Vae) 2 Sg 2 ng

Hence, g—‘Igm has a nonempty proper g-T4-open-closed set Sg € g-O [Tg] Ng-K [‘Ig] ;
this completes the proof of the theorem. Q.E.D.

Combined together, the above theorems establish the necessary and sufficient
conditions for a Tg-space Ty = (2,75) to be g-Ty-separated and g-T4-connected,
and hence the following corollary.

COROLLARY 3.5. Let T3 = (,7,) be a Ty-space. Then it is a g—TéD>-space
g—‘Iém = ((Lg—’TéD)) if and only if Ty has a nonempty proper g-%4-open-closed
set Sg € g-O[T4] Ng-K[Ty]:

(3.4) g TP = (g TP) & 38, € ¢-0[F,] N o-K[T,].

A g-Ty-separation is realised if the only g-Tj-sets in Ty which are both g-Tg-
open-closed sets are the improper Tg-sets @), @ C Ty. The theorem follows.

THEOREM 3.6. A Tg-space Ty = (Q,7Ty) is said to be a g—TéD> -space g—Tém =
(Q, g—TéD>) if the only g-Ty-sets in Ty which are both g-Tg-open-closed sets are the
improper Ty-sets 0, Q C Ty.

Proor. Let §; € g-O [Tg] N g-K [Sg] be a g-T4-set in Ty, Then, there exists
(UQ,VQ) € g-0 [Tg] x g-K [‘Zg] such that Uy 2 Sy 2 V,. Consequently, C(U,) C
C(Sy) € C(Vy). Since (C(Vy),C(Uy)) € g-O[T4] xg-K[T,], it follows that, L (Sy) €
g-0[%Ty] N g-K[T,]. Since Sg N L (Sy) = 0, implying Sq UL (S,) = Q, it results,
obviously, that,

[(S5.C(Sg)) € (0.2)] v [(80,L(S,)) € (2.0)].

This completes the proof of the theorem. Q.E.D.
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The logical relationship between Tj-connectedness and g-T4-connectedness is
contained in the following theorem.
THEOREM 3.7. If Ty = (Q,7T4) be a g—Té@—space g—Té@ = (Q,g—Té@), then it is
also a 7;<C> -space fém = (Q,’T;Q):

(3.5) g_gé@ — (979_7*&0)) - T<C> _ (Q,Tg@).

PROOF. Let T, = (,7;) be a Ty ' -space Tp = (2,73"’). Then it has a
nonempty proper Tg-open-closed set Sg € O[T ] NK[T,] in S<D Since O [Tl N
K[%,] € -0 [T,] N g-K [Ty], it follows that, Sy € g-O [‘I | Ng-K[%T,] in ‘I . This
proves that Tém isalso a g—Té -space g- Tg = (Q, g- T >) In other words, if T is
a g—Té@—space g—‘Ié@ = (Q,g—TéQ), then it is also a 7; >—space Té@ = (Q, ’7;<C>),
and the proof is complete. Q.E.D.

By virtue of the above theorem, the following corollary follows.

COROLLARY 3.8. If T3 = (R, 7,) be a Tg<D>-space ‘Iém = (Q,7§D>), then it 1s also
a g—Tém—space g—Tém = (Q,g—Tém):

(3.6) T = (2,067 < T = (2, 7").
A Ty-set Sy C Ty of a Tg-space Ty = (Q,Ty) is g-T4-connected if and only if it

is g-T4-connected as a Tg-subspace. The theorem follows.

THEOREM 3.9. If S C Tyr is a Ty-set of a Tyg-subspace Tyr = (I, Tyr) of a
Tg-space Ty = (2, Tg.q), then Sy is g-Ty r-connected if and only if it is g-FT 4 0-
connected:

(3.7) Sy € 9-Q[Tyr] & Sy €g-Q[Tg0l-

PROOF. Necessity. Let Sy C Ty be a Ty-set of a Tg-subspace Ty = (I, Ty r) of a
Tg-space Ty 0 = (2, Tg,0) and suppose that Sy € g—Q[rSg,p]. Then, S; ¢ g-D [Tg,p]
and, hence, for all (UE’A’VQ’A)AZE,C € g-0 [‘Ig’]_"] x g-K [‘Zgﬂ,

(o8 A( )
A=£,¢ A=£,¢
But, Tgr x =Tgr € Tga X =Tg0, and on the other hand, op, (1) € L4 [I‘} im-
plies OPg (Og,A) =1In OPg.Q (OQ,A) = ODPg.0 (OQ,A) and T O0Pg T (’CQ,A) =In
—0pg o (Kgx) = 0pg o (Kg,n) for any (Og,Kg) € Tgr X =Ty, where opy g (+) €
Ly [Q] Thus, for all (UQ7A,VQ7>\)/\:£7C € 9—0[3979] x g-K [TE,Q],

ﬁ( i ug,A:sg)/\ﬁ( i vg,A:sg)

A=¢£,¢ A=¢£,¢
Consequently, Sy ¢ g-D [TQVQ} and, hence, Sy € g-Q [‘1979].
Sufficiency. Conversely, suppose that S5 € g-Q [‘X’QVQ}. This implies that Sy ¢

g-D [‘X’QVQ}. Therefore, for all (ugv)"V&)‘)A:&C € g—O[‘Zg,Q] x g-K I:‘IQVQ],

ﬁ( i ug,A:sg)/\ﬁ( ] vg,A:sg)

A=E,¢ A=E,¢
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But, (Ug,x Var)s_e.c € (SaySa) € Tarx Ty r implies, evidently, (Ugx, Vo) ,_e ¢ €
g-0[Tyr] x g-K[Tgr], since op,r(-) € Ly [T] is equivalent to op,r(r) =T'n
op, o (1) € Ly[Q]. Consequently, for all (Ug x, Vg,») € g-0[Tyr] x o-K[Tqr],

A=£,¢
(Y rams)A-(g )
A=¢£,¢ A=£,¢
Therefore, Sy ¢ g-D [Tg,p} and, thus, S5 € g-Q [‘Igyr]. Q.E.D.

There are some very fundamental 7g-properties of g-Tg-connected sets which
follow from the next theorem.

THEOREM 3.10. IfSy € g-Q [Tg] be a g-%y-connected set of a g—Tém—space g—fém =

(Q,g—Tém), then there exists (Z/IQ,,A,)/Q,A))\:5 ¢ € g-O [Tg] x g-K [‘IQ] such that

(3.8) (A}{’C(sg c ug,A)) \/(A}éc(sg c vg,A)).

PROOF. Let Sy € g-Q[T4] be a g-Ty-connected set in a g—Tém—space g—‘Igm =
(Q,g—Tém). Then, for all (U x, Vg,») € g-0[T,] x g-K[T],

A=£6,Co
ﬂ( |_| ug,k:Sg)/\ﬁ< |_| Vg,A:Sg)
A= ,Co A=£6,Cq
:h< N uwzw)/\ﬁ( N vg,xzw)
A=£6,Co A=£s.Co
(N w20 A( N ves20).
A=£5,Co A=£5,Co

Since Ty is a g- T< -space g- ‘I<D> = (Q,g—Tém), there exists, therefore, pairs
(Ug,A,Vg,A))\:&C € g- O[ ] X g- K[ ] such that

(- V()

A=EC
= <)\_|—£|,<(Sg NUyn) = Sg) V (A_|_£|7<(5g NVya) = sg>
= (Vscun)V(V sev)

Since nA:go,ga Ug x, m>\=§a7<o‘ Vg.x # 0 hold, and, moreover, T, is a g_TéDLspace
g—‘Iém = (Q, g—Tém), the proof at once follows. Q.E.D.

Equivalently stated, the following proposition states that, any Tg-set which is
contained in a g-%4-connected set is also a g-%4-connected.

PROPOSITION 3.11. Let Ry, Sg C Ty be Ty-sets in a Ty-space Ty = (Q,Tq). If
S € 9-Q[Ty] and Ry satisfies

(3.9) [Rg < ODPy (Sg)] v [Rg < T 0Dg (Sg)],


http://dx.doi.org/10.20944/preprints201810.0742.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 31 October 2018 d0i:10.20944/preprints201810.0742.v1

12 KHODABOCUS M. I. AND SOOKIA N. U. H.

then Rq € g-Q[Tq].

PROOF. Let Ry, Sy C Ty be Tg-sets in a Tg-space Ty, = (2, 74), where Sy €
g—Q[‘Sg}, and, by hypothesis, Ry € g-D [Tg]. Since Ry € g-D [Tg], there exists,
then, (Z/lg,,\,Vg,,\)/\ng)Cp € g-0[T,] x g-K[T,] such that,

( L] ug,AzRg)\/< | ] szng)

Az&pv(p Az{pv(p

Since Sy € g-Q[T,], it must be contained in either of Uy ¢,, Ug.c,, or in either of
Vg, Vo, Consequently,

<A \V (S ¢ ug,A)> \/( \V (S < VM))

:£P’CP "7:§p>CP
= ( \/ (Opg (Sa) € ug,(p,k))) \/< \/ (_‘ ODPg (Sg) € Vg,(pm))>7
>\=§p7<p ?7=§va;;

where Uy (p7) = 0Py (Ugx) and Vg () = —0py (Vg,) for every pair (\,n) €
{(&5,¢,) (¢, €p)}. With no loss of generality, let it be supposed that
[opg (Sg) S Us,(p,0)] V [70Pg (Sa) € Vg o,m)]

holds for a (\,n) € {(fp7 Cp) (Cp:&p)}- Then, since the relations Ry = [ |,_ ,, Ug.s ©
WoermUs.(p.0) and @ = Ny_y,, Voo 2 Moy Vau(p.o) hold, it follows that,

0Py (S) Uy S Uy o) N © ] Ug,pr) = 05
o=\,n

=0pg (Sg) MWVar € Voo MWVar € (] Voo =0
o=A,n

Therefore, op, (Sg) MUy, 70D, (Sg) NV x = 0. On the other hand, since Ry C T,
satisfies [Rg C op, (Sg)] V [Rg € —~0p, (Sy)], it results that,

Usmy = RgNUgy =o0pg (Sg) NUg.,

Var = RgNVga=—0p,(Sg) NUg x-
From these and op (Sg) MUy 1y, 70D, (Sg) Vg x = 0, it follows that, Uy ,, Vg x =0,
which contradict the hypothesis that Ry € g-D[T,]. Q.E.D.

The following proposition states that, if it be given a collection of g-Ty-connected
sets with non-void intersection, then g-Tj-connectedness is preserved under the
operation of union.

PROPOSITION 3.12. Let {Sy, : v € I}} [ ] be a collection of n > 1 g-T4-
connected sets in a Tg-space Ty = (Q T) If Nvers Saw # 0, then U, er- Sa €
0-Q[Ty] in Ty:

(3.10) () (Sew €0Q[Tg)) #0 = | Sow € 5-Q[Tq).

vely velx


http://dx.doi.org/10.20944/preprints201810.0742.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 31 October 2018 d0i:10.20944/preprints201810.0742.v1

THEORY OF g-T,-CONNECTEDNESS 13

PROOF. Let {8y, : v eI} C g-Q[Ty] be a collection of n > 1 g-T4-connected
sets in a Tg-space Ty = (Q,7,), and suppose, by hypothesis, that UyeI* o €

g-D[%,], where /. Sy # 0. Since U, cp. S € 8-D[Ty], there exists, then,
(Usx: Var) s—e ¢ € 8-0[Tg] x ¢-K[Tg] such that

<|_| Ugn = Uper:S )\/( L] Ve = Uver: Sa, )

A=¢£.¢ A=¢,¢
Since (,cr« Sg.v # 0, there exists a unit Tyg-set {n} C T, satisfying {n} C
Nvers Saw # 0. But, by hypothesis, |, ;. Sgv € g-D[Tg]. Consequently,

(¥ (iwtn(0)s.)
V(Y (=m0 52)))

A=¢,C vely

Clearly, for every v € I},

( \ (Sgw NUgx # w)) \/(é{gsw NV # (2)))

A=£,C

N (A}ég (Sun Uw)) \/(ME ((sg,y c Vg,A)).

