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EXTENSION OF EIGENVALUE PROBLEMS ON GAUSS MAP OF
RULED SURFACES

MIEKYUNG CHOI AND YOUNG HO KIM*

ABSTRACT. A finite-type immersion or smooth map is a nice tool to classify subman-
ifolds of Euclidean space, which comes from eigenvalue problem of immersion. The
notion of generalized 1-type is a natural generalization of those of 1-type in the usual
sense and pointwise 1-type. We classify ruled surfaces with generalized 1-type Gauss
map as part of a plane, a circular cylinder, a cylinder over a base curve of an infinite
type, a helicoid, a right cone and a conical surface of G-type.

1. INTRODUCTION

Nash’s embedding theorem enables us to study Riemannian manifolds extensively by
regarding a Riemannian manifold as a submanifold of Euclidean space with sufficiently
high codimension. By means of such a setting, we can have rich geometric information
from the intrinsic and extrinsic properties of submanifolds of Euclidean space. Inspired
by the degree of algebraic varieties, B.-Y. Chen introduced the notion of order and type
of submanifolds of Euclidean space. Furthermore, he developed the theory of finite-
type submanifolds and estimated the total mean curvature of compact submanifolds
of Euclidean space in the late 1970s ([3]).

In particular, the notion of finite-type immersion is a direct generalization of eigen-
value problem relative to the immersion of a Riemannian manifold into a Euclidean
space: Let = : M — E™ be an isometric immersion of a submanifold M into the Eu-
clidean m-space E™ and A the Laplace operator of M in E™. The submanifold M is
said to be of finite-type if £ has a spectral decomposition by x = x¢ + z1 + ... + x4,
where z( is a constant vector and x; are the vector fields satisfying Az; = \x; for
some \; € R (i = 1,2,..., k). If the eigenvalues Aj, Ao, ..., Ay are different, it is called
k-type. Since this notion was introduced, many works have been made in this area
(see [3, 5]). This notion of finite-type immersion was naturally extended to that of
pseudo-Riemannian manifolds in pseudo-Euclidean space and it was also applied to
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smooth maps, particularly the Gauss map defined on submanifolds of Kuclidean space
or pseudo-Euclidean space ([1, 2, 3, 10, 11]).

Regarding the Gauss map of finite-type, B.-Y. Chen and P. Piccini ([6]) initiated
to study submanifolds of Euclidean space with finite-type Gauss map and classified
compact surfaces with 1-type Gauss map, that is, AG = A(G + C), where C is a
constant vector and A € R. Since then, quite a few works on ruled surfaces and ruled
submanifolds with finite-type Gauss map in Euclidean space or pseudo-Euclidean space
have been established ([1, 2, 3, 4, 7, 8, 9, 12, 13, 14, 15]).

However, some surfaces including a helicoid and a right cone in Euclidean 3-space
have an interesting property concerning the Gauss map: The helicoid in E* parame-
terized by

z(u,v) = (ucosv,usinv,av), a#0
has the Gauss map and its Laplacian respectively given by

1 :
G = \/ﬁ(asmv, —acosv,u)
and )
2a
AG = ——G.
(a2 + u2)?

The right (or circular) cone C, with parametrization
x(u,v) = (ucosv,usinv,au), a >0

has the Gauss map

G ! (acosv,asi 1)

= ———(acosv,asinv, —
V1+a?

which satisfies . )

u ita
(cf. [4, 8]). The Gauss maps above are similar to 1-type, but it is not of 1-type Gauss
map in the usual sense. Based upon such cases, B.-Y. Chen and the present authors
defined the notion of pointwise 1-type Gauss map ([4]).

Definition 1.1. A submanifold M in E™ is said to have pointwise 1-type Gauss map
if the Gauss map G of M satisfies

AG = f(G+C)

for some non-zero smooth function f and a constant vector C. In particular, if C is
zero, then the Gauss map is said to be of pointwise 1-type of the first kind. Otherwise,
it is said to be of pointewise 1-type of the second kind.

Let p be a point of E? and 3 = 3(s) a unit speed curve such that p does not lie on
B. A surface parametrized by

z(s,t) =p+th(s)
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is called a conical surface. A typical conical surface is a right cone and a plane.
Let us consider a following example of a conical surface.

