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Abstract

This paper puts forward an alteration for Tensor Calculus utliized in a coor-
dinate system which is under a dynamic distortion drawing inspiration from
similar fields such as the Calculus of Moving Surfaces (CMS). The paper es-
tablishes transformation laws for Tensors within these regions and establishes
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Operators such as the Tensorial Field Derivative which enforce a Tensorial
Transformation on Tensors defined within a Dynamically Moving coordinate
system. This variation of Tensor Calculus can be utilized to observe how dis-
ciplines such as QFT and Continuum Mechanics would change to accomodate
for a distorting coordinate system and can be utliized to develop new theo-
retical models which account for this temporal distortion particularly within
Biological Settings.

1 Introduction

In Physics, several disciplines have gained prominence for proposing power-
ful theories to describe several of the Sciences [1, 2]. Continuum Mechanics,
General Relativity, Quantum Mechanics, and Electromagnetism are among
popular examples. All these three fields, though describing radically different
settings all share one aspect in common; they share that they are formulated
in Tensor Calculus [6, 7, 12].

Tensor Calculus, while powerful has limitations; since these theories rely
heavily on Tensor Calculus, and Tensor Calculus relies heavily on assump-
tions made about our reality [1], several theories proposed by Tensor Calculus
can become innacurate under several unique but common circumstances [2].

In 2016, Gravitational Waves were observed for the first time from a
Binary Black Hole Merger [8]. This discovery highlighted an interesting as-
pect to our physical laws: due to the time-dependent local distortion of space
that occurs as a result of General Relativity [9], laws defined by Continuum
Mechanics or other Physical Theories require a re-examination. Tensor Cal-
culus used within these theories rely on the concept that the basis of the
coordinate system being used do not change in time 0;Z; = 0. Clearly in
areas where Gravitational Waves have a strong influence, or any other dis-
torted regions, this will not be true and all the laws which describe nature
under these dynamic conditions need to be reformulated.

1.1 The Effect on Existing Physical Laws

Often many physical laws formulated tensorially contain standard time deriva-
tives such as in Continuum Mechanics and Quantum Field Theory (QFT).
For example, in Continuum Mechanics, Cauchy’s First Law of Motion from
an Eulerian Coordinate Frame takes the following Index Notation [2, 6]:

pOvt = pb' + V07" (1)

3
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Where p is the density of the continuum, v' is referred to as the tensorial
velocity of the continua, b is the tensorial component of a body force, and
0" is the Cauchy Stress Tensor in component form. Here, 9, refers to the
partial derivative with respect to time (ie. 0, = %); this convention will
be used throughout. In QFT, the celebrated Schrodinger Equation used to
determine laws of action on a wavefunction is typically given in the following
form[12]:

2
iw&:<—§VNHJQQ (2)
ol

Both these equations, though they may obey Galilean/Special Relativity
[6, 7, 12], serious issues arise with the preservation of Tensorial properties
even for scalars (tensors of rank zero) when the underlying coordinate system
is under a temporal deformation induced by General Relativistic Effects. This
can be observed by considering the standard time derivative of a Tensor Field

of rank (0,0).

1.2 Geometry of the Dynamic Coordinate Frame:

As a forenote, often in disciplines such as CMS, indices are often omitted
when demostrated in the arguments of functions: this convention will be
used throughout the article; Einstein Summation Convention will also be
used throughout the length of the document.

Consider a standard coordinate system (3D & Time), this can be mod-
elled as such: (¢, 21, 7%, Z3) — (t,7), where Z = (Z', Z% Z3) are the coor-
dinates of the ambient space. In general, given components &' pertaining to
a arbitrary position, R, the position of a particle can be expressed as [1]:

R = ¢£'Z,

Where Z; are the basis vectors for the coordinate system. In general, basis
vectors are assumed to depend on the ambient coordinate space Z;(Z), and
this dependency is well known to induce Christoffel Symbols in the Space
given as such:

k

Where, 0; refers to the partial derivative with respect to Ambient Coordi-
nates Z = (Z',Z% Z°) in the sense that d; = 52;. This denotion will also
be used alongside the "comma” notation for partial differentiation. This is
summarized by the following:

0
YA

T=86T=T,
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The comma shorthand refers to partial differentiation according to the Ricci
convention [1, 4, 6]. These two notations will be used throughout

1.2.1 Beta-Symbol

In a Dynamic Coordinate System, curvilinear variance will not be the only
variance existing in the space [5]. For a dynamic coordinate system system,
in full generality, the basis vectors will take the following form:

Z; = Zi(t, 2) (4)

Thus, in addition to the curvilinear variance outlined in Eq.(3), the temporal
variance in the coordinate frame must also be considered [1, 5]. This variance
will be denoted as the Dynamic Beta-Symbol:

0 Z; = 3.7, (5)

Much like the Christoffel Symbols, this can be realized in terms of the basis
vectors, as well as in terms of the Metric Tensor of the space [1]. In terms of
the basis vectors the symbol is given by:

B, =12 0,Z; (6)

Here it is assumed that the indices of the Beta-Symbols can be lowered
by the metric tensor. To ensure that the positioning of the indices is not
compromised, the dot notation will be introduced to denote specific lowered
and raised indices (87; = Zi8*;). Thus, recalling the definition of the metric
tensor Z;; = Z; - Z;, and using Eq.(5), the derivative of the metric tensor
yields:

NWZi; =283 (7)
Where the symmetric, and antisymmetric component of a tensor are defined
by the following two operations [2, 4, 6]:

1

Ay = 5 (A + Az) 5 Ay = 5(Ay — Aji)

1
2
This formula can also be extended to the Inverse Metric Tensor:

0,29 = —2809 (8)

At this point, based on the Inverse Metric Tensor’s definition, a similar type
of relation can be defined in two different ways for the contravariant basis

d0i:10.20944/preprints201810.0433.v1
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which appear to both satisfy the Inverse Metric Tensor’s formula, but do not
appear equivalent because of the strict form of the Beta-Symbol:

02 = —B,7 | OZ = Bl

Which one is correct? This can be determined by observing the explicit
definition of the Beta-Symbols. Due to the symmetrization of the Metric
Tensor [4], and the vanishing of the time derivative of the Kronecker Delta
[1], the Beta Symbol has the explicit form of:

i L,
By = 52" 0 Z; (9)

Based on this, using the definition (83! = Z;Z""3",), and the explicit
definition of the Beta-Symbols, the following relation is obtained:
i Ly gimgtgg  _Lzma g g
B3 = 5%k tpm = 5 i Zim = B° (10)
Therefore, the Beta-symbol is symmetric in that the order of its indices do
not matter! This implies the relieving result that both of the definitions of the
Contravariant Basis’ time derivative are correct. Therefore, the Beta Symbol
can be re-written without reference to index position (6;), this implies that
the Beta Symbol has three symmetric forms obtained through the raising
and lowering of indices: 7, 3%, and f;;. Thus, for the bases of the Ambient
Space:
Oz, =plz; , 02" =-BiZ (11)

i

And thankfully so, the Derivatives of the Metric Tensors reduce to:
O Ziy =2Bi; , 0 ZY =207 (12)

Interestingly, the Beta-symbol is seen to vanish if the coordinate frames are
not moving:

B~ 0

The relevance of this will be discussed further later.

