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In the paper we show that the general relativity action (and Lagrangian) in recent
Einstein-Palatini formulation is equivalent in four dimensions to the action (and Lan-
grangian) of a gauge field.

We begin with a bit of information of the Einstein-Palatini (EP) action, then we
present how Einstein fields equations can be derived from it. In the next section, we
consider Einstein-Palatini action integral for general relativity with a positive cosmological
constant A in terms of the corrected curvature Q... We will see that in terms of Q,, this
action takes the form typical for a gauge field. Finally, we give a geometrical interpretation
of the corrected curvature Q..

Keywords: action integral, fiber bundle, connection in a principal fiber bundle and its
curvature, pull-back of forms, Lie groups and their algebras.

1 Introduction: Einstein-Palatini action for general rel-
ativity

In this section we would like to remind briefly Einstein- Palatini formalism for general
relativity (GR).

The Einstein field equations can be derived by postulating the Einstein-Hilbert action
to be the true action for GR. Albert Einstein firstly used only metric as a independent
variable to do variation of this action. The connection in this approach to EH action is
the metric and symmetric Levi-Civita connection. Later Einstein and Palatini proposed
to take the metric and affine connection as independent variables in the action princi-
ple. This method allowed to compute the field equations for a more general metric affine
connection rather than the Levi-Civita connection. Here the spacetime admitted torsion
when matter Lagrangian explicite depended on connection.Thus, the Einstein-Palatini
formalism gave us a powerful tool for theories of gravitation which have more general
Riemann-Cartan geometry.

In this section, we are going to present Einstein-Palatini action in recent formulation and
how the Einstein fields equations can be computed from it.

© 2018 by the author(s). Distributed under a Creative Commons CC BY license.


http://dx.doi.org/10.20944/preprints201810.0367.v1
http://creativecommons.org/licenses/by/4.0/
http://dx.doi.org/10.3390/axioms8010024

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 16 October 2018 d0i:10.20944/preprints201810.0367.v1

The Einstein-Palatini action with cosmological constant A in this new formulation [3]
is defined as follows

1 ) ) A ;
_ i Vi kl 2 qi J k l ..
SEP_ZH/@ AN — L AN /\?9)7hjkl, (1)
D

where ) is the curvature of w (spin connection) and k = 87G/c*. All indices take values
(0,1,2,3). D means an established 4-dimensional compact domain in spacetime. In the
above formula 9% denote 1-forms of the Lorentzian coreper in term of which the spacetime
looks locally Minkowskian: g = n;9" @ 9%, ni, = diag(1,—1, -1, —1).
Nijkt is completely antysymmetric Levi-Civita pseudotensor: npi2s = \/m, where g :=
det(g;x). In a Lorentzian coreper |g| = 1. Spin connection w is a general metric connection
(or Levi-Civita connection) in Lorentzian coreper.
For the geometrical units G = ¢ = 1 the above formula has the extended form
1 i j Kl i L]
SEpzi/mjkl’ﬂ AP ANQY — —— "h'jkl'lg AV ANI¥ AD. (2)
T 1927
D D

Let us denote by S7 and S5 two integrals in the above formula of the Einstein-Palatini
action and compute their variations. From the integral

1

S = —
17 3on

. . 1 . .
/’r}ijkl’ﬂz A A le == ﬁ/gzj /\771‘]7 (3)
D D

where nij is the 2-form defined in Appendix 1, we get

651 = 7= 5(9@ /\nij>. (4)

D

Below we give the method of computing & (Qi i A 772']) in Lorentzian coreper ¥ with

. . Z
sSpin connection w ke

oo (9, Am?) = p(690; Am + %5 A7) (5)
where p denotes i = ﬁ.

Let us take the standard expressions
Qij :dwij +wi,€/\wkj (6)
and
! = g7
= %gjpﬁk A Nipk
= %gjpﬁk AIEA Nipkl

1 .
= nglmlmnﬂm A", (7)
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Nip, Nipk, Nipki are forms firstly introduced by A. Trautman [11] (see Appendix 1).
Then, we have

P5<Qij /\77¢j> =
= p(chwij + 6w’ AW + W' A 5wkj> An? + gﬂij A 6(gjlmzmm9m A 19"). (8)

Now we use the fact that § and d comute and that ¢ = 1 = const and 1;;n, = const
in the coreper 9%, so the subintegral expression in §S; has the following form

p6<Qij A nij)

— p[d(éuﬂj) A 4 6w AW A + Wi Adwk A + 59” A Ditrmn A S (0™ A 19”)}.

