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1 Abstract: We show that the Einstein field equations for a five-dimensional warped spacetime, where
> only gravity can propagate into the bulk, determine the dynamical evolution of the warp factor of the
s four-dimensional brane spacetime. This can be explained as a holographic manifestation. The warped
s 5D model can be reformulated by considering the warp factor as a dilaton field (w) conformally
s coupled to gravity and embedded in a smooth M4 ® R manifold. On the brane, where the U(1)
s scalar-gauge fields live, the dilaton field manifests itself classically as a warp factor and enters the
»  evolution equations for the metric components and matter fields. We write the Lagrangian for the
s  Einstein-scalar-gauge fields in a conformal invariant setting. However, as expected, the conformal
» invariance is broken (trace-anomaly) by the appearance of a mass term and a quadratic term in the
10 energy-momentum tensor of the scalar-gauge field, arising from the extrinsic curvature terms of
1 the projected Einstein tensor. These terms can be interpreted as a constraint in order to maintain
1z conformal invariance. By considering the dilaton field and Higgs field on equal footing on small
1z scales, there will be no singular behavior, when w — 0 and one can deduce constraints to maintain
1 regularity of the action. Our conjecture is that w, alias warp factor, has a dual meaning. At very early
15 times, when w — 0, it describes the small-distance limit, while at later times it is a warp (or scale)
1e  factor that determines the dynamical evolution of the universe. We also present a numerical solution
iz of the model and calculate the (time-dependent) trace-anomaly. The solution depends on the mass
1s  ratio of the scalar and gauge fields, the parameters of the model and the vortex charge #.

1o Keywords: conformal invariance ; brane world models ; U(1) scalar-gauge field ; dilaton field

o 1. Introduction

N

21 The easiest way to modify general relativity (GR) is to extend the spacetime to more than four
22 dimensions. Modification seems to be necessary in order to overcome the serious problems which one
2 encounters when one decreases the scale closer to the Planck scale. Specifically, the problems enclose
2« the hierarchy problem, the cosmological constant problem, the fate of the black hole, the issue of dark
= energy and last but not least the handling of scales. There seems to be no limit on the smallness of
26 fundamental units in one particular domain of physics, while in others there are very large space and
2z time scales.

28 A very attractive higher dimensional model is the so-called warped spacetime of Randall and
20 Sundrum (RS)[1,2]. In this model one assumes that there is one large extra dimension. The result is
s that effective 4D Kaluza-Klein (KK) modes are obtained from the perturbative 5D graviton. These KK
s modes will be massive from the brane viewpoint. The modified Einstein equations on the brane and
2 the scalar-gauge field equations will now contain contributions from the 5D Weyl tensor[3-6]. The
ss  hierarchy problem is solved in these models, because the graviton’s probability function is extremely
s« high at the Planck-brane and drops exponentially as it moves closer towards the TeV-brane.
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35 Warped spacetimes can also be linked to conformal symmetry. Conformal invariance(CI) is
s an approved property in string theory by the Anti-DeSitter/Conformal Field Theory (AdS/CEFT)
sz correspondence, where a conformal field theory sits on the boundary of the AdS spacetime. Some
;s decades ago, 't Hooft[7] proposed that the information about an extra dimension is visible as a
3 curvature in a spacetime with one fewer dimension. So the fifth dimension can act as a spacetime
20 fabric on the 4D boundary. The appearance of the five-dimensional curved spacetime is also natural
a1 from the black hole entropy. A five-dimensional black hole has entropy which is proportional to the
«2 five-dimensional “area.” But an “area” in five dimensions is a “volume” in four dimensions: this is
a3 appropriate as the entropy of a four-dimensional statistical system. Later it was realized that this
4 principle can be reformulated as so-called AdS/CFT duality models. A famous example is the type
s IIB-string theory on the background of AdSs ® S°. It is equivalent to a (3+1)D super Yang-Mills model
s with U(N) symmetry living on the boundary. The AdS/CFT correspondence could even solve the
«z black hole information paradox ( i.e., the unitarity paradox of time evolution[8,9]). In the model of
s RS, the gravitational degrees of freedom of the extra dimension appear on the brane as a dual field
s theory under AdS/CFT correspondence. So holography could be a prerequisite for the existence of
so such models. In conformal GR with (quantum) matter fields, the dilaton plays a fundamental role. In
51 the low-energy limit the dilaton field can act as a dynamical warp factor in 5D warped spacetimes.
s2 Because there is strong evidence that our universe is now expanding at an accelerating rate, a desirable
ss  situation would be that at earlier times the AdS/CFT correspondence holds and at later limes a dS/CFT
s« correspondence[10]. The warp factor could contribute to such a model.