1.2.2 The Spatiotemporal Commutator

It is at this point that a commutation operator will be defined:

K; = [0,,0;] = 0,0; — 9;0, (13)
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As in the static case, a postulate is made about the coordinate space: Even
if the coordinate bases vectors are in motion (which implies a non-zero Beta-
Symbol), since the coordinates themselves are not dependent on time, the
commutation operator should hold for all tensors [6]:

K;T =0, where T is a tensor of arbitrary rank. (14)

This statement says more about the structure of the geometric coordinate
space as it does about the Tensor Calculus, and can easily be identified side-
by-side the concept of partial derivatives with respect to spatial dimensions;
though they are embedded as curves in space, partial derivatives in their
directions should commute [6]:

105,05 = 0:0; — 9;0; = 20,05 = 0

More so, the operator is the first — in a line of soon determined operators —
which respect the following property:

In a dynamic coordinate frame, operators must preserve tensors.  (15)

In other words, for an invariant tensor ¢, the action of the commutator on
the tensor will yield the following result:

K¢ = J,K;¢ (16)

This result though intuitive is in fact remarkable. It implies that given other
Tensors, scalars can be formed pertaining to 3D ambient space solely from
the likes of expressions such as:

A= A(K;9)

The vector analogue of the commutation re-inforces that the operator is an
invariant vector operator all on its own:

Ko =7'Ki¢p - K=K (17)

1.2.3 Beta-Christoffel Relation

The Spatiotemporal Commutator K;, can be applied to the Basis (because

the basis is a tensor by definition, as is the operator). This unifies the Beta-
Symbols & Christoffel Symbols:

d0i:10.20944/preprints201810.0433.v1
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This equation can be simplified into the desired relationship:
Z" - K,Z; = 0% — 0,87 — B{T, + BT (19)

Since the Spatiotemporal Commutator should vanish on a tensor, the follow-
ing relation is obtained:

Oy = 0;8F + BiT5, — BTy (20)

It is noteworthy to state that normally, one would be able to abbreviate the
last three terms into a covariant derivative. This however is not possible since
the Beta-Symbol does not transform as a tensor under a general dynamic
transformation.

Finally, since the Christoffel Symbols are symmetric, and vanishes on its
antisymmetric component [1, 2, 3, 4], the following antisymmetric identity is
stated:

k k k ot
atr[ij] =0 — 8[3‘@} =I5 (21)

This is an unmistakeable relation connecting the Christoffel Symbols to the
Beta Symbols.

1.2.4 Spatiotemporal Change of Coordinates

The effects of changing the coordinate frame contain rules for transformation.
In a new coordinate frame, the central heart of the topic is that the change
of coordinates, unlike in Classical Tensor Calculus, depends on the temporal
parameter [1]. This is expressed as:

7' 7, 72", 2" = ZV(t,2) (22)

This time dependence of the coordinate change is one of the issues which
causes most of the complications in time derivatives. The variance in the
coordinate change can be captured by two symbols. First, any curvilinear
variance is captured by the standard Jacobian [1, 3]:

07\ (t, Z") 07" (t, Z) ’

=T, , ———=J 2
oz o 0zt % (23)
In some cases, second order jacobians find application [1]:
0*Z . 0*Z" ’
02707 T OYAYA T (24)
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Their definition allows for a special way to express the following identity:

And also allow for the definition of the transformation of the Christoffel
Symbols [1]:

Dl = J T+ I T (26)
Temporal variance in this new coordinate change can also be captured by
the following Time jacobian [5]:

. 0Zit,Z") s 0Z7(t,7Z)
O T T (21)
These Time jacobians can also be extended to define mixed jacobians [5]:
A .0z
= =7 s Ji = e 28
vtotozr Tt otz (28)

This can be used to derive the very important identity by taking the time
derivative of the Kronecker Delta [1]:

Ty Tl ) = 0,05 = 0 = JuJi + JiJiy =0 (29)

With all these, the transformation for a partial time derivative of an invariant
can be easily obtained. In addition, these can be used to show how the beta-
symbol transforms in a quasi-tensorial method:

Bl = JLJLB 4 JL Ty + JE T T (30)

This confirms the notion that the Beta-Symbol does not transform as a ten-
sor, but much like the Christoffel Symbols, will be indispensable in defining
a Tensorially invariant version of the Time Derivative of a Tensor.

1.3 Transformation of a Partial Time Derivative: Is-
sues Arise

Suppose for simplicity, the Invariant Field, ¢(t, Z) which is defined at every
point in a continua/coordinate space [1, 6]. Its time derivative is given by:

atd) = atd)(t? Z)

Under a change of coordinate, ¢' = ¢(t,2') = ¢(t, Z(t,Z")). This unique
dependence on the coordinates results in the following transformation:

0Zi(t, Z')

¢ = 0p(t, Z(t,Z')) = 0, + ot

99
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This can be simplified into the following Tranformation Law [6]:
0¢' = (0, + JiVi) 6 (31)

This presents issues when discussing that the field remains a tensor. Being
a tensor of rank (0,0) (an invariant) and since the time parameter is not a
coordinate, under a change of coordinates it should remain an invariant! [1],
but what is seen is a very different result. If the tensorial property does not
hold for invariants, it can be easily proved that it does not hold for tensors
of arbitrary rank. For a tensor of rank (1,0), the transformation law is as
follows:

O’ = Ji (00" + J]0;¢") + T (32)

Where as for a tensor of rank (0,1), the transformation law is as follows:
O = Ty (0001 + 1 0;00) + i (33)

The immediate implication of theses results is stunning. This implies that in
laws such as in Eq.(1) and Eq.(2) [6, 7], the tensorial property for the fields
under temporal analysis is not preserved under coordinate systems which
are varying due to spatiotemporal distorting effects. This loss of tensorial
invariance among invariants, and the extrapolation to tensors of higher rank
automatically demands the development of a new time derivative operator
which preserves certain symmetries in the Fields under Temporal Study, and
this is the motivation of the following paper.

