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ON THE DEGENERATE (h,q)-CHANGHEE NUMBERS AND
POLYNOMIALS

JONGKYUM KWON?! YUNJAE KIM?, BYUNG MOON KIM3, AND JIN-WOO PARK*

ABSTRACT. In this paper, we investigate a new g-analogue of the higher order
degenerate Changhee polynomials and numbers, which are called the Witt-
type formula for the g-analogue of degenerate Changhee polynomials of order
r. We can derive some new interesting identities related to the degenerate
(h, q)-Changhee polynomials and numbers.

1. INTRODUCTION

Let p be chosen as a fixed odd prime number. Throughout this paper, we make
use of the following notations. Z,, Q,, and C, will denote the ring of p-adic rational
integers, the field of p-adic rational numbers and the completions of algebraic closure
of @y, respectively. The p-adic norm is defined |p|, = p~*.

When one talks of g-extension, q is variously considered as an indeterminate, a

complex ¢ € C, or p-adic number ¢ € C,. If ¢ € C, one normally assumes that
lg| < 1. If ¢ € Cp, then we assume that |¢ — 1], < p_ﬁ so that ¢” = exp(zlogq)
for each = € Z,. The g-analogue of number z is defined as

1—-4"

2] = 1—q°

Note that limg_,1[z], = 2 for each z € Z,.
Let C(Z,) be the space of continuous functions on Z,. For f € C(Z,), the
fermionic p-adic g-integral on Z, is defined by Kim as follows :

L) = [ f@duny@) = Jim e 3 f@a (1)
P 9 z=0

(see [1—6]). If we put fi to the translation of f with f; (z) = f (x + 1), then, by
(1.1), we get
qI—q(f1) + Io(f) = [2]4£(0). (1.2)

As it is well-known fact, the Stirling number of the first kind is defined by

(m)n:m(x—1)~-~(:v—n—|—l)zzsl(n,l)xl, (1.3)
1=0
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and the Stirling number of the second kind is given by the generating function to

be
o0 !
(et—l)m:m!ZSg (Lm)%, (see [T — 9]). (1.4)
l=m
By (1.3), we have
(log(1 +z))" =n!) Si(ln)7ps (n>0). (1.5)
l=n

Unsigned Stirling numbers of the first kind is given by
™ =z(z+1)---(x4+n-1) Z'Sl n, )|zt (1.6)
Note that if we replace x to —z in (1.3), then

(=) =(=1)"z™ =" S (n, 1)(—
=0 (1.7)

n

=(=1)" Y [S1(n, D)’

=0

Hence Sy (n,l) = |Si(n,1)|(=1)"~".
D. S. Kim et. al. introduced the Changhee polynomials of the first kind of order
r are defined by the generating function to be

(22+t) (1+1)* = ;Ch;”(x)z, (see [10, 11]), (1.8)

and E. J. Moon et. al. defined the q-Changhee polynomials of order r as follows.

i " T __ > (r) ﬁ
<q(1+t)+1) (I+1) —;Chn,q(f’f)n!’ (see [12, 13]).

In [13], authors defined the generalization of the g-Changhee polynomials which are
called by (h, q)-Changhee polynomials of the first kind and (h, q)-Changhee polyno-
mials of the second kind respectively, defined by the generating function to be

t 2, .
ZCh(h) 7)o = <qh+1(1[—]|—t)+1) (1+)", (1.9)

/\(h) [2}11 1-
=|——""——— )1+t " 1.1
Z <h+1—|—+1+t 1+9) (1.10)
As is well known, the Euler polynomials are defined by the generating function
to be
2 ZOO 2 (ot A
me = nzo n(l‘)ﬁ, (See [17 2, 5, 1 —19])

In [8], L. Carlitz first introduced the concept of degenerate numbers and polynomials
which are related to Euler polynomials as follows

[e’e} tn 2 T .
;::OEH(QC\A)H = <(1 PV 1) (14 )%, (1.11)
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where A € R. Note that, by (1.11), we know that

. 2 "
lim B, (:c|)\) - = lim () (1+Xt)>
0= ntoA=0\(1T+AM)> 41

(5) e = mw)!
= et = E,(x)
t n

et +1 =

)l\li% E,(z|\) = E,(z).

and thus, we get

In the recent year, the degenerate of some special functions are investigated by
many authors (see [8, 9, 20—25]). In particular, the degenerate Changhee polyno-
mials which are defined by the generating function to be

Z Chn,,\(a?)%n! = WM (1 + log(1 + )\)%)m , (see [25]), (1.12)

and T. Kim et. al. defined the degenerate q-Changhee polynomials as follows.