9)
Because
S(9 AG™) = 9™ A" 9™ A S (10)
and
d(6w';) Ay’ =d(6w'; Am;?) + dw'; Adn,?, (11)
SO

p5(Q’j A nij) =
= p[d(éwij A nij) + 6wij A dnij + 6wy A wkj A nij +w' A 6wkj A nl—j
1 .
+ o5 i A (89 A 9"+ 9™ £ 69")] (12)

4

_ 1 _ _c
Wherep—%—m.

Next, we use two laws given below:
wp Awg = (=1)Pwg A wp, (13)
d(wp Awg) = dwp Awg + (—1)Pwy A dwg (14)
and we change some indices. Then the variation of pd (QZ i A nij ) has the form
pé(Qij A nij> =
= p[d(éwzj An) + §6w’j A2(dn;? + W’ A n* —wh A ny) + 09" A O tim A 1‘}’”}
. 1. . ‘ , ,
= 60" A pQ i A O™ + §6w1j A 2pDn,” + d(pdwlj An”) (15)
where

Dn,? = dn? + o’ Ak = b Any. (16)
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Finally, we get the following result
po (Qij A nij) = 50" A p pgim A O™+ p5wij A Dnij + d(p&uij A nij).
= 00° A pQFlnps + péwij A Dnij + an exact form. (17)
The second integral from the Einstein-Palatini action

—A

% = Toox

/mjkmi AT AR A (18)
D

has the following variation

D
—A ,
=— [ 69" A 19
o o0 (19)
D
It was computed in a similar way as the variation for the first integral S.
_A o
55y = 7/5(77%# A9F A G A ﬁl)
1927
D
S n»»kla(ﬁmm Aﬁkwl) (20)
1927 Y
D

where
5(q9im9ﬂ'm9’fm91)=
=8 AT A NI 408 ASY A A O ADT A S A+ 9T AP AIE A G
= AP AR A — 897 AP A IR A+ 59 AP AT A — SO A 9P A YT AP

(21)
and
5(0° A9 A OF N0 gt = 460 Amigrad? A 9* D (22)
Thus, the variation §.5; finally equals
5S; = —A / 489" A ngjrad? A 9% A (23)
1927

D

The expression 7; 307 A9F AY is equal 67; (see Appendix), so using this substitution
we obtain as follows
—A

052 = To9m

/24(5’[91 A n;

D
;ﬂ/wmm (24)
81

D
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Joining both variations 057, Sy with the third variation 4.5, of the matter action
S = [ Linat(¢™, DA, 9%), which we write in the form [11]
D

5Sy = / Lot (6%, D™, 97)
D

= /((5191 At + 5(50.);- A sl + 604 N La+ an exact form), (25)
D

we obtain for total action, gravity and matter
08 =051+ 352+ 65m

= /[édﬁi A (%le ANk — A + 87rti) + an exact form]

D
1, 1 j j A
+/[§5wj A (8—7TD172- + sz) +0¢” N L+ an exact form]. (26)
D

The form of the variation 6L,, = §9* A t; + %&.uij Asy + 06 N LA + an exact form
defines the 3-forms t;, sij , LA of the energy-momentum, classical spin and the left hand
side of the equations of motion for matter respectively. In the above formulas ¢* means
tensor-valued matter form and D¢? its absolute exterior derivative.

Einstein’s equations like all the other physical field equations arise due to variational
principle, which is called the Principle of Stationary Action or Hamiltonian Principle. In
our case it has the following form:

5S=6 [ (Ly+Ly) =0, (27)
[ (tavta)

Q

where variations 09, dw’; and §¢* are vanishing on the boundary D of the compact
domain D.
Here L, = i (Ql j Am? — 2A77) and represents the Lagrangian density of the gravitational
field and L, is the Langrangian density of matter.

