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18 Abstract: The prim objective of commenced article is to determine g-sumudu transforms of a product of
19 unified family of g-polynomials with basic (or ¢-) analogue of fox’s H-function and g-analog of /-functions.
20 Specialized cases of the leading outcome are further evaluated as g-sumudu transform of general class of
21 g-polynomials and g-sumudu transforms of the basic analogues of Fox’s H-function and /-functions.
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24

25 1. Introduction

26  The g-calculus is a one of most interesting research field in current instant, usually due to its
27  importance in the area of quantum physics and mathematical sciences. On the other hand,
28 integral transform is one of the major tools to solve differential equations. Laplace, Fourier,
29  Mellin and Hankel are frequently using for the same. The integral transform of Sumudu type
30  was introduce through Watugala [1] in 1993, and he put forward to obtain the result of
31  ordinary differential equations in problems of control engineering. Nowadays, the Sumudu
32  transform is also an important integral transform to solve ordinary differential equation. The
33 major influence of the Sumudu transform is that it is useful to obtain solution of problems
34 beyond resorting to a different frequency domain, by cause of it conserve scale and unit
35  properties.

36

37 In 2003, Belgacem et al. [2] gives explanatory observation for the Sumudu transform, and
38 investigated number of fundamental properties of it. Albayrak et al. [3] gives g-analogue of
39  the Sumudu transform, and they also obtained g-Sumudu transforms of certain special
40  functions, including g-polynomials, see particularly [4].
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41  In the present paper, we aimed at to evaluate the g-Sumudu transforms for a product of
42 general class of g-polynomials and basic analogue of some generalized special functions.
43 Special cases of our main results have also been discussed.

44 2. Preliminaries

45  For our investigation we need the g-analog of Sumudu transform, introduced by Albayrak et
46  al. [3], as follow:

47 S Af();s}

(1_ ) jE (—t)f(t)dqt , 5>0, @.1)

48  preamble to the collection of functions

49  A={f()3M 7,7, f(t) < ME, ([t\/r ),t e (1) x[0,00)} 2.2)
50 and
51 S, {f();s)= ; _1q)s qu(—ét)f(t)dqt , $>0), (2.3)
52 provided the functions belongs to the set
53 B:{f(z‘)EM,rl,r2 )(<Me Qt‘/r )te (—1) x[0,00)} (2.4)
54 On the other hand, the g-version of exponential series are defined by
> “)= Z (q?;x, ) (r;;)w <1 2
56  and

1) g 2 5
57 E,(x)= Z; . =(t:q), (teC). (2.6)

58  The basic improper integration cf. [5, 6], are defined as

59 [f®d=x -3 " Fxa"). o)

60 j f(@)dx=(1- q)Zq (—) 28)

keZ

61 By using result of (2.7) and (2.8), the g-Sumudu transforms perhaps expressed as

62 S {f@0);s} Z 9 (; Els)q ) (2.9)

63 and
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64 Sq{f(t);S}—(f—)quf(qk(—i;q) . (2.10)

65  For our purpose, we suppose « 1is real or complex and |q| <1, then the g-shifted factorial is

66  expressed as under (see [7])

1 ;o n=0
67 ; = 2.11
(@), {(1—a>(1—aq>---(1—aq"-‘>; neN, &1
68 and its natural extension is
69 @q), —ED=_ 4ec. 2.12)
(aq”;q).,

70  For m=o0 the definition (2.1) remains usful as a convergent infinite by-product, provided

71 |q| <1, as under:
72 (@9),, =[[(1-aq’). (2.13)
j=0

73 Moreover, the (basic) g-analog of the binomial (power) function (x+ )" cf. Ernst [8], is

74  given by
2 n
75 (x£n” =(xxy), =x"(Fyxq), =x" { k} g"“ " (& yix) (2.14)
k=0 q
76  so that
77 Lt ()" =y, (2.15)
g—1
78  where the g-version of binomial coefficient is given as:
a s
79 { } _@TD e gk o N g eC), (2.16)
ki, (a:9);
+00
80  Consider f(x)= Y. 4,x" be a power series in x, defined over a bounded sequence of
n=-o
81  real or complex numbers, (cf.[7]) thereupon we have
82 Slexy], = X4, 5" Fying),. (2.17)

n=-o0

83  Further, the g-gamma function is defined as follows: (cf. [6])
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/(l—q)
84 [, (a)= Ix““Eq (g(—g)x)d x (a>0) (2.18)
0
7a(1-q)

85 T, ()=K(#a) [xE,(~(1-q)x)d,x (a >0), (2.19)

0
86  where

q/ .

