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Abstract

Human African Trypanosomiasis (HAT) commonly known as sleeping sickness, is a neglected tropical vector
borne disease caused by trypanosome protozoa. It is transmitted by bites of infected tsetse fly. In this paper we
first present the vector-host model which describes the general transmission dynamics of HAT. In the tsetse fly
population, the HAT is modelled by three compartments while in the human population, the HAT is modelled by
four compartments. The next generation matrix approach is used to derive the basic reproduction number, Ro,
and also it is proved that if Ry < 1 the disease free equilibrium is globally asymptotically stable, which means
the disease dies out. The disease persist in the population if the value of Ro > 1. Furthermore, the optimal con-
trol model is determined by using the Pontryagin’s maximum principle with control measures such as education,
treatment and insecticides used to optimize the objective function. The model simulations confirm that the use of
the three control measures are very efficient and effective to eliminate HAT in Africa.

Keywords: Human African Trypanosomiasis (HAT), Mathematical modelling, optimal control, Control mea-
sures.

1 Introduction

Human African trypanosomiasis (HAT), commonly known as sleeping sickness, is a vector-borne tropical disease
which is caused by trypanosoma brucei protozoa species. It is one of the neglected tropical diseases which affects
people in sub-Saharan Africa specifically those living in rural areas. HAT is caused by two species of protozoa
which are Trypanosoma brucei gambiense (TBG), which causes the chronic form of HAT in central and western
Africa and Trypanosoma brucei rhodesiense (TBR), which causes the acute form of the disease in Eastern and
southern Africa [1]. The HAT disease has killed millions of people since the beginning of 20*" century and it is
transmitted from one individual to another by tsetse flies (genus Glossina); TBG is transmitted by riverine tsetse
species while TBR is transmitted by savanna tsetse species [1]. Rhodesiense HAT is an acute disease that can lead
to death if not treated within 6 months while Gambiense HAT is a slow chronic progressive disease which causes
death with an average duration of 3 years [2]. The signs and symptoms for both forms of HAT are not specific
and their appearances vary from one person to another; at the first stage of HAT, the disease is not severe and the
signs and symptoms such as intermittent fever, headache, pruritus, lymphadenopathies, asthenia, anemia, cardiac
disorders, endocrin disturbances, musculoskeletal pains and hepatosplenomegaly may be observed while in the
second stage of HAT, sleep disorders and neuro-psychiatric disorders are likely to dominate. The HAT disease can

be treated by using the drugs such as suramin, eflornithine, melarsoprol and pentamidine.
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The disease is reported to affect about 37 sub-Saharan African Countries, it affects much rural areas where there
are suitable environments for the tsetse flies to live and reproduce; the peri-urban areas can also be affected. The
transmission of HAT can occur during the human activities such as hunting, farming as well as fishing [3]. The
transmission of HAT needs the reservoir; reservoir is a species that can permanently maintain the pathogen and
from which the pathogen can be transmitted to the target population [4]. Rhodesiense HAT is zoonotic which
requires a non-human reservoir (animals) for maintaining its population, while in Gambiense HAT, humans act as
key reservoir [4].

Mathematical models have been used to study the transmission and effective control of diseases simply and cheaply
with no need of expensive and complicated experiments [5]. So far, different models have been developed and for-
mulated by different researchers. One of the important modelling work on HAT, was done by [6]; the model
explained the mathematical frame work on transmission of HAT in multiple host populations [6]. Rogers model
was generalized by [7] and a new parameter which allows the tsetse flies to feed off multiple hosts was introduced.
The model compared the effectiveness of two methods used to control HAT; insecticide treated cattle and the use
of trypanocides drugs to treat cattle. They found out that treating cattle with insecticides is more effective and
a cheaper approach to control HAT than using trypanocides drugs. [8] developed a model which was based on
a constant population with a fixed number of domestic animals, human and tsetse flies in one of the Villages in
West Africa. The major findings of their model estimated that the cattle population contribute to about 92% of the
total TBR transmission while the rest 8% is the contribution of human population in transmission of the disease.
The work in [8] which also formulated a multi-host model was used to study the control of tsetse flies and TBR in
Southern Uganda. They found out that the effective application of insecticides brings about a cost-effective method
of control and eliminating the disease, they realised that insecticides way for controlling HAT is more effective and
efficient in the area where there are few wild hosts.

Due to low mortality rate of the disease and poverty of its sufferers, the efforts toward the control of HAT has re-
duced. Most attention is given to popular diseases such as HIV/AIDS, Tuberculosis, Malaria and Ebola, although
the disease is still a threat to the lives of sub-Saharan African people. Moreover, very few studies have been carried
out on applying optimal control theory to HAT transmission models. In this paper, we use optimal control theory
to study the transmission dynamics of HAT diseases by using education, treatment and insecticides as the control
measures.

