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ON THE FULLY DEGENERATE DAEHEE NUMBERS AND
POLYNOMIALS OF THE SECOND KIND

SANG JO YUN! AND JIN-WOO PARK?*

ABSTRACT. In this paper, we investigate the new degenerate Daehee polyno-
mials and numbers which are called the degenerate Daehee polynomials of the
second kind, and derive some new and interesting identities and properties of
those polynomials.

1. INTRODUCTION

Let p be a fixed prime number. Throughout this paper, Z,, Q, and C, will
denote the ring of p-adic integers, the field of p-adic rational numbers and the
completion of algebraic closure of Q,.

Let f(z) be a uniformly differentiable function on Z,. Then the p-adic invariant
integral on Zy is defined as

pN -1
0= | o) = i 3 J@) e 516,17, (1
From (1.1), we have
ST oy @)

To(fa) = Io(f) = 2 J (1) where fu(x) = f(z +n) and [ (1) = 5| . (12)

1=0 o=

In particular, )
Io(f1) = Io(f) = £ (0). (1.3)
The Stirling numbers of the first kind are defined by
@ =3 S0, (0> 0), (1.4)
1=0

and the Stirling numbers of the second kind are given by
" = Z Sa(n, 1) (), (1.5)
1=0

where (z)g =1 and (z), =x(z—1)---(x —n+1), (n > 1) (see [3, 28, 23]).
From (1.4) and (1.5), we can derive the following equations

- !
(e — 1) = n! ZSQ(M)%, (1.6)

l=n
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and g
(log(z +1))" = n'ZS’l (1n)Jps (n>0), (see 3, 11, 28)). (1.7)
l=n

In addition,

(oo}

tn
o n+1
log(l+1t) = nEﬂ(—l) (n— 1)!m7 (3, 11, 28]. (1.8)
The Bernoulli polynomials of order r are defined by the generating function
3 " xt — T t
(et - 1) et = nEZOB; )(x)m, (see [1, 4, 12, 25, 29]). (1.9)

The Carlitz’s degenerate Bernoulli polynomials of order r is defined by the gen-
erating function to be

¢ " e
") (g —(—" ) a5, 1.10
2/3 5= (i) 0w (110
where A € R (see [2, 10, 15, 19, 22]). By (1.10), we know that

> t " .
. (r) . z
fimy 2 B (m|)\) =y <(1+/\t)i _1> (L A0

n=0
_ 3 " Tt __ . (r) "
~(at) =X e

and thus, we get
lim 87 (z|A) = B (x).
A—0

In [21], T. Kim et. al. defined the degenerate Bernoulli numbers and polynomials

to be
log(1 + A)> =
—=———— ] (14 At)> b 1.11

<(1+)\t)x—1> Z“ (L11)

which are different from Carlitz’s degenerate numbers and polynomials. By (1.11),

we know that
lim b, \(z) = B ().
A—0

Note that, by (1.3),

// L4+ 25 dpolan) - dpo(a,)
ZZD P

1.12)
Llog(1+ Mt 2 (
— L—f) (1+M)% = Zb(r) t—,
(1+ )% —1 n
and
/z /Z(1+)\t)wd0"‘dﬂo(l’r)
©  swteiteta,
Lo L et ot (1.13)
P P n=0

oo t”

_Z/ / r+x+ - —|—xr)n )\d,uo(ﬂl'l) dlulo(.’tr)*'
Z, Z, n:
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By (1.12) and (1.13), we know that

b(r) / / 4z 4+ F e )padpo(zr) - - - dpolzy). (1.14)
The higher-order Daehee polynomials are defined by the generating function to
be
log(1+1)\" > tn
log(L+8) )" (1 4 pyo = 3" D (x) =, (see [7, 12, 13, 30]). (1.15)
t n!
n=0
In particular, if r = 1, then D 1)(33) = D, (z) are called the Daehee polynomials.
By replacing t as log(l +1t) in (1.15), we have
00 . m ) . 1 N
2D (@) =7 B @) (log(1+ 1))
n=0 n=0
= OOB“) ! '0051 2
~(Ssrwd) (ny st
n=0 =0
(o) n n
r) 3
n=0 \m=0 ’

and so, we get
D (@) =Y BG)(«)Si(n,m).