55 At any level, Cl in GR remains a peculiar issue. There is the question if it is possible to incorporate
ss other fields ( massless and massive) into CI GR[8,9,11]. The resulting model should explain why in the
s high-energy situation mass scales are unimportant and could be of help to construct singularity-free
ss  spacetime by pushing them to infinity. Further, the notion of conformal null infinity and the definition
so  of energy flux can be formulated. Conformal gauge-fixing procedures can also be linked by the upper
o limit of the amount of information that can be stored in a 5D spacetime, i.e., on a 4D hypersurface[12].
&1 The model has also shortcomings, described as anomalies. Will all the beta-functions of the conformal
s2 model vanish? It is hoped that at the quantum level anomalies can be removed and a kind of
es spontaneous symmetry breaking can be formulated at lower energies. In any case, non-conformal
e« mass terms in the Lagrangian (for example a scalar gauge field with a potential term), does not
es affect the CI of the effective action after integrating over w (dilaton)[8]. We also have the problem
es Of the cosmological constant. A dimensionful mass term in the potential of the Higgs field breaks
v the tracelessness of the energy momentum tensor. However, it turns out that the tracelessness of the
es energy momentum tensor can be maintained if a cosmological constant is also generated[13].

69 A related problem is the asymptotic flatness of isolated systems in GR, specially when they radiate.
7 There is a back-reaction of disturbances on the background metric: we have no flat metric in terms of
7 which the falloff of the curvature can be specified. There are other problems which can be linked to CI,
72 1i.e., the notion of asymptotic flatness at null infinity, topological regularity, the gravitational energy
73 emitted by compact objects and how to handle the limit as one approaches infinity (see for example
7a  the textbook of Wald[14]). Further, one needs a strongly asymptotically predictable spacetime and
75 the redefinition g, = w?§y. Here w represents the dilaton field, or conformal factor and must be
7s handled on an equal footing as the Higgs field. The "un-physical" metric §,, must then be generated
7z from at least Ricci-flat spacetimes. However, one should like to have ¢, = 77y, the flat Minkowski
s spacetime, close to the Planck scale. The challenge is therefore to investigate the possibility that g, is
7 emergent during the evolution of our universe. In general, one could say that a conformal structure
s for gravity is inevitable and is the missing symmetry for spacetimes.

81 In this manuscript we reformulate the results found earlier[15] in the light of conformal invariance.
o2 In this former model, a warped U(1) scalar gauge field could also be used to explain the curious
es alignment of the polarization axes of quasars in large quasar groups on Mpc scales[22,23]. This is
sa possible, because a profound contribution to the energy-momentum tensor comes from the bulk
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es spacetime and can be understood as "dark"-energy. The scalar field becomes super-massive by the
s contribution of the 5D Weyl tensor on the brane and stored azimuthal preferences of the spinning axes
ez of the quasars just after the symmetry breaking.

a8 The outline of this manuscript is as follows. In section 2 we discuss the 5D warped spacetime. In
s section 3 we reformulate the model in a conformal way. In sections 4 and 5 we handle the "un-physical"
o0 metric without matter and in section 6 we add matter to the model and discuss the breaking of the
o1 conformal invariance.

o2 2. The warped 5D spacetime with a U(1) scalar gauge field

03 Let us consider a warped five-dimensional Friedmann-Lemaitre-Robertson-Walker (FLRW)
sa spacetime[15]

ds®> = W(t,r,y)? [ezV(t'r)lep(t")(—dt2 +dr?) 4 2Vt g2

2| Iy, M

( r)

with W = Wy (t,r)W,(y) the warp factor. Our 4-dimensional brane is located at y = 0. All standard
model fields reside on the brane, while gravity can propagate into the bulk. The 5D Einstein equations
are