It is seen from above considerations that following Hamiltonian Principle

05 = /{é&w A (%le A Nks — An; + 87Tti) + an exact form]

D
1. . 1 o
25wt el o Y RN A
—1—/[25% A (877Dm —|—sl> 4+ 3™ N Lo+ an exact form]
D
=0 (28)

The exact forms from this equation are eliminated with the help of Stoke’s integral theo-
rem. As a consequence of Hamilton Principle, one gets two sets equations of gravitational
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field
L ki L ki
59 Ay — An; + 87t =0 <= 59 A gri — An; = —8mt, (29)
1 , .
S—Dng +s,7 =0 < Dn] = —8ns,’ (30)
T

and

Li=0. (31)

L4 = 0 represent equations of motion for matter field. These equations are not intrin-
sic in further our considerations, so we will omit them. We are interested only in the
gravitational field equations which are given by the equations (29)-(30).

In vacuum where ¢; = sij =0 = Dnij = 0 and we get the standard vacuum
Einstein’s equations (EE) with cosmological constant A and pseudoriemannian geometry

1
EQM A Nkt — A’rh =0. (32)
In general, we have the Einstein-Cartan equations and Riemann-Cartan geometry (a

metric geometry with torsion).
The standard GR we obtain also if we put

Um =0 = 5,F =0 = Dp*=0. Itis
k

GR inside spinless matter with equations
1
§le A ki — An; = =8t (33)

One can show that %le Angii = —Gins and t; = T, °n,, where the Einstein tensor G
is defined as follows

G =R — %553. (34)

Moreover, if s,* = 0 then the matter tensor 7T} ¢, defined by the decomposition t; = T} *7,,
is symmetric, i.e. T% = T*. Because An; = Ad;n,, then we get from (33)

—Gins — A§jns = —8nT, *n,. (35)

Multiplying this equation by —1 and omitting 7y, we can see that there are Einstein
equations with cosmological constant A in tensorial notation

G; + A§] = 8nT,°. (36)
If A =0, then we obtain Einstein equations
G; = 8m;° (37)

without cosmological constant.
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2 Results: Einstein-Palatini action integral for General
Relativity in vacuum and with positive cosmological
constant A as integral action for a gauge field

Now, getting back to Einstein-Palatini action in vacuum

1 . . A .
_ 7 J kKl % qs ¥i k ! =
Skp Tm/(ﬁ NP A — T AT A Aﬁ)%kl

== (9 A7 A Qg0 —192 AT A A D i) (38)
D

and using the definition of the duality operator x [1]

* 1= —% = Nijk = —2% (39)

one gets
N = =2 % Qy, (40)
N9 A9 = —2% (9; A V). (41)

Thus the Einstein-Palatini action has the following form
Spp = 7% /(19z AT A Xy — %ﬁi A9 Ax (9 Aﬁj))
:_i/tr(ﬁ/\ﬁ/\*ﬂ—%19/\19/\*(19/\19)). (42)
Let us introduce the corrected curvature .o
QCOT:=Q+%79A19 :ﬁwz—%(ﬂ—ﬂcw). (43)

Substituting the last formula into Einstein-Palatini action we get

1 A
SEP:ﬂ/tr(ﬁ/\ﬁ/\*Qfgﬁ/\ﬁ/\*(ﬁ/\ﬂ))
D

1 3 A9
= % tr |:X (Q Qco'r‘) A*€) — gp (Q — Qcm”) A\ *(Q — Qcor)i|
D
3
- ﬂ /t’l“ (2 Q - Qcor) AL — (Q - QCO") A *(Q - QCO’I‘))
D
ﬁ / tr [QQ A — 20000 A XQ — QAKX 4+ Qeor A*Q+ QA *Qor — Qeor A *Qeor
D
3
m /tr [Q A*Q — Qeor A*¥Q + QAKX Qcor — Qeor A *Qcor] (44)
D
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Because —Qcor A *xQ + Q A %0, reduces, then we finally have

3
Sep = i- / tr [Q AHQ = Qeor A *Q] (45)
D

The expression tr (Q/\*Q) = 09 A s in four dimensions a topological invariant
called Euler’s form, which does not influence the equations of motion [12]. Hence, in 4-
dimensions the Einstein-Palatini action is equivalent to

Sup = —& / 11 (Scor A %00 (46)

D

We see that the Einstein-Palatini action in 4-dimensions is efectively the functional
which is quadratic function of the corrected Riemannian curvature, i.e., it has a form of
the action for a gauge field.