The rest of this paper is outlined as follows: Section 2 represents the vector-host model and the underlying assump-
tions. In section 3 the model equilibria and stabilities are determined whereas in Section 4, the optimal control
model is analysed by modifying the previous one to control the HAT by using control measures (education, insec-
ticides and treatment). In addition, the numerical simulations for the optimal control model are done in this section
and we use the results obtained to compare the efforts of each control measure to control the HAT in Africa. Finally

we provide the conclusion in Section 5.
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2 Model Formulation

In this section, the vector-host model as well as the necessary differential equations to describe the transmission of
HAT from tsetse fly to human and vice versa is developed. The transmission of HAT in the human population is
modelled using four subclasses; Susceptible Sg, Exposed Ey, Infectious Iz and Recovered Ry . The total human
population, N, is thus defined by:

Ny =Sg+Eg+1g+ Rp.

The transmission of HAT in the vector (Tsetse flies) population, is also divided into Susceptible (Sy ), Exposed

(Ev) and Infectious (Iy/). The total population of the tsetse flies, /Ny, is also defined by:
Ny =Sy + Ey + Iy.

We assume a constant population for both host and vector, it is also assumed that the tsetse fly cannot recover from
the disease and the infected tsetse fly remains infectious throughout the rest of its life; there is no disease induced

death rate for tsetse flies and the recruitment rates are assumed to be constant due to birth and immigration. In
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Figure 1: Compartmental model for the transmission of Human African Trypanosomiasis.

our model, the recruitment rate of hosts and vectors are represented by 7z and 7y respectively. The susceptible
host gets the disease when bitten by infectious tsetse fly and susceptible tsetse fly gets the disease when it bites an
infectious human at the rate a. The natural mortality rate for humans and vectors are represented by pp and py
respectively. The parameter w represents the disease induced death rate for humans while £ and &y are the force
of infection for humans and vectors respectively. The parameter o represents per capita rate of a vector becoming
infectious, and the rest of the parameters are explained in Table 1. Assuming that the transmission per bite from
infectious tsetse-fly to human is a, then the rate of infection per susceptible human is given by

¢ _apuly
H NV )
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and also if we further assume that a is the tsetse-fly biting rate, that is, the average number of bites per tsetse-fly

per unit, then the rate of infection per susceptible tsetse-fly can be represented by

apyly

& =22

From the model diagram in Figure (1), the following differential equations are derived:

dSy apply

=t =7mgNyg + pRy — Ny Sy — Sy
apulv
dl =Ny Sy —eby — puEn
% :SEHf/J,HIwaIHfTIH
i =7lg — pRy — pu Ry (1
apv Iy
4% — 7y Ny — pv Sy — Ny Sy
apy I
2 = Ny Sy —pvEy —oBy
dry

dt = O'EV —/vav.

From system (1), the dimensionless technique is used to derive another equivalent differential equations; we

b24 Ey . Iy Ry Sy Ey | Iy o
denote sj, = —, e, = —,ip = —,Th = —, Sy = —, €y = —, &, = —— and substitute into system
Nu Ny Nu Ny Ny Ny Ny

(1), to obtain the following new equivalent equations:
dsh _— .
& = Th T+ Prh — GPhlySh — UhSh
d .
SR = apniySp — €€n — [heh
di . . .
G =eep — pnin — Wip — Tip
d .
S = Tih = PTh = PTh 2
dsy ;
JE = Ty — HoSy — APyinSy
de, _ .
TE = APyinSy — €y — Ty
di, .
= 0ey — yly.

The following table shows the description of the model parameters and variables.

2.1 Positivity and Boundedness of the Solutions
In this subsection we show that system (2) is epidemiologically and mathematically well-defined in the positive

invariant region;

. . Th .
D = {(Shaehalhvrhasvaevvlv) S RT‘. tNp S E;nv S ’U} . (3)

Ho

Theorem 1. There exist a domain D in which the solution (s, e, in, T'h, Sy, €y, i) is contained and bounded.

Proof. We provide the proof following the idea by [9]. Given the solution set (sp, €p,in, Th, Sv, €y, Gy) With the
positive initial conditions (Spy, € s The s The s Svo s Evg s bug )» WE define
1 (Shs €hy ihyTh) = Sn(t) + en(t) +in(t) +rn(t) and

Ny (Su, €y 1p) = Su(t) + ey (t) + iy (¢).
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Table 1: The description of model variables and parameters

Variable | Description
Sh Susceptible human population
Sy Susceptible tsetse fly population
€n,ey Exposed human and tsetse fly population respectively
Thsly Infectious human and tsetse population respectively
Th Recovered human population
Parameter | Description
T Recruitment rate for human population
Ty Recruitment rate for tsetse fly population
P Proportion of bites by the infectious vector on susceptible human population
Do Proportion of bites by susceptible vector on an Infectious human population
a The biting rate of the tsetse flies
o Per capita rate of a vector becoming infectious
€ Per capita rate of human becoming infectious
w Disease induced death rate
p The rate at which the recovered human can become susceptible again
T Recovery rate
I Natural death rate
én Force of infection for human population
& Force of infection for tsetse flies