(5)GP“/ == ( )gyv + KS‘S(y) (—A4(4)g’w + ) T;w); (2)

os  with K5 = 871'( ) = 87'[/ (5) Mpl’

s to the brane. The (° )Mpl is the fundamental 5D Planck mass, which is much smaller than the effective

A4 the brane tension, (4 S = (%) 8w — Muty and n¥ the unit normal

oz Planck mass on the brane, ~ 10'° GeV. We consider here the matter field (4 T,y confined to the brane,
s i.e., the U(1) scalar-gauge field.
From the combination of the components of the 5D Einstein equations, 5G4t — °G,, one obtains
for Wy (t,r) the partial differential equation[15]

_ 1 2 2\, 2
Py = 3 Wi+ g (@W1)? = (@wn)?) + “o,Wy. 3)
A typical solution is
(V21)t —(V21)t (V2T)r _ —(V21)r
Wi (t,r) = \F (dle —dye ) (d3e dye ), 4)

9o Wwith T,d; some constants. So we have two branches, i.e., the plus and minus sign in Eq. (4). Wj can
100 also be complex!. In figure 1 we plotted typical solutions of W;. The dynamics of the "scale-factor" of
11 the 4D hyper-surface is solely determined by the 5D Einstein equations (in the classical 4D situation
102 One easily obtains from the Einstein equations that Wy (7, t) must be r—independent). The y-dependent
103 equations

(@,W2)* 1 2 o1 OyWadyl 2_ 1, o 2
yield the well-known solution (for I'(y) = 1)
WZ(]/) — eV 7%A5(y*y0) (6)

1 Eq. (3)is invariant under W; — iW;
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10a  Of the Randall-Sundrum model[1]. It is remarkable that the function I'(y) is undetermined by the 5D
105 field equations. So the initially non-factorizable geometry of Eq.(1) can in fact be written as My x K,
1 with K an Euclidean smooth compact manifold. The effective 4D Einstein-Higgs-gauge field equations
10z on the brane[6]

4G]u/ = _Aeff4gw, + KZ4T;¢1/ + Késyv - gyv/ (7)

105 contain a contribution &, from the 5D Weyl tensor and carries information of the gravitational field
100 outside the brane. The quadratic term in the energy-momentum tensor, Sy, arises from the extrinsic
1o curvature terms in the projected Einstein tensor. 4’TW represents the matter content on the brane, in our
a1 case, the scalar and gauge fields ® = X (t,r)e"?, A, = (P(t,r) — 1)V, and contains the potential
uz  term V(@) = LB(PD* — 52)? in the case of the Higgs field. n represents the multiplicity (or winding
us  number) of the Higgs field?. Further, A, = %(A5 + %KgAZ). In the low energy limit one recovers
ua conventional Einstein gravity. From the 4D effective Einstein equations one cannot isolate an equation
us for Wy. So Wj is a warp factor effect. The equations for the metric components y and i together with

the scalar and gauge field, can be solved numerically[15], with W; given by Eq.(4). It is of interest to

Figure 1. Three different plots of the warp factor Wy, reinterpreted as dilaton field w. Solution C is

complex. See text.

17 observe that our "scale"-factor Wj is (t,r)-dependent. This implies that the expansion of the universe is
ue different at different moments in time. The acceleration of our universe, with equation of state p = wp
us  (w close to —1), can then be explained without the need of a cosmological constant ( or dark energy).
120 The Einstein equations and the scalar-gauge field equations are modified by the presence of the warp
1 factor.