1.4 A Similar Issue: The Calculus of Moving Surfaces
1.4.1 Geometry of CMS

In CMS, a similar problem is encountered. Let ¢(¢,S) be an invariant field
where S = (51,52, ..., 5%) refer to the Surface Coordinates of an arbitrary
manifold. Here, the surface coordinates are related to the ambient space by
the parametrization of a moving surface [1]:

R = R(t, 9)

1.4.2 Transformation of an Surface Invariant

The surface coordinates under a change of coordinates posess the spatial
Jacobians J% & J', and the temporal jacobian, J® [1]. For such a field
when it transforms generally, this involves a change in Ambient Coordinates
(a non-time-dependent transformation) and a change in Surface Coordinates

10
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(a time-dependent transformation). The invariant field transforms under
time differentiation as such [1]:

@e?ﬂ/ = atw(ta S<t7 S/)) = atw + Jtavaw (34)

This obstacle regarding the invariant’s non-invariance requires a new deriva-
tive to be defined which preserves the tensorial property for invariants and
tensors. This is defined for invariants as [1]:

Vi = (0, — VV,) ¥(t, S) (35)

Under a variance in ambient and dynamic surface coordinates, this operator
preserves the invariant properties and can be extended to tensorial argu-
ments.

2 The Temporal Field Derivative

2.1 From CMS to Moving Coordinate Frames

Motivated by the CMS example in Eq.(35), an operator for a spatiotemporal
tensor field of rank (0,0) ¢(¢, Z), must be found which remains invariant un-
der a general transformation. Typically when searching for such an operator,
one assumes a general form for the operator, and then specifies the following
form of the operator under conditions of invariance and agreeance with the
algebra [?]. The Operator will be denoted as the Temporal Field Deriva-
tive (so named because it focuses on time differentiation and operates on
Spatiotemporal Fields); motivated by the CMS example, the general form of
the operator will be proposed as:

Vo = (0, + AV, +Q) ¢ (36)

Where A’ is a general algebraic object which obeys Einstein Summation
Convention [2] (it will be established that A’ is not a tensor shortly) and an
arbitrary invariant field, 2 = Q(¢, Z). This operator has several interesting
properties. For example:

e [t belongs to the classification as a linear operator

— It obeys the additive distributive property @(qﬁ +) = 6(? + %w

— It is associative for a constant multiplied to a field: @(cgb) = c@gb

e It does not obey the product rule: %(qﬁw) =+ ¢%¢ + gb%@/}

11
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e It does not obey the chain rule: @f(gzﬁ) +# %6¢

— The last two notions are due to the field 2 and will become prob-
lematic later.

2.2 Invariance Condition

If the operator is required to be invariant under a change of coordinates
from one dynamic coordinate system to another, the following requirement
is prescribed out of necessity:

Vé =V (37)
Analyzing how the operator changes under a change in coordinates:

%d:@ﬁ%ﬁ+ﬁ@ﬁn+@¢

If invariance is to be satisfied for a tensor of rank (0,0), the A’ object must
satisfy the following transformation:

N =ANJi+J or A'Ji=A—J (38)

2.2.1 The Lambda Object: Symmetries Arise

By its transformation law, it can easily be seen that the Lambda Object is
not a tensor, but combines to form a tensorial operator, interestingly much
like the function of the Christoffel Symbols in a Covariant Derivative [1, 2,
3]. Perhaps the most interesting property about this object is that if it is
decomposed into a tensorial component, 7% and a non-tensorial component,
A%, the non-tensorial component must transform identically to the Lambda
Object, regardless to the choice of the tensorial component which vanishes in
the transformation law. Thus, the Lambda Object contains a transformation
which preserves the tensorial invariance of the Temporal Field Derivative

A — A+ T (39)
Where T" transforms like a tensor (7% = JI'T").

2.2.2 A General Class of Operators

The above Lambda Object’s preservation of Tensorial Invaraince under a
transformation ultimately also implies the Temporal Field Derivative should
remain an invariant operator under the above transformation:

V = V4TV, (40)

12
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This makes sense: if the Temporal Field Derivative transforms as a Tensor,
then by the additive property of tensors, so will any linear combination of
a tensor added to the operator. The second term of Eq.(40) is a directional
derivative of ¢ in the direction of the tensor, T = TiZ; and is thus a tensor

[1].
2.3 The Directed Temporal Field Derivative

It can be seen that the original definition of the Temporal Field Derivative in
Eq.(36) is the operator which is fixed by choosing the T tensor to be the zero
vector 0. In full generality, the unique operator which preserves the tensorial
property on a rank zero tensor is of the following form:

Vi = 0+ (A + TV, + Q (41)

Thus, the Temporal Field Derivative (as far as its property to preserve tensors
goes), admits a general class of operators, indexed by the choice of T":

Vie) = Vo T Vr (42)
Where V5 is defined as the directional derivative by ’citeCMS:

Viz=T"V, (43)

2.4 Extending the Derivative to Higher Rank Tensors

Up until now, only the action of the Temporal Field Derivative on tensors
of rank (0,0) have been discussed. Suppose instead, a tensor of rank (1,0) is
considered:

=9,
Applying the definition of the operator in Eq.(41) to the form of the tensor

¢ = ¢'Z; using the product rule, and recalling the definition of the Beta
Symbols in Eq.(5), the action of the Temporal Field Derivative is as follows:

%md_{ = (0" + ¢ Bl + (N + THV,¢/ + Q¢) Z; (44)

2.4.1 Introducing the Product Rule for Metrilinicity

Interestingly, the action of the operator in Eq.(44) can all be contained within
the Parentheses. This implies that the action of the operator does not need

13
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to depend on the basis vectors: this is essential; if the operator obeys the
product rule, then the unescapable conclusion is reached that [1]:

The Product Rule imposed on the operator implies that the
operator vanishes when applied to the basis vectors of a dynamic (45)

coordinate frame (ie. @mzi =0).