The derivatives of n; and n, with respect to time along the solution of system (2) for human and tsetse flies

respectively, are obtained by;

n, = dony den  din | dry
™ at dt  dt ' dt’

=T — (Sh +ep +ip + Th),uh — Wip,

=Th — Nplp — wih.
/ ds, de, di,
n =

o= a T Tar
:Wv_(3v+ev+7;v),uva

= Ty — Ny fhy-

From these differential equations it follows that n;L < 7 — upnp and n; < Ty — lyNy. We obtain the solutions

as follows;

Th .
np < n (1 — exp(—pnt)) + nr(Shgs €ho» Thgs The ) €XP(—pnt),

Ty .
ny < — (1= exp(—pot)) + 1 (Suq, €vg fvy) €XP(—fivt).

v
By taking the limits of both nj, and n, above as t — oo we obtain n;, < Z—f and n, < %, hence the solutions
are contained in the region D. This implies that all solutions of the human and tsetse fly population are contained

in the region D and are non-negative, this guarantee that the positive invariant region for system (2) exists and is
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given by;

Ko

. . 7 Th Ty
D= {(Sh,eh,Zh,Th,Sv,ey7Zy) € R+ np S ;anv S } .
h

3 Model Equilibria and Stability Analysis

In this section we give the model equilibria, the basic reproduction number, Ry, and the stabilities at both disease

free and endemic equilibrium.

3.1 Disease-free Equilibrium(DFE)

The DFE in system (2) is when there are no HAT infections within the human and tsetse fly population. Thus the

existence of the DFE is given by; Ey = (Wh, 0,0,0, E7 0, 0) .
Hh

3.2 Endemic Equilibrium(EE)

The EE is the non-trivial equilibrium point at which the HAT disease persist in both human and tsetse fly popula-

* -k

tion. Thus the EE is obtained as follows; E, = (s}, e}, 45,77, 55, e, %) , where,

o = mlptpn) + prii] [po(o + po)(apody + po)]

" [@Poprpemyiy, + popn (o + o) (apuiy, + )] (un + )

. (w7 + pn)is
e, =-—"",
o= T, ’

Hh +ﬂp

s = —"

Y apyi) + e 4)
o APy TyiT,

! (0 + po)(apyiy + o)’

. 0Py Ty,
1 - * 9

v (0 + Mv)(agvzh + o) o )
s o) (a2 epnpomn oo — p2pn (€ + pin) (0 + o) (un + 7 + w)]
h - )
B

the term

B = (apy(aopnmy (epw+pn(p(T+w)+e(p+74w)+un(e+p+THw+pn))) +n(tin) (ptin) (T+w+pn) o (0 +10)))-
3.3 Basic Reproduction Number, R,

The basic reproduction number, Ry, is defined as the number of secondary infections caused by one infected host
or vector in a completely susceptible population [10]. The next generation matrix approach as done by Van den

Driessche and Watmough in [5, 11] is applied to derive

apniySh Unen + €ep

F— O and V — —eep, + prip + wip + Tip,
apyinsy Ho€y + Oy
0 _6611 + ,uviv
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By denoting matrix F' = % and V = % where x; = ey, iy, €y, iy, the spectral radius of the next generation

matrix F'V~1 gives the value of Ry.

0 0 0 apnsh €+ up 0 0 0
0 0 0 0 —€ up +w+T 0 0
F=10 aps, 0 0o |2™V=1] 0 fy+6 0|
0 0 0 0 0 0 =0ty
0 0 adpp, —apn
Nv(_6+UU> Mo
FV-1 = a
0 0 0 0
0 0 0 0

The spectral radius o(FV 1) gives,

a’epppyThTLO
Ry =o(FV~1) = S :
o=ol ) \/u%uh(eruh)(UJruv)(uh+T+w)

One infected human in a population of susceptible vectors will cause R, infected vectors, like wise, one

infected vector in a population will cause R;, infected humans [5]. Therefore the basic reproduction number can
AEPRLTH TAPYTy

pun(pn + ) (pn + 7 + w) w0+ )
be defined as the square root of the product of the number of infected humans in the susceptible population caused

be rewritten as Rg = v/ RnR,, where R;, =

and R, = . Thus, Ry can also

by one infected tsetse fly in its infectious lifetime and the number of infected tsetse flies caused by one infected

human during the infectious period [12].

3.4 Local Stability of Disease-Free Equilibrium(DFE)

Theorem 2. If Ry < 1 the DFE given by E is locally asymptotically stable in the region defined by Equation (3),

it is unstable when Ry > 1.