Note that by (1.3), we have
- tn (log(1+1t)\"
ZD(T)(x)f = <og(+)> (1+1)°
" n! t
n=0
:/ .../ (1+t)$+$1++$rdu0(a«;1)..duo($r)
ZP P

x—i_x +."+x7' n
:/ / ( ! )t dpo(w1) - - - dpo ()
Z, Z, n

> </Zp"‘/zp<“‘”l +"'+mr>nd~o<x1>-~-duo<xr>> ot

and thus, we know that
= / - / (x4+x1+ -+ xp)ndpo(zy) - - - dpo(zy). (1.16)
Z, zZ

L. Carlitz introduced the degenerate Bernoulli polynomials in [2], and the de-
generate of some special functions have studied by many researchers (see [2, 5, 6,
9, 10, 11, 14, 15, 19, 20, 22, 24, 26, 27]).

In particular, authors defined the degenerate Stirling numbers of the second kind
which are defined by the generating function

;L ((1+>\t%— ) Zsmnm (1.17)

where m is a given nonnegative integer in [11, 14, 18, 20, 23].
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Dachee numbers and polynomials are introduced by Kim et. al. in [7], and those
polynomials have been generalized and obtained interesting properties by many
researchers (see [4, 7, 8,9, 12, 13, 23, 25, 26]).

In this paper, we consider the new degenerate Daehee polynomials and numbers
which are called the degenerate Daehee polynomials of the second kind, and derive
some new and interesting identities and properties of those polynomials.

2. FULLY DEGENERATE DAEHEE POLYNOMIALS OF THE SECOND KIND

Let us assume that A € R. By (1.3), we have

[0 rtos(1 ) ) = 18 ARl
b (14 Alog(1+1))

(1 + Aog(1+ 1) .

y\,_.

(2.1)
By (2.1), we define the degenerate Daehee polynomials of the second kind by the
generating function to be

+log (1 + Alog(1 +t)) z "
Alog( )* E (z|\)— .
(14 Alog(1+8)* —1 (1+Alog(1 DnleN)g (22)

In the special case, z = 0, D,(A\) = D,(0|)\) are called the degenerate Daehee
numbers of the second kind.
Note that

)4»—-

> " Llog (1 + Alog(1 + 1))
li D — =lim 2
AIE%HZ:% n(z|\) im

nl S0 (14 Alog(1+ ) — 1

:M(l + )" = Z Dn(x)ﬁ

(1+ Mog(1 +t))*

and thus, we know that
lim D, (z|\) = D,(z), (n > 0).
A—0
From (1.7) and (2.1), we have

/Z (1+ Mog(1+ 1) dpuo(y)

o0 Tty
>/ ( i )” (log(1 + 1)) dpo(y) 23)
=0 P
o [ n zty "
> (s (o) &
k=0 i

By (2.2) and (2.3), we have

Tty
Do =3 $i6m. 0Nt [ (5 )dalw), (0> ) (2.4

Since

EESICEUIC S RIC SR

@y ty—N@+y—2\) - (z+y— (- 1)A)
- P ’
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by (2.4) and (2.5), we have

P

DAV = Y- 810.0) [ @+ phadiv), (n 2 0), (26)
k=0 Z
where ()2 = z(z — A)(@ —2X) --- (z — (n — 1)A).
Thus, by (2.4) and (2.5), we have the following theorem.
Theorem 2.1. For each n > 0, we have

Zn: (n,1) All'/Z (?) dpio(y)

P

kz /Z x + )i adpo(y)-

D

By replacing ¢ as ! — 1 in (2.2), we obtain the following.