)

Therefore,
( \/ ( U Sg,y - uﬂA)) \/( \/ ( Sg,u c Vg,)\)>a
A=£,¢ “Welr A=£,C “Welr
which contradicts the hypothesis that Uyel* 9w € g-D [EB]. Q.E.D.
Stated differently, the following proposition states that, if every two-point T4-set

of a Ty-set is a Ty-subset of some g-T,-connected subset of the Ty-set, then the
T4-set is also a g-T4-connected set.

PROPOSITION 3.13. Let S; C Ty be a Ty-set in a Tg-space Ty = (2, Tg). If
every two-point Ty-set Oy C Sy satisfies the relation Oy C Ry C Sy, where
Ry € g-Q [‘ZQ], then Sy € g—Q[Tg] :

(3.11) QNS; 2 QuNRy €9-Q[Ty] = S, €9-Q[T].

PROOF. Let Sy C Ty be a Ty-set in a Tg-space Ty = (2, 7,) and suppose that
every two-point Ty-set Qg C Sy satisfies the relation Qg € Ry C Sy, where Ry €
g—Q[‘IgL and by hypothesis, Sy € g-D [‘Ig]. Then, there exists (UE)A, Vg)\)
g-0[%y] x g-K[T4] such that

(0 o5V 1 s

A=to.Co ©

)\=€mC A= 5 C
Since Ug x, Vg, x # 0 for every X € {&,,(,}, assume that
{& = QuNUge, = QN Vg, ,

{C} = Qg ﬂug,ga = Qg N vg,@,y Qg = {g} U {C} .
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In Other WOI'dS, Qg C XA:&O’CO’ Z/lg,)\ or Qg C X)\:£U7CU Vg,)\. Since Rg S g—Q I:S:g:l,
for all (Ug,x, Vg,2) € g-0[Ty] x g-K[T,],

>\:€p7<p
(U s =m) A( 1) ver=)
A=£5,Cp A=£,¢p
= ﬁ( |_| (Qg ﬂug,)\) = Qg) /\ﬁ< |_| (Qg ﬁvg,/\) = Qg)
A:gpvgp A:Ew(p
= (Q = Q) A (Qq = Qq),
which contradicts the hypothesis that Sy € g-D [Eg]. Q.E.D.

A Ty-space is g-Ty-connected if any two-point Ty-set can be enclosed in some
g-Tg-connected set, and hence the following proposition.

PROPOSITION 3.14. If any two-point Ty-set Qq C Ty can be enclosed in some
g-T4-connected set Sy € g-Q[Ty], then the Ty-space Ty = (2, Ty) is a g—'Téc> -space
70 = (2,6 T():

(3.12)(VQy € Ty) (38, = Sy U Qg € 0-Q[F,)) = ¢-Ti = (2, 6-T).

PRrROOF. Let £ € Ty be fixed and, for every ¢ € Ty, let Qg ) C Ty be a two-
point g-T4-connected set in a Tg-space Ty = (,7;) containing &, ¢ € Ty. Then,
U(eig Qq(e,0) € 8-Q[T,] and, by hypothesis, it is the entire Tg-space T4. Hence T4

is a g-Té@—space g—SéQ = (Q,g—TéQ). Q.E.D.

The theorem given below states that, any pair of nonempty g-%,-sets which is
contained in some pair of g-T4-separated sets is also g-Tg-connected.

THEOREM 3.15. Let Ty = (Q, Tg) be a Tg-space. If (Sg,a,Sq,8) € 9-D [Tq] x g-D [Ty]
be a pair of g-Ty-separated sets and (Rga,Rgp) € §-S[T4] X g-S[Ty] be a pair
of nonempty g-%4-sets satisfying (Rg,a, Rg.58) < (59704,89”3) then (Rg,a,Rg.8) €
g-D [Tg] x g-D [T

(3.13) (Sg,,\ = Rg))\ USQ7/\)/\=a,B € gD [‘Ig] = (Rg>>‘))\=a,6 € g-D [‘Ig] .
PROOF. Let (Sg.a,Sg,8) € 9-D[Ty] x g-D[T4] be a pair of g-Tg-separated sets
and let (Rg,a,Rg3) € §-S[T4] X g-S[T4] be a pair of nonempty g-Ty-sets satis-

fying (Rg,asRg,8) € (Sg,a,Sq,p) in a Tg-space Ty = (2, Ty). Then, there exists
(ugv’\’V97>‘)>\:£a,Ca € g-O[T,] x g-K[T,] such that

(W sV L e U )

A=£6,60 n=a,B A=£o (o n=a,p
(V0,0
oG A=£o (o

Since (Rg a,’Rg s) C (Sga,Sg 8)s Ny=asRemn S (Ny—apSan- If the relation
|—|n oS =] ¢, .0, Us 18 satisfied, then ﬂn . Ran C Ny e, o Ugn = (; if
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U5 Som = Lr=e,.c, Vars then (N, _, s Ran € My—¢, ¢, Vo,r = 0 holds. Hence,
there exists (Z/{g,)\, Vg)\) € g0 [‘IQ] x g-K [Sg] such that

)\=£va;>
< |_| Ugx = |_| Rg,n) \/( |_| Vo = |_| Rgm)-
)\ng,gp n=a,B AmeCp n=a,B
This proves the theorem. Q.E.D.

The basic relation between g-Tj-connectedness and g-T4-separateness follows:

THEOREM 3.16. In order that a Ty-set Sg C Ty of a Ty-space Ty = (Q,Ty) be
g-T4-connected it is necessary and sufficient that there exists no (Rg.a,Rg,3) €
9-0[%y] x g-O[T4] or (Sg,a,Sg.8) € 0-K[Tq] x g-K[T] such that it be expressible
as
(3.14) ( || Reo= Sg) \/( | ] Soo= Sg)

o=, o=a,B

PROOF. Necessity. Let Sy C Ty be a Ty-set in the Tg-space Ty = (Q,Ty) and let
there exists (Rg,x,Sg,3) =05 € g-0[%y] x g-K[T4] such that

( L] szsg)\/< | ] Sg,,,zsg)

o=a,B o=a,f3
Since (Rgx; SgA\)azas € g-0[Ty] x g-K[T,], there exists (ug,hvvg,h),\:ag €
9-0[%4] x g-K[T4] such that (Rgv)"SQ’A)A:a,ﬁ = (Ug,A,Vg,A)A:aﬁ. Consequently,

( L] uwzsg>\/< | ] Vg,xzsg).

A=, A=,

This shows that (Rg,Ang,A)A:a,g € g-D[Ty] x g-D[T,]. Hence, S; € g-D[T,].
The condition of the theorem is, therefore, necessary.

Sufficiency. Conversely, suppose that Sy € g-D[T], there exists, then, a pair
(Usns Var) \—a 5 € 8-0[T,] x g-K[T,] such that

< L uw—Ss)\/( | | VQ,A—SE).

A=q, A=a,B
But, (UQ,A,V97,\) € g—O[ig] x g-K [Tg]. Therefore, it follows that there ex-
ists (Rm)\,Sg,,\)}\:a 5 € g—O[‘Ig} x g-K [‘IQ] such that the relations expressible by
(RQ,A,SQ,A)AZQ 5= (Ug,)\,Vg,)\))\ o5 Dold. Hence, the Tq-set Sy C T4 is express-

A=a,B

ible as
( || Roo :39) \/( | ] Seo :sg>.
o=a,f3 o=a,f
The condition of the theorem is, therefore, sufficient. Q.E.D.

If S§ € g-O[T,], then g-Tg-open sets in Sy are clearly also in g-O[T,], and
conversely. Likewise, if S € g-K[T], then g-Ty-closed sets in Sy are clearly also in
€ g-K [‘Zg] , and conversely. Hence, an immediate consequence of the above theorem
is the following corollary:
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COROLLARY 3.17. Let Sy € g-S[Tg] be a g-Ty-set in a Tg-space Ty = (2, Ty).
Then:

o1 IfS; € g-O [‘Ig], then in order that Sy € g—Q[‘Ig}, it is mecessary and
sufficient that there exists no (Rg,a,Rq,3) € 8-0[Tg] x g-O[T4] such that
it be expressible as Sy = | |\_, s Rgx-

o 1. If S5 € g-K [‘Zg], then in order that Sy € g—Q[Tg], it is necessary and
sufficient that there exists no (Rg,a, Rq,8) € g-K [fg] x g-K [Tg] such that
it be expressible as Sg = | |x_, 5 Rg-

The following remark contains classifications of g-Tj-connectedness with respect
to openness and closedness.

REMARK 3.18. Suppose | |,_, 3Rg0 = Sy hold, then it is no error to call Sy a
g-%4-connected open set if (Rg,a,Rg,5) € g-O [Tg] x g-O [39]7 and a g-Ty-connected
closed set if (Rg,a,Rq,5) € -K[T4] x g-K[Tg].

From the above corollary, it would appear that g-%;-connectedness depends on
the existence of certain g-%;-separated sets or, equivalently, on the existence of
certain disjoint g-T4-open, closed sets. As another simple ways of characterizing
g-T4-connectedness, the proposition follows.

PROPOSITION 3.19. A Tg-space Tg = (2, Ty) is ag—TéD> -space g—Tém = (Q,g—Tém)
if and only if any one of the following statements holds:

oI J (Sg OHSEI 5) ( [ ] \ {(Z)}) UA:a,B Sg,)\ =y
o 1L 3(Sga:Sy0) € (8-0[Tg) \{0})+ Unea s Son =
o 1L 3(SyarSep) € (G K[T \ {0t Uy pSonr =

PROOF. Necessity. Let g-T; (D) — (Q g- T<D ) be a g- ’TD> -space. Then, there
exists Sy € (g-O[T4] N g- K[ ]) \ {0,Q}. Consequently, there exists (Ug,Vy) €
g-0[%y] x g-K[T4] such that

U 28,2V, = C(Uy) CC(Sy) CC(Vy).
Therefore, [ (S,) € (5-O[T4] Ng-K[T,]) \ {0, Q}. Hence,
(80:C(83) € (a-D[Te] \ 10})* U (8-0[T,] \ {0)" U (-K[Te] \ {0})".
Sufficiency. Conversely, suppose that
3 (Sg.a:Sa.0) € (P [Ta] \{01)" U (-0[Te] \ {01)" U (a-K[T] \ {0})",

such that Q = | |,_, 5 Sg . Then if (S5.0,Sg,5) € (g-D[Tq] \ {(Z)}) there exists
(Ug,,\,Vg,A)/\:aﬁ € g 0[39} X g- K[S ] such that,

(U o= U sa) V(U vaa= L si0)

A=a,B A=a,f A=a,f A=,
= < | | uwgz)\/( | ] vwfz).
A=, A=a,B

If (Sg,a, Sg,8) € (8-0[T ]\{@}) there exists (Ug,a,Uy,3) € 8-O[Ty] xg-O[T4] such
that (Sg o Sg, B) (Z/{g o, Ug, 5) Consequently, it follows that 2 = |_|/\=a,ﬂ Sgx €
|_|>\:a’ﬁ Uy, . Hence, L])\:a’ﬁ Ugn =
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If (Sg,a,Sa,8) € (o [ o \{0})?, there exists (Vg.a, Va.5) € 0-K[Tg] x g-K[T,]
such that (Sg.a,Sgs) 2 (Vaa: Ve 7/@). Thus, it results that 0 = (,_, 5Sg.n 2
ﬂ)\:aﬁ Vg.2. Hence, |_|)‘:a7ﬂ Vg.a = 2. These complete the proof of the proposition.

Q.E.D.

The following lemma is a useful tool for the proof of the theorem following it.