- tr A+ A 1\ ®
Z Chn,)\’q(x)m = Jloa(l _z )\2; py—— (1 + log(1 + )\t)?> , (see [22]).

In the past decade, a number of researchers have studied the various generaliza-
tion of Changhee polynomials (see [10—13, 24—28]), and in [13, 26], authors give
new g-analogue of Changhee numbers and polynomials.

In this paper, we introduce a new g-analogue of the Changhee numbers and
polynomials of the first kind and the second kind of order r, which are called the
Witt-type formula for the g-analogue of Changhee polynomials of order . We can
derive some new interesting identities related to the g-Changhee polynomials of
order r.

2. DEGENERATE q—CHANGHEE POLYNOMIALS WITH WEIGHT

Let assume that A € R with |A| < p_P%l. By (1.2), we get

/ hy<1+1lo (1+/\t))m+yd (y) = Ltq <1+110 (1+>\t)>z

qu 2\ g H—q\Y) = qh+1 (1 + %log(l +>\t)) + 1 A g .
(2.1)

where h € Z. By (2.1), we define the degenerate q-Changhee polynomials with

weight by the generating function to be

" 144 1 “

ChiM) (z]N) = = 1+ Zlog(l4+At)) . (22
Z G (1 + Tlog(1+ M) + 1 ( Lol )) (22)
Note that

1+¢q 1 *
I Ch) (x 1+ —log(1+ At
- Z n. A—>o g"t1 (14 +log(1+ At)) + ( + A og(1 + ))

q+1 (h) t
qh+1(1_|_t)_|_1 + ZC n!’


http://dx.doi.org/10.20944/preprints201810.0142.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 8 October 2018 d0i:10.20944/preprints201810.0142.v1

4 JONGKYUM KWON!, YUNJAE KIM2, BYUNG MOON KIM?, AND JIN-WOO PARK*

and so we know that

. h h
lim Oh{!) (x]X) = Ch{1) (x), (2.3)
and, if we put h = —1, then
; -1
lim, ChG D (2|A) = Chig(). (2.4)
In addition, by (1.12) and (2.1), we know that for each nonnegative integer n,
g1 "
Chy, = Ch A). 2.5

By (2.3), (2.4) and (2.5), we know that degenerate g-Changhee polynomials with
weight are closely related to the ¢-Changhee polynomials or degenerate ¢g-Changhee
polynomials.

By (2.1), we have

/quhy <1 + % log(1 + At))ﬁy dp—q(y)
-/
g

Y () o+ 30" du )
n=0
oS 2 00 l
"y ( : y) ATy S, n)%du—q(y) (2.6)
n=0 l=n ’
- . n—m hy x+ Y ﬁ
;n;))\ m!Sl(n,m)/qu ( m >d,u_q(y)n!

=y (Z A”””Sl(n,m)/ " (x + y)mdu—q(y)> %
n=0 Z !

m=0 P
By (2.1) and (2.6), we have

P

P

n

ChiPd (N = A”"”Sl(nam)/ 0" (@ + Y)mdpi—q(y). (2.7)

m=0 P

By (1.3), we get

/ (@ + ghmd_g(y) =3 S1(m, 1) / (@ 4 y) iy (y)
P 1=0 b (2.8)

m

=3 Si(m, ) E" (x]g),

=0

where E,(Lh)(x|q) is the nth g-Euler polynomials with the weight which are defined
by the generating function to be

o0 tn
S Bl = [ e )
"0 n: ZP

=3 ( IS y)”duq@)) s

qg+1
qh+let + 1

e”t, (see [29]).
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In addition,

g+1
"t (1+ flog(1+At)) +1

=(qg+1) i (1) gt (1 + ilog(l + /\t)>m

m=0
o0

=(g+1) > (1) ’"<h+1>ZA (log(1 + At))’ (2.9)

m=0

A S
m=0 1=0 =
tn

-y (Z Sl S, h”) ik

n=0 \m=0 (=0

By (2.7),(2.8) and (2.9), we obtain the following theorem.