oo oo

Z (CE|/\ ZD" x|\) Z Sa(m,n)
n=0 m=n

" - (2.7)
tTL
:Z <Z D, (x| X)Sa(n, m)) -
n!
n=0 =0
On the other hand,
- L))" tlog(l+ At "
ZDn($|/\)(e 1) _2 og( ‘j’ )(1+/\t)X
n 1 )Y —
(L+2) (2.8)

oo m
=3 Ba(aln s,
n=0 n

where B, (x|)) is the degenerate Bernoulli polynomials of the second kind of order
r € 7Z which are defined by the generating function to be

Llog(1+ At .
LT) (14 At)> ZB(’”) 1:|/\ (see [10, 15, 22]). (2.9)
(1+A)% —1 n!

In the special case r = 1, Bg)(mp\) = By (x|A) is called the degenerate Bernoulli
polynomials of the second kind.

For positive integer d with d = 1 (mod 2), if we put f(z) = (1+ Alog(1 + t))3,
then, by (1.2) we get

/ (1+ Mog(1 + 1) dpuoly) - / (1+ Mog(1 + 1)% dyo(y)
Zl’ ZP

d—1 (2.10)
(1+ Mog(1 + £))* log (1 + Alog(1 +t)) .

N
Il
)
>| =
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By (2.10), we have

/[Z (14 Mog(1 + )% duo()

yy

Liog (1+ Alog(1 + 1)) =2
_a og (1 + Alog( d+ ) 1+,\10g(1+t))§ (2.11)
(1+Alog(1+1)* =173 |
i1 \ dl
Llog (1+ Adlog(1+t .
:d og (14 3dlog( j ) <1+2dlog(1+t)) .
= (1+ 3dlog(1+1) T -1

Note that, by (1.6),

i
d

log (14 4dlog(1 +t))
1+ ’\dlog(1+ ))d 1

>

A 5
(1 + Edlog(l + t))

—~

>
o R - (2.12)
gy AP t"
= Bnl| == ]1d"Si(n,m) | —
%(7;) (d'd) i ) n!
By (2.1), (2.11) and (2.12), we have
> Da = [ (14 Alog(1 + )% duoo)
"0 n. Zp
o al i o (2.13)
:nZ:O <mZ:0;Bm (E 'E) dm+151(n,m)> ot

Hence, by (2.7), (2.8) and (2.13), we obtain the following theorem.

Theorem 2.2. For non-negative integer n and d € N with d = 1 (mod 2), we
have

B, (z|\)(z ZD’”)‘ )Sa(n, m),

and
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By (2.2), we note that

ipn(m)g _ <ilog(1 i Mog(i ”)i) (1+ Mog(1+ )%

X'ty Sy (1, m) ;) (2.14)

Il
I/~
(¢
-
s
>
SR
~

Z <Z> (Sﬂ)z,AS1(k,l)Dn_k(/\)> %n'

By comparing the coefficients on both sides of (2.14), we obtain the following
theorem.

Theorem 2.3. For non-negative integer n, we have
n k n
D, (z|\) = z_: > (k> (2)1.2S1 (k1) Dy (N).

k=0 1=0

Note that, if we put f(z) = (1 + Alog(1 + t))%, then
log (1 + Alog(1 +t))

S A (log(1 -+ 1)

n=1
no1 @ ! (2.15)

— Z(—l)"“%n!ZSl(l,n)%

n=1 l=n

_ i (f: (—1)™ A (mm — 1)15) (n, m)) ”

av
and thus, by (1.3), we have

/Z Sl - /Z Sl

B +1og (1+ Alog(1 +1t))
1

P

(14 Mog(1 +1)) +log (1 + )\log(;r_t)i (2.16)

(1+ Alog(1+ )% —1 (14 Alog(1 +¢)
=3 (Du(Y) - D) &

n=0
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Moreover,
n—1 %
)\log(1+)\log (1+1)) ZO 1+ Alog(1+1t))