LEMMA 3.20. Let Ty = (Q,Tg) be a Ty-space, and let (Sga,Ss,8) € g-Q[T4] ¥
g- Q[ } be a pair ofg Tg-connected sets in Ty. If there exists a unit Ty-set {£} C

Ty such that (,_, 5 Sg.0 = 1§}, then U,—, 5 Sg.0 € 0-Q[Ty] in Ty:
(315)  3{¢ = ﬂ (Sg,a €gQT]) = | Soo € -Q[To)-
o=a,B o=a,f3

PrOOF. Let T, = (Q,74) be a Tg-space, let Sg = U, _ o.p Sg,0» and suppose
that there exists a unit Ty-set {{} C Ty such that {{} = ,_, 5 Sy, Where
(Sg,arSa.8) € 8-Q[T4] x 9-Q[T], and assume that

(e s)V( -5

o=a,fB o=a,

for some (Z/IQ’A,VQ’A) € g-O [Tg] X g- K[ ] Since {{} C S,

A=a,fB
(0_\5’[3({5} c ug,a)> V (L\éﬁ({g} c vw))

meaning that, with respect to (Uga,Uyg,s) € g-O[Tg] x g-O[Ty], cither £ € Uy q
or £ € Uy g; with respect to (Vg,a,Vg,g) € g-K [Tg] x g-K [‘Sg], either £ € Vg o or
& € Vg, 3. Therefore, set
({&} CUga) V ({E} S Vi)
Clearly, Uy 5, Vap # 0; Uy s C |_|U:a)5 Ugo = Sy and, Vg3 C Ug:aﬁ Voo = Sy
Therefore, for at least a o € {a, 8},
(Us,p N Sgo #0) V (Va5 N S0 # 0).
Choose a n € {a, 8}. Then, for every o € {«, 8},
(Us.o N Sgn S Ug.o) V (Voo NSgn € Vo)
Therefore, with respect to (Ug,a,Uy,3) € 8-0[Tg] X g-O[T4], Ug,a NSg,y and Ug N

Sg.n are g-Tg-separated sets; with respect to (Vg,a,Vg,g) € g-K [‘Ig} x g-K [‘Ig],
Va,a NSy and Vg 5 NSy, are also g-Tg-separated sets. Consequently,

(5 ()5 V(s (L) -5

o=a,p o=a,f3

= ( || Ugo N Sg) = SM> \/( L] (Var NSqi) = SM>,

o=a,f o=a,B

Therefore, (Sg.a,Sg,5) ¢ 6-Q[Tq] x 9-Q[Ty], contrary to hypothesis. Hence, it
follows that |J Sy, must be g-Ty-connected in Ty, that is |J Sg0 €

o=a,8

g-Q[T).

o=a,8

Q.E.D.

For the case of n > 1 g-%4-connected sets, the theorem follows.
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THEOREM 3.21. Let Sg1, Sg2, .-, Sgn € 8-Q[Tg] be n > 1 g-Ty-connected sets
in Tg-space Ty = (2, Ty). If, for every (o, B) € I} x I}, there exists a unit Ty-set
{&} € Ty such that (\,—, 5 Sg.0 = {&}, then U, ¢ Sg.0 € 0-Q[Ty] in Ty:

316)3{} = [  (Ser€oQ[T)) = | Sow € Q[T
o€{a,B}CI% XTI} o€l

PROOF. Let Ty = (2, Ty) be a Ty-space, let Sq = J, ¢+ Sg,0, and suppose that, for
every (o, 8) € I}, x I, there exists a unit Ty-set {£} Cclg such that (,_,, 5 Sg,0 =
{&}, where Sg1, Sgp2, ..., Sgn € g—Q[rSg] are n > 1 g-Tg-connected sets in Ty, If
(€ar€p) € Sy x Sy be any pair of elements of S, then there is a pair (Sg,a,Sg,5) €
0-Q[Tg] x 9-Q[T4] of g-Ty-connected sets such that (£4,€5) € (SgarSg,s). Set
QQ’(DHB) = {&X’gﬂ} and RQ’(D"B) = Ua:a,ﬂ SQ,U; Clearly? Ua:a,ﬂ SQ,U 7& (Z) by hy—
pothesis. Then, for every (o, 3) € I} x I, the relation Qg (a,8) € Ry (a.5) C Sy
holds. Since, for every (a, 8) € I} x I}, there exists a unit Ty-set {£} C Ty such
that (,_, 5 Ss,0c = {&}, it follows that Ry (a,5) = Uy—n.sSae € g-Q[T,] in Ty
Since, for every (o, ) € Iy x I}, Qg (a,8) C Sy is a two-point Ty-set satisfying the
relation Qg (.8) € Ry, (a,8) € Sy, Where Ry (o,8) € g—Q[Qg] in T, it follows that
Sy = Uael; S0 € g—Q[Sg} in 4. This proves the theorem. Q.E.D.

When a Tg-space Ty = (2, 7) is g-Tj-separated, it is natural that we should
attempt to obtain some information about the various g-%;-connected sets into
which it can be g-Tj-separated. The maximal g-T  -connected sets of the Tg-space
Ty = (Q,7T4) are particularly interesting.

DEFINITION 3.22. If ( € §§ C T4 is a point of a Ty-set in a Tg-space Ty = (2, Ty),
then
def
(317)  8Cs, [(J= {€ €8y (GRy € 0-Q[Te])[(€,0) € Rg € Sg]}
is called the ”g-T -component of Sy corresponding to ¢.”

According to this definition, a g-%;-component is nonempty, g-%;-connected,
and is not a proper g-T;-set of any g-Tj-connected set of a Ty-space. The theorem
follows.

THEOREM 3.23. For each point ( € Ty in a Ty-space Ty = (2, Ty), the g-T;-
component g—CSg [¢] of Sy corresponding to ¢ is the largest g-T -connected set in
T4 which contains the point (:

(3.18) (V¢ € Tq) (FRq € 0-Q[%,]) [Rg D 0-Cs, [¢]]-

PROOF. Let (£,¢) € (Rg,c \ {¢}) x Ry in a Tg-space Ty = (2, Tg), where Ry €
g-Q[T,] is any g-T-connected set which contains ( € Ty, and § € Ry . Clearly,
Qq.(e.0) = {6, ¢} € Ry ¢ and, therefore, § € g-Cg_ [(], implying Ry,¢ € g-Cs, [¢]. To
prove the g-T;-connectedness of g-Cg_ [(], consider an arbitrary point n € g-Cg_ [(].
Since Qg (y.c) = {n,(} C 9-Cg, [(], there exists a g-T;-connected Ry, € g-Q [Ty
such that Qg ¢y = {1, ¢} € Rq,y. Therefore, Ry, C g-Cs, [¢] and, consequently,
9-Cs, [(] = Uneg-ng () Ra.y- But, this is the union of the collection {Rgm: me

9-Cs, (€]} € g-Q[Z] of g-%,-connected sets with a common point ¢ € . Hence,
g-Cs, [(] € 0-Q[T]- Q.E.D.
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In a Tg-space, g-T;-components are g-T-closed sets, as demonstrated in the fol-
lowing theorem.

THEOREM 3.24. For each point ( € Ty in a Tg-space Ty = (Q,Ty), the 0-%,-
component g—CSE [C] C Ty of Sy corresponding to ¢ is a g-T-closed set of Ty:

(3.19) (V¢ € %4) [9-Cs, [¢] € o-K[F,]].

PRrOOF. Let g-Cg_ [(] C T4 be the g-T -component of Sy corresponding to ¢ € Ty.
Then, g-Cg, [(] € g-Q[T,] is the largest g-T;-connected set in Ty containing the
point ¢. Suppose that £ € =op,(g-Cs, [¢]). Since —opy(g-Cs, [¢]) € 8-Q[T4] is a
g-T4-connected set, and g-C Sq [(] is the largest g-T -connected set in Ty which con-

tains the pOint €7 Qg,(E,C) = {67 C} c g_CSg [d Hencea g_CSE [d ) _'Opg (g_CSg [C])a
meaning that g-Cgs_[(] must be a g-Ty-closed set in Tg. This proves the theo-
rem. Q.E.D.

A central fact about the g-T -components of a 7Ty-space is that, to each point
¢ € Ty in a Ty-space Ty = (€2, 7,) there corresponds a unique g-%;-component
9-Cs, [¢] of Sg. This fact is contained in the following theorem.

THEOREM 3.25. The class {g—ng [(]: CeTy} of g-T,-components of a Ty-space
Ty = (Q,Ty) forms a partition of Ty:

(3.20) {0-Cs, [C]: C€Tq} = | ] oCs, [C] =
CET,

PROOF. Let {g—CSg [(]: ¢ € T4} be the class of g-T-components of a Tg-space
Ty = (Q,7g). Clearly, Q@ = U¢es, 8-Cs, [(]. Let n € g-Cs_ [(] N g-Cs [€]. Then,
since g-Cg_ [(], 9-Cs, [€] € g-Q[%y] and contain the point 5 € Ty, it follows that,
8-Cs, [n] 2 9-Cs, [(] and g-Cg_ [n] 2 9-Cs, [¢]. But g-Cs [(], g-Cs, [§] are g-T-
components and, hence, g-Cs_[(] = g-Cs_ [1] = g-Cs_ [¢]. This shows that distinct
g-T-components are disjoint or, equivalently, g-Cs_[(] N g-Cg_ [¢] # 0 implies
G-ng [(]= Q-ng [£]- Q.E.D.

By virtue of this theorem, it thus follows that, each ¢ € T4 belongs to a unique
g-Tg-component g-Cg_[(] of Sg. The corollary follows.

COROLLARY 3.26. For each point ( € Ty in a Ty-space Ty = (2, Ty), there corre-
sponds a unique g-<;-component g—CSD [C] of Sy containing it:
(3.21) (V¢ € Ty) (31 o-Cs, [¢] € 8-Q[T4]) [¢ € 8-Css, (€]

A Tg-space that is g-T -connected has at most one g-%T -component, as demon-
strated in the following proposition.
PROPOSITION 3.27. If T3 = (Q,T;) be a g-T " -space g-T\7 = (2, g-T?), then
it has at most one g-T ;-component g-Cq, [(] = Q:

(3.22) g% = (Q,0-T) & gCql¢] = Q.

PROOF. Let Ty = (2, 74) be a g—TéC>—space g—‘IéQ = (9, g—’Té@), and let it be sup-
posed that it has a € I3, g-Tj-components g-Cq, [(1], 9-Cg [C2], - - -, 8-Cq [Ca]- Then,
U,er 8-Cq [Cu] = Q because (,¢;- 8-Cq [(u] = 0. Hence, Ty is g-T-separated,
which contradicts the fact that T4 is a g—TéQ—space g—TéQ = (Q, g—Té@). Q.E.D.
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The combination of an additional concept called path with the notion of g- ;-
connectedness will bring forth a further refinement of g-% -connectedness called
pathwise g-T;-connectedness.

DEFINITION 3.28. A path from an initial point { € %, to a terminal point ( € T
in a Tg-space Ty = (Q,Ty) is a ([0,1],F4)-continuous map ¢g¢ : [0,1] — T, with
(¢a,c (0),g.c (1)) = (£,€). A Tg-set Sq C Ty of a Ty-space Ty = (€, Ty) is said to
be pathwise g-T -connected if and only if, for every (£, () € Sy x Sq,

(3.23) (EIQE €gQ [gg])(zl‘:%,c :[0,1] — Tg) [39 2 Qg2 im(‘F’g,C\[o,l])]'

Evidently, im(gog@l[&”) signifies the image of the ([0, 1],%)-continuous map
©g,c 1 [0,1] = T, from the initial point £ = g4 (0) to the terminal point ¢ =
©g,¢ (1). The following theorem is an immediate consequence of the above definition.