[‘A ’q) 4

87 K(A:t) = 4™ ( _q) (teR). (2.20)
—Ag";q),

( q / ) q 39
88  For the variable 7, the above function K (4; ¢) gives the subsequent relation:
89
90 K(x;t+1)=q'K(x;1). 2.21)
91  Here the g-gamma function can also written in following form

_1 - _1
(q 59 oo (1—4)“ (1—q)*
93  where ¢ #0,—-1,-2,---

94  Now, we lead by looking back on a system of g-polynomials f, nN (x;q) in terms of a

95  bounded complex sequence {S g }w o » givenas (cf. Srivastava and Agarwal [9])

i,
96 Jun(X.q) = Z{ }S (n=0,1,2...) (2.23)

97  fixed up with positive integer N.
98 By virtue of the Mellin-Barnes category g-contour integral, Saxena and Kumar [10] made
99  known a basic analog of the /-function as under:

(@0 )1, 05(ai, 0 i) pi, 4
m,n .
100 IAi,Bi X;q
(bj’ﬂj)l,m’(bj’ﬂj)m+l,3i

7 —B;s l-a;+a;s s
| HG( )H G(g ) T X
_ j=1
101 = 27”0! s o, 1 ds,  (2.24)
=0 S O{ S — .
>3 TI6@ 757 HG(q TSPV G (g ) sin 7s

i=l | j=m+1 Jj=n+1

102 where 0<m<B;0<n<4, ; i=12,---,r; risfinite; o =+-1;and
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-1
1
Glg“) = {H(l } -—
(7P
Also a],,B],a],,,BJ, are real and positive and a; b],a],,b], are arbitrary numbers of

complex type.
The contour of integration C runs from —ijo to +ico chosen so that all the poles

bi-B; o l-a+a; .
of G(g / ﬁfs); 1< j<m, are to its right, and those of G(g “ afs), 1< j<n,aretoits left

and at least some ¢ >0 distance away from the contour C. If Re[s log(x)—logsin 5] <0, for

huge amount of |s| on the contour, in other words if |argx|<7, the basic integral defined

above converges. It may be observe that the contour of integration C can be replaced by other
suitably indented contours parallel to the imaginary axis.

It is readable to note that as r =1, 4 = 4; B) = B; definition (2.24) yields the basic

equivalent (g-analog) of the Fox’s H-function due to Saxena et al. [11], namely

ﬁG(qu_'Bjs)ﬁG(ql_aj+ajs) .
m (@) J=1 f 1 2.25
Hyp|xiq 6 = I RS - ds, (2.25)
: ¢ T16@ 77 HG(q “1)G(g'™* ) sin s
Jj=m+l j=n+l

Again, if we consider o; =, =1,Vi and ; in the definition (2.25), it reduces to a basic

analog of the Meijer’s G-function defined by Saxena ef al. [11], namely
(a)) a,,,a,

Hs| x:q =G5 %4
(bal) b],'-',bB

HG( )_HG@““/‘“) 2

ds,  (2.26)
271'(0{, B 1-b; +s 1—s
[16( HG(q )G(g'™*)sin 7s
j=m+l j=n+1

where 0<m; <B,0<n <4 and Re[slog(x)—logsin zs]< 0.

Moreover, if we take »=0, m=pB in the definition (2.26), we obtain the basic analog of
E-function (MacRobert’s function) as (cf[12]):

d0i:10.20944/preprints201810.0548.v1
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BO| .
GA’B[x,q

For remarkable fundamental properties, along with numerous applications of the Meijer's

ag,==,ad g | _ I TR W
bl’m’bB}—Eq[B,bJ.A,aJ.x]. 2.27)

G-function or Fox H-functions, one is allowed to refer the research treatise by Mathai and
Saxena [13], [14] and Mathai et al. [15].

3. Main Results

In this segment, we found g-Sumudu transforms for a product of the universal system of
g-polynomials and g-analog of the H- function and I-functions. We state the following
theorems:

Theorem 3.1:- If {S g }::o be a bounded complex sequence, let m,,n;; 4, B be positive
integers such that 0<m, <B,0<n, < 4and N be an arbitrary positive integer. Then the

following g-Sumudu transform holds:

(alsal)s---a(aA ,0Ly) .

S fin G HR | x"sq >
X S A8 (B B)svenr(bys By)

[4.] .
- . Z{ ! }Sj,quH;nlf};l[Sk;q( A= 7R (a.a)..o. (4 0,) 58 L k>0
G(q) = N, By, B)seer by, By) o)

provided Re[s log(x) — log sin 7zs]< 0.