Proof. The DFE is locally stable if all eigenvalues of Jacobian matrix Jg, are negative. The matrix has all eigen-
values negative only if the trace of Jg, < 0 and determinant of Jg, > 0. By linearising system (2) around Ey, we

obtain the following Jacobian matrix;

—Hn 0 0 p 0 0 —apy sy
0 —(e+ un) 0 0 0 0 apnsn
0 € —(w+ 7+ pn) 0 0 0 0
Jg,=1| 0O 0 T —(p+pn) O 0 0
0 0 —aPy Sy 0 — 0 0
0 0 APy Sy 0 0 —(o+4 ) 0
0 0 0 0 0 o — by
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The trace of matrix Jg, is such that;

tr(Jeo) = —(in 4+ pn 4 pn + @+ T+ P+ fin + o + 0+ o + o)

= —(4up+3uy+et+w+t+p+o)<0.

Using the basic properties of matrix algebra as in [13], it is clear that the eigenvalues \y = —puyp, and Ay = —p,, of

the matrix Jg, have negative real parts. The reduced matrix is

—(e+ pn) 0 0 0 apnsp
€ —(w 47+ pp) 0 0 0
Jp=| 0 T —(p+m) 0 0
0 apy Sy 0 —(o + ) 0
0 0 0 o —lhy
From matrix Jg, the eigenvalue A3 = —(p + w5, ) has negative real part. The remaining matrix is further reduced

by using the reduction techniques, we obtain;

—(e+ pn) 0 0 aphsh
aPLSHE
0 —(w+ T+ ) 0 Phsh
e+ pun
Jg,=
0 APy Sy _(J+Mv) 0
0 0 o — by

Using the properties of matrix algebra, the matrix Jg, has eigenvalue — (¢ + pp) which has negative real part. We

further reduce to a 2 x 2 matrix by using the same reduction techniques. The matrix is

appShE
—(w+T7+
( fih) et
JEg,=
APy Sy0
o+ py Ho

From the reduced 2 x 2 matrix, the trace is negative and the determinant is,

_ GPhShE « APy Sy
et+pn o4y

025phpv7Th7Tva
2+ pn) (0 + o) (pn + T+ w)

Det(Jp,) = (W + 7 + pn) tho

= (W+T+/Lh)p*v l:l

Since

Ry = azgphpvﬂ—hﬁva
TN (e + ) (0 + o) (un + 7+ w)
025Phpv7Th7TvU
u3pn(e + pn)(o + po)(pn + 7+ w)

then, by letting Ry = , we find our determinant as,

Det(Jg,) = (w+ 7+ pn)po [1 — Rr]. (5)

The value of Ry can be seen to be positive because all the parameters are positive. As a result, the determinant in
(5) is positive if and only if Ry < 1. Therefore the DFE is locally stable if Ry < 1. O
8
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3.5 Global Stability of Disease-Free Equilibrium(DFE)
To show that the DFE is globally stable, we apply the Lypunov’s Theorem in [5].

Theorem 3. The DFE defined by E) is globally asymptotically stable in the region defined by Equation (3) if

Ry < 1. Otherwise unstable if Ry > 1.

Proof. We define the Lypunov’s function as

V=K (sh — Shy — She In — ) + koep + ksip + ks ( — Syy — Sy 1N ) + kse, + kgly (6)

Sho Swo

satisfying system (2), where k1, k2, k3, k4, ks, k¢ > 0 are to be determined and s, = Th and s, = ﬂ. We first

Hh Hoy
show that V' > 0 for all E # (Wh, 0,0,0, &, 0, 0) . It is enough to check that,
Hh Ho
k1 $n, <sh11 ) >0,
ho Sho
k150, (5 —1-In 5) > 0.
Sue Sue
The function g(m) = m — 1 — Inm such that m = 2~ = 2= has minimum value equal to zero when m = 1,
0 o

hence g(m) > 0 for all m > 0. Thus the Lypunov’s function V' > 0. The function V' is radially unbounded
because as |[m|— oo the function g(m) — co. We now take the derivative of V' with respect to time and use

system (2) to replace the derivatives in the right hand side such that;

a She \ dSh dey, dip, Suo \ dSy de, dzv
V—k1< Sh) 7 det + k3 +/€4< U) 7 k5d +/€6

Sh . .
=k ( - Sho) [Th + pri — apnivsn — finsk] + k2 [appivsy, — en — pnen)
+ k3 [een, — ppin — wip — Tip) + kg < — S””) [Ty — pho Sy — aPyinSy)
v

+ ks [apvihsv — Hy€y — 0'61,} + k¢ [Uev - P/viv] s

. 2 APLTh Ly ThPT .
=2k 7y, — appspkiiy + prakt — kipnsy — ki —2— + Prh k1 — hp " Ky + koapnsniy
HhSh 12 HhSh
2
. . T,
- k2(5 + Nh)eh + kzeep, — kS(T + pn + w)zh + 2kym, — k4apv87ﬂh - stvk4 - [0S k4
VU
+ ap’[;jihﬂ-vk4 - k5(,uv + U)ev + k5afpv5vih + k60€v - kﬁﬂviv-