THEOREM 3.29. A subset I' C Q of Q of a Tg-space Tga = (Q, Tg,0), with the
absolute g-topology Tg.a : P (Q2) — P (L), is said to be pathwise g-T;-connected if
and only if, with the relative g-topology Tgr : P(I') — Tgr = {Og NI: O4 €
’7;,9}, the Ty-subspace Tyr = (I', Ty r) is pathwise g-T ;-connected.

PROOF. Necessity. Let T30 = (2, Tg,a) be a Tg-space, and suppose that a subset

[' C Q of Q, with the absolute g-topology Ty q : P (€2) — P (12), is pathwise g-T -
connected in Ty . Then, for every (£,() e I' x I' C Q x Q,

(3Qu.w € 3-Q[Tg.0]) Begc : [0.1] = Tg) [T 2 Qg 2 im(‘Pg,C\[o,1])]'
Since Qg € g-Q [Sgyg} and g-Q [Sgyg} D g-Q I:‘Zgyr‘], it follows that Qg , = Qg., NI’

for every Qg € g-Q[Tg,r]. Since {¢q,¢ (0),¢pq,¢ (1)} C T x T, it also follows that
I'D> Q4,2 im(gog’gl[o 1]). Therefore, for every (£,() e I' x I,

(3Qu.y € 8-Q[Tar]) B 1 [0,1] = Tor) [I' 2 Qg 2 im(‘»"g,q[o,u)]'

Hence, with the relative g-topology Tgr : P () — Tgr = {Og NI Of € Tga},
the Tg-subspace Ty = (I', 74 1) is pathwise g- -connected.

Sufficiency. Conversely, suppose that, with the relative g-topology given by
Tgr :P(L) — Tgr = {Og Nnr: Oq4 € 7;79}, the Tg-subspace Ty = (I, Ty r) is
pathwise g-Tj-connected. Then, for every (£,¢) € I'x I,

(3Qq € 3-Q[Tar]) Grgc 1 [0,1] = Tyr) [T 2 Qg 2 im(‘Pg,C\[o,u)]'

Since Qg4 € g—Q[‘Ipr] and g—Q[Tgyp] - g—Q[‘Sg,Q], it follows that a Q4. €
g—Q[‘Ig@] exists such that Qg ., NI = Qg .. Furthermore, since Q4. C I' and
Qg.w 2 Qg., it follows that I' O Qg , D im(cpgyg‘[o’l]). Therefore, for every (£, () €
I'xI' CQxQ,

(3Qgw € 8-Q[Tg.0]) (Frgc 1 [0,1] = Tg0) [[ 2 Qg 2 im(%,q[o,l])]'

Hence, the subset I' C Q, with the absolute g-topology Tga : P (Q) — P (), is
pathwise g-T -connected. Q.E.D.

The relationship between the notions of g-T -connectedness and pathwise g- -
connectedness follows.

THEOREM 3.30. Let S C T4 be a Ty-set in a Ty-space Ty = (Q,Tg). If Sy is
pathwise g-% -connected, then Sy € g—Q[ng].
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PROOF. Let S5 C Ty be an arbitrary pathwise g-T -connected set in a 7Tg-space
Ty =(QTy). I Sg =0, then Sy ¢ g-D [‘IQ] and, therefore, Sy € g-Q [Tg]. Suppose
Sy # 0, consider any point { € Sy. Since S is pathwise g-T;-connected, for every
¢ € S, there is a path ¢g¢ : [0,1] — Sy from the initial point £ € Sy to the
terminal point ¢ € Sy, and a g-Tj-connected set Qg ¢.¢) € 8-Q [ig], containing &,
¢ € S, such that Qg (¢ ¢) 2 im(gpg’gl[m]). Clearly, im(‘pg’C\[o,l]) € C[[0,1];T4].
Moreover, Sg 2 Qg (¢.¢) 2 im(npg,q[Q”) and, consequently, Sg 2 UCGSD Qg 6.0) 2
UCESg im(cpg,g‘[oﬁl]) = §g, since { € §y. But, { € im(‘ﬂg,CHog]) for every ( € S
and, hence, mgesg im(cpg’q[o)l]) # (). Furthermore, im(cpg’q[o)l]) € g-Q[T,] for
every ¢ € Sy, and by the relation S5 = UCeSg im(gog,q[()’l]), it follows, then, that
Sy €9-Q [ig]. This proves the theorem. Q.E.D.

Thus, pathwise g-% -connectedness is a stronger form of g-% -connectedness.
For this reason, we stated that pathwise g-% -connectedness is a further refinement
of g-T-connected. An immediate consequence of such a statement is the following
proposition.

PROPOSITION 3.31. If Ty = (2, Ty) be a pathwise g-X;-connected Ty-space, then it
is also g-Tj-connected:

(3.24) g3 = (Q,gTFY) = g3 = (Q,6-T).

PRrROOF. Let Ty = (Q,7,) be a Ty-space, and suppose it be g-T -separated. Then,
T has a nonempty proper g-T j-open-closed set Sy € g-O [T 0] Ng-K [Tg o). There
exists, then, (§,¢) € Sy x C(S,y). Let ¢g¢ : [0,1] — T, be a path from ¢ to

. -1 . -1 : -1
¢. Clearly, [0,1] D 1m(¢g7<|89) for 0 € lm(¢974|89) and 1 ¢ lm(¢974|sg)’ or for
0 ¢ im(cp;élsg) and 1 € im(cp;é‘sg). Since pg. € C[[0,1]; %], it follows that
im(cp;as ) is both open and closed. But, this contradicts the fact that [0, 1] is
’ g
connected. Hence, the Tg-space T, = (2, Ty) is g-T4-connected. Q.E.D.

DEFINITION 3.32. Let ¢g ¢, @g,c : [0,1] — T4 be two paths in a Tg-space Ty =
(937-9) SatiSfying ((rbg,C (0)a¢g,< (1)) = (909,{ (0)7909,( (1)) = (gac) Thena ¢g,( is

said to be "homotopic” to ¢g ¢, written ¢g ¢ ~ @q ¢, if there exists a ([0, 1]2 ,Tg)-
continuous map by : [0, 1]2 — g4, called a "homotopy” from ¢4 ¢ to ¢g ¢, written

by : dg,c ~ pg,c, satisfying,
bgAp) = (1—p)gc(N)+ppgc(N) Ve {01},
(3.25) bg (\p) = (1-=NE+AC VA€ {0,1}.

The homotopy by : ¢g.¢c ~ @g,¢ is said to establish a g-Tg-homotopy from ¢4 ¢ to
g, in a g-Tg-connected set Ry € g-Q [T,] if it belongs to the class:

gt (Fbac, Poc: [0:1] = Re)[Be : boc = vac}-

g-H[[0,1]*; R]
(3.26)

For any ¢g.¢, ¢g.¢; Vg, : [0,1] = Rg € g-Q[T,], the statements by : ¢g.c >~ ¢g.¢,
Bg : Pg,c = pg,¢ implies bg : g~ ¢gc and, by : dgc = pg.c and by : g = Vg ¢
implies bhg : @g,c > 1g,¢c hold, as shown in the following theorem.
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THEOREM 3.33. The g-%4-homotopy relation is an equivalence relation in the collec-
tion of all paths in any g-Ty-connected set Ry € g-Q [T4] of a Tq-space Ty = (2, Ty).

PROOF. Reflezivity. Let ¢g ¢ : [0,1] = Ry be any path, where Ry € g-Q [T]
is any g-Tg-connected set in a Tg-space Ty = (2,7g). Then the ([0, 1) ,Rq)-
continuous map bhg : [0, 1}2 — Ry defined, for every (A, u) € [0, 1]2, by by (A, 1) =
¢g.c (A) is a g-Tg-homotopy from ¢4 ¢ to ¢g ¢, and that defined, for every (A, pn) €
[0,1)%, by hg (A, 1) = @g.¢c (1) is a g-Tyg-homotopy from ¢g ¢ to ¢4 . Hence, by €
g—H[[O, 1]2 ;Rg], and ~ is reflexive.

Symmetry. Let by € g-H[[0, 1]2 i Rq] be a g-Tg-homotopy by : dg.c = @q,¢. Then
the ([0, 12 , Rg)-continuous map 69 :[0,1]* — R g defined, for every (A, p) € [0, 1%,
by ﬁg (A p) = bg (A, 1—p) is a g-Tg-homotopy 69 D Pgc ~ ¢gc. Hence, 69 €
g-H[[0, 12 i Rq), and ~ is symmetric.

Transitivity. Let Hg.a, bes € 0-H[[0,1]?;Rg] be g-Fy-homotopies hg o : g =
¢g.c and by : pg¢ ~ Vg, respectively. Consider the ([0, 1)? , Rg)-continuous
map by : [0, 1]2 — Ry defined, for every (A, p) € [0, 1}2, by by (A, 1) = bga (A, nw)

1 1
if u € [O, 77] and hg (A, 1) = bgg(A\nu—1) if p € {7771} where 7 € (1,00).

Clearly, by : ¢g.¢ = 1g,c. Hence, it follows that, hy € g—H[[O7 1]2;7%9], and ~ is
transitive. Q.E.D.

The concept of simply g-T4-connected 7g-space is defined below.

DEFINITION 3.34. Let ¢g¢ : [0,1] — T4 be a path from £ € T, to { € Ty in a
Ta-space Tg = (Q, Tg) with (pg.¢ (0), g (1)) = (£,¢). Then:

o 1. If pg¢:[0,1] — {C}, then ¢4 is called a ”constant path” at ¢ € T:

Gac (N) % ¢y (N) for all A € [0, 1].

o 1. If vy :{0,1} — {C}, then ¢y is called a ”closed path” at { € T:

Gac (A) < kg (N) for all A € [0, 1]

o 11. If, for every A € [0,1], pg.c (A) =5 (X) and pg ¢ (A) 2 ¢g (A), then ¢4 ¢
is said to be ”contractable to the point ¢ € T4.”
A Tg-space Ty = (Q,Ty) is "simply g-Tg-connected” if and only if, at each point
¢ € T4, any closed path €4 : [0,1] — T is contractable to (.

The necessary and sufficient conditions for a pathwise g-%4-connected 7g-space
to be simply g-%,-connected are contained in the following theorem.

THEOREM 3.35. Let Ty = (Q,Ty) be a pathwise g-Ty-connected Tg-space. Then,
Ty 1s simply g-Ty-connected if and only if, at each ( € T4, any closed path &g :
[0,1] = F4 at ¢ is g-T4-homotopic to the constant path ¢y : [0,1] = T4 at ¢ € Ty
by : €5 ~ ¢y for each ( € Ty.

PROOF. Necessity. Let T, = (2, 7T4) be a pathwise g-T4-connected Tg-space, and
suppose it be simply g-Ty-connected. Since T, is pathwise g-T -connected, for
every (£,¢) € Q x Q,

(395 € 9-Q[Fg]) B 1 [0,1] = F4) [22 Q4 2 im(%&no,u)]'

If wg.c:{0,1} — {C}, then ¢4 ¢ is a closed path at { € Ty: @g ¢ (A) = €5 (A) for all
A € [0,1]. Since ¥4 is simply g-T4-connected, it follows that, at each point ¢ € Ty,
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the closed path € : [0, 1] — ¥ is contractable to ¢. Thus, at each ¢ € T, the closed
path €5 : [0,1] — T, at ¢ is g-T4-homotopic to the constant path ¢y : [0,1] — T,
at ( € Ty by : €y ~ ¢4 for each ¢ € Ty. The condition of the theorem is, therefore,
necessary.

Sufficiency. Conversely, suppose that, at every point ( € %, in a pathwise
g-Fg-connected Tg-space Ty = (£2,Ty), any closed path €5 : [0,1] — T4 at ¢ is g-FT4-
homotopic to the constant path ¢4 : [0,1] — Ty at { € Ty: by : &5 =~ ¢y for every
¢ € T4. Then, there exists a path ¢y ¢ : [0,1] = T4 satisfying ¢4 : {0,1} — {¢}
and, therefore, contractable to ¢ € Ty. Thus, at each point ¢ € T, any closed path
£, : [0,1] — T, is contractable to (. The Tg-space Ty = (Q,7Ty) is, then, simply
g-T4-connected. The condition of the theorem is, therefore, sufficient. Q.E.D.