122 3. The warped 5D metric revisited

Let us return to our metric Eq.(1) and define

v = w(t, V)ZWZ(y)28~;4v + ”y”vr(y)z- (8)

The g,y is sometimes called the un-physical metric. We now write the warp factor W; as a dilaton field
w1, which satisfy Eq.(3), written as ( we omit the index 1)

1 2
B = dyyew + — ((0rw)? = (arw)?) + “o. )

2 Sometimes one absorbs n in the gauge field by writing A, = 1(P —n)d, ¢
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This was only possible, because we could separate Eq.(3) from the 5D Einstein equations. We rewrite
the dilaton solution as (i.e., Eq.(4) )

W = (el VI e V) (V2 gy (V2. (10)
Tr
123 We can interpret the warp factor, which originally described the behavior of the expansion of our
12 warped spacetime, as a "scaling field" or dilaton field w in conformal invariant gravity. For metrics
12 with det(g,y) = —1, it determines the scales for rulers and clocks (see for example 't Hooft’s treatment
126 Of this issue[12]).
127 In general, if one considers a field F on a metric Suv, ONe says that (O° F is conformally invariant
12 with metric Q2g,, for all conformal factors Q2. s is called the conformal weight of the matter field.
120 We consider now the conformally invariant Lagrangian without matter ( see for example Wald[14])
LEHY — % (a)zﬁ + 6g”"8;4wayw). (11)

1

w

o One could also add a cosmological term —2A4w* (see section 6). Variation with respect to g,y results
131 in the Einstein equation

S N - 1 1
G = —5 |V Vio? = G VaVw? = 6(0wdw — 5 gudawd*w)| = — T4, (12)

Variation of Eq.(11) with respect to w yields the well-known conformal invariant equation
~ 1 -
VHo,w — gwR =0. (13)

One can easily verify that TR[GM — ﬁ TP(,;U)] = 0 with the help of Eq.(13). So the trace of any matter
field contribution must be zero. We will return to this issue in section 6. Here we already remark that
Maxwell’s equations, V#F,,, are conformal invariant (for dimension n=4), but Laplace’s equation for a
scalar field ®, V#9,® = 0, is not. One can easily proof that for n dimensions,

n—2

M [
Vi@ -

®R =0, (14)

is conformal invariant for conformal weight 277” This scalar-field equation follows also directly from
the Euler-Lagrange equations for the action[14]

_ 1 n — 2 n—1 nv
I_l6nG/d xV/g[ @R +40 g, 0V, ®]. (15)
132 We still can perform an additional gauge freedom, i.e., a local conformal transformation
~ 2 1 1
S = Q°Guy, w — 6“” b — 5<I>. (16)

The transformation properties of G, and R are
2 (e .- 1. e o e
G = Gy + 55 (2V,0V,0 - OV, 9,0 = 22,(V'QV,0 - 20947,0), (17)

R— %(R - %WWQ), (18)

133 50 the vacuum breaks local conformal invariance. We obtain that () obeys the Laplace equation
1 VPV, Q = 0 as gauge condition if the Ricci-scalar remains zero.
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15 4. The un-physical metric g,y

We can solve the Einstein equations for g, together with the dilaton solution and without any
matter. From Eq.(12)we obtain
~ 1
Gpn/ = W2 ],(u/ ) gyv (19)
13 The extra term £ comes from the projected Weyl tensor[6], because we must use Eq.(7) as effective 4D
137 Einstein equations. Written out in components, the equations for ¥ and 1 become

. - = . 3 . - 0
BT = T+ (3r§)2 — (1) + = (3yc0d, f — duawdefp — 27, (20)

138

o =0

oY 3 0,w

- w( D — dywdn — L ) (21)
130 The equation for w cannot be isolated from the effective 4D Einstein equations, as was already
10 concluded in[15]. So we will use the dilaton equation Eq.(9). From the equations Eq.(9), Eq.(13) and
11 Eq.(19) we obtain the constraint equation

(9:0)? — (Byw)? — %arw —0. (22)

12 We must note that in the non-vacuum model[15], the dilaton equation Eq.(9) was obtained by the
13 embedding of the 4D spacetime into a 5D warped spacetime. However, the constraint equations
1as Eq.(22), can become different.

