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C* Space-Time.. a window to new Physics?
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:  Abstract: We explore the possibility to form a physical theory in C*. We argue that the expansion
> of our usual 4-d real space-time to a 4-d complex space-time, can serve us to describe geometrically
s electromagnetism and unify it with gravity, in a different way that Kaluza-Klein theories do.
« Specifically, the e lectromagnetic fi eld A, , is included in the free ge odesic eq uation of C* . By

s embedding our usual 4-d real space-time in the symplectic 8-d real space-time (symplectic R®
s is algebraically isomorphic to C*), we derive the usual geodesic equation of a charged particle
»  in gravitational field, p lus new information whichisi nterpreted. A fterwards, w e e xplore the

s consequences of the formulation of a "special relativity" in the flat R®.
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1s 2. Introduction

19 This is the first paper of a series of papers [16] [17] [18] [19] [20], concerning a physical theory in
20 an extended C* space-time. The most difficult problem in the present history of physics, is the hunt
x of a unified theory. A unified theory, which could incorporate general relativity and quantum theory
22 and could explain the nature of dark energy and dark matter, as well. This task is on progress and
23 several theories and suggestions exist in the literature of physics. But yet, a final satisfactory proposal
2« is still missing. Of course, there are promising candidates, such as superstrings, loop quantum gravity
25 and classic quantum gravity theories, which are still under development. At this point, we would
26 like to suggest an alternative, which is pure geometric. We argue that an expansion of our usual 4-d
2z real space-time to a 4-d complex space-time (or to the algebraically isomorphical symplectic 8-d real
2s  space-time), could be promising. In fact the extension to a complex space -time is not something new.
20 A. Einstein has used several complex structures in order to unify gravity with electromagnetism [11],
30 W. Pauli generalised the Kaluza-Klein theory to a six-dimensional space (3-d complex space) [12]
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a1 and H. P. Soh , advised by A. Eddington, published a theory attempting to unifying gravitation and
32 electromagnetism within a complex 4-dimensional Riemannian geometry [13]. Moreover, S. Hawking
ss  discussing mathematical models which involve imaginary time for the description of the Universe
s« in [14], makes a comment # suggesting that the distinction between real and imaginary quantities
35 is just a mind trap. In the past, several attempts were made in the direction of a classical unified
36 field theory (UFT), ( all our information about UFT can be found in a marvelous and extensive article
sz by Hubert F. M. Goenner [23], [24]), where the basic idea was the generalization or the extension of
ss the Riemannian geometry, in such a way that electromagnetism could be included in a geometrical
s way. The main efforts attempted were, Weyl's infinitesimal geometry in terms of gauge field, Kaluza-
20 Klein’s 5-d theories, Eddington’s pire affine geometry, Schrodinger’s affine geometry, Born’s reciprocity
a1 theory, Sciama’s attempt to define classical spin and finally Einstein’s several attempts using one after
a2 the other possible geometries as mixed (metric-affine geometry), asymmetric or complex geometries.
a3 All these attempts were failed for many reasons, for instance Weyl’s UFT failed to produce rational
s« physical findings, but fortunately, his efforts and ideas guided scientists, through gauge invariance,
s to formulate quantum field theory. Schrodinger’s affine geometry, which was a blend of a of Weyl’s
s theory and Eddington’s pure affine theory, was not gauge invariant plus his false intention to include
+z mesons apart from the unification of gravitation and electromagnetism. On the other hand Eddington’s
«¢ affine geometry was mathematically difficult and his suggestions did not have the elegance and the
a0 presentation required. And then it was A. Einstein, who played with almost every possible geometric
so structure, during his hunt for UFT. In the period 1923-1933, he started investigating Eddington’s affine
51 geometry, Cartan’s tere-parallel geometry, Kaluza’s 5-d Riemannian geometry and finally a mixed one
52 where he mixed affine geometry with a metric with a skew-symmetric part. In this mixed geometry, he
ss argued, that the symmetric part of the metric tensor, is associated to inertia and gravitational field,
s« while the assymetric part of the metric would be linked to electromagnetism, where the field equations
ss should be derived as limiting case. Afterwards, in 1948, he started to relate mathematical objects to
s physical observables,such that, the anti-symmetric density play the role of an electromagnetic potential.
sz, there were many problems in the interpretation, from the torsion tensor which appeared in the
se definition of the metric, to the two versions of UFT, a weak and a strong one, or to the spherically
s symmetric solution derived from A.Papapetrou, which did coincide asymptotically with the solution
s of Einstein-Maxwell equation. Moreover, a clear connection between geometric objects and observables
e1 could not be found and finally, there were many problems to pass from continuous to discrete mass.But
ez afterwards, in 1945 tried something new and wrote about it