This is an important metrilinic property [1, 4]. The only way which the
operator can become commutative is if and only if 2 = 0. In this case, the
operator obeys the product rule, and establishes a fundamental result: much
like the Covariant Derivative [1, 3], the operator satisfies:

ViZi=0 (46)
The Temporal Field Derivative from Eq.(41) now has a new form which is
given by: .
Vi = 0+ (N + TV, (47)
Consequently, the operator now also obeys the Chain Rule:
@mf(gb) = %@[ﬂﬂﬁ (48)

Also, by the operator obeying the product rule, the Temporal Field Derivative
can be defined on a contravariant tensor:

Vigd' = (0 + (N +T)V;) ¢ + figy (49)

Using a similar reasoning, for the contravariant basis, and a covariant basis,
the action of the Temporal Field Derivative is:

VinZ =0, Vo= (0 + (N +T)V;) 6 — Ble; (50)

2.4.2 The General Mixed Temporal Field Derivative

Thus the Temporal Field Derivative can be presented in full generality for a
second order tensor of rank (1,1):

Vi = (0 + (A + THV,) ¢+ Bigk — Bro (51)

2.4.3 The Metrilinic Property

If the action of the Temporal Field Derivative on the contravariant & covari-
ant bases vanishes and obeys the Product Rule, then it can be seen that

[1]:
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2.5 The Temporal Field Derivative’s Tensorial Prop-
erty

Finally, extending the tensorial properties of the operator, for a tensor of
arbitrary rank (k, m) the action of the Temporal Field Derivative is as follows:

VFMZQ Ak (at+ (Ak+Tk)V )lezg Ak _{_leszQ K + . —}—ﬁlkF“ Ak_1P

J1J2--Jm Jij2---gm Jij2.--Jm J1J2--Jm
q piii2..ly _ 9 1112...0k
BJ1FQJ2 Jm ]mﬂl Jm—19

It can be explicitly shown that according to the transformation of the Dy-
namic Beta Symbols /6’; from Eq.(30), and the transformation of the Lambda
Pseudotensor A’ from Eq.(38), the operator therefore satisfies the following
transformation laws for the first few tensor ranks:

Vs = Vizo
@[f@i, = J‘i/@[f@i
V[T](:bl’ = JiV 7 Pi
Vi) = Jj/Ji Vi,

In the following section, this will now be explicitly derived for a Contravariant
Tensor; for brevity the non-directed case, V[o T]‘ will be chosen.

2.6 Explicit Derivation for a Tensor of Rank (1,0)
For a tensor of rank (1,0), under a transformation, its transformation law is:
Vigd" = 00" +N'Vyo" + Ble”

By utilizing jacobians, and recalling the tensor preserving property of the
Covariant Derivative, this can be rewritten as:

Vo' =0 + J N TV + Bl Jl¢"

Recalling from the previously established transformation laws from Eq.(30),
Eq.(32), and Eq.(38), the method that each of these terms transform is:

By = T By T T Ty 4 T T
00" = JI (80" + J}0;6") + Ty
N T =N — g
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Thus after substituting the transformation laws and collecting the three
terms of the Temporal Field Derivative, the transformation can be simplified
as:

Vige" = Ji Vo' + Ly + I I 00" = V6') + (S ] T+ I IET ) 0™
The covariant derivative’s extra terms in parentheses can be simplified to
produce the Christoffel Symbols according to V;¢* = 0;¢" 4 I',¢". Utilizing
this identity, the transformation is simplified to:

Ve = JVO + o' = T IT0" + T (T T+ Ty T)0™
The two Christoffel Symbol terms annihilate eachother, which then produces
the final result of:

%é’ = JING + (Joy + JL T Th)e™

Finally the identity obtained in Eq.(29) is utilized to finally obtain the fun-
damental result: L L

Vo' =Ji V¢! (53)
Therefore the Tensorial Field Derivative preserves the tensorial properties of

its operands even under all dynamic variations in the coordinate by arbitrary
sources.

3 First Order Commutations

The Temporal Field Derivative from Eq.(47) contains redundant degrees of
freedom left over within the 7' vector from assuring that the operator must be
tensorial. These degrees of freedom can be reduced based on satisfying crite-
ria for allowing the commutations of various operators assumed to commute
in Classical Physics.

3.1 Temporal Field Derivative Commutations

For example, the commutation of the Temporal Field Derivative Vi, and
the standard covariant derivative V;, over a scalar invariant field ¢, explicitly
depend on the T Tensor. Specifying that this commutation should vanish
as the following condition:

16
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Ultimately will be seen to impose conditions on T which result in decreasing
the degrees of freedom for the Temporal Field Derivative @[ﬂ'

Before imposing Eq.(54), first a simplified expression for the commu-

tation of the two operators Wm,vi] must be derived. The commutation
of the Temporal Field Derivative with the Covariant Derivative can be sep-
arated into commutations with respect to the Temporal Field Derivative’s
two tensorial operators as per Eq.(42):

[6@], Vz’]¢ = [6[6} + Vf, Vz’]¢ = [6[6}, Vi]¢ + [V:F> Vz’]¢ (55)

After expanding the terms, the commutation of the Directional Derivative
with the Covariant Derivative can be seen to have the following simplification;
the right side of the relation is a tensor, much like the left side of the equation
is.

(Vi Vilo = =(Vi17)0;¢ (56)

As for the commutation of the Temporal Field Derivative (with T = 0 ie.

ﬁ[o] ) and the Covariant Derivative V;: after some work, the commutation
can be resolved into the following form:

Vg, Vile = Kio — (0:M9 + TI A"+ 57) V0

The terms within the parentheses can be abbreviated into a new symbol,
denoted by €. ' ' ' .
V= 0N + TN + ) (57)

Recalling that the Spatiotemporal Commutator, K; vanishes on an invariant
(ie. K;¢ =0), then the commutation is simplified as:

Vi, Vilé = = 9,0 (58)

Thus, the ultimate commutation of the Temporal Field Derivative with the
Covariant Derivative substituting Eq.(56) & Eq.(58) into Eq.(55) is:

Vi Vil = —(9, + V,T9)V0 (59)

3.2 Tensorial Identity of the Commutation

The left side of the commutation is a tensor since it js the commutation
of tensorial Operators: the Temporal Field Derivative V[f] & the Covarant
Derivative V;. In order to verify that the right side of the equation behaves

17
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like a tensor too, the method by which the new Omega symbol from Eq.(57)
transforms is required:

O, = 9N+ T AV 4 5
This can be obtained rapidly recalling Eq.(38):

V' = 0y (JI YN = J]) + T 0 (N — J]) + T AN + 57

i J
After expanding and simplifying the Transformation then substituting Eq.(26),
the following shows how the Omega tensor transforms:

V=TT N = J)) + T (TRN — J2,) + (JTATh, + T T TEY (AT — T + B

Using Eq.(30), expanding, simplifying, and grouping terms into the Omega
symbol reduces the above transformation to:

O, = J T (Tl + T Tl TR (A = )