Proof: On making use of definitions (2.23) and (2.25), the LHS, let L, of the main result (3.1)
can be represented as

%1{” . f[G(qbf‘ﬂf‘>f[G(q“”f*“f‘>n(x"r
N]}Sj,qx] .

b =1
L=5,* Z(; 271'1"’. 5 J b B T - 1 .
- “ 166" ") [ 16" ) Gig™)sin
j=m+1 J=n+l
or
n R —a;+a;s
1 [16@" "[]6@™"") =
i i=1 j+A+kz
L=27Z'(0J. B; ]1[, 4; : Sq(xj )dS.
“ 166" ") [16" ™) 6g")sinm
Jj=m+1 J=n+l

Upon using the known result due [3], namely
a-1 a-1 a-1
S, (") =s""(1-¢)"'T, (@),

the above expression reduce to
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3

) HG(qu‘ﬂjS) G(ql—aj+ajs) ﬂ(sk)z(l_Q)j+l+ksrq(j+l+ks+1)
J=1 Jj=1

B; 4;
‘ [16@™" ") 6" ") Gg™)sinms

J=m+l1 Jj=n+l1

The desired right-hand side of (3.1) may be obtained by further simplification, as under

(alsal)ﬂ""(aA’aA)

SAX fun ) HYR | x"sq >

¥ San 4B (bys B)ser(by By)

(—/1_jak)a(al:al)a"-:(aA’aA) S ’k>0
(bys B)sers by, By)

G S|V,

Sl [%\/] n )
S, 8T H | st g

provided Re[slog(x)—logsin zzs]< 0.

In similar fashion, we derive another result as under:

Theorem 3.2. Consider Re(u)>0 and Re[slog(x)—logsinzs] < 0, then the g-Sumudu

transform for a product of g-analog of I-function and g-polynomials family f, N (X; q ) is

given by the subsequent formula:

(aj’aj)l,n’(aji’aji n+l, 4,
A , k.
SAX fun eIy pxiq
(bj’ﬁj)l,m’(bj’ﬁj)mH,B,

(—j—Ak)(a;,0) (a0 ;) .4
=5’ n,N(S’Q)IZf:z];, px*iq ,
By B)ims By By) s,
(3.2)

o0
where 0<m<B;0<n<4 ; i=12,---,r; ris finite, q|<l, {Sn,q}n:o be a bounded

complex sequence and A is any arbitrary.
Proof: On making use of definitions (2.23) and (2.24), the left hand side (say L) of the main
result (3.2) becomes

ds

W{"}S o j le(qb’ﬁ’s)le(ql“”“’S)ﬂ(pxk)"

-
L:Sq X lz N , B, A4,
{ [T6@ ™" [16@" " )} G(g")sin 7s

s 2r w
i=1 | j=m+l J=n+l1

d0i:10.20944/preprints201810.0548.v1
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: n G b/ 7‘615 d G lfa', +a;s s
[ zv] n ;o1 1;1[ (@ )1,:1[ (4 )P j+ A+
S, s J' . S, (x’ )ds
J C

B, 4

{ [TG6G """ TG ™" )} G(q")sin s
J=m+1 Jj=n+l

Again using known result

S,(x*)=5"(1-¢q)"T,(cr +1),

the above expression reduce to

m

W{ " } o LT6@ DI GG ™) 2 (1=a) T, (4 2+ ks)
= 5/ J=! J=!
74

J

L

N,

Jj=0 J

2T @ ro| boihs e T s e
‘ z{HG(q‘ RS ) (S Cha )}G(q‘ )sin 75

i=l | j=m+l Jj=n+1

By simplification of above relation, we easily obtain RHS of the result (3.2).

4. Extraordinary Cases

In the indicated segment, we shall deal with certain particular cases of our main sequel. For

example, if we set » =1,4, = 4; and B; = B, in the main result (3.2), it yields to result (3.1).

Also, if we fixed o; =, =1,Vi and ; in the result (3.1), we arrive at the coming result:

a,,a,
Sq xlﬂLN(x,q)G;"”; xk;q ;S
bl’ “’bB
+ byl n ; -A-j.ka.,.a
R BTy e P S S
G(q) =N, b,,....b,

0

By conveying particular values to the sequence {S g }

o » our main result (Theorem 3.1) can

be brought to bear certain g-Sumudu transforms involving orthogonal g-polynomials and the
basic analog of Fox's H-function. To illustrate the same, we deal with the following cases.
By setting N=1, we have

fi(6q) =L, (x,q)

Thereupon, the result (3.1) yields to

(al’al)""’(aA’aA) :|5}

S L) HY 5 g
q{ 4.5 (b1, B))s--s (b5, B5)

d0i:10.20944/preprints201810.0548.v1
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= S}L iquSjH;n:lngl Sk;q (_}‘_j’k)’(al’al)a"'a(aA,aA) y
Gz~ T BB Yo (br )

185 A detailed account of various hypergeometric orthogonal g-polynomials can be found in the

184 k>0, (4.2)

186  research monograph by Koekoek et al. [16]. Therefore, one can derive similar type of results
187 by taking into consideration the definitions of the g-polynomials given in [16]. We conclude

0

188  with the remark that by suitably assigning values to the bounded sequence {S n,q}

n=0"

the

189  g-image formulas given by the relations (3.1) and (3.2) being of general nature, and will lead
190  to several g-Sumudu transforms for the product of orthogonal g-polynomials and the basic
191  analogue of the generalized functions.
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