es "What i now do will seem a bit crazy.... consider a space the 4 coordinates x1, X, x3, x4 which are complex such
6a that in fact it is an 8-d space...In place of the Riemannian metric another one of the form g;k obtains”

o5 But eventually, in order to maintain the 4-d space, he merely abandon this idea and used only
es the field variables to be complex. In a same manner A. Eddington and H. P. Soh , used also a 4-d
e Riemannian geometry with real coordinates, but with a complex metric, where the real part of the
e Mmetric corresponds with mass and gravitation, while the imaginary part corresponds with charge
o and electromagnetism. And afterwards, it was D.S.Sciama, who tried to give a new approach to UFT.
7 Sharing the same opinion with A. Einstein, about a quantum theory derived directly from geometry,
n  he returned to metric affine geometry. In order to geometrize the spin tensor, he abandoned the
72 idea that the skew symmetric part of the connection is associated to electromagnetism but rather,
7z with a classical spin angular momentum of matter. And finally, there where the Kaluza-Klein theory,

"One might think this means that imaginary numbers are just a mathematical game having nothing to do with the real
world. From the viewpoint of positivist philosophy, however, one cannot determine what is real. All one can do is find
which mathematical models describe the universe we live in. It turns out that a mathematical model involving imaginary
time predicts not only effects we have already observed but also effects we have not been able to measure yet nevertheless
believe in for other reasons. So what is real and what is imaginary? Is the distinction just in our minds? ”
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7 where a fifth dimension was added, so that, this extra dimension would house the incorporation
s of the electromagnetism field into geometry. Eventually,Kaluza-Klein theory, also suffered with the
76 problem of a static spherically symmetric solution. But all these attempts had bigger problems, that
7z the above mentioned ones. The first of them, it was the lack of knowledge in that period i.e all these
s great scientists, did not know the existence of nuclear fields, they did not have the experimental
7 data of today, nor the existence of what we call dark matter and dark energy fields. This lack of
s knowledge, did not give them the chance to properly connect and relate the mathematical objects of
a1 their theories to physical observables. Moreover, there was and there is, a certain belief that our usual
s2 4-d space-time, should be derived as a limiting case or in reductive way or with compactification of
ss the extra dimensions. In our attempt, fortunately, we take into account all our present knowledge in
s« order to properly connect mathematical objects with observables, plus the fact, that we are willing
ss to connect, even the extra dimensions with observables. Moreover, we asked ourselves, if Cosmos is
s not in reality 4-d and has a bigger dimension, how would a 4-d observer, would observe this higher
ez dimensional space? Through this question, we do not any longer want to take limits or other similar
se techniques, but rather to embed our usual 4-d space-time to this higher dimensional space. We argue,
s that in our approach, we would have the possibility to get in touch with several existing problems
%0 of theoretical physics and as well, to give us the opportunity to seek for new physical phenomena.
o1 Two new terms will arise after the embedding procedure, apart from gravity, where these new terms
o2 are directly connected to geometry and could be linked with the problem of dark fields. In addition,
o3 through the embedding procedure, scales will arise, where a uniform scale is recognized as a bound in
9o« energy scale,which also looks like a geometric description of Higg’s mechanism and the anti-symmetric
s part of the metric tensor give us enough room, in order to include nuclear forces. Especially, for the
96 possibility to include nuclear forces as well, we give a clearer look by the point of view of symmetry
o7 groups in [18]. Finally the generalized spacial relativity that is formulated as a consequence of C* or
s R® and the two time consideration, suggests that there also exist a second invariant "velocity", apart
9o the usual speed of light, that totally changes our beliefs about the propagation of information and
wo everything to it and leads to new physical phenomena. Our main approach, is to repeat all the steps
101 that were made in the past, but now not for the 4-d real space-time, but for the 4-d complex space-time.
12 Specifically, we want to establish a theory of mechanics, a theory of "special relativity" and a "general
w03 relativity", directly in C*. The extra dimensions of this formulation, can be served as additional degrees
e of freedom, which could can help us to describe geometrically the property of mass and "sources"
s in general. We want to present a "static" problem in C*, which becomes "dynamic" after embedding
106 our usual 4-d space-time in the 4-d complex space-time. Sources in general, will arise, as the lost
w7 information of this embedding. The advantage of such a consideration, is the ability to present a close
s theory, as it happens with mechanics and general relativity. Furthermore, we want to explore, the
10s  possibility to re-establish quantum theory, as a classic mechanics theory in C*, giving us this way, the
uo ability to alter the axiomatic demands of quantum theories, to axiomatic definitions of usual mechanics
1 theory.