Finally, applying Eq.(25) for the terms in parentheses, all the terms vanish
and the tensorial form re-appears:

OV, =g T (60)

3.2.1 Verification of an earlier Tensorial Statement

Astonishingly so, the Omega Symbol is a tensor as shown by Eq.(60), how-
ever; as much work demonstrates this, it in fact confirms a previously stated
result. Since the form of the commutation on an invariant, in full general-
ity assuming for argument that K;¢ # 0, is:

Vi Vi = Kb — (¥, + ViT¥) V¢

If the Omega Symbol is a tensor as established by Eq.(60), and the Covari-
ant Derivative of the Directional Vector V;T" is a tensor, and since the left

side of the above equation (ie. [@m, V:]¥) is a tensor, therefore the Spa-

tiotemporal Commutator K;, must transform like tensor also! This
is an elegant, and simple proof that the Spatiotemporal Commutator K, is a
tensor as stated previously by Eq.(16). However, for a full proof, this can be
easily derived by analyzing how the Spatiotemporal Commutator transforms:

Ky = [0y, 00) ¢ = 0,00 — 900/

18
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Substituting in Eq.(31) and acknowledging that dy¢ = J:;¢ the transfor-
mation relation can be expanded and simplified to the following,

Ky = T, (0,00 + J]0;0:0) + Jin,0ip — Ji0; (040 + J10;0)

Rearranging the terms to re-form K; and collecting all remaining terms the
transformation relation is reduced to,

K = JiKip + JiJ]0;0:0 + Ty 0ip — J3,0;6 — J3, JL0:0;¢
Aknowledging that 0;0; = 0 [6] the result assumes the tensorial form:
Kud = JiK;p + 2730} 0,,05¢0 = J. K¢

Thus at present, there are two operators which preserve the Tensorial iden-
tity of the Tensorial arguments:

Kip = JiKip , Vo = JiVméi (61)

3.3 Commutation of the Tensorial Operator

As stated earlier in Eq.(54), in agreeing with standard Classical Physics, the
commutation of the Temporal Field Derivative with the Covariant Derivative
may be desired to vanish.

[%[:F]a Vilp=0

By identification with the simplification in Eq.(59), we see that the following
identity must hold true:

(Y, + V,T)V;¢=0

This condition should vanish for all continuous Spatiotemporal Fields ¢ (and
by extension, their derivatives V;¢) and thus, produces a Tensor Equation
Condition stated succinctly as:

VT = -,

7

(62)

Since both sides of Eq.(62) are in fact tensors, the equation holds true in a
dynamic coordinate frame where 3%)j # 0.

19
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3.3.1 Further Implications of the Condition

The condition seen in Eq.(62) is an example of a tensor condition restricting
the Free Parameters of the T vector. In fact, if both sides of this equation
are multiplied with the Basis Z;, and since it is metrilinic with respect to the
covariant derivative, the tensor equation can be abbreviated into an explicit
vector equation:

After recalling the definition of the Omega symbol in Eq.(57) and simplifying
the right side of the equation, the following condition forms. It can be seen
to have a deep connection with the geometry and dynamics of the coordinate
frame, but this connection will be made on a deeper level later:

(T + A) = —9,Z; (63)

As a last note, this condition will directly impact and restrict the form of
the Temporal Field Derivative. Since its form on invariants recalling from
Eq.(41) is:

Vig =0+ A+ TV,
It will have a different form dictated by the condition in Eq.(62). This
condition almost defines all three components of the Directing Vector, T
Having rigorously examined the T" vector, it is time the A’ object is examined.

4 Determining the Lambda Object

It was earlier seen in Eq.(38) that the Lambda Algebraic Object clearly is
not a tensor by its tranformation law dictated by the way that the Temporal
Field Derivative demands invariant transformations:

N Ty =N = ]

Determining the identity of an object which abides by a calculus that does
not acknowledge the transformations of Tensors is no easy feat. The form of
the A? tensor is obtained by exploring the geometry of the space surrounding
the Dynamic Coordinate Frame and deriving, then combining objects which
transform in a similar way:

4.1 The Variance Speed

The Position Vector, R, of a particle is re-examined given a deeper under-
standing of the motion of the Coordinate Frame. Now, the Position Vector

20
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is realized to depend on time even if a particle is not in motion, but the
coordinate frame is, R = R(t, Z). The Position Vector’s curvilinear variance
pertaining to a position of a particle with coordinates Z* was adressed earlier
in Eq.(4) and is given by the Basis vectors by the relation:

R =7,

The Position Vector’s temporal variance was not analyzed. For a particle
given in coordinates by the position vector R, if the coordinate frame is
moving (assuming the particle is stationary) then it still has a variance de-
noted by the Variance Speed given as:

OR=Y (64)

Under a change of coordinate frames, the variance speed can be analyzed
on how it changes. Assuming that the position Vector contains the form
R = R(t, Z), under a change in coordinate system, it will change as R’ =
R(t, Z(t,Z"). After differentiating it with respect to time, the speed is ob-
served to change according to the following:

Y)Y =Y + JiZ (65)
This is a manner of saying:

The Variance Speed in a different frame, is the original Variance Speed
plus the Temporal Variance in the new coordinate system projected
o along the Original System’s Basis Vectors.

(66)
This is the analogue of the elementary addition rule for vectors. This variance
speed is of crucial importance to the concept of the Temporal Field Deriva-
tive as it will be seen soon. This is one object which completely determines
the change in the coordinate changes.

4.1.1 The Variance Speed-Beta Symbol’s Relationship

Supposing the Variance Speed can be put into a component-by-component
form: '

Y =Y'Z; (67)
This definition implies a very fundamental identity. Since K; = 0 and due to
the metrilinicity of the bases with respect to the Temporal Field Derivative,

@[T]Zi = 0, then:
9 (OR) = 9, (OR) — 9,Y = 0,Z; = BZ; (68)
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Thus, the following relation is obtained:
Bl =07 + YT, (69)

Using the earlier identity established in Eq.(20), this fundamental identity is
obtained:
Oy, =Y R: )+ 0;0,Y* 4 20,0, Y + T, Y = T7,0,Y" (70)

Where the Riemann Curvature Tensor shows usage here. By taking the
antisymmetric component of the equation, many of the terms vanish due to
their symmetric nature and the following identity lends itself:

Y'RY =0 (71)

4.2 Guessing a Form: The Variance Speed Form

Now that the Variance Speed is explored and is established to not transform
as a tensor outlined in Eq.(65), the questions remains if it can be used in
some combination as a substitute for the Lambda object A’. By substituting
Eq.(67) into Eq.(65), the following identity results:

(YT, =Y — J)Z; =0 (72)

By the correspondence A° = —Y* Eq.(72) is satisfied and (—Y?) is an al-
gebraic object which transforms precicely in the manner required for the
Invariance promised by the Temporal Field Derivative from Eq.(38). This
is sufficient to give a more exact form for the Temporal Field Derivative
denoted as: o

V) =0, + (T - Y')V; (73)

(7]

This form of the operator is seen to transform invariantly even more obviously
than before according to the elementary rule for the addition of tensors &
vectors:

%g])qs’ = 9,¢/ + (T" —Y")0y6

VY = 06+ Jiow + (JiT — JY")00
%g])qs’ — O+ JiBid + (TN — Y — J)Ds
VIS = 016+ (T = Y)016 + Jidh — Ji 0w
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To obtain the final expected tensorial transformation law:

o) v _ o)
V[T] ¢ = V[T’] 0] (74)
If the spatiotemporal field ¢, does not alter in time (ie. just a spatial field ¢ =
¢(Z)), then the Temporal Field Derivative Reduces to the scaled Directional
Derivative in the direction of the T' vector and the Variance Speed (which is
an intuitive result since the derivative corrects for the dynamic coordinate
system’s motion):

S (Y) _
In addition (and perhaps most importantly), for any spatiotemporal field, if
the coordinate frame is not moving at all (or negligibly) then the operator

will reduce down to a partial derivative assuming the T is fixed at the zero
vector, T' = O: o
v ~ 0 76

[O] ¢ ‘?‘%O t¢ ( )
This is the motivation of the paper and the motivation of the appli-
cation of the operator: under low variance speeds (when the coordinate
frame is barely moving Y ~ 0), the operator makes the time derivative of
an invariant spatiotemporal field approximately invariant. In addition, the
following form of the Temporal Field Derivative is also defined:

= ¢!

)

S =<

By this, the familiar identity from Eq.(42) reappears:

v = v 4 v (77)

(7]

The Variance Speed can be identified with the dynamic effects due to a
variety of scenarios:

o Effects of General Relativity during the movement of a nearby Black
Hole, during the process of Gravitational Waves, or due to a dynamic
change of the Stress and Energy Tensor [8, 7]

e A coodinate system pulsation due to its overlay on the cross-section of
a pulsating artery [10]

e A dynamic 3D coordinate system capturing the internal effects of cel-
lular processes [11].
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4.3 The Variance Speed & First Order Commutations

One of the most interesting applications of the Variance Speed is its rela-
tion to the commutation of the Temporal Field Derivative and the Covariant
Derivative from earlier.

Recalling the relationship the Variance Speed holds to the Beta Symbol
in Eq.(68):

This can be used to re-affirm Eq.(62) and also re-affirm the definition of the
Temporal Field Derivative from Eq.(73). Recalling from Eq.(63), the the two
operators commute when the following condition is satisfied:

Oi(T + A) = —0,2Z;
Using the identity in Eq.(68), this can be developed further:
T +A+Y)=0

Recalling A = —Y from Eq.(73), the following identity holds in vector form
and in tensor component form:

& T=0 or V,T"=0 (78)

This condition seems contradictory to the earlier condition from Eq.(62)
which required the following:

VT =~

%

As it implies that O’ ; = 0; however this definition is in fact one in the same!
Recalling that the definition of the Omega tensor in Eq.(57) as:

O, = 0N + A" + 5!

And recalling from the earlier transformation law for the Variance Speed
Eq.(72), assuming that A” = —Y* does indeed produce the result:

Q=0 (79)

Confirming the earlier implications from Eq.(62) & Eq.(78), and solidifying
the definition of A* as (—Y"). So then, the Temporal Field Derivative will
update its definition as well:

5 S(Y)
V[T] = {V[T] )

@f:o} (80)
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Therefore all this outlines a final form for the Temporal Field Derivative on
Invariants and Tensors of Higher orders. For an invariant (ie. tensor of rank
(0,0) ), the Temporal Field Derivative’s developed definition is as follows:

Vi =6+ (T"=Y) 0o , V,T'=0 (81)

This can be used with full confidence in applying it to models within Dynamic
Coodinate Frames being distorted in time

5 Introducing Notions of Spatio-Temporality

Until now, the framework proposed preserves Spatiotemporal Fields in a ten-
sorial way when coordinates are changed from one system to another under a
dynamic continuous distortion. The framework has drawbacks when consid-
ering the concept that in other prominent Physics Theories such as General

Relativity, Space and Time are unified into an complete 4D spacetime realm
[7].

WIth the current framework proposed in this paper, the transforma-
tions from cordinate space to coordinate space depend explicitly on time
because the 3 Spatial Dimensions are connected to the time coordinate via a
non-linear relation Z* = Z% (t, Z). Thus, the 3D+1D space that is referred
to in General Relativity deserves a special treatment when being referred to
by this framework. A theoretical method for doing so wil be proposed.

5.1 Geometry of the 4D Space

Under the spatial constructions above, all spatiotemporal fields can be parametrized
through the use of the following field notation:

v =(C) (82)

Where here, ( is an abbreviated form of the 4-coordinate space composed of:
(t,Z*, Z2, Z3). In component form, indivicual coordinates will be referred to
by (7; also, greek indices will continuously be utilized to indicate a 4D space
and roman indices to indicate the 3D Ambient Space. These coordinates can
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be separated from a 4D space, into a 1D and 3D coordinate space:

¢° t
1 1
¢ 7= g2 = 22 (83)
C3 Z3

For brevity, this can be abbreviated into:

()0

This parentheses notation will be used often to denote the 1D & 3D com-
ponents of a 4D Tensor Object where o = 0 refers to the time components.
Both the Temporal Field Derivative from Eq.(81) & the Covariant Derivative
V; tensorial operators can be combined into one superior Spatiotemporal
Field Derivative. This is useful for defining differential connections in the
4D space:

iy v .
Vil = (7] | , where V,77 =0 (84)

)

5.2 Vanishing of the Invariant Temporal Commutation

It is well established that for covariant derivatives acting on an invariant
field, the following identity holds [1, 6]:

Vi, Vilo =10, 0;]¢ = 0 (85)