Example 1.2. ([15]) Let M be a surface in E? parameterized by
x(s,t) = (scos’t, ssint cost, ssint).

Then, the Gauss map G can be obtained by
1
G =———(—sin®t, (2 — cos?t) cost, — cos’ t).

V14 cos?t

After a considerably long computation, its Laplacian turns out to be
AG = fG+ ¢C

for some non-zero smooth functions f, g and a constant vector C. The surface M is
a kind of conical surfaces generated by a spherical curve 8(t) = (cos?t,sint cost, sint)
on the unit sphere S?(1) centered at the origin.

Inspired by such an example, we would like to generalize the notion of pointwise
1-type Gauss map as follows:

Definition 1.3. ([15]) The Gauss map G of a submanifold M in E™ is of generalized
1-type if the Gauss map G of M satisfies

AG = fG + ¢C (1.1)

for some non-zero smooth functions f, ¢ and a constant vector C.

Especially we define a conical surface with generalized 1-type Gauss map.

Definition 1.4. A conical surface with generalized 1-type Gauss map is called a conical
surface of G-type.

Remark 1.5. ([15]) A conical surface of G-type is constructed by the functions f, g
and the constant vector C by solving the differential equations generated by (1.1).

In the present paper, we classify a ruled surface with generalized 1-type Gauss map
in E® as a plane, a circular cylinder, a cylinder over a base curve of an infinite type
generated by the given function f, g and the constant vector C, a helicoid, a right cone
and a conical surface of G-type.

2. PRELIMINARIES

Let M be a surface of the 3-dimensional Euclidean space E3. The map G : M —
S?(1) € E? which maps each point p of M to a point G, of S?(1) by identifying the unit
normal vector N, to M at the point with G, is called the Gauss map of the surface M,
where S?(1) is the unit sphere in E? centered at the origin.
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For the matrix g = (g;) consisting of the components of the metric on M, we denote
by g% = (g¥) (resp. G ) the inverse matrix (resp. the determinant) of the matrix
(Gij)- Then the Laplacian A on M is in turn given by

(x/@ g“i). (2.1)

A== O

1 0
Now, we define a ruled surface M in the 3-dimensional Euclidean space E3. Let
a = a(s) be a regular curve in E? defined on an open interval I and 8 = 3(s) a
transversal vector field to o/(s) along «. Then the ruled surface M can be parameterized
by
z(s,t) =a(s)+tB(s), sel, teR

satisfying (o/,3) = 0 and (3,8) = 1, where ' denotes d/ds. The curve « is called
the base curve and [ the director vector field or ruling. In particular, M is said to be
cylindrical if B is constant, or, non-cylindrical otherwise.

Throughout this paper, we assume that all the geometric objects are smooth and all
surfaces are connected unless otherwise stated.

3. CYLINDRICAL RULED SURFACES IN E? WITH GENERALIZED 1-TYPE GAUSS MAP

In this section, we study the cylindrical ruled surfaces with generalized 1-type Gauss
map in E3.

Let M be a cylindrical ruled surface in E3. Without loss of generality, we assume
that M is parameterized by

(s, t) = a(s) + 16,
where a(s) = (a1(s), az(s),0) is a plane curve parameterized by the arc-length s and
[ a constant vector, namely 5 = (0,0, 1). In this case, the Gauss map G of M is given

by
G=dad x 8= (a),—a},0) (3.1)
and the Laplacian AG of the Gauss map G using (2.1) is obtained by
AG = (—ay ,a; ,0), (3.2)

where " stands for d/ds.

From now on, ' denotes the differentiation with respect to the parameter s relative
to the base curve.

Suppose that the Gauss map G of M is of generalized 1-type, i.e., GG satisfies equation
(1.1). We now consider two cases for equation (1.1).

Case 1. f=g.
In this case, the Gauss map G is of pointwise 1-type described in Definition 1.1.
According to Classification Theorem in [8] and [9], we have the ruled surface M is
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part of a plane, a circular cylinder or a cylinder over a base curve of an infinite-type
satisfying

(st 2., 2 2 -1 2 3
sin” | —— | — cl+02—<cf 3—1) =+ (s + k), (3.3)
Vet
where C = (¢1,¢2,0), ¢(# 0) and k are constants.