The terms with r, are ignored because if sy, ey, iy, are globally stable then r;, — 0 at any time ¢ and the DFE for

system (2) is globally stable. Taking k1 = ko = ky = ks =

s +s, ks = % and kg = %, the derivative of V'

_1
py+0o’

with respect to time becomes:
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Vi—_ _Th ( Th_ o HnSho_ 2) (Tt +w)ih L WPATR T < Mo | Hwse 2)
wn+ € \ nsn T € (pn + €)pn ty + 0 \ oSy Ty
Po . apymy

— 7/’U + - - - -
o fio (po + 0)

|: Th, ( Th +,Ufhsh2>+ Ty ( Ty +,vasv2):|
Mh + € \ HhSh Th Mo + 0 \ HoSy Ty

N (T + pn +w) < AP T, 3 1) - Mo < aoppmh 1) ;
110 (0 + ) (pn + 7 + W) o \ propn(pn + €) v

Th Th + HhSh —2) + Ty Ty + oSy _9
HKh +e HhSh Th Ho +o HoSv Ty
(

T*“”‘*’)( — i +—(Rh—1)

h»

The terms (u e 2) and (H’:—ZU + Bt — 2) are positive because if we suppose m = - = T,

we have m+ L _9_—_m —im“ = (m_1)2 > 0 forall m > 1 and since R, < 1 and Rj, < 1 then V"’ is negative.

Thus we have V' < 0 for all Ey # ( ,0,0, O ,0 0) O
ih fho

Thus, the largest compact invariant set in D is the singleton set Fy. Hence, system (2) is globally asymptoti-

cally stable.

3.6 Local Stability of Endemic Equilibrium(EE)

Theorem 4. The unique endemic equilibrium defined by £* is locally asymptotically stable in the region defined
by Equation (3) if Ry > 1, but is unstable if Ry < 1.

Proof. We give the proof of this theorem based on the approach used by [9, 14]. From the EE points defined in

Equation (4), since all values are positive, we express the value of ¢} in terms of Ry to obtain;

s o (E 4 pn)(p+ i) (o + o) (i + 7 + ) A2 PPy Th Ty O .
" B p2pn(e + pn)(o + o) (un +7+w) ]

_ Hapn(e A+ pn)(p+ pn)(0 + o) (n + 7 + w)
B

[rE —1],

where

B = (apy(aoprmy(epwtin (p(T+w)+e(p+7+w)+un(e+p+THw+in))) +Hun(e+in) (p+1n) (THw+un ) po (0+ 1))

2
Since the basic reproduction number, Ry = 5 @ EPRPoTh T , if we let
pepn(E + pn)(o + po) (o + 7+ w)

_ a2fphpv7fh7TvU
B2 pn (e + pn) (0 + o) (ptn + 7+ W)’

then we can find 7} as,
s Hotn(e 4 ) (p+ i) (0 + po) (pn + 7 + w)
h B
10

[Rr —1].
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The value of B is clearly positive because all parameters are positive. Hence, i;; > 0 if and only if Rr > 1,

implying that the E'E is locally asymptotically stable if Ry > 1. O
3.7 Global Stability of Endemic Equilibrium(EE)

To show the global stability of the E'F we use Lyapunov’s Theorem together with the following Lemma.

Lemma 1. Suppose that y;,y2, - - -, Y, are n positive numbers, then their arithmetic mean is greater than or equal

Y1 +Y2+--+yn
n

3=

to the geometric mean, that’s > (Y192 Yn)

Theorem 5. The EE defined by £* is globally asymptotically stable if Ry > 1, otherwise is unstable.

Proof. The proof is based on the idea as explained by [S]. We define the Lyapunov function as

V:k1<sh—sh spln— )+k2<eh—eh ey In — )—l—kg(ih—i}i—i;lnl,f:)
S € th

+k4<sv—s:—sf)1nsv>+k5<ey—e —e ln>+k6( —i:—i:lnl,v>
5y € L

satisfying system (2) with &y, ko, k3, k4, k5, k¢ > 0 to be determined. The function V is non negative for all
(Sh, €hy Lh, Thy Su, €0, 0y) 7 (S5, €5, 45,75, S5, ek, i) and radially unbounded.

vy YU ’U

We need to prove that V' < 0 for all (sp,epn,in, Th, Su, €0, ty) # (s,*;,e}*l,i;;,rh, sk er i¥). We find the
derivative of V' with respect to time and replace the derivatives sh, eh, i hs rh, 5., €., 0, with system (2). We also
ignore the 7} terms because if s, e, iy, are globally stable then 7, — 0 at any time ¢ and E'E is globally stable.