1z 3. Method behind the choice of a C* space-time

113 There are two successful theories that are capable to describe the basic and elementary "forces"
ua in Nature, General Relativity (GR) for gravity and Standard Model (SM) for electromagnetism, weak
us and strong nuclear interactions. We would like to find a method originated from these two theories,
ue in order not to see or find a way to unify them, but rather to seek for a new frame, from which those
uz two theories could arise. A nice way to start discussing about gravity and GR is the principle of
us general covariance, a principle that in our opinion expresses deep philosophical issues concerning
ue the description, the existence and the understanding of the Universe or Cosmos. This principle as
1o it is expressed in [21], is the idea that "every physical quantity must be describle by a geometric
121 object and that the laws of physics must all be expressible as geometric relationships between these
122 geometric objects". This principle, was originally expressed by Felix Klein (Erlanger program) and it
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123 was A. Einstein who successfully used in GR. Geometric objects are in general tensors such as vectors
12e  (1-tensors), metric tensor (2-tensor), Riemann-Christoffel 3-tensor Rfd . €tc, which exist independently
s of coordinate systems or reference frames but in general expressible by them. This way GR is usually
s called as a geometric theory and it has its foundation on three axioms

127 1. There is a metric tensor

128 2. The metric tensor fulfills the Einstein field equation

120 Gl] =8 Tl]

130 3. All special relativistic laws pf physics are valid in local Lorentz frames of metric

11 Then curvature in geometry manifests itself as gravitation as the energy momentum tensor Tj;, is the
132 "average’ of curvature expressed by Einstein’s tensor G;;. Based on the above mentioned, we would
1z like to impose a question as a new way of investigation. Can we expand the relationship between the
1« energy-momentum tensor T;; and geometry described by G;j, to a new principle that even Tj; is not
135 connected by relationship to geometry but T;; can be described by geometry itself? Or in an other way,
e if Tj; generates an average curvature described by Einstein’s tensor, can we find a higher dimensional
1z space, let us call it X, implying this way a new extension of our usual 4-d real space-time to space-time
s X, where now Tj; can be described or connected with a new "average" curvature defined in the new
1o expanding part of X and then the generalized "Einstein" tensor (this generalised "Einstein" tensor will
1o follow the dimensionality of this space X, for instance if X is n dimensional then, this "generalised
11 Einstein" tensor will be a matrix n X n), let us call it for now G; ir of the extended space-time X, fulfills
w2 the field equation