185 We should like to compare the solution for §,, with the "classical" vacuum axially symmetric
s Weyl solution of the system (the subscript w stands for Weyl)

at'Yw = Zf’arlliwatl/]w/ ar'}’w = T((arlpw)z + (atlpw)z)/ atﬂpw = arrlpw + ai‘# (23)

1z One can solve the Laplace equation for ¢, and then integrate the first-order equations for 7y,. An
s integrability condition follows from R = 0. However, many solutions can quickly be obtained from the
140 stationary axially symmetric counterpart model by the substitution t — iz, z — it[25]. An example is
10 the Einstein-Rosen spacetime. The advantage of working in this axially symmetric coordinate system
11 is the possibility to generate new solutions (for example the "electro-vac" solution) from vacuum
152 solutions. If there is rotation, one can use the method of Ernst[16], to generate the well known Kerr
153 solution. Moreover, these axially symmetric models admit radiation effects, even in (conformally) flat
1ss  spacetimes. Further, non-conform-stationary (vacuum) solutions are only possible in axially symmetric
15 models[17]. A spherical mass surrounded by empty space is truly isolated, but a cylindrical mass
16 distribution will cause energy flow to and from infinity. If an initially static solution emits a pulse of
157 radiation, then there will be a change in the values of the parameters describing the solution (Birkhoff’s
158 theorem).

150 A well studied solution of Eq.(23) is the (complex) Weyl solution (z — it)
\/ (it —m)* + \/ 24 (it+m)°—2m
Yy =Cln (24)
\/r2+ it —m +\/r2 (it +m)* +2m

160 This solution leads for C = 1 to the Schwarzschild metric by the transformation

11 7 — V12 —2mrsin,z = (r — m) cos 6. In section 6 we will use a slightly different solution of Eq.(23)
12 for our conformal invariant model.

163 In figure 2 we plotted a typical solution for €27 and ¢2¥. We also plotted, for comparison, the
1es  "classical" Weyl solution. For w we took a typical value from Eq.(10). It is obvious that the dilaton
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s plays a crucial role in the evolution of the metric. It is a foretaste of the cosmological significancy of
1es  w. We can apply the Cauchy-Kowalewski theorem for conformal invariancy: we can choose Eq.(22)
17 as initial condition on the boundary of §,,. If we substitute Eq.(22) into Eq.(9) we obtain the Laplace
s equation and next from Eq.(13) we see that R = 0, i.e., the flat spacetime. One could also say that our
10 dilaton equation Eq.(9) can conformally transformed (w — %w) into the Laplace equation in order
1o that Eq.(22) holds. This yields a gauge condition for (). This result can also be formulated as follows:
i1 the vacuum R = 0 breaks local conformal invariance, unless we impose Eq.(9) together with Eq.(22).
172 We will return to this issue in the next section.

173 5. Generation of conformally Ricci-flat g,

To get an indication how to proceed with the un-physical metric §;, in order to ends up with
a Ricci-flat spacetime by conformal transformations, we consider, as an illustrative example, the
Minkowski spacetime written in radiative coordinates [see textbook of Wald[14])

ds? = —dudv + %L(v — u)2(d6? + sin®0d¢?), (25)

withv =t +7r,u = t —r. One needs information about the behavior of fields when v — 0. Introducing
V = 1 we obtain

ds? — % (dudv + Ya—uvy2(ae? + sin0dg?), (26)

4

and "infinity" corresponds to V' = 0. But the metric is singular at V = 0. We have obtained a
bad coordinate system. Suppose we define an un-physical metric §,v = V?1,,. We then obtain
a smooth metric extended to V = 0 and can handle tensor analysis at infinity. One can even do
better by introducing the conformal factor §,, = miyw. If one chooses the coordinates

1

T = tan ‘v 4 tan~'u and R = tan~'v — tan~'u, one obtains the static (S*> ® R) Einstein universe

ds* = —dT? 4 dR? + sin®R(d6? + sin®0d¢?). (27)

17 So there exists a conformal map of (R*,7,,) into an open region (S®> ® R, §,v) restricted by —7 <
is (T £R) < 1,R > 0. The conformal infinity of Minkowski is then the boundary in the Einstein static
176 UNiverse.