Case 2. f#g.
By a direct computation using (3.1) and (3.2), we see that the third component c;

of the constant vector C is zero. We put C = (¢q, ¢2,0). Then, we have the following
system of ordinary differential equations

—04/2// = fay +ge, (3.4)
a; = —fal + geo.
Since « is a unit speed curve, that is, (o))? + (a4)? = 1, we may put
a(s) = cosf(s) and aj(s) =sinf(s)
for a smooth function 6 = 6(s) of s. It enables equation (3.4) to be rewritten in the

form
(0")?sin® — 0" cos) = fsinf + gey,

(0")*cosf + 0" sinf = fcos® — gea,
which give
(0)? = f + g(cisin — ¢y cos b)), (3.5)

—0" = g(c1 cos6 + ca8in6). (3.6)

Taking the derivative of (3.5), we have
200" = '+ ¢'(c18in 0 — o cos ) + g(c1 cosh + co8in 0)6'.
With the help of (3.5) and (3.6) it implies that
/

207 = 7'+ (@) - ).
Solving the above differential equation, we get
2 oy

(5) + 20%(s) / s 66 - Dy, k20 e R

(V1N

0'(s)® = kg

If we put
_ im , (3.7)

where p(s) = |kg3 393 fg 5 (s)f(s fo — %)ds| for some non-zero constant k,
we get a base curve « of M as follows.

afs) = ( / cos 0(s)ds, / sin 6(s)ds, o) , (3.8)

d0i:10.20944/preprints201809.0407.v1
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where 6(s) = + [ /p(s) ds. In fact, 6 is the signed curvature of the base curve «
which is precisely determined by the given functions f, g and the constant vector C.

Note that if f and g are constant, the Gauss map G is of 1-type in the usual sense.
In this case, the signed curvature of the base curve « is non-zero constant. So, the
cylindrical ruled surface M is part of a circular cylinder.

Suppose that one of the functions f and g is not constant. Since a plane curve in
[E3 is of finite-type if and only if it is part of a straight line or a circle, the base curve
defined by (3.8) is of an infinite-type ([5]). Thus, by putting together Cases 1 and 2, we
have a classification theorem of cylindrical ruled surface with generalized 1-type Gauss
map in E3.

Theorem 3.1. Let M be a cylindrical ruled surface in E®. Suppose that M has
generalized 1-type Gauss map. Then it is an open part of a plane, a circular cylinder
or a cylinder over a base curve of an infinite-type satisfying (3.3), (3.7) and (3.8).

4. CLASSIFICATION THEOREM

In this section, we examine non-cylindrical ruled surfaces with generalized 1-type
Gauss map in E? and obtain a classification theorem.

Let M be a non-cylindrical ruled surface in E? parameterized by a base curve o and
a director vector field 5. Up to a rigid motion, its parametrization is given by

x(s,t) = afs) +tB(s)

such that (o/,8) =0, (8,0) = 1 and (#', ') = 1. Then, we have the natural frame
{zs, 2} given by x, = o/(s) +t5'(s) and x; = B(s).

From this setting, we have an orthonormal frame {3, 8, 8 x 8'}. For later use, we
define the smooth functions ¢, u, () and R as follows:

q=(z525), u=(a,5), Q=(,Bxp), R=(B"5xp)
In terms of the orthonormal frame {3, 5, 8 x '}, we obtain
o =uf + QB x
=B+ RBxF,
o xB=QF —uBx 8,
Bx 8" =—Rf,
from which, the smooth function ¢ is given by
qg=1t*+2ut + v+ Q*
and the Gauss map G of M is obtained by

Ts X Ty g QB — (u+t)8 x B). (4.2)

s x

(4.1)
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Let H and K be the mean curvature and the Gaussian curvature of M respectively.
By straightforward computation in using the first and second fundamental forms, they
are given as follows:

1
H = 5(]_3/2(—1%2 — (2uR+ QNt+u'Q — Q*R — v*R — uQ),
q

Remark 4.1. If R = 0, then the director vector field 3 is a plane curve.