It has already been established that the Temporal Field Derivative is one
way to incorporate temporal invariance into a dynamic coordinate system as
outlined by Eq.(74). The Covariant Derivatives fascilitate the same objec-
tive of incorporating curvilinear tensorial invariance in a dynamic coordinate

system {reference}. If the two invariant differential operators @(;) and V;
are combined into a third operator such as the Spatiotemporal Field Deriva-

tive %T}, a set of operators which transform as a tensors is obtained. Much
like the 3D coordinate system analogues stated in Eq.(54) & Eq.(85) , the
following commutation condition will be imposed:

Vv o =0 (86)

Two different Directing Tensors, T and U , are chosen to preserve full gener-
ality with the superimposed condition that V, 7% = V,;U* = 0. Expanding
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the definition of the Spatiotemporal Field Derivative, Eq.(86) has four cases:

([&0) &M, _
[Vy} ’)V[m } $=0 (a)
Y[qj] Vilo=0 (b) (87)
vg]), Vile=0 ()
[ [V Vile=0 (d)

Where Eq.(b) & Eq.(c) are essentially the same condition imposed on T and U.
Eq.(d) is automatically satisfied based on the Raw Structure of the Connec-
tion in 3D Space, and the principle that partial derivatives commute in the
Ambient 3D Space. The remaining three equations can in fact be all satisfied
simultaneously. It has been previosly that if the Temporal Field Derivative
is chosen to be @%), for any vector T such that V,T" = 0, then Eq. (b) and
Eq.(c) are simultaneously satisfied as stated by Eq.(78). As a minor note
used later, if two vectors’ covariant derivatives vanish, then necessarily:

L:U=—LsT=0 (88)

Where, £ gé = 27; AV, BIlis the Lie derivative of the system. Thus, only
Eq.(a) must still be satisfied:

S(Y) oM, _
Vi Vi 6 =0
After expanding the commutation according to the Temporal Field Deriva-

tive’s decomposition as a Temporal Field Derivative with T = 0, and a
Directional Derivative in the direction of T from Eq.(42),

This commutation can be split into many smaller commutations:

Vi Viglo = [V( ), @‘?)] ¢+ [V(V), Vﬁ} ¢+ [VT*; 6(?)] ¢+ [V Vil ¢

Noticing the first commutation vanishes (by virtue of commuting identitical
operators), the commutations can be re-arranged into the following:

Vi Vigylo = [?(Y% Vﬁ} - [?(Y), Vf} ¢+ [V, Vgl o = WY), Vi — Vi 6+[Vi Vil ¢
And thus the commutation can be further simplified to a cleaner form:

W[T]a 6{[7]”5 = [6(?)7 vﬁ{ﬁ] ¢+ [Vz Vil
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Defining a new vector, C = U —T for a cleaner appearance of the derivation,
the simplification can be continued:

Vi Ve = [@(Y), Va} ¢+ [Vz Vil

So ultimately after expanding the commutation, two commutations are ob-
tained as the result. The second commutation reduces to the simplification:

Vi, Vil 6 = (L5T) - Vo =0
Where V is defined as V = Z'V;. Recalling the relation
Bl =0 Y) + T Y*
The first commutation can be reduced to the following form:
0,9, = (§9¢7) 06 )

The Trivial Solutlon can be obtained by stating that the two constant vectors
are identical T = U — C = 0, however, any two vectors which satisfy
V,;T" = V,;U" = 0 and also satisfy:

VO = VO - T =0 (90)

Will also produce two Spatiotemporal Field Derivatives which commute. For
simplicity, the trivial solution will be assumed; thus, the Spatiotemporal
Field Derivative does indeed satisfy the commutation so long as two
different directing vectors are not chosen, as per the following identity:

[, 9] 6 =0 o)

Obtaining the Spatiotemporal Field Derivative, and recalling the 3D ana-
logue in Eq.(4), the basis vectors of the space can be obtained as:

¢ = VIR (92)

For brevity (and because it is implied by the 4D convention) the basis vectors
may simply be referred to as C(‘ET}. This is explicitly stated as the following:

¢ = (T z,) , V;T"=0 (93)
Any vector using these bases can be abbreviated into a new vector:
o ~{T} = ¢’ 03 i i
7 = (T Z,) & =¢T+¢'Z; , V;T°=0 (94)
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All these terms can be projected onto a 3 vector by the following:
¢ ¢ = (¢°T" + ¢))Z; , V,T' =0 (95)

Thus since vectors are normally 5 = ¢'Z;, this approach to our 4 space
indicates that the definition of a vector in the 4D-space is a similar vector in
3D off-set by a vector which only has as its requirement that V;77 = 0. If
we consider time to be a fourth dimension, this parametrization outlines a
4D Vector Field projected into a 3D space.

6 Higher Order Continuum Temporal Differ-
ential Calculus

The Temporal Field Derivative obtained in Eq.(81) has much utility:

vfﬂhb =0+ (TV —Y)V,0 , V,T =0
The Temporal Field Derivative can have higher-order analogues developed
which will find application to practical situations.

6.1 Higher Order Temporal Derivatives

Due to the underlying symmetry in the Temporal Field Derivative, iterat-
ing the operator twice implies that a new Tensorially invariant operator is
created: .

(@z)m _oME) (96)

[Ty, T5] [T2] © [T1]

Once again, in order to preserve full generality, two different tensors will be
chosen, T and U. In some cases, both tensors need to be identical which be
denoted as follows:

= \ND) =\ LA & (T
2 _ 2 _ vMg®)
(V )[T’l] N (V )[T},Tﬁ] B v[fﬂv[ﬁ] (97)

It is worthy to note that since each Temporal Field Tensor is tensorial with
respect to a tensor of rank (k,m), the Second-Order iteration is also tensorial
with respect to the Spatiotemporal Field being operated on.
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6.2 Truly Invariant D’Alembertian

The D’Alembertian can be formulated to have an analogue under a dynamic
variation of the coordinate system. Historically, the D’Alembertian is given
by:

1 .
0= —gaf + V; V' (98)

This operator can be found formed within the framework of Special Rela-
tivity as a Tensorial operator prescribed with the Minkowski Metric in 4D
Spacetime [7]. Though this is an apt abbreviation, once again, issues arise
when considering the invariance of the operator.