The definition of local g-T-connectedness at a point £ € T4 in a Ty-space Ty =
(Q,7Tg) is now given.

DEFINITION 3.36. Let T; = (£2,7;) be a Tg-space. Then:

e 1. T4 is said to be "locally g-T4-connected at a point £ € T,” if and only
if,

(3.27) (VU € 6-0[Tg)) (3Qg € 5-Q[To)) [€ € Qg C Uy

e II. T, is said to be "locally pathwise g-T4-connected” if and only if, given
any (§,Uge) € Ty x g-O[T], there exists (&, Qq,c) € Ty X g-Q[T,4] such
that (¢,n) € Qq X Qq, with ¢ # 7, implies that,

(328)  (3pgc:[0,1] = To) [{¢,m} € im(pgcipy) € Quie € Uge]-

The Tg-space Ty = (2, Ty) is said to be "locally g-T4-connected” if and only if it is
locally g-%4-connected at every point £ € Ty.

As an immediate consequence of the above definition, it is shown below that
local pathwise g-%;-connectedness implies locally g-%;-connected.

THEOREM 3.37. If T4 = (Q,7Ty) be a locally pathwise g-T ;-connected Ty-space, then
it 1s locally g-% ;-connected:

329 T = (@6 TITO) > T = (0,0 7).

Proor. Let T4 = (2,Ty) be a locally pathwise g-T -connected Tg-space. Then,
for any given (§,Ug¢) € Ty x g-O [T], there exists (£, Qqe) € Ty X g-Q[T4] such
that (¢,€) € Qg x Qq, with ¢ # &, implies that,

(3pg,c 1 0,1] = T4) [{¢, €} C im(‘t@g,ﬂ[o,l]) C Qg CUge].

Consequently, £ € im(¢97<|[0 1]) C Q4¢ C Ugye and, therefore, { € Qg ¢ C Uye.
Hence, it follows that

(WU, € g-0[Tg]) (3Qq, € 8-Q[Ty]) [€ € Qe € Uge]-
The Tg-space Ty = (£, Ty) is therefore locally g-T ;-connected. Q.E.D.

In a locally g-Tg-connected Tg-space, a g-T ;-component is a g-Tg-set, as demon-
strated in the following theorem.
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THEOREM 3.38. If g-Cg_ [(] be the g-T -component of Sy corresponding to ¢ in a
locally g-T-connected Tg-space Tg = (2, Ty), then g-Cs_ [(] € g-O [T4]:

(3:30) -Cs, [] € 0537 = (2, 0T{) = 0-Cs, [(] € 0:0[g- T3],

PROOF. Let g—CSg [€] be the g-T;-component of Sy corresponding to ¢ in a locally
g-T-connected Tg-space Ty = (£, Tg). Then, local g-Tj-connectedness at ¢ € T,
implies

(Vug €g-0 [(ZED (HQQ €g-Q [(zg]) [C €QyC uﬂ]'
Consequently, g-Cs_ [¢] =Ug,cs, Qo € Uy, cs, Us- But, since every Uy € g-O [T]
satisfies Uy C op, (Oy) for some Oy € Ty, it follows that the relation g-Cs, [¢] €

Uoggsg opy(Og) = op, (Uoggsg Oyq) holds. Thus, 9-Cg, [(] € -O[Ty]. Q.E.D.

The necessary and sufficient conditions for a Tg-space Ty = (2, Ty) to be locally
g-T-connected at a point £ € T is contained in the following theorem.

THEOREM 3.39. A Ty-space Ty = (2, Ty) is locally g-T4-connected at a point § € Ty
if and only if,

(3.31) (VOqe € Ty) (3Qg.c € 0-Q[T4]) [€ € Qe C 0Py (Oye)]-

PROOF. Necessity. Let it be assumed that the Tg-space Ty = (2, Ty) is locally g-Tg-
connected at & € Ty, and let Oy ¢ € Ty be an arbitrary 7g-open neighbourhood of

§. There exists, then, a 7g-open neighbourhood @gf € Tg4 of £ such that £ €
oDP4 (Ogye) C op, (Oq,¢) and, for every {¢,n} C Oy,

(E'Qg,(m) €g-Q [Eg]) [{Cﬂ?} € Qq,(cm) C opg (0975)]'

Suppose 1 € @975 be the arbitrary point. Then, there exists a g-Tj-connected
set Qg e € 0-Q[T,) satisfying {&,n} € Quem C opg(Oge). Let Qe =
Une@g,g Q. (e.m) S 0Py (Og¢)- Since Qge 2 Oy ¢ and Uneég,§ Qg e.m) € 8-Q[Tq), it
follows that Qg ¢ is a g-T4-connected neighbourhood of § contained in op, ((’)g,g).

The condition of the theorem is, therefore, necessary.
Sufficiency. Conversely, suppose the following condition holds:

(VOg¢ € 7:3) (HQg,é € g-Q (%)) [5 € Qg.c S opg (Og,f)]'

Let Og¢ € Ty be an arbitrary 7g-open neighbourhood of . Then, op, (Og’g)
contains a g-Tg-connected neighbourhood Qg ¢ of . Since Qg¢ € g-Q[T,], for
any {(,n} C Qge, there exists Qg (¢, € §-Q[T,] such that {¢,n} C Qg c,n)-
But Qq¢ 2 Qg (¢, and, consequently, {¢,n} € Qg ¢ C opy ((’)g,g). Hence, the
Tg-space Ty = (R, Ty) is locally g-Tg-connected at £ € Ty. The condition of the
theorem is, therefore, sufficient. Q.E.D.

The notion of g-T-connectedness between any Tg-spaces Ty = (2, 7g.0) and
Tgx = (X, Ty x) and the relevant basic theorems are now discussed.

THEOREM 3.40. Let Ty = (2, Tg0) and Ty = (£, Ty x) be Tg-spaces, let Sg1,
Sg2, -0y Sgn € 9-S [‘ZQ,A:I be n > 1 mutually disjoint g-T4-sets in Ty n, where
A e {Q,X}, and let 1g € g-B[T4.0;%, 5] be a g- (Ty,0,%q,5)-bijective map my :
Tg0 — Ty x. Then

® 1. 7y (UaeI; Sga) = UaeI; g (Sa.a)
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o II. ﬂgl(l_]aem Sga) = Loers T3 (Sg,a)-

PROOF. 1. Let T30 = (2, 7T5.0) and Ty 5, = (X, Ty x) be Tg-spaces, let Sg1, S 2,

- Sgm € §-S[Tg.0], and let 15 € g-B[Tg0; T 5] I ¢ € 7y (l_lael; Sg.a), then,
since my € g-B[Tg,0; %45, there exists £ € | | Sy, such that, 7r;1 (()=¢¢€
|_|aeI: Sg.a. Consequently,

o ()€ || Saa =V (75" Q) €Sga)

aely

acly agly
=V (Cem(Spa)) = ¢ || 7 (Sga)-
a€ly a€cly

Hence, (| |ycr Sa0) € Uners Tg(Sg,a). Conversely, if it be assumed that ¢ €
Uaer: ™o (Sg.a) then,

\/ (Cem(Sea)) = \/ (ng () € Sg.a)

ael®

= 1 O€ | Seo = ¢€mg(Uner:Soa)-

ael’

Hence, 7g (l_laeI:L Sga) 2 Uagl; g (Sga)-
m If ¢ e w;l (Uael;; Sg,a), where Sg 1, Sg.2, - .., Sgn € §-5 [‘Zgwg], then,

ma ()€ | ] Ssa =V (7 (&) €Sga)

aclx acly
= \/ (Eenyt (Sga)) = €€ |_| T3 (Sga) -
a€ly a€ly

Hence, “;l(l_lael* Sg.a) € Uner- 71';1(89,&). Conversely, if it be supposed that
e Uael; 7y (Sg.a) then,

V (€ems'(Sea)) =\ (7 (&) € Sga)

a€el) a€cly
= m(é) € |_| Sga = €€ ng(l_laeI;Sgya)'
aecl}
Hence, 7! (Uael; Sga) 2 Uaers 75 (Sga)- Q.E.D.

The following theorem shows, among others, that g-T;-connectedness is a 7g-
property.

THEOREM 3.41. Let g : Tgo — Tyx be a g- (T4.0, %y x)-continuous map and
let g0 C Ty be a Ty-set. If dom(ﬂﬂlsgw) is g-Tg-connected in Ty, then

1m(7rglsgyw) 15 g-%g-connected in Ty s:

(3.32) dom(ﬂmsg,w) €g-Q[%h0] = im(ﬂglsg,w) € g-Q[%Tyx].
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PROOF. Let my € g-C[Tg.0;Tys], Sgw = dom(mg s ) € 8-Q[Tg,0], and suppose
that im(wglsgw) € ¢g-D[%, x|, that is, im(wglsgw) ¢ 9-Q[T,yx]. There exists,
therefore, (LIQJ,VQQ\))\:& o € g-O [ng] x g-K [3972] such that,

(Ut =i, ))V( U Vor =i, )
>\=§a7<g Az{av(o

Set im(ﬂ'glsw) = |—|>\:£w,§w im(WB\SB,(W,A))’ where Sy, 2 U)\ngcw Sg,(w,») and, for

every (/\uu) € {(goagw) > (Cma)}v set
)] v [Vg,/\ = im(wg\s

)]

In other words, Sy (4,¢,) € dom (ﬂglsg w) denotes the Tg-set of all £ € dom(ﬁg\sg w)

[Ugx = im(”ms

g, (w,p) 9,(w,p)

for which 74 (§) € im(wglsg o )), and Sy (w.c.) € dom(7rg|8B w) denotes the Tg-set

g,(w,<w>)‘ Since im(ﬂ-glsg,(w,)\)) #0

for every A\ € {{u, (u}, and both the relations |_|>\=§w o im(7rg|$g ( A)) =im (ngsg w)

ofall ( € dom(wglsg w) for which 7y ({) € im(ﬂgls

and Ny_¢, ¢, im(wglsg( M) = 0 hold, it follows that, Sy, # 0 for every
A€ {&iCuls Unzeyco Satwn) = Sgw and Ny_¢ ¢, Saiwr) = 0. Since my €
9-C[Ty.0; %], for any A € {&,,Cw}, there exists, for every (Og,(g,x),ng’(g,,\)) €
7;72 x _‘7—9,2’ (Ogv(w7/\)7lcgv(w7/\)) € 7—979 X _\7—939’ Wlth Ogﬁ(wi)\)’ ICQ’(W’)‘) - Sg’(w’)‘)
and Oy (5,2), Kq,(0,0) C irn(7rg|$g “ A))7 such that,

(75" (Og,00) € 0Pg (O )]V [mg " (K (o) 2 ~0pg (Kg )]

Since Ny_¢, ¢, im(ﬂ-glsg,(w,k)) = () implies Ny_¢_ ¢, Sg.w.n) = 0, it follows, evi-
dently, that,

( N 7' (Oaon) = Q’) /\( N 7' Keon) = @>'
A=€u,Cw A=6u,Cw
Therefore, the setting dom(ﬁg‘sg’w) = |_|>\:§w’<w dom(wglss3 “ A)) holds. It now re-

mains to prove that it is the case and the supposition that dom (ng S w) € 9-Q[%y0]
is a contradiction. Since dom (ﬂ'g‘ S, ) € g-Q[%4.0] it follows that, for all pair

(ug>)" Vg))‘))\zéw,cw € g_O I:‘Ing:I X g_K [‘Ig)ﬂ] ’

ﬁ( | ] UQ,AZdom(”msg,w))/\ﬁ( L] VB’A:dom(WQISg,w))

A=EwCw A=EuCw

& ﬁ<A_€MCW Ug ) = (Z)> /\ ﬂ<k_€mcw Var = (Z)>
= ( N ug,xyé@)/\( N vg”é@).