*

’ s* . (& .
V =k <1 — s:) [7h — aprivsn — wnsn] + ka <1 - e:) [apriysy — (pn + €)en)

5 . sy )
+ k3 (1 — zh> [een — (W —+ T+ up)ip] + kg (1 - s> [Ty — APyinSy — HySy)
h v

er . ¥ .

+ ks (1 — e”) [apyinsy, — (ty + 0)ey] + k¢ (1 — Z”) [0y — Uyiy] -
v v

We now substitute 7, = appiy sy, + pr sy, and m, = ap,iy,s;, + [ S;, at the endemic equilibrium then simplify and

put similar terms together to obtain;

*2 %

1 . .
bVt kyapniysy, + kaapnsnis — ka(e + pn)en

V= gy S Sh) AN

. + kvapniysy, — krappiysy — kiapy
h

. e N . 1y e
— kgaphshlve—h + kao(e + pn)ey, + kseep, — ks(w + 7+ pp)iy, — kgsehi—h + ks(w+ 7+ pn)iy,
h h
*2 -

2
Sy — S5
k4(v8M + k4apvi25: - k4apvihsv - k4apv v h
v v

+ kqapyip sy + ksapySyin — ks(0 + ) ey

* <k

1 -
- k5apvsv7fh c + k5(0 + Nv)e + kGJev - kG,U’v kGUevil + kﬁuvlv
v

v
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We suppose k; = ks and k4 = k5, and multiply and divide the same equilibrium value to some of the fractions to

obtain;
2 2.
sn — s* ) * 2k )
Vi=— k:l(hs% + kyappiy sy, — kiapn Zh 2+ krappiysy, — ka(e + pn)en
_ - epshly ] 3 . irer .
koapp Spiy proe + ka(e + pn)ey, + kseen, — ks(w + 7 + pn)in kgsehi -+ ks(w+ 7+ pn)i,
htvCh h€p
(S'U _ 82;)2 Moy k% zQZZ L%
— k487 + kqapyiy si — kyapy, + kgapyinsy — ks (o + ey
v v
e*stit . . eX ik .
— ksapysyin—— + ks (0 + po)el + keoey, — kepioiy — keoey, =% + ki
shirey iyel

We choose k3 = kz“hTJ“E such that ks(w + 7 + pn)i} = ka(e + un)ej, and choose kg = kg@ such that
kepoil = ks(o + py)es. Now apysiit = (un + €)ej, and ap,siis = (i, + o)} because ki = ko and ky = ks

respectively. We now obtain;

2 . . "
(sh— %) pn . s €5 iySy  ent . )
Vi=— klih + klaphz;s;l 3— L — 5:7* — 7’: + klaphzvs}'; — ks(w 4+ 74 pp)in
Sh Sh SpEnly 1he€p

(S’U _ Sv)2

v

+ [kse — ka(e + pn)] en — ka
+ kqapyip sy — kepipiy + [keo — ks(o + wy)] €.

kqapysy
WHT+pn

Suppose kg = ]“if%u’”sz and k3 = , we then substitute and simplify to get

%2 * * v =k *\2
Sh — S 19923 . S €plySh ent Sy — 8 o
V/:_kl( h) +k1aph7z:52|: _ °h _ )}:v.*_. Z:|_k4('u ’U) v
Sh Sh shehzv zheh )
* * 3k
. S €,1hSy €yl
* ok v v v
ki 3 5 - e - S,
v pEvly vCy

From Lemma 1 above, the terms

. s e iySh ents . s* erins eyt
kiapniys, [3 T e T :] and kyap,ij sy [3 — - g ”} <0.

Sy skeyiy iyel
Therefore, V' < 0 for all (sp, en, in, Th, Su, €v, tv) # (S5, €55 45, T, S5, €5, 1) implying that the endemic equilib-

rium is globally asymptotically stable if Ry > 1. O

4 Analysis of Optimal Control Model

In this section, we formulate the optimal control model by modifying system (2) to an optimal control problem.
We thus define some linear functions ¢;(t) = 1, for ¢ = 1,2,3. It is important to note that controls are fully
effective when ¢;(¢) = 1 and not effective when ¢;(¢) = 0. The forces of infection &5, and zi,, which correspond to
the human and vector population respectively, are reduced by the factor (1 — ¢ ); where ¢; measures the level of
success obtained due to the effort of educating people on the dangers of exposing their skin, and encouraging them
to wear long sleeves and long pants during the day to minimize tsetsefly-human contacts. The factor ¢, represents
the effort of treatment to control the disease and the factor c3 also represent the effort of using insecticides to ensure

that the breeding sites of the tsetsefly are minimized. Hence, taking into account the assumptions and extensions
12
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made, we try to find the most effective strategy that reduces the HAT infection in the population at a very minimum

cost. With the use of bounded Lebesgue measurable control, we define the objective function to be minimized as
" . . oo 1 1,
J(Cl, Ca2, 03) = Miep + Msiy, + Mse, + Myi, + 5]@161 =+ 5]@02 =+ §k303 dt. 7
0

Thus, the dynamics of the controls that minimizes the objective function is given by

ds .