177 Let us now consider the special Ricci-flat solution of the Weyl class of the equations Eq.(23)[18]

¢£?):c11n<t+\/t2—r2), 7$):2C%ln%(

t
\/ﬁ + 1) + ¢y, (28)

with ¢; constants of integration. This Ricci-flat Weyl solution has some interesting properties, i.e.,
the C-energy is non-vanishing and ¢, # 0 introduces a conical singularity. For some values of ¢; are

(0)

the solutions self-similar. For ¢; = 1 it is flat. Let us denote this metric as guv - In order to maintain

Ricci-flat spacetimes after the conformal map g;(g,) — 0?2 g,(f)v), ) must satisfy again Laplace equation (

see Eq.(13) with w replaced by Q)
9,Q

The constraint equation from the Einstein equations is again Eq.(22), now for ()
2 2 O
(0:Q)” — (0,Q)" — 7&0 =0 (30)

17e  and doesn’t contain the constants ¢;. The constant ¢ enters an initial condition for 9,0). A special

1
7_

10 generating methods to obtain, for example, Einstein-Rosen soliton wave solutions, superimposed on

170 solution is Q) =

. So one can construct self-similar Einstein-Rosen spacetimes. There exist many
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11 a Levi-Civita seed[19]. This generation procedure complicates of course considerable for our g, of
12 Eq.(8). In the non-vacuum case becomes the procedure even worse. Conformal invariance will then be
163 broken. We will study this problem in the next section.

18 6. Matter comes into play

185 The reason for writing the FRLW spacetime Eq.(1) in polar coordinates will become clear when
1es  we include the U(1) scalar gauge fields into the model, i.e., Eq.(7). In a FLRW spacetime, any spacelike
1z geodesic with t = constant delineates an axis of rotational symmetry, so it is always possible to rotate
s the coordinate system in such a way that this axis becomes the polar axis.

In a former study[15] it was found that in order to incorporate the Nielsen-Olesen vortex solution
of the U(1) scalar-gauge field (axially symmetric!), one needs the FLRW in polar coordinates. Radiative
effects can then be studied and the behavior of the "string-like" matter field. One must consider two
regions, i.e., the moment in time when the Hubble radius is much larger than the string-core and
the moment in time when the radius of the vortex was comparable with the Hubble radius. A nasty
problem is that the late-time approximate spacetime is of the form[20]

ds* = a(t) [—dt2 +dr? + K(r)?dz*> + (1 — 4Gy)25(r)2d(p2], (31)

or transformed

dR?

et R?d6? + (1 — 4Gu)?R? sin” 0d ¢°. (32)

ds* = a(t)? {fdrz +

18 Some tricky matching conditions are necessary at the boundary with the radiating Einstein-Rosen
100 spacetime &,,[21]. For k = —1 (open universe) these conditions can be found. The spacetime of Eq.(31)
101 has a residual angle deficit proportional to the mass density of the string. However, in the warped 5D
102 counterpart model[24], this remnant disappears by the effect of the warp factor. Further, the magnitude
103 of cylindrical gravitational waves is proportional to the ratio of the string core radius r; and the Hubble
1s  radius Ry. This ratio 7/ Ry is negligible at late times, but not at the moment of formation: the vortex
15 builds up a huge mass by the presence of the bulk spacetime. It was conjectured that another effect
16 could emerge just after the symmetry breaking phase of the scalar gauge field: preferred azimuthal
107 angle of the spinning axes of quasars in large quasar groups[22,23]. These considerations can now be
10e  related to the conformal invariance approach.

199 The resemblance of the equations for the dilaton w and the scalar field ® of Eq.(13) and Eq.(14)
200 (in 4D) is evident. However, matter fields must be placed in the Lagrangian for matter fields £,; and
20 'we must have local energy-momentum conservation V# Tp(lf)d) = 0, where

o) — 2 SEmyV=R) _ 50Lm | g pm, (33)

N

202 Indeed, our world is not vacuum, so the task is to add a matter Lagrangian £y to the action and
20s investigate if it can be made conformal invariant. Moreover, T),, must be traceless[14]. When gravity is
20s coupled to matter, it is believed that conformal invariance ( which is an exact local invariance) must
20s be spontaneously broken and will fix all the parameters of the model. It could be possible that in an
206 eventually conformal invariant gravity theory all physical constants, including Newton’s constant,
207 masses and cosmological constant, are in principle computable[7-9]. In the case of our scalar gauge

. 1& 5 )
205 field we have (where we wrote ® — ®and ® — 7 + ﬁ)
T— [ dry/=g{ -5 (R + 60,00 w — 200 ) — BBk
= x —g{ﬂ(w + 60, wd"w — 4w>—ﬁ
1w 1 .
3 DaB(D')" — L FgFF —V(®,w)}, (34)
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200 where we omitted, for the time being, other interaction terms. The gauge covariant derivative is
20 Dy® = V,® +ieA,®. The term {5 RPD* makes the scalar Lagrangian conformal invariant. The