The following formula is well known with respect to the Laplacian of the Gauss
map of M in E3, which are easily obtained by applying the Gauss formula and the
Weingarten formula:

AG = 2gradH + (trA%)G,

where A denotes the shape operator of the surface M.
From (4.3), we get

2gradH = 2e1(H)ey + 2e9(H)es
= ¢ 3Bre; + ¢ Asey
= ¢ P (qAB+ (u+ )BiS + QBB x ),

Tt

Tg —
€2 = Tl

||
Ay =Rt* + (3uR +2Q")t* + (Q*R — 3u/Q + 3u*R + 4uQ')t

+ (uQ*R — 3u'Q + v’ R + 2u*Q" — Q*Q),
By =3(u't + uv' + QQ){Rt* + uR + Q\t —u'Q + Q*R + u’R + uQ'}
+ (£ 4 2ut +u? + Q*){—R't* — (2u'R + 2uR' + Q")t
+u"Q — 20Q'R — Q*°R' — 2uu'R — v’ R — uQ"}.

We also have

where e; = |

trA% = ¢ 3Dy,
where
Dy ={-Rt* — 2uR + Q")t —u(uR + Q") + Q(v/ — QR)}* + 2Q*(t* + 2ut + u* + Q?).
Thus we obtain the Laplacian AG of the Gauss map G of M given by
AG = ¢ ?qA B+ (u+1)By + D1Q) ' + (QBy — Dy(u+1)) 8 x . (4.4)

Suppose that M has generalized 1-type Gauss map G. Then, with the help of (1.1),
(4.2) and (4.4), we obtain

¢ PlqAB +{(u+t)B1+ D1Q}3 + {QB1 — Di(u+1)}3 x 3

45
= fq '*{QB — (u+t)B x f'} + gC “5)
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for some non-zero smooth functions f, ¢ and a constant vector C.
If we take the inner product to equation (4.5) with 3, 5" and 3 x ' respectively, then
we get the following:

q A =g (C,B), (4.6)
¢ {(u+1)Bi+ D1Q} = fg?Q + 9 (C. 5, (4.7)
¢{QB1 — (u+t)Di} = —fq P (ut 1) +9 (C, 8 x §). (4.8)
Combining equations (4.6), (4.7) and (4.8), we have
qAiws — {(u+t)By + D1Q}wi + f¢*Quy =0, (4.9)
qAiws —{QB; — (u+t)D1}wy — f@P(u+t)w; =0, (4.10)

{(u+t)B, + D1Q}ws — {QB; — (u+t)D1}ws — f¢*{Qus + (u+t)ws} =0, (4.11)

where we have put w; = (C, ), wy = (C, ') and w3 = (C, 5 x ).

On the other hand, differentiating a constant vector C = w1 + w8’ + w3 x " with
respect to the parameter s and using (4.1), we get
Wy —
ws +waR =0, (4.12)

wi +wy —w3R =0.

w2:07

Combining equations (4.9) and (4.10), we obtain
Al{WQ(U + t) + W3Q} - Blwl = 0. (413)

First of all, we consider the case of R = 0.

Theorem 4.2. Let M be a non-cylindrical ruled surface in B3 with generalized 1-type
Gauss map. If R =0, then M 1is part of a plane or a helicoid.

Proof. If the constant vector C is zero in the definition given by (1.1), then the Gauss
map G is nothing but of pointwise 1-type Gauss map of the first kind. By Characteri-
zation Theorem of a ruled surface with pointwise 1-type Gauss map of the first kind,
M is part of a helicoid ([8]).

We now assume that the constant vector C is non-zero. In this case, we will show
@ =0 on M and thus M is part of a plane due to (4.3).

Suppose that the open subset U = {s € dom(«)|Q(s) # 0} of R is not empty. Then,
on a component Ug of U, we have from (4.12) that w; is a constant and w] = —w;.
Observing equation (4.13), the left side is a polynomial in ¢ with functions of s as the
coefficients. Hence the leading coefficient must vanish and w?@’ is a constant on Ug
with the help of (4.12).