_xlog (U Mog(L+1) (o yy0q 4 gyyn - Xlos(tAg0+0) o)

(1+ Alog(1 +t)* (1+ Alog(1 + )
=3 (D) - D}
r=0

and, by (2.15), we get

n—1
ilog (1+ Mog(1+1) S (1+ Aog(1 +t)) %
=0
= <Z D (=N m = IS — 1(p,m) ,) (i S0 k&(s,q)j)
p=0m=1 =0 s=0 q=0 ‘
"2 (Z 2 2 (2) (Da A (=)™ (m = D181 (p,m)S1(r = p, q)> t*:
r=0 =0 p=0m=1q=0 !
(2.18)

From (2.15), (2.16) and (2.18), we obtain the following corollary.

Theorem 2.4. For each nonnegative integer v, we have

T

Dr(1[A) = Dr(A) = > (=N (m — 1)1Sy (r, m).

m=1

Moreover, for each positive integer n > 2,

D) = D) = 330 3 3 (1) a3 = IS S~ i)

1=0 p=0 m=1 g=0

3. HIGHER-ORDER DEGENERATE DAEHEE POLYNOMIALS OF THE SECOND KIND
In this section, we consider the higher-order degenerate Daehee polynomials of

the second kind given by the generating function as follows: For given positive real
number 7,

Llog (14 Mog(1 +¢ o
A Og( Og( - )) (1 + )\log X ZD(T) l‘|)\ (31)
T+ Alog(1+1t))> —

In the special case z = 0, DY) (O|x) = D () are called the higher-order degenerate

Daehee numbers of the second kind.
Note that

o0

1 1+ Alog(1+t
i S D (90|>\) og (1+ Og(l )
A—0 n! >\—>0 (1+)\10g(1+t))i -1

) (14 Alog(1+t))*
n=0
= <10g(1+t))r (1+1)* = ipg)(x)ﬁ.

t
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From ( , we note that

+log (1 + Alog(1 —|—t))
(14 Xlog( 1+t)) -1
)

) (1+ Mog(1 +t)*

o0 n o0
1og(1 + t) x\)\
B (@ n! S, 2
o0 n tn
:Z > BO (@N)Si(n,m) | .
=\ = n!
In addition, by replacing t by e — 1 in (3.1), we have
oo t n oo (r) oo m
) (e"=1)" < Dn (9E|)\) tm

men (3.3)
o

£ (S owmsion)

thg

and

S oy €D ((log(t ) .
> D (x|A) — <(1+M);_1 (1+Xt)

B "
=N " B (2]a) =
> B0

Hence, by (3.2), (3.3) and (3.4), we obtain the following theorem.

n=0

(3.4)

Theorem 3.1. Forn >0, we have

D (z|\) = ZBT) (x| A)S1(n,m).

m=0

Moreover,

3

B (x|A) = Y DG (2|A)S2(n,m).
=0

3

Note that for each k,r € N

( +1og (1 + Alog(1 + 1))
1+ Mog(1 +t)
(
)

)*
<1log 1+/\logl+t))) (il g (1+Alog(l + ))>T_k(1+nog(1+t))§
) (1

) (1+ Alog(1+1)*

-

(14 Xlog(1+1¢)> — + Alog(1+ )) 1

(G wo) (G

=> (Z DY ND <x|A>> o

n=0 \m=0

(3.5)


http://dx.doi.org/10.20944/preprints201810.0129.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 8 October 2018 d0i:10.20944/preprints201810.0129.v1

10 SANG JO YUN! AND JIN-WOO PARK?*

It is well known that for each k € Z,

L) (et =3 B @) 3.6
(garp) (07 =B (3.6)