!
143 Gl] — 0

s Which suggests that the "average" curvature of this space-time X is 0 and the energy-momentum tensor
ws is incorporated purely geometrical in G; i 7 If the answer is yes, then G; ;= 0is nothing else, than an
us equilibrium equation (not of "Poisson type" but rather a "Laplace type" equation) which means that
wz  Universe or Cosmos is an expanding dynamic system in equilibrium state , governed by the geometry
us Of the space-time or manifold X, through a Ricci flow. Meanwhile, those extra dimensions can be
ue seen also as additional degrees of freedom, from which the entities of our usual energy-momentum
10 tensor expressed as matter, charges, currents or even undescribed by GR physical quantities such
151 as pure quantum characteristics (spin, isospin, colours, etc), or sources in general could be defined
12 or described pure geometrically. Of course extra dimensions and extension to a higher dimensional
153 space-time is not something new, it was originally proposed by T. Kaluza and O. Klein and afterwards
15« from string theories in general, where a 10+1 dimensional space is proposed as the necessary "arena"
155 for the description of M-theory. At this part, we would like to examine, of there are any clues, from
16 our well known and accepted theories, which could inform us about the type and dimensionality of
157 space-time X. We think that there is no better candidate than the Standard Model (SM). Let us focus
1ss only in the electromagnetic part of SM, for simplicity, where the gauge symmetry is the abelian group
1se  U(1)and the covariant derivative associated with it, is

160 Dy — ay - ZAV

11 There is a lot for someone to discuss about gauge theories, involving symmetry groups, Lie groups,
12 Lie manifolds, tangent bundles, submersions etc, but we would like to focus on a different and more
1z simple path. We want to examine this covariant derivative in a strict, in the beginning, mathematical
1 Or geometrical way and afterwards, we will try to evaluate the physical meaning and interpretation.
15 In this covariant derivative, obviously d;, is a 4-d real vector or vector field (the basic tangent vector of
s 4-d real space-time) and A, is a 4-d real vector or vector field as well. Now, if we consider that D), is a
167 vector or even better a tangent vector, in the sense of a geometrical description, in which space does
s D), belongs to? The answer is very simple but awkward
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™ D, belongs in a C* space

o due to the fact that the complex number "i" lies in the covariant derivative between the two 4-d real
i1 vectors! But what does it means, is it just a mathematical tric or can we give physical meaning? We
> argue that not only C* has physical meaning and interpretation but rather this is the key or clue we
13 were looking for space X. We suggest a new extension of our usual 4-d real space-time to a 4-d complex
e space-time, or a we will see further to its geometrically equivalent 8-d real symplectic space. We shall
s see in [18], that the choice of a C* space-time by the beginning, will explain not only how, but why
e as well, as concerned the choice of a complex field ¢ in quantum field theories and additionally, the
177 causality of the existence of the symmetries described by the unitary groups U(1), SU(2), SU(3) in
s gauge theories. This way we would not need to start by a God given field and God given symmetries
170 (as R. Penrose comments in "The Road To Reality"), as they would arise naturally as properties of the
180 choice of a C* space-time. For instance, we will see that the Hermitian metric, associated with C4, is
11 invariant under transformations described by the group GL(4, C) which is isomorphic as

GL(4,C) ~ SO(4,4) N U(4)