Theorem 2.1. For each nonnegative integer n, we have

)\”_msl (n, m)/ qhy(x + y)md:u—q(y)

Zyp

NIE

h _
Ch{M (z|\) =

I
o

m

Z)\” 81 (n, m)Sy(m, l) (x\q)

01=0

I
NE

3
Il

and
)l EDARTG, (0 — m 4 1,1).

Ms

Ch{" (A Zn:

m=01

Il
=]

By replacing t by 1 (e — 1) in (2.2), we have

__atl S (h ( "
qh+1(1+t)+11+t ZC’hn’q z|A)— (( 1))

o0

=Y Ch{" (x| A)A™"
n=0

(ch (zA)A —!> (n!ng(l,n)(Al—?l>
l=n
= i (i )\n—mCh%l?q(x|A)Sg(n7m)> %n!,

m=0

(e — 1)

>/I’—l

(2.10)

n=0

and, thus, by (1.9) and (2.10), we have the following corollary.

Corollary 2.2. For each nonnegative integer n, we have

ChiP)(x) = > A" Sa(n, m)Ch{), (x| N).

m=0
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From (2.1) and (3.1), we note that

oo

3 (qh“c*hg[jg(x +1]0) + Ch) (xu))

n=0

(¢+1) < h+1 < 1 ) ) ( 1 )I
= 1+ —log(1+ At 1 1+ —log(1l+ At
g"t (14 +log(1+ At)) +1 1 * A og(1+A1) ) + + A og(1 + A1)

=(q+1) (1 + L log(1 + /\t))m

’I'L

A

=(g+1))_ (Z(w)mA"msl(n,m)> g

n=0 \m=0

(2.11)
By (2.11), we obtain the following theorem.

Theorem 2.3. For each nonnegative integer n, we get
qh+1Ch£ff,)1(ac + 1)) + Ch(h JZA) =(¢g+1) Z mA"T TS (n, m).
m=0

For positive integer d with d = 1 (mod 2), if we put f(z) = ¢"*(1 +log(1 + )%,
then, by (1.2), we have

1 > 1 X
qd/ " (1 + 3 log(1 + At)) dp_q(x) + / q" (1 + X log(1 + )\t)) dp—_q(z)
z Zy

P

d—1 L
-+ ) (-0 (14 5 toxl1 4 ) )
=0
d—1 [eS) 1 1 k
=g+ 1)) (—¢) A < log(1 + At)
e 20 3 (7) (st e )
d—1 l . 00 tr+k
=(g+1) l:o Z;)( ) A ;Sl(wrk,k)m
d—1 n n
=> [@+1) ZZ <> X' Si(n, k)) i
k

(2.12)

xz+d x

qd/Z he ( §log(1 +)\t)> ’ dp_q(z) +/qu’” (1 + %log(l +)\t)) ’ dp_q(x)

f:( TR (d]N) +Chf[fg(>\)) g

(2.13)
where (g =11 =X —2\)---({ = (k=1)A).
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By (2.12) and (2.13), we obtain the following theorem.

Theorem 2.4. For each nonnegative integer n, we have

d n
¢*Ch{(dN) + CR () = Z VAR (1) 251 (1, k).
k=0

|
—

~
Il
=]

3. HIGHER ORDER DEGENERATE q—CHANGHEE POLYNOMIALS WITH WEIGHTS

In this section, we consider the higher order degenerate q-Changhee polynomials
with weights which are defined by

hi,....h
Cheh) (2| \)
=S NS (m) / . / Y (@ gy oy md g (1) g (),
ZP ZP
———
r—times
(3.1)
where n is a nonnegative integer, hy, ..., h, € Z and r € N. By (3.1), we have

o] t’n
> (Z APT™S) (n m/ / L=t MY (g oy ey ) mdp g () - dp q(yr)> ]
n=0 \m=0 "

Z)\ m!Sy(n m/ / qzl 1 y( o 4 )d —q(y1) -~ d/‘—q(yr)ﬁ

m
0m=0

Iy Tty +- -+ yr n At
=/ / g2i=r havi Z( . Y )A '251 l,n) (l,) dp—q(y1) - - dp—q(yr)
Zp Zp n=0 n :
Top THYr+- -+ Yr\\—pn n
:/ / qu:l hiyi Z ( hn . Y >>\ (log(l + )\t)) d,u_q(yl) .. 'du_q(yr)
Ly Ly n=0