Only one difference is that in (46) we have the star operator %, which is different from
Hodge star operator. Namely, our star operator acts onto "interior" indices (tetrad’s
indices), not onto forms as Hode duality operator does [2, 12].

The gauge group for the theory with action (46) is the Lorentz group £ = SO(1,3)
or its double cover SL(2,C).

It is interesting that ... = 0 for the de Sitter spacetime which is the fundamental
vacuum solution to the Einstein equations

We would like to emphasize that in the case A = 0 the above trick with Q.,, breaks.
Namely, we have in this case (see Section 3) Q.o = §2 because [e;,ex] = 0. This result
formally trivializes Sg_p action to the strange form Sg_p = 0 and has no physical
meaning. In the case A < 0 one obtains the result analogical to (46) with Q.. = Q+%19/\19
but this time A < 0. We did not consider this case because it needs to introduce into
calculations the anti-de Sitter spacetime (and its isometry group SO(2,3)) which has very
strange casual properties.
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3 Discussion: Geometrical interpretation of the cor-
rected curvature ().,

Let P(My,GdS) denotes the principal bundle of de Sitter basis over a manifold M,
(space-time) with de Sitter group(GdS) [5, 13] as a structure group. This group is iso-
morphic to the group SO(1,4) [3, 5, 13]. Let @ be 1-form of connection in the principle
fibre bundle P(My, GdS). The form @ has values in the algebra g of the group GdS. This
algebra splits (as a vector space) into direct sum

g=s0(1,3)® R4, (48)

s0(3,1) denotes here algebra of the group SO(1, 3), which is isomorphic to Lorentz group
£, and R13) is a 4-dimensional vector space of generalised translations (translations
in the curved de Sitter spacetime). One can identify the de Sitter spacetime with the
quotient SO(1,4)/SO(1,3).

Let us define so(1,3) =: h, R%® =: p. Then we have [1,2]

g=hop, (49)

and

[b,h] C b, [b,p] Cp, [p,p] CH. (50)

This means that the Lie algebra g is a symmetric Lie algebra [1,2].

On the other hand, the spaces which satisfy (49)-(50) are called globally symmetric Rie-
mannian spaces [13]. Let P(My, £) denotes the principal bundle of Lorentz basis over the
manifold My. There exists a morphism of principal bundles

f:P(My, L) — P(My,GdS) (51)

analogical to the morphism of the bundle linear frames and the bundle affine frames [4].
This morphism creates pull-back f.@ of the form @ onto the bundle P(My, £). Here @ is
the connection 1-form in the bundle P(My, GdS).

Let us denote this pull-back by A. A is a 1-form on P(My, £) with values in the direct
sum [4]

s0(1,3) @ R, (52)
Hence, we have a natural decomposition [4]
A= flo=w+0, (53)

where w is a 1-form on P(My, £) with values in the algebra so(1,3) and 6 is a 1-form on
P(My, £) with values on R(3). w is a connection on the bundle P(My, £).

On the base My the 1-form 6 can be identified with 1-form 1 already used in this
paper: 6§ = 9. In the following we will work on the base space My and write (53) in the
form

A=w+9.
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Let us compute a 2-form curvature Q of the pulled back A. From the definition we

have
1
G =da+3[4,4]
=d(w+9) +%[w+19,w+19]
1 1 1 1
:dw+§[w,w]+dﬂ+§[w,19]+§[19,w]+§[19,19] (54)
We are going to introduce to our equations bases ]\Zk =M, ki of algebra so(1,3) and

e; of vector space R13). In these bases, we have

w= wik]\A/I/ik = wik]\,\jik, 9 = d;. (55)

(J\A/fik, e;) form together the algebra of the de Sitter group (the basis of algebra g). Our

elements M;, = — My, are real and connected with elements M;, = My; used in [13] in
the following way

My, = % ik = My, = —2iMj;. (56)

In the terms of the elements [M;, e;] the comutational relations for the algebra so(1,4) =
50(1,3) ® RM3) read

~ 1~ — — —
[Mij, My] = i(nilek + 0 Mt — i M — nji M) (57)
—~ 1
lei, Mji] = 5(%‘% — Nike;) (58)
2M;;
e, 5] = 55 (59)
The following commutation relations are important in the further considerations [5, 6,
13].
—~ 1
[Myi,e1] = 5(7711% — Nki€;) (60)
2 M),
leis ex] = RZ (61)

where R is the radius of the de Sitter spacetime. This radius R is connected with A by
the formula A = %. Using the above equations we have