Sk =mp+prn — (1 = c1)aprivsn — pnsSh
de .

Tth = (1 —c1)apnivsn — €en — pnen

% = é&ep — ,uhih — wih — CQTih

d .

S = C2Tin — Pra — PnTh @®)
dsy _ .

gE =Ty — C3lpSy — (1 — c1)apyins,

d .

e = (1= c1)apyinsy — capipey — o6y
din = ge, — capuyiy,

dt

subject to the initial conditions s;, > 0,ep > 0,¢;, > 0,7, > 0,5, > 0,e, > 0,7, > 0. The associated effective

reproduction number for Equation (8) denoted by Ry is obtained as

Rp — \/ a’e(1 — ¢1)’pprpmyo _ \/R—c ©)
capun (€ + pn) (0 + capi) (i + c27 + w)
The goal is to minimize the exposed and infectious human populations (e, ip,), the exposed and infectious vector
populations (e,, i,) and the cost of implementing the control by the use of possible ¢;,¢ = 1,2, 3. The functional
objective includes the social cost which relates to the resources that is needed for educating people on personal
protection %klc%, the application of treatment %kgcg and spraying of tsetsefly operations %kzgcg. The quantities
M; and M, respectively represent the associated cost with minimizing the exposed and infected human pop-
ulation, while M3 and M, also represent the cost associated with minimizing the exposed and infected vector
respectively. The quantity ¢ is the time period of intervention. As explained in [17], the costs corresponding
to Myep,, Maiy, Mse, and Myi, are linear while the cost control functions $k1c}, 1kac3, and ksc should be
nonlinear and take a quadratic form. Therefore, we seek to minimize the objective function over the given time

interval [0, tr]. Pontryagin’s Maximum Principle is used to solve this optimal control problem and the derivation

of the necessary conditions. The Lagrangian of the optimal control problem is given by
, o L 1 L,
L = Miep, + Maiy, + Mse, + Myt,, + 5]@161 + 5]€202 + §k303 . (10)

To determine the Lagrangian minimum value, we define the Hamiltonian, H, for the control problem as

dsy, d di

H =Mje, + Myiy, + Mse, + Myiy + k101 T k202 + k3c3 A, 2+ )\eh% + Aih%
dry, ds, de, diy
Ay — + Xy — + ey = + iy =
A g T A gy T A g T AL

where Ag, , ¢, Aijy Arps Asy s Ay, Ai, are adjoint variables or co-state variables. The differential equations of

adjoint variables are obtained by taking the partial derivatives of the Hamiltonian equation with respect to the state

variables which gives:
13


http://dx.doi.org/10.20944/preprints201810.0561.v1
https://doi.org/10.1155/2018/5293568

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 24 October 2018 d0i:10.20944/preprints201810.0561.v1

i = Asuttn + (As, — A, ) (1 — c1)apniy
= M Qe = )2 e
= Mo+ (N, = Ay )eam + A (W pn) + (As, — A, )(1 = c1)apy s,
Do = (A = As )P+ Ary bt an
Z;it = (As, = Ae, ) (1 = c1)apyin + As, frucs
df\lf,v i —%3 + (Ae, — Aiy)o + Ae, lwCs |
T = —Ma+ (Ns, — e, ) (1= c1)apnsy + i, phoCs.

Theorem 6. Given the optimal controls cj, ¢3, c5 and the solutions sy, ey, i, T'h, Sv, €y, %y Of the corresponding

state Equations (8) and (7) which minimize J(ci, ca,c3) over the region €2, then there exist adjoint variables

/\sha )\eh ) >‘ih ’ >‘Th ’ >‘5v ’ ’\ev ’ /\iv SatiSfying
d\i _ OH . _ ( ‘ )
— = — 1 Shy€hysthysThy Svy Cuyly gy
a i hy€h,th, 'h

and the optimal solution cj, c3, c; is given by

¢ = min{1, max(0,¢1)},
¢ = min{1, max(0, &)},
¢4 = min{1, max(0, é3)}.
Proof. The Pontryagin’s Maximum principle described in [15, 16] is applied. The Corollary 4.1 in [16] shows

the existence of an optimal control due to the convexity of the integrand J with respect to ¢y, ca, c3, and Lipschitz

property of the state system with respect to the state variables. By using the optimal conditions,

oOH OH OH
601 ’ 862 ’ 663 ’
we obtain,
g% =kicr + (As, — Ay, )aprivsy + (As, — Ae, )apyinsy = 0,
S =kaca+ (A, = Aiy)Tin =0, (12)
oH

decs = kSCB - (/\sv,ufvsv + >‘6v.uvev + )‘iv,uviv) =0.
Solving Equation (12) we have,