A=Ew:Cw A=Ew:Cw

There exists, then, a unit Ty-set {n,} C dorn(wg‘sB w) such that,

(N wr2m) A N Va2 )

A=EwCw A=Eu Cw
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Since {nw} C Us=¢, ¢, So.(wn) = Sow and ¢ ¢, Sp.(w,n) = 0, it results that,

[dom(”msg,w) D Sy (wen) D {m}] v [dom(”msg,w) D Sy wie) 2 1]

On the other hand, since 7y € g-C [Ty 0; T4 5], it follows that, for every unit Tq-set

{ns} C |—|/\:£W,Cu im(ﬂgls =im Tg|Sg.0)

9, (w, )
\/ [dom(%\sg,w) D Sy, (wn) 2 7rg_1 ({n-1)]-
A=8wCw

In particular, if 75" ({ns}) = {n.}, then {n,} = 7y ({n.}), leading to a contra-
diction. There exists, therefore, (Z/IEL,\,VQ)\))\:§ o € g-0[Tg.0] x g-K[Tg0] such
that,

( |_| U x = dom(”msg,w)) \/( |_| Vg = dom(wglsw)).
>\:§w7Cw /\Zgwan

This proves that the supposition dOIIl(TFg‘ S, w) € g-Q[%4,0] is a contradiction and,
hence, dom(wglsw) € g-D[%Tg.0) Q.E.D.

The following corollary is another way of saying that the g-Tj-connectivity of
Ty,0 implies the g-T;-connectivity of Tg 5.

COROLLARY 3.42. Letmy: Ty.0 — Ty x be a g- (Tg.0, Ty x)-continuous map and let
Sgw C Ty0 be aTy-set. Ifim(7r,3|‘Sg w) is g-%y-separated in Ty 5, then dom(ﬂ'g“sg w)
is g-Ty-separated in Ty o

(3.33) im(mg s ) € ¢-D[Tyx] = dom(mgs ) € gD [Tyl

If the image of a g- (T4,0, Ty »)-continuous map is g-Ty-connected, then it is also
% 4-connected, as proved in the following proposition.

PROPOSITION 3.43. Let mg : Tgo — Tgx be a g-(Tg,0,%yx)-continuous map
and let Sy, C Ty be a Ty-set. If irn(7rg|$g w) is g-Tg-connected in Ty 5, then

im (ﬂglsg u.)) is Tg-connected in Ty x:
(3.34) im(wglsg,w) €g-Q[%x] = im(wglsg,w) €Q[%Tyx].

PRrROOF. Let 7y € g-C[Ty,0; %y 5], Sgw = dorn(7rg|$g ) € -Q[%g.0] and, suppose
that im(7rg|8g w) € D [T, 5], that is, im(WQ‘SE w) ¢ Q[%Tgx]. There exists, then,
(RE’A’SE’A)A:&,CU € O[Sg,z] X K[TQ,Z} such that,

( |_| R = im(”msg,w)) \/< |_| Sy = im(ﬁgSg,w))
)\=§U,CJ )\=EO-,C<7
Since im(ﬂ'glsw) € D[%, 5], set im(”ﬂ\sg,w) = L=¢, ¢, im(ﬂ'g\sg,(w,x)) and, for
every A € {&,, (s}, let
[REM = im(ﬂglsgxw,x))} v [Sg’)‘ - im(ﬂglsg,wm)]'

On the other hand, since 7y € g-C[T4.0; Ty 5], there exists, for any A € {&, (s},
(Og, w0 Kg,wn) € Tao x =g, satistying Og (), Kg,wx) C dom(ﬂmsg,w)’
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such that,
[779_1 (Rg.x) € opg (Og’(wﬁ))] Vv [”;;1 (Sg.x) 2 —opy (’Cg’(w,/\))]

= [im(ﬁmsg,(w,x)) S (Opg (g )] Vv [im(ﬂmsg,(w,k))

2 7g(0pg (Kg,wm))]-

Since im(ﬂglsng) = |_|/\=£07<(7 im(ﬁg‘sg’(w’/\)), it is plain that 7rg(opg (Ong)) =
Us—e, ¢, Ta(0Pg (Og,(w,n))), and also 0 = N _¢ . mg(=0pg (K (), implying
Tg(—0pg (Kgw)) = Un=¢, ¢, ™o (mopg (Kg,wn)), for some (Og ., Kgw) € Tga X
—Tg,0- But, clearly the relation (7, (opg (Ogyw)), g (= op, (Kgw))) € 8-0[Tq 5] x
g-K [T,z ] holds. Therefore, irn(7rg|8g w) € D[%, =] implies im(wglsg w) € g-D [Ty 5],
or equivalently, im(ﬂglsg,w) € ¢g-Q[%Ty»] implies im(wglsgﬁw) € Q[%Tyx]. This
proves the proposition. Q.E.D.

The following corollary is another way of saying that the g-Ty-connectivity of
T4,0 implies the T4-connectivity of Ty 5.
COROLLARY 3.44. Let my : Tg 0 — Ty 5 be a g- (Tq,0,%q,x)-continuous map and let
Sgw C g0 be a Ty-set. If im(ﬂglsw) is T4-separated in Ty x, then im(wg\sg,w)
is g-T4-separated in Ty s, then:

(3.35) im(mgs, ) €D[Tys] = im(mgs ) € 8-D[Tgal.
THEOREM 3.45. Let my : Ty0 — Tgxn be a g- (T4, %y xn)-wrresolute map and
let Sg0 C Ty be a Ty-set. If dom(ﬂglsgw) is g-Tg-connected in Ty, then

1m(7rglsgyw) is g-Tg-connected in Ty x:

(3.36) dom(ﬂ'msw) €g-Q[%y0] = im(ﬂ'glsw) € g-Q[%yx].

PROOF. Let my € g-1[T5.0;%T4 5] be a g- (Tg,0,Tq 5)-irresolute map my : Ty o —
Tgxs let Sy C Fg0 be a Ty-set, and suppose im(7rg|$B w) be g-%,-separated in
Tg,x. Since im(mg g ) ¢ 6-Q[Tgx], or equivalently im(7g s ) € g-D[Tyz], by

hypothesis, there exists (Ug)\, Vg)\) € g0 [‘Zg’z] x g-K [‘Ig,g] such that,

A=£s,Co
( |_| Ugn = im(”msg,w)) \/( |_| Vo = im(”msg,w))
A= (o A=£o,Co
On the other hand, since 7y € g-1[%4 ;% 5], there exists, for any A € {&, (s},
(O, Ka @wn) € T x ~Tga. satistying Og ), Ko, C dom(mgs ),
such that,
[a ' Uan) € 0Py (Og.n)] V [ (Var) 2 —opy (K 1))
Since both the relation my* (Lly_¢, o Ugr) = Ls—e, ¢, Ty " (Ug,n) and the rela-
tion 7 ! (|_|)‘:£m<” Vga) = Us=e, ¢, 75 (Vgr). Evidently, Us=e, ¢, 7o (U ) C
dom(ﬂﬂ\sg,w% and also | J,_¢ . Ty (V) C dom(ﬂwsg,w)’ and from which it fol-
lows that a g-T4-separation dom (ngsgw) = |—|>\:§0,Ca dom (WEISQ,@,A)) is realised in
Tg,0. Consequently, dom(ﬁg‘sgyw) € g-D [T, ,q]. Therefore, im(ﬂg\sg,w) € D[%, 5]
implies dom(ﬂ'glsﬂ’w) € g-D[%,.q], or equivalently, dom(ﬂ'g‘sg’w) € g-Q[%Ty,0] Im-
plies im(ﬂmsg,w) € Q[%4,»]. This proves proves the proposition. Q.E.D.
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Between any two such Tg-spaces Tg0 = (€, Tg0) and Ty = (5, Ty x), -F4-
connectedness, being a Tg-property, is preserved by a g- (T4 .0, 4,5 )-homeomorphism
Tyt Tg0 = Ty 3.

THEOREM 3.46. Let T4
Ty 1 Tg0 = Ty x be a g-

Q= 0.0) and Tys = (3,74 5) be Tg-spaces, and let
(Tg.0
connected, then Ty 5, = (X, T
T

Q,7,
Ty, ) homeomorphism. If 40 = (2, Tgq) is g-T4-
) is also g-T -connected:

(
(3'37) SG@ = (3”972 : (Q’g_Tg?Q) = 0 Tg b (E g- T )

PROOF. Let Ty o = (Q,EJ}) and Ty, = (X, Tg,n) be Tg-spaces, let g : Ty o =
Tq,2 be a g- (T4.0, Ty 5)-homeomorphism, and suppose that Ty 5 is g-T4-separated.
There exists, then, (Ug x, Vg.2) € g-0[Ty x| x g-K[Ty x| such that,

A=£5,Co
(Ut =aom(r? D)V (L] Vo= dom(s5"))
A=£5,Co A=£5,Co
Clearly, dom( Tq IE) € ¢g-D[T,x] and, with no loss of generality, consider the
setting dom (7 Ty IE) Us=c, ¢, dom (7 Ty \2 ) so that, for every A € {&,(,}, either
Ugx = dom (7 IE ) or Vg = dom(m gl‘z ). Since 7y € g-Hom [Tg.0; Ty x], 7
Tan = Ty and, for any (Sg.a,Sg5) € 6-S [Tga]l X g-S[Tgal, m (|_|)\ of g’A) =

Uncas g " (Sgn), where A € {Q, 2}, it results that,

( L] o' WUen) = im(wg‘lzx))

A=£5,Co A=£o,Co
\/( |_| 7Tg—1(Vg,>\) = |_| im(wﬂ_lzx))
A=€0,Co A=£o,Co
where 1m( Tg IE) = [_|/\:50’<0 im(ﬂ?ﬂﬁ])‘ On the other hand, since 779_1(1/19,)\) €

g-0[Tg0] and 7,1 (Va) € g-K[Tg 0] hold for every A € {&,(,}, there exist,
therefore, (Ug,y, Va,n) € g-0[Tg0] x g-K[Tg,q] such that,

n=€w,Cw
|_| 7T9_1 (Ug’)\) = |_| Z/[g’n,
A=£5,C0 N=Ew,Cw
|_| ﬂgl Ven) = |_| V-
A=£5,Co n=w,Cw

By substitution, then, it follows that,

( Ll tUsn= [] im(x glzk))

N=Ew,Cw A=£5,Co
— : ~1
\/( |_| Vo = |_| im (7 EA)>
N=Ew,Cw A=£5,Co
Since 7y € g-Hom [T 0; Ty x] and n; " € g-Hom [Ty 53; T 0], for each im(m, \2 )

there exists a unique dom(wgmn), with dom(wgm) = l—ln:&),cw dom(wgmn) Thus,
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there exists (Ug,y, Vo) € g-0[T40] x g-K[Tg,q] such that,

n=€w,Cw
( |_| Uy = dom(”gm)) \/< |_| Van = dom(”gm))-
N=8w,Cw N=Ew,Cw
Hence, T4 0 = (2, Tg,0) is g-T-separated. Q.E.D.

An immediate consequence of the above theorem is the following corollary.

COROLLARY 3.47. Let Tg0 = (Q,Tg0) and Ty = (X,Tgx) be Tq-spaces, and
let mg : Tgo = Tgx be a g- (Tyg,0,%Tq,5)-homeomorphism. If Ty = (X, Ty x) is
g-% -sepamted then Tga = (, Tgq) is also g-T ;-separated:
(338) Tyo =2 Tyx: oTon = (QoTin) € ¢Ton = (S,6-T).