2
2 — _ 6}(%
21z (apart from the potential term V(®,w) ). So @ is complex (unitarity gauge[11]). In this case, this
213 means that now the @?-solution is of the form of figure 1-c. The functional integration over the w
zs  degree of freedom should be rotated in the complex plane (Wick rotation). In flat spacetimes this is
215 comparable with the transformation ¢ — it, which makes the metric positive definite on an analytically
26 extended manifold. In GR this is problematic, since time has no physical meaning in GR. Moreover,
217 it can produce complex solutions, for example, the deSitter spacetime. It must be noted that in our
z1s  axially symmetric spacetime, we defined t — iz together with z — it, so the latter problem doesn’t
210 occur. A more detailed analysis of this issue can be found in the book of Parker, et al.[27]. Note that the
20 potential V (@, w) is also w-dependent. We can take for example V(®, @) = §pn?x2dd*@? (where the

aun  resemblance between the two parts in Lagrangian Eq.(34) is clear when one redefines @

21 "double-well"-potential mass parameter is now Bi?x3@?).
222 The re-scaled Lagrangian Eq.(34) becomes
1 /54 -1 - ~
_ 4 Y * -2 _ - & F) * -~
If/dx F{ -0 (e —|—w1)R - (Db (D) jluaawa @)
_ = af 5 2 -4
TEapF? = V(®,0) - 2okiAg@ } (35)

After variation with respect to the field variables, one obtains the equations of motion

~ 1 > de) | w4 1 - 5 % -
Cw = (7 687 (T8 + T + T + 2 pG@* + by + G V(®,0) ) = v (36)
AU U | T
V4@ — cRo———— §A4x§w3 =0 (37)
1.. v . P e o
& _ _ - v _° Iy
DDy~ (RO~ 2 =0,  V'Fu = 2e(<1>(’D;,<I>) ) Dycp) (38)
22s  with
5 1.
T = FuF} — j8uFupF? (39)
T = (V,0,00" - g, V.0
1 F ) * ) * F 1 5 F 3 *
—6(§(qu>(pvq>) + (Dy®) D) — 58 Dad(D"D) ) (40)
; _ . 1
T;(l‘;” — (v,,a,,caz - ngaa“aﬁ) ~ 6(aycaava; - ngaawa“w» (41)

22s  Newton’s constant reappears in the quadratic interaction term for the scalar field. The A,f fa‘)4—term is
220 more problematic and we will omit it from now on. For other issues, such as renormalizability and the
230 mechanism of the spontaneous breaking of conformal invariance close to the Planck scale, we refer to
21 the discussion on these subjects by 't Hooft[8,9]. When the curvature radius becomes comparable to
2 the Planck length, the correct gravitational action must contain additional terms such as R?, Ry, R*,
233 RyyerRMY7T or combinations of them. They are the result of the back reaction induced by quantum
23¢  effects. Vacuum polarization effects will spoil conformal invariance of the "classical" theory (trace
235 anomaly). See for example the textbook of Mukhanov et al.[26] or Parker et al.[27].
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Here we proceed with the field equations Eq.(36)-Eq.(41) and will try to solve them. If we
calculate the trace of the Einstein equations Eq.(36) and using Eq.(37) and Eq.(38), we have the rest
term ( "trace-anomaly")

1 20 2922 4 af(9P)* = (0:P)*\2 g5 45
X2 [161(4,317 X“w Ksh (T) e } (42)

23s  This term brakes the conformal invariance. The cosmological constant of the brane, A4, appears in
237 the conformal breaking term term of Eq.(42) in the case of K‘S1 = 6/%% (RS-balance between the bulk and
238 brane cosmological constant is broken). So the quadratic term in the energy momentum tensor, Sy,
239 could play an important role in the early universe. It depends also on the multiplicity of the scalar field.
2s0  There is still a relation between &, and S,w from the Bianchi identities, V¥&,, = ng SIW/ which
21 shows how (1+3) spacetime variations in the matter-radiation on the brane can induce Kaluza-Klein
22 modes.