(/\eh - /\sh)aphivsh + (/\eq, - )\su)apvihsv

1 = kl P
~ (>\'Lh — )\Th)’rl'h
Co = L ’
2
CA o >\sv ,U"USU + >‘€u Hvev + Aivﬂviv
3 — .
k3

O

As stated earlier, the lower and upper boundaries for the control parameters are 0 and 1 respectively. If
C1,C3,C3 < 1thenc; = ¢y = c3 = 0andif ¢1,¢C3,C3 > 1thenc; = ¢co = ¢3 = 1 otherwise ¢; = ¢, ¢ = C3,¢3 =

¢3. Therefore, for the control parameters ¢}, ¢5, ¢; we obtain the optimum value of the function J(cy, ¢z, ¢3).
14
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4.1 Optimal Control Simulations

The Octave programming language is used to simulate the optimal control model using the set of parameters
obtained from previously reported studies and datasets, which have been cited. Some of these parameters are
assumed for the sake of illustrations. Table 2 represents the values of the model parameters used for simulations.

The following initial conditions were considered,
sr(0) = 30,ex(0) = 7,i,(0) = 2,7,(0) = 0, 5,(0) = 40, ¢,(0) = 10,4,(0) = 3,
and the weight constants were assumed to be

My =1,My =2 My=2 M =2,k =2 ky=10,k; = 5.

Table 2: Parameters values used for simulations

Parameter | Value Reference

T 0.000215/day | [14]

Ty 0.07/day [14]

Dh 0.62 [6]

Do 0.065 [61, [17]
a varying Assumed
o 0.001 Assumed
€ 0.083 [18]

w 0.004 [3]

p 0.02 [6]

T 0.125 [3]
Lhh 0.00044 Assumed
o 0.034 [17]

The Figures 2 and 3 represent the control profiles at different values of c¢;,co and c3 while the rest of the
plots are the graphs of infectious human and vector population plotted against time in days and they represent the
effect of optimal controls ¢y, co and c3 in reducing the number of individuals infected. From Figure 4 we observe
that, the use of treatment and insecticides only has a significant impact in reducing the number of infectious
individuals and they show that this strategy is effective to control tsetse flies and infected human populations. In
Figure 5, we observe that the use of education and insecticides reduce the number of infectious individuals but the
results depicted in Figure 5(a) shows that this strategy is not effective and efficient to control the infectious human
population. From Figure 6, we observe that the use of education and treatment reduce the number of infectious
individuals but the results from Figure 6(b) shows that this strategy is not effective and efficient to control the
infectious tsetse flies population. Lastly, the results depicted from Figure 7 shows that the strategy of using both
education, treatment and insecticides are very efficient and effective to reduce the number of infected individuals.
Therefore, the use of both education, treatment and insecticides simultaneously is very efficient and effective to

eliminate HAT in Africa.

15
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Figure 2: (a) Control Profile when ¢; = 0, ¢c2 # 0 and c3 # 0. (b) Control profile when ¢; # 0, ¢ = 0 and c3 # 0.
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Figure 3: (a) Control Profiles when ¢; # 0,¢2 # 0 and c3 = 0. (b) Control profile when ¢; # 0,¢e # 0, and
C3 7é 0.
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Figure 5: Simulations of the model showing the efforts of education and insecticides only on infectious individuals.
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Figure 4: Simulations of the model showing the efforts of treatment and insecticides only on infectious individuals.
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Figure 6: Simulations of the model showing the efforts of education and treatment only on infectious individuals.
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Figure 7: Simulations of the model showing the efforts of both education, treatment and insecticides on infectious
individuals.
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In epidemiology, a reproduction number less than unity implies that the disease can be eradicated in the long
run. Hence, choosing suitable parameters for the controls ¢, co and cs, it was observed that the effective repro-
duction number obtained for Figures 2(a), 2(b), 3(a), 3(b), 4, 5, 6, and 7 were 0.0075, 0.00013, 0.044, 0.000075,
0.0075, 0.00013, 0.044 and 0.000075 respectively. This shows that by incorporating all the control measures that is
educating individuals, giving treatment and applying insecticides is an effective method to help reduce the number

secondary infections in the population which corresponds with eradicating the disease in the long run.

5 Conclusion

In this paper, we studied and analysed the model for transmission of HAT, and determined the basic reproduction
number. The local and global stabilities of disease free equilibrium and endemic equilibrium were also proved.
For the optimal control model, education, treatment and insecticides as control measures were used to optimize
the objective function defined by Equation (7). The numerical simulations of the optimal control model shows
that the best strategy to reduce the number of infected individuals is through the use of both education, treatment
and insecticides. This is the effective and efficient method to eliminate the disease. Furthermore, the national
authorities, Non-Governmental Organizations (NGOs), and stakeholders must not lose their interest in controlling
the disease because neglecting this disease may cause the rapid re-occurrence and much effect to the people who

are at risk.
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