For every p € I, let g-%; C> = (qu g—’TéSz) stand for the shortened form of
g- ‘Sg Q) = (0 Tgc>( u)) In the following lemma, it is proved that the
Cartesian product of two g—Té@—spaces is also a g—’TéC)—space.

LEMMA 3.48. If g—féﬁz = (Qu,g—Té,CM)), € {a, B}, be two g-Téq-spaces, then
X—a.p g—Té’Cg is also a g—TéC> -space.

PRrROOF. Let g—T;C’Z = (qu g—Té,clz), w € {a, B}, be two g—Té@—spaces, and suppose
£=(6a,6p) € Xy g—féﬁz and ¢ = (Cas (8) € X,map g—T;(if be any two pairs of
points in X, _, Bg—$<c>. Then,

[{€a} x 0-T0 ) 2 g-TLD] A [0-T80 % {¢o} = 0-T00)].

<CB> and g-% COZ x {3} are both g-T4-connected. But,

9,

Consequently, {£,} x g-%

g,

({éa} x g% g)n(w ) x {¢s)) = {(€as Co)} # 0.

Hence, ({&a} x g—fg’ﬁ) (- T >< {¢s}) is g-Tg-connected. Accordingly, &, ¢ €
Xmap 0 ‘3: (©) belong to the same g-T -component. That is, &, ¢ € g-Cq [n] C

Xyma,3 0 Sg 1> the g-T -component of 2 = X 2, corresponding to the point

p=a,p
N € Xyzapd ‘Igcu But &, ¢ € Xy—a ﬁg—‘Iéclz were arbitrary. Hence the Carte-
sian product X, = Fys ‘S; has one g-T-component g-Cq [1] = X, _, 5y, and is
therefore a g—Té -space. Q.E.D.

More generally, the Cartesian product of g—Té@—spaces is also a g—Té@—space;
that is, g-%4-connectedness is a product invariant 74-property. The theorem follows.

THEOREM 3.49. If {g- TC = (@ #,g—TESZ) : p € I} be a collection of n > 1

C)

¥

(339) {o-Ti) = (o T)) : neli} = ¢T = X ¢34
peLy

g—'Tf3 -spaces, then Xer: 8 T is also a g—’TfBC> -space:

PrOOF. Let {g—Té ( s 9- T ) D pE I*} be a collection of n > 1 g- ’TC
spaces, and let Xuer: 9 —Tf

over, let ¢ = (¢1,C2,...,Cn) € Xpuers g—‘IQ’w and let g—CSg [€] € Xuers 8 —‘Ié& be

be the Cartesian product of these g- 'T<c -spaces. More-
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the g-T;-component of Sg C X, ¢ I g—‘IéﬁZ corresponding to ¢ € X,¢ = o ‘3? C By
hypothesis, let it be claimed that, for every & = (&1,&a,...,&,) € Xuer: 9 Qg 1
§ € mopg (Q'ng [¢]) and, thus, £ € g-Cs, [¢] since g-Cs_ [¢] 2 —op,(a-Cs, [¢]),
meaning that g-Cgs [¢] must be a g-Ty-closed set in X,¢« g—5<c> For every

(11,0 (1), Og () € {1} x 1% x g ’Técu, there exists I,(,) C I such that Oy ,(,,)

def
UyeI*( )Ogyg(l,)u). Thus, the class B[g—Tg,u] = {Ogowp + Wpo(v,p) €

Ir, x {p} x I} is a Tg-basis for g- 'TC> : P(Q,) = P(Q,). Therefore, for any
§ € Og0n) € 0 Tgcg, there exists Og ;) € B[g—TéSZ] with £ € Og 50, €

Og,0(1) € 8- 7'<C Now let

5 = (513523 s 7£n) € Rg = ( X g_‘zé?u>> X ( X Og,o(u,u)>'

HELX\Jp

Now the following relation holds,

si=( % ) X em0)x X end

HEII\ Ty ueJ, CIx uEJ, CI;

and, hence, g-Tj-connected. Furthermore, ¢ € S5 and, consequently, it follows that
g-C Sy [¢] © Sq. But, by the property of the intersection of Cartesian products,

Ry NSy = < X {Cu}) X ( X Ogﬁa(u,u)) 7 0.

pel\Jn HEICI;

Therefore, Ry C X, ¢1- g—‘EéﬁZ contains a point of g-Cgs [(]. Accordingly, { €
- 0pg (g—CSE [€]) g-Cs, [¢]. Hence the Cartesian product X, . g—Té’ClZ has one
g-Tg-component g-Cq, [(] = X, c;. 2y, and is therefore a g—TéC)—space. Q.E.D.

The concept of (T4 ,0; Ty x)-surjective map between any such Tg-spaces Ty o =
(Q,Tg0) and Ty 5 = (2, Tg,5) is now defined.

DEFINITION 3.50 ((%4,0; %4, 5n)-Surjective Map). A (T4, %y x)-map 7y : Tgo —
Ty,x is said to be surjective if and only if it belongs the following class:

(340) -5 [To.0: Tas] © {mg: (V¢ € Tyx) (3 € Tya) [mg (€) = ]}

If the domain of a g- (Tgq, T4 x)-irresolute surjective map is g-Ty-connected,
then its codomain is also g-%4-connected, as demonstrated in the theorem below.

THEOREM 3.51. Let Ty o = (Q,74.0) and Tyx = (X, 7T4,x) be Ty-spaces. If my €
0-1[%g.0; %55 Ng-S[Tg.0;%gx] be a g-(Ty0,Fy,5)-irresolute surjective map mg :
Ta.0 = Ty x and T4 q is g-Tg-connected, then Ty s is also g-T4-connected.

PROOF. Let Ty 0 = (2, Tg,0) and Ty s = (X, Ty,5) be Tg-spaces of which Ty 5 is as-
sumed to be g-Ty-separated, and let 7y : Ty 0 — Ty 5 be a g- (T4,0, Ty, n)-irresolute

surjective map. Slnce dom( € g-D [T, 5], there exists (Ug,,\,Vg,,\)

o' n) A=tn it €
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8-0[%Tg.0] x g-K[T4,0] such that,

(U o= L aomimy’y)

A=£5,Co A=£5,Co
V(U vea= U domieg ).
A:&,Ca >\:§07<o
where | |y_¢ . dom (7, IE ) = dom( 91|2) € g-D[%, 5] so that, for every A €

{&, (s}, either Uy \ = dom( Tg \2 ) or Vg = dom( g 1‘2 ) Since the relation

g € g-1[Tg,0; %y ] holds, there exists (Og,y,Kq,n) € Tg,0 X “Tg0, 1 € {&w, (0}
with (A, 7) € {(§s, &), (Cos Cw)}s such that,

(7" (Uax) S 0pg (Ogin)] V [m5" (Var) 2 opg (o).
Evidently, dom(ﬂ'glg) Hn(ﬂ'g IE) and dom( Tq IE)

dom (7 Ty 1|Z) € g-D [T, 5], set 1m(7rg|9) = U=, c. 1m(7rg|Q ) and dom(wg_l‘z) =

LUs=e, ¢, dom(mg* ;). and for any (A7) € {(50,@,) (Cor Cu)} set
[im(wgmn) = dom \2 ) = U]
V[im(ﬂgmn) = dom(my \2 ) =Vanl-

Since 7y € g-S [T4.0; Tq,5), for every (X, 1) € {(&5,&0) » (G, Cw) }s

( N dom (g, ) = (| im(r, ‘EA = (] = =(Z)>

= im(ﬂ'glg). Since im(ﬂ'gm),

N=Ew,Cw A=£6.Co A=£5.Co
V(N domlrga) = ) imlrs) = ) 5 () =0).
N=Ew,Cw A=£6,Co A=£6,Co
Thus, dom (7)) = Uy=c. . dom(ﬂglﬂn). Since the relation 7y € g-1[Tg 0;Tgxn]N

|
9-S [T4.0; Ty 5] holds, it follows that

|_| dom(wgmn): |_| im( g_llEA)g |_| opg (Og.1)

n=8w,Cw A=£5 (o N=Ew,Cw
[ dom(mgq,) = [ im(my ") 2 [ —opg (Kon)-
N=&w,Cw A=£6,Co N=8w,Cw

Thus, |,—¢, ¢, oPg (Ogn) = dOIn(ﬂ'ng) and (¢, ¢, 7Py (Kgy) = 0. There

exists, then, (Z’{Q,MVQA),\:@ o, € 9—0[3979] x g-K [‘Zgwg] such that,

( |_| Uy = dom(”gm)) \/( |_| Vo = dom(”gm))'
n=8w,Cw N=8wCw
Thus, dom(ﬂ'gm) € g-D [T 0], or equivalently dom(wglﬂ) ¢ 9-Q[T4,0] which con-
tradicts the assumption that dom(wgm) € 9-Q[T4,0]. Hence, T,y 5 must be g-Ty-
connected. Q.E.D.

Pathwise g-T4-connectedness is also preserved under a g- (T4.0, Ty »)-continuous
map, as proved below.
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THEOREM 3.52. Let my : Ty0 — Ty x be a g- (Ty.0,Fq,5)-continuous map and let
Sgw C %0 be a Ty-set. If dom(7rg|8g w) 18 pathwise g-%4-connected in T4 q, then

im(ﬂglsg,w) is also pathwise g-T4-connected in Ty 5.

PRrOOF. Let 7y € g-C[%Tg ;% 5], Sgw = dorn(7rg|$g _) C Tg.0 be pathwise g-Tg-
connected in Ty o, and suppose &5, (5 € im(ﬂglsgw)‘ Then, there exist &,,

(o € Tg0 such that (mg (&), 7mg(C)) = (&,¢). But dom(ﬂglsﬂﬁw) is path-
wise g-Ty-connected in Ty o and, therefore, there exists a path ¢g¢ : [0,1] —
Tg,0 such that ¢4 (0) = &, pgc(1) = ¢, and im(gag,gl[m]) C dom(wglsmw).
Since 7y € g-C[Tq,0;Tgx] and pg e € C[[0,1];Tg.q], it follows that m5 0 g €
g-C “07 1] 3{3:9,2]- Moreover, mgopg ¢ (0) = mg (§u) = &0y Tgopg,c (1) = mg (Cw) = Cos
and im(7rg o cpg,g) - im(ﬂﬂlsg,w)' Hence, im(”s\sg,w) is pathwise g-T4-connected in
Ty.z- Q.E.D.

In the discussion section, categorical classifications of the concepts of g-% -
connectedness and g-T -disconnectedness are presented. Thereafter, a nice ap-
plication is given and, finally, the work is terminated with a concluding remarks
section.

4. DISCUSSION

4.1. CATEGORICAL CLASSIFICATIONS. Having adopted a categorical approach in
the classifications of the Tg-properties called g-% -connectedness, and also g-% -

disconnectedness, in the T4-space T4, the dual aims of the present section are, to

©) _
g

of g—Téc>—spaces and the elements of the sequence <g—V—S<C> =

establish the various relations amongst the elements of the sequence <g—1/—5
(@.g0-7)

QT ) 1o

If a Tg-space Ty = (2, 7Ty) is g-v-Tg-separated, then Ty has a nonempty proper
g-v-%4-open-closed set Sy € g-v-O [‘Zg] N g-v-K [Tg], where v € I. But, for every
Tg-set Sg C T4, the relation intg (Sg) C clgointy (Sg) C clgointgocly (Sg) 2
intg ocly (Sy) holds; for every Tg-set Sg C T4, the relation given by clg (Sg) 2
intgocly (Sy) 2 inty oclgointy (Sy) C cly ointy (Sy) holds. Consequently,

ve IS
of g—T<C>—Spaces, and to illustrate them through diagrams.