243 How should we interpret the dilaton equation for w(t,r)? The features of our 5D universe
2as  depends, after all, on 5 Spuvr not * gNW. It is clear that our dilaton field, by the identification as a warp
2es factor, is a real field that acts on the evolution of our universe[15] and can play a role in the explanation
26 Of the alignment of the polarization axes of quasars on Mpc scales[22,23]. We solved the field equations
2z Eq.(36)- Eq.(41) for [§,y, X, P, w] and can compare the results with the former solutions of Eq.(2) and
2as  EQ.(7)[15]. A typical solution is given in figure 3 by Mathematica and checked by Maple. The solution

. 2 2 .
200 depends on the mass-ratio of the scalar and gauge masses, % = %, the boundary conditions, the
D

20 multiplicity n and of course the dilaton solution (the constants d;). In figure 4 and 5 we plotted a
=1 different solution, with slightly different values of the parameters. Our conjecture is that w, alias warp
22 factor Wy, has a dual meaning. At a very early time in the evolution of our universe, when w — 0, it
23 describes the small-distance limit. At later times, it represents a warp (or scale) factor that determines
zss  the dynamical evolution of the universe.

25 7. Conclusions

256 We analyzed conformal invariance in a non-vacuum 5D warped Einstein-scalar-gauge-field model,
=7 where the warp factor is reinterpreted as dilaton field. The equation for this dilaton can be isolated
2e  from the 5D field equations of the resulting un-physical metric. On the "classical" level, the dilaton
20 plays the role of a warp factor determining the evolution of the FLRW model. On small scales, when
260 the dilaton field approaches zero, no singular behavior emerges because the conformal invariant model
201 treats the dilaton and Higgs field on equal footing. The parameters of the scalar-gauge field, i.e.,
22 (B, 1,€) and the gravitational coupling constants enter the trace of the total energy momentum tensor
263 constraint equation. This means that the mass of the vortex per unit length, y ~ 275> [ Sopdr and the
20s ratio of the gauge and scalar field, i. e. eﬁz, also determines the dilaton behavior. The dimensionless
2es parameter 2y plays an important role in the physics of cosmic strings. It can be approximated by

206 GU =~ TZ—; Observational bounds require Gu ~ 10~°. However, the most interesting gravitational
207 impact v;:/ill occur at G >> 1, which is possible in our 5D model by means of the warp factor, or
2 now the dilaton field w. If we specify w, then the evolution of w?§,, becomes ambiguous: the time
200 evolution of a FLRW model depends then heavily on the parameters determining the dilaton solution.
270 Conformal invariant gravity theories need additional constraint equations in order to obtain a traceless
= energy-momentum tensor. If the conformal invariance is exact and spontaneously broken, then one
222 needs additional field transformations on §,,. There are some shortcomings in our pure classical
2z model. First, one should like to incorporate fermionic fields. Secondly, all conformal anomalies of
2za  the model must cancel out when one approaches smaller scales[12]. After all, we are dealing here
27s with a curved §;,y. Some constraints must be fulfilled together with the "classical" tracelessness of the
276 energy momentum tensor. The reward is, however, that we can generate non-vacuum spacetimes from
27 Ricci-flat spacetimes needed in the small-scale limit of the model.
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Figure 2. Typical solutions of the un-physical metric ¢, (Eq.(20)-Eq.(21)) for some values of T and d; for
w(Eq.(10)) compared with the classical Weyl solution of Eq.(23) (top). For ¢ we took as initial condition
a Weber-Wheeler pulse wave. We observe that in some cases the metric becomes asymptotically flat.
For situation (c) is w complex.
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Gauge field Scalar field

Figure 3. Typical solution of the metric of Eq.(36)- Eq.(41). Notice the behavior of the trace of the
energy-momentum tensor. We also plotted w.

0" metric comp ¢¢

0 Gauge field

0 Scalar field

Figure 4. As figure 3, for different values of the parameters. The behavior of ¢yt and g4, differ
considerable with respect to the solution of figure 3
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Figure 5. A solution with oscillating behavior of the scalar field.
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