13 Furthermore, we will see in [18], that U (4) breaks simultaneously after embedding our usual space-time
e« in C* into desired unitary groups, giving us this way, the chance to explain the phenomenon of
15 spontaneous symmetry breaking, as the causality of this embedding. Specifically, in [18] we show that
e the symmetry group for nuclear and electromagnetic field should expanded to an extension of SM as
Su(4)
su(2)
s that is called in the literature of mathematics as Stieffel manifold, that contains an su(3) algebra,as a
0 subalgebra. Furthermore, this coset is isomorphical to the product of spheres S” x S° which is clearly
wo "bigger" than the group SU(3)and as a result, it gives us room to seek for unexplained phenomena
11 linked to strong nuclear field. In addition, all together the product naturally leads to an extension of
12 SM. It is our desire throughout all our consideration to answer not only the "how" in physics , but
13 the "why" as well. Additionally, if the choice of a C* space-time is valid, it could also explain the
1a  great success of quantum theories in general, as they would appear to have already used the fact
15 of a complex space-time. Complex geometrical structures are not something new in physics, as we
16 have already seen in the introduction, and already such structures are used in the sense of Kahler and
17 Calabi-Yao manifolds. Moreover, symplectic and complex geometries are suggested as new tools in the
1ws connection of Yang-Mills theories and geometry in [22]. But our suggestion is not only some additional
10 dimensions, serving as additional degrees of freedom, but we want to propose to give direct physical
200 interpretation to these ones. There are two ways

x SU(2) x U(1), where the quotient is not anymore a group but rather a coset (orbit space),

201 1. We must find some physical quantities that will be related to this extra dimensions. Or, are there
202 any physical necessities that could be introduced by the beginning and C* could be the right
203 framework?

204 2. We can start with just a usual vector of C*

205 Zi = X + Zyl

206 where x;,i = 0,1, 2,3 are the usual coordinates of 4-d real space-time and leave y; without any
207 physical interpretation, in the beginning, and let the mathematical processing to lead us to a
208 desired and suitable interpretation.

200 We have chosen the second way, due to the fact, that we can build and establish a more concrete
210 framework and examine step by step the arisen structures and this way we keep in touch with the
2 well known physical theories. Finally, from GR the key was geometry, from gauge theories and SM the
22 key was C* space and the combination lead us to this consideration in the search of new physics (if
213 someone believes in such a hunt)
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2 "We suggest to investigate geometrically C* space-time. In C* space-time there must be a unified field
215 (Gravity, electromagnetism, etc) which is a property of this 4-d complex space-time itself, as
216 gravitational field is a property of our usual 4-d real space-time"

a1z As a consequence, in the next paragraph, we will start with a pure geometrical picture, by investigating
215 the elementary length in a curved C* space-time and afterwards, we will give the physical interpretation
210 Of these extra dimensions as a natural consequence of geometry processing. The key in order to take
220 back our usual well known theories which are expressed in the "language"” of a 4-d real space-time, will
a1 be the embedding of our usual 4-d space-time, in the 4-d complex space-time. Moreover, in this paper,
22 we investigate the flat cases of C* and R®, which leads to an extended special relativity and a second
223 invariant constant is introduces, while the symmetry group SO(8) is connected with the signatures
20 (4,4), (8,0), (0,8) through Cartan’s principle of triality. The field equations of the unified field in
225 curved C* space-time is investigated in the second paper of this series [17]. In the third and fourth
226 paper [18], [19] by releasing the end point of the action’s integral, we pass to Hamilton-Jacobi equations
22z and we argue that the covariant derivative of SM is nothing else than a part of the Hamilton-Jacobi
22¢ derivative as it comes straightforward, from the problem of least action, derived directly from the
220 geometry of the curved C* space-time and the usual symmetries and groups of SM are related with the
230 symmetry of this action, which is invariant as we shall see, under transformations of the group GL(4, C)
a1 and U(4). Afterwards, in the fourth paper, complex time will help us to overcome the problems of the
222 ADM formalism and express a suitable Hamilton- Jacobi equation for the curved C*, defining this way
233 a super-energy tensor connected to the complex time. Finally in the fifth paper [20], we introduce 1-
23a  linear forms, which could help us to describe fermions pure geometrically.