Q=Q, + lek A9 [Mkz, el} + 5191 Aw'y, {el,Mkz} + 5191 A 9F [ei, ek} +dd'e;, (62)

where Q, = dw + %[w,w] is the curvature 2-form of the connection’s w. Taking into
consideration the commutation relations in algebra g given by the formulas (58) and (59),

10
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we obtain
_ S S VA
Q=0 +wi, AD [Mik,el} A IE S die
. . , 9P A9 M,
= QU My + (i A )i +d(0)es + ——gg—
ik T 0" A ﬂkﬂzk i i
= kaMik —+ T + (dﬂ —+ w.k A 19’6)61'
= Qiﬁrrmk + (Dwﬁl)ez
= Qi](c)'rrj\zik + @iei (63)

Qeor = O+ ﬂé\f =Q,+ %19 A and it denotes the corrected curvature of the connection
w on the bundle P(My, L) and © = D, is a torsion of the connection w.
If we adjust the connection @ in such a way that the connection w is torsionless (0 = 0),

i.e. if w is Levi-Civita connection, then we get (after leaving the basis so(1,3) and R(13))

~ A
Q:Qw—l—gﬂ/\ﬂzQwr. (64)
In the Section 2 we gave the definition of the corrected curvature €., as follows:
A
Qeor = QA+ 519 AU (65)

As one can see this curvature is a curvature of the connection
A=fo=w+7? (66)

if ® =0, e.g., in vacuum. N
If © # 0 then Q.. is the so(1, 3)-part of the curvature Q.

4 Conclusion

In this article we have shown that in four dimensions the action integral for GR with
a positive cosmological constant A can be written in an analogical form to the form of
the action integral for the typical gauge field. However, there is one difference - the star.
Instead of the Hodge star, we have slightly different star called the duality operator [2,
12].
Our result is important because it shows that there is no need to generalize GR and
construct very complicated gravitational theories to obtain a gravitational theory as a
gauge theory. The ordinary GR formulated in terms of tetrads and spin connection with
cosmological constant A > 0 is already a gauge theory with gauge group £ = SO(1, 3)
isomorphic to SL(2,C). This fact is very interesting in connection with universality of
the Einstein theory: every alternative metric theory of gravity can be reformulated as
Einstein theory with additional "egzotic" matter fields [15,16]. Therefore we Conjecture.
Conjecture:

After the above reformulation one can put the pure geometric part of the action (iden-
tic with the geometric part Sgp) for any alternative theory with A > 0 in the form (46).

11
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This Conjecture will be studied in future.

Some scientists [1, 2, 3] were concerned with this problem and they came to the sim-
ilar conclusions as ours, but they applied in their works the Cartan’s approach to the
connection in the principal bundle [2, 13, 14]. This approach is not well known among
geometrists and relativists. We have used only the standard theory of connection in the
principal bundle which was created by Ehresmann - Cartan’s student [4, 8]. His approach
is commonly used in differential geometry and in relativity. We would like to emphasize
that the formulation of the EP action in the form (46) can be important for quantizing
of general relativity (because gauge fields are quantized).
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Appendix

n forms and operations with them [11]

Following [11] we define

Nijkl = V|9l€ijrt (A1)
where €;;1; is Levi-Civita pseudotensor with properties

1 if the sequence of indices ijkl is an even permutation
of the sequence 0, 1, 2, 3;
€ijk1 = § —1 if it is an odd permutation; . (A.2)
0 if the sequence of indices ijkl is not an even permutation

of the sequence 0, 1, 2, 3

and we take 19123 = /|g|- In Lorentzian coreper |g| = 1.

One has [11]
Mgk = 9" A nijni (A.3)
1

Nij = §l9k A ik (A.4)
1.

i = g0 Ani (A-5)
1

n= Zﬁl A1 (A.6)

I ANkt = 07 Nt + 6 Mk + O M (A7)

O™ Ay = 67" e — 6'm (A.8)

W A =dln (A.9)

The forms 7, 7;, 1;5, 7ij% are Hodge dual to the forms 1, 9, 9EADT 9 AT AP respectively
[11].

13
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