T . . 1
/Z g2i=r havi (1 + 1 log(1+ A1) dp—q(y1) -+~ dpi—q(yr)

_r 1+¢ l x
e ( it (14 1 log(1+ At)) + > <1+)\log(1—|—/\t)> '

i=1

)z+y1+-~-+yr

(3.2)

By (3.1) and (3.2), we know that

A— 1+gq 1 “

Ch{e-ho)(z]X) = = 1+ ~log(1+ \t) | .
Z N 1;[1 <qm+1 (1 + Llog(1+ ) +1> ( Ty losl ))
(3.3)

If we put

Fhasshe) (4 4) = 1+ —log(1+ At
1 (1) H gm (14 +log(1+ At)) +1 TRlsl A )

i=1
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then
FLeo (g t):< g+l )r<1+llog(1+>\t)>w
’ +log(1+ At) +2 A
N
=D Chyly (@),
n=0
and

2 r 1 ’

lim FC L= (g ¢ :( > (1 —log(1 )\t)
lim (2,1) o (1+/\t)+2 + 1 log(1+ A1)

-y on @

Thus, Fq(hl’“"h*)(x, t) seems to be a new g-extension of the generating function for
the Changhee polynomials of order r.
Note that

1;[ (q’”“ (1+ ilog(l D) + 1> (1 + 5 log(1 + /\t)>
n=0m=0

0
= TV (") ammmtpopGn i (4 | £
1) \m 4 n!
=0 [=0

(T+y1+ -+ Y)n

n!’

:Z‘Sl(”vl)(x+y1 4oty

o (3.5)
- n
= g Sl(nJ) Z (l } l )yll1yl22_ -($+yr)lT7
=0 Iyt tl. =l 1502544y
l1,..,1->0

n _ n!
where (ll,l+2,...,lr) = T

/ / == MY (@ by g mdpg (91) - dpg ()

/ / S 191251 m )z +y+ -+ ye) du—g(y1) - dp—g(yr)

m
/ / i lylzsl (m,0) ) ( ,h)y?y?---(w+yr)“du—q(y1)~-~du—q(yr)

lid-Fl.=l ll, l2, e
ll,“.,lTZO
m . h N )
:Z m l Z (l I ! )El(1 1)(Q)”'El(r,1 1)( )E( )($|q)
1=0 L=y N2l
l1,- 5120

(3.6)
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where E,(Lh)(q) = E,(Lh)(0|q).
Thus, by (3.4) and (3.6), we obtain the following theorem.
Theorem 3.1. Forn >0, we have

Riy..ohr
Chify") (x|X)

=22 X A""”Sﬂnvmwl(m,l)( " Z)Eff’”<q>-~-E§f”z”< VB (xla).

Il ..
By replacing ¢ by 1 (e* —1) in (3.3),

nzocmhlw V) (i(e”—l))n
-3

At
(’“’ ok x|)\) )\ anSQ (1,n) (“) (3.7)
l=n

n

Ch
(22 onty o msanm) ) 2

and, by (1.9),

- h1) hr D) g (he), A L7
2 2 (h zr>Chl(“f Oy Oh (e o

Thus, by (3.7) and (3.8), we obtain the following theorem.
Theorem 3.2. Forn >0, we have

n (h1) Ry — 1) (h) (h1 ____ I
Z (ll, . .,lr) Chiy g Ch O, Z Chy, @| AT Sy (n,m).

lit++lr=n
l1,..50r >0

4. HIGHER ORDER DEGENERATE q—CHANGHEE POLYNOMIALS OF THE SECOND
KIND WITH WEIGHTS

In this section, we consider the higher order degenerate q-Changhee polynomials
of the second kind with weights is defined as follows:

— (h1,....hs)
Chy, 4 (x| )

= Z AT S (n, m)/Z - ~/Z qZLl hiyi(—x —y1 = = Yr)mdp—q(y1) - - dp—q(yr)
m=0 P P

(4.1)
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(1177‘) == (h1,..5hy)

where n is a nonnegative integer. In particular, Ch,, (0|]A) = Ch,, N
are called the higher order degenerate q-Changhee numbers of the second kmd with
weight.