Next, by examining the coefficient of the term involving ¢? in (4.13), we obtain

3wat'Q — 2w3QQ + 3wt Q' + wiu"Q = 0. (4.14)

d0i:10.20944/preprints201809.0407.v1
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Similarly as above, from the coefficient of the linear term in ¢ of (4.13) with the help
of (4.14), we get

WoQQ + w3t/ Q — wy (u)* + wi (Q)* = 0. (4.15)
Also, the constant term in (4.13) with respect to the parameter ¢ is automatically zero.
If we make use of (4.14), we obtain

Qlwi {3u(u)? + 3¢/ QQ" — 3u(Q)* — u"Q*} — 3wuQQ’
— w3 (3ur'Q + Q*Q")] = 0.
Hence, on Ug, we have
W {Bu(W)? + 30QQ" — 3u(Q)? — u'Q?} — BunuQQ)
— w3(3ur/'Q + Q*Q’) = 0.
Using (4.14) and (4.15), equation (4.16) can be reduced to
2011’ Q' + wot' Q — w3QQ = 0. (4.17)

Suppose that there is a point sg € Ue such that u/(sg) # 0. Then, u/(s) # 0 everywhere
on an open interval / containing sg. So, (4.15) yields

Q= (W) — (@) ~ Q@) (4.18)

Putting (4.18) into (4.17), (u"> + Q"*)(w2Q +w, Q") = 0, which implies wyQ +w, Q" = 0.
Since wy = w/, we see that w;@Q) is constant on I.

If w; = 0 on some subinterval J in I, wy = 0 on J. (4.15) gives wy = 0 on J.
Since C is a constant vector, C is zero vector, which is a contradiction. Thus, without
loss of generality we may assume that w; # 0 everywhere on I and it is of the form
wy = ky cos(s + s1) for some non-zero constant k; and s; € R. Since w%Q’ is constant
and w1 @ is constant on I, w; must be zero on I, which contradicts w; = k; cos(s + s1)
for some non-zero constant ki. Therefore, the open interval I is empty and thus «’' = 0
on Ue. If we take it into account of (4.15) and (4.17), we get Q' (w2@ + w1 Q') = 0 and
w3@' = 0, respectively.

Suppose that @Q'(sy) # 0 at some point s € Up. Then ws = 0 and wQ is a
constant on an open interval J; containing s,. Similarly as above, since w?@’ and w,Q
are constant on Ji, it follows that w; = 0. By (4.12), wy is zero. Hence the constant
vector C is zero, a contradiction. Thus J; is empty. Therefore, () is constant on Ug.
By continuity, ) is either a non-zero constant or zero on M. Because of (4.3), M is
minimal and it is an open part of a helicoid, which means that the Gauss map is of
pointwise 1-type of the first kind. Therefore, the open subset U is empty. Consequently,
Q) is zero on M. Hence, M is an open part of a plane. [

(4.16)

Now, without loss of generality we may assume that the function R is not vanishing

everywhere.
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If f = g, the non-cylindrical ruled surface M has pointwise 1-type Gauss map which
is characterized as an open part of a right cone including the case that M is a plane
or a helicoid depending upon whether the constant vector C is non-zero or zero ([7]).

From now on, we may assume the constant vector C is non-zero and f # g unless
otherwise stated. Similarly as before, the leading coefficient of the polynomial in the
left side of equation (4.13) in ¢ with functions of s as the coefficients is zero and we get

wi R+ w R = 0. (4.19)

Since w) = wy in (4.12), we see that wy R is constant. Also, the coefficient of the term
involving ¢* in (4.13) must be zero. With the help of (4.19), we get

209Q" + wW3QR — wi' R+ w1 Q" = 0. (4.20)

If we examine the coefficient of the term involving ¢? in (4.13), using (4.19) and (4.20)
we obtain

W1 Q*R' — 3wt Q + 2w3QQ" — wW1QQ'R — 3w ' Q' — wu'Q = 0. (4.21)

Furthermore, from the coefficient of the linear term in ¢ in (4.13) with the help of
(4.19), (4.20) and (4.21), we also get

Q{u2QQ' +wsu'Q — w1 (u)?* +wi(Q)*} = 0. (4.22)

Consider an open set V = {s € dom(a)|Q(s) # 0}. Suppose that V is not empty.
Equation (4.22) gives that

W QQ' + wsu'Q — wy (u)? + w1 (Q)? = 0. (4.23)

Moreover, considering the constant term with respect to t in (4.13) and using (4.19),
(4.20) and (4.21), we obtain