OPg.0 (Sg) € ODg 1 (Sg) € ODg 3 (Sg) 2 ODg 2 (Sg) VS, CTy;
0P (Sg) 2 70pg 1 (Sg) 2 70p, 3 (Sg) € ~opy 5 (Sy) VS, C Ty
Therefore, if S; C T, is a nonempty proper g-Ty-open-closed set then,
Sy € g-0-0[T,| Ng-0-K[T,] = Sy € g-1-0[F,| N g-1-K[T,]
4
Sy € g-2-0[T| Ng-2K[T,] = &5 €9-3-0[F] Ng-3-K[T].

In other words, g-3-%;-separation implies g-1-Ty-separation and the latter in turn
implies g-0-T4-separation. On the other hand, g-2-Tj-separation is implied by
g-3-T4-separation. Similar implications also hold for g-T-separateness in a T-space
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T=(Q,T). For, if S C T is a nonempty proper g-T-open-closed set then,
S €g-0-0[T| Ng-0-K[T] = S e€g-1-0[F] Ng-1-K[T]
\
S €g-2-0[F] Ng2K[T] = Se€¢30[%F] Ng-3-K|[T].

As above, g-3-Tj-separation implies g-1-F4-separation and the latter in turn implies
g-0-T4-separation. On the other hand, g-2-Tj-separation is implied by g-3-Tg4-
separation. For visualization, a so-called categorical connectedness diagram, ex-

g0-Tf7 «—— 13 9<«— 359 — g2
g-0-TC=—— 415 g3‘IC>_’ g-2-3(©@

FIGURE 1. Relationships: g-%-connected and g-T4-connected spaces.

pressing the various relations amongst g-%-connected and g-%j-connected spaces,
is presented in Fic. 1 and that, expressing the various relationships amongst
g-T-connected and g-T,-connected spaces, so-called categorical disconnectedness

diagram, is presented in F1G. 2. The categorical classifications of g—V—SéLC
(Q,g—V—TéL@), g—u—TéPC) = (Q,g—V—TéPC) g-v- QLPC = (Q,g—V—T;LPQ), and
g—u—‘IéSC) = (Q,g-u-TéS@) called, respectively, locally7 pathwise, locally pathwise,

and simply g—z/—’félc> -spaces can be diagrammed in an analogous manner. The fol-
lowing implications concern the transformations of g-T-connected sets under some

types of g-T-maps.

gO‘ID — gl‘SD>—> g3‘3 921
g-0- g-1-3P g3‘$ g-2-3(P

FIGURE 2. Relationships: g-T-separated and g-%,-separated spaces.
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For every v € I9, if 1y € g--1[T5.0;F ] N g-v-S[T4.0; FTyx] holds, then
dOHl(ﬂ'g‘Sg) € g-r-Q [‘I‘%Q} implies im(wglsg) € g—u—Q[‘Ig,g], and hence the fol-
lowing implication:

(dom(wglsg) € gv-Q[Ty.0]) A (g € gv-1[Tg.0; Ty 5] Ngv-S[Tg,0; Tq,5])
4
(4.1) im(ﬁg‘sg) € g-Q[Tq 3]
For every v € I3, if my € g-v-C[Ty.0;T4,x] holds, then dom(wg‘sﬂ) € g—u—Q[ig@]
implies im(7rgl sg) € g-v-Q[Ty,5], and hence the following implication:

(dom(wglsg) € g-v-Q[Tg.0]) A (7 € g-v-C[Tg,0; Ty 5])

\
(4.2) im(wg‘sg) € g-Q[T, 5]
In the following section a nice application comprising of some interesting cases is

discussed.

4.2. A NICE APPLICATION. Focusing on basic concepts from the point of view of
the theory of g-Tj-connectedness, we shall now present a nice application com-
prising of some interesting cases. Let Q, = {fl, TV E I;} denote the un-
derlying set, conditioned by the parameter o € I3, and consider the 7g-space
Too = (5,Tg,0), where Ty, + P(Qs) — P(Q,) will be defined in the fol-
lowing cases.  Set o = 1. Then, Qi = {&}, Tg1 = {0,0} = {Og1,042},
—Tg1 = {Ql,(l)} = {’Cg,l,’ngg}, and, for every (u,v) € I3 x I it results that
0Dg., (Og.u)s 70Dy, (Kgu) € {Og1,Kg 1,042, Kq2} = {0, }. Therefore, for ev-
ery v € I3, g-v-O [3971] = g-v-K [Eg,l] = {@,Ql}. Thus, for every v € I9, there
exists neither a pair Uy e,Ug,c) € g-v-O[Tq1] X g-v-O[Ty,1] of nonempty g-T -open
sets nor a pair (Vg¢, Vo) € g-v-K[Tq,1] X g--K[Tg1] of nonempty g-%4-closed
sets such that:

( || Upr = Q) \/( L] Var = Q)
A=£,C A=£,¢
Evidently, the Tg-sets (), Q; C 4 are the only Ty-open-closed sets, and g-Cq, [1] =
{&} = O is the unique g-T;-component in Ty;. Thus, the Tg-space Ty1 =
(Q1,Tg1) is a g—Té@—space g—fff = (Ql,g—Tff), and the latter in turn implies
that it is also a 7;<C>—Space “S;Cl) = (Ql,Tg{?). Hence, every indiscrete Tq-space
which is g-Tg-connected is also Ty-connected. Furthermore, the underlying set
1y = {& } being a 1-point set, it also follows that, every discrete Ty-space that has
at most one point is both Ty-connected and g-T4-connected. Set o = 2. Then,
QQ = {51752}. Choose 7;72 = {@792} = {0971,0972} SO that, _\7;72 = {QQ,@} =
{Kg71,l€g72}. Then, the collection of T4-open sets is O[ig,g] = {@,Qz}, and
K[ng] =0 [igyz} stands for the collection of T4-closed sets. On the other hand,
for every v € IY, g-v-O[Tg2] = O[T U{{&1}, {62} } = K[Tgo] U{{&1}, {&}} =
g-v-K [{Eg,g]. Clearly, there exists a pair (Uge,Uyc) € g—V—O[TgQ] X g—V—O[Tg,Q]
of nonempty g-T -open sets or a pair (Vg¢,Vg¢) € g-v-K [Sg,g] x g-v-K [ng] of


http://dx.doi.org/10.20944/preprints201810.0742.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 31 October 2018 d0i:10.20944/preprints201810.0742.v1

36 KHODABOCUS M. I. AND SOOKIA N. U. H.

nonempty g-%;-closed sets such that:

( | ] uw_ﬂ>\/< L] VM_Q)

A=£,C A=E,¢

This is realised when either (Ug,e,Uy,c) = ({&1},{&}) or Vae, Vao) = ({&},{&1}).
On the other hand, there exists neither a pair (Uye,Uq c) € O[ng] X O[‘Ig,g] of
nonempty Tg-open sets nor a pair (Vg e, Vg, c) € K[‘Ig,g] X K[‘Igﬁz] of nonempty
T g-closed sets such that the above statement holds. Thus, the Tg-space Tgo =

(Q2,Tg2) is a g—Tém—space g—lé])); = (Qg,Q—TSQ) but not a 7;<D>—space SS?; =

(Qg, ’7;<’]23>). Alternatively said, every g—TéQ—space s a 7;<C) -space but the converse
need not be true in general. Moreover, the underlying set Qy = {£1,&2} being a 2-
point set, it follows that every discrete Tg-space that has at least two points is g-Ty-
separated. 1t is plain that every (Rq,Sg) € {({&1},{&1,62}), ({€2}, {€1,&2}) } is a
pair of nonempty Ty-sets which are not g-T4-separated, for, {&} = {& }N{&1, &) =
C{&}) = CH{&In{&, &) # 0, and Sy = {&,&} is the only Ty-set satisfy-
ing Sg = {&1} U {&}. Accordingly, g-Q[Tg2] = {{&1},{&}} and g-D[T,2] =
{{&,&}}. Observe in passing that, Qy = Ue=¢, &, 9-Ca, [¢]. Thus, if a T4-space
has more than one g-Ty-component, then it is a g—TéD> -space.  Set o > 2. Then,
Qoo ={&a: a€ll s} Let Tgso: P(Qs2) — P (Qs2) generate the elements
of 'Tg’>2 = {Og,(a”g) . (Oé,ﬂ) S Igo X Igo} and — g,>2 — {’Cg,(a,ﬁ) = E(O&(aﬁ)) :
(o, B) € IS, x IO} as thus:

0 V(e B) € {0} x{0};
(4.3) Oy (a,8) = {fa-‘ru P pE Ig} V(e B) € I3, x I%;
0oy V(. B) € {1} x {oc}.

Clearly, Q<o C i is an oo-point set. Furthermore, it is easily verified that,
Ta>2 (0) =0, Tg52 (Og.(a,8)) € O (a,p) for every (a, B) € I x IS, and, finally,
7—97>2(U(a,ﬁ)€lgc><lgc Og () = U(a,g)ezgongo To.>2 (O (a.p))- Hence, it follows
that 7g 2 : P (252) — P (Q>2) is a g-topology on the co-point set 255. On the
other hand, it can be shown that, for every («, 8,v) € I, x I, x I,

Og,(0,0) N Og (a,8) S OPg (Og,(0,0)) N 0Pg (Og a,5)) = {€a} € 5-Q[Fg,52] -

This implies that the Tg-space Ty 2 = (259, Tg,>2) is a g—’TéLC)—space g—Sé{f% =
(Q>2,g—7‘$§2>), and hence, it is also a g—TéQ—space g—ié(;g = (Q>2,g—7‘é,c>>2).
Moreover, Tg-properties relative to such Tg-spaces g—y—‘SéLQ = (Q, g—u—’TfJLC)),

g—wTéPC) = (Q,g-u-TéP@), g—v-TéLPC) = (Q,g—V—TéLP@), and, also, g—u—fésc) =

(Q,g—V—TéS@) called, respectively, locally, pathwise, locally pathwise, and simply
g—V—Tém—spaces can be discussed in an analogous manner by slight modifications
of some Tg-properties found in those cases. The next section provides concluding
remarks and future directions of the theory of g-%,-connectedness discussed in the
preceding sections.
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4.3. CONCLUDING REMARKS. In this chapter, a new theory called Theory of g-%4-
Connectedness has been developed, the foundation of which was based on the the-
ories of g-%,-sets and g-T,-maps. A careful perusal of the Mathematical devel-
opments of the earlier sections will show that the proposed theory has, in its own
rights, several advantages. The very first advantage is that the theory holds equally
well when (A, Ty a) = (A, Ta), where A € {Q, 3}, and other characteristics adapted
on this basis, in which case it might be called Theory of g-T-Connectedness.

Hence, in a Tg-space the theoretical framework categorises such pairs of con-
cepts as g-Tg-connected open and g-T4-connected closed, g-Tg-connected semi-
open and g-T4-connected semi-closed, g-%T4-connected preopen and g-%4-connected
preclosed, and g-T4-connected semi-preopen and g-Ty-connected semi-preclosed as
g-T4-connected of categories 0, 1, 2, and 3, respectively, and theorises the concepts
in a unified way; in a 7-space it categorises such pairs of concepts as g-T-connected
open and g-T-connected closed, g-T-connected semi-open and g-%-connected semi-
closed, g-%T-connected preopen and g-%-connected preclosed, and g-%-connected
semi-preopen and g-%-connected semi-preclosed as g-T-connected of categories 0,
1, 2, and 3, respectively, and theorises the concepts in a unified way.

It is an interesting topic for future research to develop the theory of g-%4-
connectedness of mixed categories. More precisely, for some pair (v, ) € I3 x I3
such that v # u, to develop the theory of g-%T4-connectedness with respect to the
elements of the classes { Uy, Ug,) : (Ugw:Ug,u) € g-v-O[T4] x g-1-O[T4] } and
{Vaw:Vau): Vau:Vau) € 0-v-K[Tg] x g--K[T4] } in a Ty-space Ty, as [2] and
[9] developed the theory of b-open and b-closed sets in a T-space ¥. Such a theory
is what we thought would certainly be worth considering, and the discussion of this
chapter terminates here.
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