A generalization within the framework proposed by this paper is at-
tempted to be obtained for an analogue of the D’Alembertian that remains
invariant under a temporal distortion of the Coordinate Frame. Utiliz-
ing the Dual-Iteration of the Temporal Field Derivative from Eq.(96), the
D’Alembertian can be reformulated as the following:

i3 2y (17) ;

Oz =3 (V )m@] + V.V (99)
This definition can be simplified by recalling the definition of the Spatiotem-
poral Field Derivative obtained in the previous section from Eq.(84) and
modifying it by a constant to re-use it as:

" 1p®) ,
Vit = ¢ Vm , where V, 79 = 0 (100)

The Minkowski Metric will also be utilized as defined by the following:

100 0

) 0 100

=10 01 0 (101)
0 00 1

Using these two definitions, the D’Alembertian from earlier can be re-written
in a Tensorial Form: ] B B

- o pity e o

Oz = 0 VPV (102)
This D’Alembertian is fuly tensorial can can be used for several operations
re-writing existing laws to account for a dynamic variation in the coordinate

frame.
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7 Applications & Extensions of the Temporal
Field Derivative

The proposed operators and relations in this paper are seen to have multiple
applications to correcting many physical theories.

7.1 Wave Dynamics

In light of the definition of the D’Alembertian in the previous section from
Eq.(102), there can be a definition made for the well known Wave Equation
in an ambient space of dimension N. Using the above operators, for an wave
moving in a coordinate system that is under dynamic peturbation;
its amplitude, ¢ will obey the law under full generality:

I (103)

This automatically implies all types of symmetries in the Law, as the Oper-
ator will preserve the Tensorial Nature of the Field under the two tensors,
ﬁ and T 5, each with N degrees of freedom. Thus the law contains 2N de-
grees of freedom more as it would have otherwise by the standard definition
found in literature: .

O =0 (104)
The general Wave Equation from Eq.(103), when expanded under no dy-
namic variation of the coordinate system yields the following:

L 1 ;
Uga® = —C—Qat% +ViVig =0 (105)

Returning the standard wave equation. Thus the alteration to the law only
occurs when there is a slight spatiotemporal distortion of the coordinate
system.

7.2 Continuum Mechanics

In the earlier representation of the physical law seen in Eq.(1), the speed of
a continuum is given by v’. This speed is actually a time derivative of the
position coordinate which does transform like a tensor:

vt = Ox’

In order to fully create a tensorial theory, the above speed must be refor-

mulated tensorially (ie. o' = @%)xz), then incorporated into the general
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equation. Thus, we can restate the Continuum Mechanics Law of Motion
under a dynamic distortion of the coordinate system as:
s\ i ji
P <v ) = pbi + V07 (106)

[Ty, T5)

Eq.(106) is identical to the original linear theory in Eq.(1) except for the
]xi). Most im-

—

)

[T1,T5
portantly, this equation is now fully compatible tensorially with all conven-
tions. In a coordinate change all terms from Eq.(106) will transform acord-
ingly as:

change in the Acceleration Term [ (ie. pdyv' — p <?2)

)

Once the Jacobians have cancelled out, all the terms are identical once more
in a different dynamic coordinate frame:

[Th,T5)

42 (Y) il il il
P (v ) o = pb + V00 (108)

—

[Ty, T5)

This is the implication when using the above Temporal Field Derivative

7.3 Quantum Mechanics

In accordance with the above theory, we can use the D’Alembertian Oper-
ator from Eq.(102) to form the Quantum Mechanical Schrodinger Equation
previously stated in Eq.(2) in fully tensorial terms. Assuming the Wavefunc-
tion W is a Scalar Field (a rank 0 tensor), we obtain a restatement of the
Schrodinger Equation:

- 2
m@%hp(z, t) = (‘%Vivi + v) (Z,t) (109)
This equation is in accordance with the dynamic motion of a coordinate
system and is also tensorial due to the tensorial invariant nature of W. It
also contains 3 degrees of freedom in the vector T recalling that the only
condition on the vector is that V;77 = 0 . This variation will affect Eq.(109)
and therefore the Wavefunction Solution [12]. However, if it is assumed
that T = 0, and that Y ~ 0, the equation reduces back to the classical
Schrodinger’s Equation from Eq.(2) as will the wavefunction of a particle [12].
Thus, the equation reflects that depending on how extreme the distortion of
the coordinate space will be, the wave function of a particle will be altered.
This may be useful for studying Quantum Mechanics near areas in space of
large deformations which vary in time.
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7.3.1 The Klein Gordon Equation

The Klein Gordon Equation is an equation with structural ties to the Dirac
and Schrodinger Equation, it contains the following form [12]:

m2c?

(—Cizaf + VZVZ) V=5t (110)

It too can be altered by dynamic effects in the Coordinate System and as
such will be invalid tensorially. Eq.(110) noticibly contains a D’Alembertian
within the parentheses so re-stating it using the D’Alembertian outlined in
Eq.(102) is easy. Formulating it as such results it the equation being Tenso-

rially Invariant:
2

< m 02
(B )= o

This equation suggests 2N degrees of freedom with the precise stating of the
components of 77 and T only bound by the fact that

Vi(Th)' = Vi(Th)' =0

This modelling may serve interesting insights into the mechanics behing
waves in the Physical Domain and in the Quantum Domain. [5, 12]

8 Conclusion

Physics and all its subdisciplines contains powerful insights on the mechan-
ics of Nature around us; it has proposed several models of use ranging from
the Schrodinger Equation to General Relativity [7, 12] and all theorems in
between. [6]

Every single year presents an opportunity for a discovery to re-shape the
manner the world is understood through Physics. Some discoveries confirm
and enhance theorems such as the significance of the Gravitational Wave
discovery and how it confirmed several postulates put forward by General
Relativity [8]; however some discoveries demand the way Physics is funda-
mentally understood to change.

As with all theories in Physics: theorems which attempt to understand
the fabric of reality and utilize Tensor Calculus to do so, must be adaptable.
These theorems must be capable of adapting to the concept that Tensor
Calculus like any other foundation in Mathematics is ultimately based on as-
sumptions made about the space these theorems preside over. In cases where
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there is a dynamic distortion of the coordinate system, the Tensor Calculus
used must be adapted for such a disturbance.

This paper has put forward a introductory foundation to Tensor Cal-
culus utliized in a coordinate system which is under a dynamic distortion
drawing inspiration from similar fields such as the Calculus of Moving Sur-
faces (CMS). It has established transformation laws for Tensors within these
regions and has established Operators which enforce a Tensorial Transforma-
tion within a Dynamically Moving coordinate system.

This frame work can be utilized to observe how Physical theories change
to accomodate for a distorting coordinate system such as with established
theorems [6, 7, 12] and can be utliized to develop new theoretical models
which account for this temporal distortion to gain a better understanding of
Physics as a whole.

This framework can also be utilized for coordinate systems which are
in dynamic distortion constantly. Several examples in Biology have demon-
strated such a variance [10, 11]. Thus it is fathomable that this framework
will find use for generating models of Biological Phenomena too.
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