Qw1 {3u(u)? +30QQ" — Q*Q'R — 3u(Q')? —u"Q* + Q*R'}
— 30suQQ’ — wy(3ur'Q + Q*Q)] = 0.
Hence, on the open subset Vin R,

w1{3u(u')2 + 3UIQQ/ - Q2QIR . 3U(Q/)2 o UHQ2 + QSR/}

— 3wouQQ — ws(3uu'Q + Q*Q’) = 0. (4.24)
Applying (4.21) and (4.23) to (4.24), we have
201U’ Q' + wot' Q — w3QQ" = 0. (4.25)
On the other hand, since w3R = wy + wo’ in (4.12), (4.20) becomes
(wW1Q)" + w1 Q —wiu'R = 0. (4.26)

Now, suppose the open subset V; = {s € V|u/(s) # 0} is not empty. Then (4.23) yields

Q= (W) — (@)~ QQ') (4.27)

d0i:10.20944/preprints201809.0407.v1
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Putting (4.27) into (4.25), (u* + Q*)(w2Q + w1@Q’) = 0 and thus w,@Q + w1 Q' = 0.

Therefore, w; @ is constant on a component C of V;. From (4.26), we get w;Q = wiu'R.

If w; = 0 on an open interval I C C, the constant vector C is zero on M, a contra-

diction. Thus, w; # 0 and so @ = v/R on C. The fact that w;@Q and w; R are constant

on C implies that «’ is a non-zero constant on C. Then, (4.21) and (4.25) are simplified

as follows:

W1Q2R/ + 2&)3@@’ - leQ,R = O, (428)

wit' Q' — w3QQ = 0. (4.29)

Putting @) = 'R into (4.28), w3@" = 0 is derived. Thus, (4.29) implies that w1’ = 0
and so ' = 0 on C. Hence, (Q and R are both non-zero constants on C.

On the other hand, without difficulty, we can show that the torsion of the director
vector field = [(s) viewing as a curve is zero and so (3 is part of a plane curve which
is a small circle on the unit sphere centered at the origin with the normal curvature -1
and the geodesic curvature R on C. Without loss of generality, we may put

1
B(s) = ]—j(cosps, sin ps, R)

on C, where we have put p = v/ 1+ R2. Then, u = (¢/, ') = —a/ sinps + a cos ps,
where o/(s) = (a/(s), a4(s), a%4(s)). Therefore, on C, we get

u' = —(af + a4p)sinps + (afy — ap) cos ps,

from which, we see that v/ = 0 on C C Vj, contradiction. Hence, V; is empty and so
uw' =0 on V. Then, (4.20), (4.23) and (4.25) can be respectively reduced to

QWQQ/ + ngR + le// = 0, (430)
w2QQ" + wi(Q)* =0, (4.31)
w;QQ’ = 0. (4.32)

Suppose that Q'(59) # 0 at a point 5y in V. From (4.31) and (4.32), w3 = 0 and w, @ is
a constant on an open interval J C V containing §,. Hence, wy'Q = 0 is derived from
(4.30). Therefore, wy’ = 0 on .J. The third equation of (4.12) yields w; = 0. It follows
that wy = 0. Since C is a constant vector, C is zero on M, a contradiction. So, Q' =0
on V. Thus, @) is non-zero constant on each component of V. If we consider (4.20) and
(4.21), we have
wsR=0 and w R =0.

Since R # 0, w3 = 0 on each component of V. By (4.19), woR = 0, which yields that
C is zero on M. It is a contradiction. Hence, the open subset V of R is empty and the
function @ is vanishing on M. Thus, M is flat due to (4.3). Since the ruled surface
M is non-cylindrical, M is one of an open part of a tangent developable surface or a
conical surface. One of the authors proved that tangential developable surfaces do not
have generalized 1-type Gauss map and a conical surface of G-type can be constructed
by the given functions f, g and the constant vector C ([15]).

d0i:10.20944/preprints201809.0407.v1
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Consequently, we have

Theorem 4.3. Let M be a non-cylindrical ruled surface in B3 with generalized 1-type
Gauss map. Then, M 1is an open part of a plane, a helicoid, a right cone or a conical
surface of G-type.

Summing up our results, we obtain the following classification theorem.

Theorem 4.4. (Classification) Let M be a ruled surface in E3 with generalized 1-type
Gauss map. Then, M is an open part of a plane, a circular cylinder, a cylinder over a
base curve of an infinite-type satisfying (3.3), (3.7) and (3.8), a helicoid, a right cone
or a conical surface of G-type.
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