By (1.17), (1.7) and (3.6), we have

+1))
31

ft))>_ (1+ Mog(1 +t)*

<1log 1+ Alog

(1+ Mog(1+t)*
(14 Mog(1 +¢

1+ log ( 1+)\log
1+)\log

- B<”+’“+1>( + 1)ni ((1 + Mog(1 + )% — 1)"

n=0

S S (log(1 + 1)) .
. log(1+4¢))™
= <Z B»SLTH_ +1)(]; + 1)) <Z Sg)\(m, H>T>
n=0 m=n
o0 P 1
=305 B (5 4+ 1)S5.0(p,m)— (log(1+ 1))
p=0n=0 p:
© /g P 14
= ( > BT (@ 4+1)S 0 (g — n)Sl(q,p)> —
q=0 \p=0n=0 q
By (3.5) and (3.7), we obtain the following theorem.
Theorem 3.2. For each n,q > 0, we have
DM () =Y ( >D<k> (ADTF (2| N),
and
a p
D (@A) =Y > BU T (@ 4+ 1)S5 4 (g — 1,m)S1 (g, p).-
p=0n=0
Note that, by (1.3),
Ttz +--Fap
/ / (14 Xlog(1+1¢)) x dpg(z1) -+ - dpo(y)
ZP Zp
Llog (1+ Alog(1+1)) ) .
_ [ 3 losl &l . D) (14 Aog(1 + 1) (3.8)
(14 Alog(1+¢)> —1

= t
=Y DN
n
n=0
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By (1.14) and (3.8), we have

// (14 Mog(1+6) 5 dg(1) - -~ dpo()
L2
:i / (x+x1 4+ Tp)nn l.n';’gl (I,n) v (3.9)

:2 <7;)/ / T+ 2+ - ‘+xr)m,AS1(nvm)> g

w+w1+ tx,
( ) (14 0" ) - d)

PnO

Thus, by (3.8) and (3.9), we obtain the following theorem.

Theorem 3.3. For each nonnegative integer n and each integer r,

DOl = 3 81(mm)BY) (@)
m=0

By (1.7) and (1.17), we have

ztwy - tay
A

(1+ Alog(1+1))

1 Tzt tT,
= ((1 + Alog(1+1))> =1+ 1)

r+z1+---+2
m

*) ((1 + Aog(1 + )% — 1)m

(log(1 + )"

M7 i1

(e+z1+ - +20)m Z Sa.a(n,m)

|
=0 —— " (3.10)
:Z Z(m+x1+..+mr)m52’)\(n7m)w

0

S
I
o
3
]

M
[M]=

1« tl
. (x4 21 +~-~+xr)mSQ,A(n,m)an!;Sl(l,n)ﬁ

3
Il

I
WK
Y

k n

—0
n t
Z (x+x1+ -+ 2p)mS2 2 (k,m)S1(n, k)) ok

0 \k=0m=0

n
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and so by (1.16), (3.8)and (3.10) , we get

// (14 Alog(L+ )= dug(z1) - - - dpo ()

Z(ZZSMM&M/ /w+x1+ S E)m duo(wl)"'dﬂo(wr)>z

k=0 m=0
o] n k m
-5 (3 sk &
n=0 \k=0m=0

(3.11)
By (3.8) and (3.11), we obtain the following theorem.

Theorem 3.4. For each nonnegative integer m,
n k

DY (a|A) =YY Saalk,m)Si(n, k) DY) ().

k=0 m=0
4. CONCLUSION

In the past years, the degenerate of special functions and the applications of those
functions to new areas of mathematics have been studied by many researchers. In
this paper, we considered the degenerate Daehee numbers and polynomials by using
p-adic invariant integral on Z, which are different from the Kim’s degenerate Daehee
polynomials. As a presentation, we derive some new and interesting properties of
those polynomials.

Next, we defied the higher-order degenerate Daehee numbers and polynomials
of the second kind, and found the relationship between the degenerate Bernoulli
polynomials, the first and second Stirling numbers, the Bernoulli polynomials, de-
generate Stirling numbers of the second kind and those numbers and polynomials.
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