By (1.3) and (4.1), it leads to

—~ (h1,..;hy)
Ch,, , (x|N)
= Yo NS [ [T gy = )iy () - diy ()
m=0 Zp Ly
Z AP mSl n m)/ / qZ::l hiyi(_l)m(x +yr+-+ yr)(m)du_q(yl) L. du_q(yr)
m=0 Ly Ly
=3xSt [ o [ =t SIS m DI+ -+ ) o) - i)
m=0 4 P =0

= 3 NS () [ (m ) (1)

=0
< 2 (T st [t

Lot l=l
l
wlr)v-m( 1)LS4 (n, m) Sy (m, 1) (HE(h) ) ") (2]q).

3
Il
<

i, lr20

(4.2)
Thus, we state the following theorem.
Theorem 4.1. Forn >0, we have
(hl’” ’hr) - - l n—m
Gy =YY X (e siomsion )
m=0 1=0 Iy 441, =l
liyeesln >0
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Now, we consider the generating function of the higher order degenerate g-
Changhee polynomials of the second kind with weights as follows:

ZC’h |)\)
v n—m ST 1y1 t"
=30 2 NS [ e [ qERI g = gy ). digl)

n!
n=0

=0
T by —T—Y1— " —Yr\\—n = At)!
/ qz,:l hiyi Z ( Y1 . Y >)\ n! Z Sﬂl,@%duﬂ;(yl) ce. dufq(yr)
Zp n=0 I=n :

r X X > —"E — —_ . e e — r —n n

:/ ./ quZI hiyi Z < Y1 Y >>\ (log(l + )\t)) du—q(yl) e dﬂfq(y’r‘)

Zp Zp n=0 n

” . 1 —T—Yir— " —Yr

= [ e [ (14 Sog1+00) A (o) dii o)

ZP ZP
I 1 + q 1 r—x
= 1+ —log(1+ At .
1_1( h+1+1+1log(1+At)>( 3 8 ))
(4.3)

By replacing ¢ by 1 (e* — 1), we have

r [Q}q —e (h1,..h (;(eAt . 1))”
(H h+1+(1_|_t)> (1+1) —ZCh |A)AT

i=1 q
(P, T) 1, ., - Az)!
:ZCh (V) —A n!ZSQ(Z,n)T

l=n

_Z (Z Chan " (@A™ 85 (m, m)>

—~

"
1’

(4.4)
and, by (1.10), we get
. 2 q r—x
(Zl_[l ghitl [-i-](l +t)> (1+1¢)
I(Zans)) (Zees)
= Chyq — Ch,,

> n (hl —— (hr—1) = (hr) "

By (4.4) and (4.5), we obtain the following theorem.
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Theorem 4.2. Forn >0, we have
hi,...;hr ) nem
g Ch (] M)A ™Sy (n,m)
n — (h1) (1) =~ (hy)
= E : <i1 7:r> Chihq e Chir—lvq Chiraq (x)
ey

i1+ Fi=n
i1 5eeeyi 20

Note that

Z Gy @

1+g¢q >( 1 )Tm
= 1+ ~log(l+ At
g (qhi+1 +1+ +log(1+ At) A e )

- (L+aq)g ™" ( 1 >’“_m
= 1+ < log(1+ At
(1;[1 g M1 (14 +log(1+ At)) + 1 108 )
r—1
1
- (H gt <1+/\lo (1+>\t)>> (Z ChG 2 mhr=2)(\ > (Z Chnq )
i=1 n=0
o0 n ( T) tn
—h i—1 1 1 1 h1—2,...,—h7‘_1—2) _
(I (e o)) (S35 ()¢
and thus we know that
=7 (B eeeshr)
Chy,q ()
r—1 1 n n (h )
= “h (14 S log(1+ At hi =2l =D (0) O by
([[q (1 gromt+20) ) (32 (1 )entcs CVMENEN

5. CONCLUSION

The Changhee polynomials were defined by T. Kim, and have been attempted the
various generalizations by many researchers (see [10—13, 24—28]). The Changhee
numbers(g-Changhee numbers, respectively) are closely relate with the Euler numbers(g-
Euler numbers), the Stirling numbers of the first kind and second kind and the
harmonic numbers, et. al. which are interesting numbers of the combinatorics,
pure and applied mathematics.

In this paper, we defined two types of the degenerate (h,q)-Changhee polyno-
mials and number, and found the relationship between the Stirling numbers of the
first kind and second kind, ¢-Euler numbers, g-Changhee numbers and those poly-
nomials and numbers. It is a further problem to find the relationship between some
special polynomials and degenerate (h,q)-Changhee polynomials.
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