235 4. Geometry in C*

236 There are several geometrical structures that we can equip a C* space such complex, almost
237 complex, Hermitian, holomorphic,Kahler, Kalabi-Yao, etc. From these structures, we have chosen the
23s  Hermitian one because it is the most natural extension of the Riemann’s spaces in a complex space.
230 Specifically, we can define an elementary length of the type

ds* = Gydz'dz/ + he 1)

2490 where G;; is a Hermitian metric tensor (in analogy to a symmetric metric tensor in Riemann’s spaces).
21 It is obvious, that we treat to C* space as

C*~ X xiY ~ R* x iR* )

22 where x' € X and i’ € Y. Many authors write the Hermitian metric tensor G;j instead of G;j but we
a3 will keep the notation without the bra, in order to make the notation more simple. We can proceed by
2es introducing the elements of the C* space as

z; = Xx; + i]/i (3)

25 where x; € R*(X), y; € R*(Y). The x;, y; must be of the same type which means that xy and y are
a6 both time-like while x1, x3, x3 and y1, y2, y3 are space-like. The corresponding Cauchy derivative will
27 be
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1 .
azi == E (axl - layl) (4)
In addition, the metric tensor of C* will be a Hermitian 4 x 4 metric Gij
Gij = gij + iljj ®)

with g;; its symmetric and [j; its anti-symmetric part. Obviously, g;; plays the role of the metric
tensor in X and Y consisting only of terms without any mixing of variables in X and Y, while I;; contains
only such mixing terms. If we introduce Eq. (3) in Eq. (1) we will move from the C* space to an R®
space equipped with a symplectic geometry where the elementary length will then be

ds? = gdx'dx) + gydy'dy’ + L;(dx'dy’ — dy/dx’) ©)

where g;; is our common symmetric metric tensor and I;; is a symplectic antisymmetric tensor. In the
case that [;; vanishes, we fall naturally in the case of a Riemann’s space of type R*" where n = 4. The
Hermitian metric tensor has become in the case of real representation

G (gij 11")
T\~ g

The symplectic term in Eq. (6) can be written also as

ds? = gydx'dx) + gydy'dy’ + 2L;dx'dy/ 7)

because Iijdyidxf = Ijidxidyf = —Iijdyidxj . Our next step is to generalise the usual Christoffel symbols
I'yij to Christoffel symbols fk,i]' with respect to the Hermitian metric tensor G;;. So, we have to compute
aG]k dGy; aGl]
9zt " 9z1 7 9zk

the partial derivatives with respect to the Cauchy’s derivative as

oz! E( dxi oy ) = 2\Voxi Ty axi 9y

thus, the Christoffel symbols fk,ij are

Tiij = Fl((f; + A,((xg —1i (F,(}’g - AI((?’/I.).) )

or in real representation R®

d0i:10.20944/preprints201809.0368.v3
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(x) (x) _p) ()

rk 7 (rk i + Ak Jij7 Iﬂk Jij + Ak z]) (10)
where I'y ;; are the usual Christoffel symbols with respect to the symmetric tensor gj;, Ay are the
"Christoffel symbols" with respect to the antisymmetric tensor I;; and by (x), (y) we denote the kind
of the coordinates to which we find the partial derivative. As concerned the A ;; symbols it is easy to
see that

A=A ay)
A = 4 (12)

which means, that they are antisymmetric with respect to the pair of indices ij . Now we can proceed
to find the geodesics through the variation of an action of the form

5S =5 / ds (13)

for ds as defined by Eq. (7) which can be written also as

0S = 5/ (gi]-uiuj +gi]'vivj + 2Iijuivj)ds (14)
where 1! = % and v’ = % . After some calculus we derive the pair of geodesic equations
du dv! aly . . 10gii ; .
(gk]d_ + F,(”;u W) + (I T —I—ZA,(( l; w) + a—;ivlu] - ia—xl]gv’v] = (15)
dvl (y)_i dut (y) i E)Ijk .1 agz] o
(gk]d_ —+ Tk 1]0 U]) —+ (Ik d_ + 2Ak l]u U]) + a—yiulU] — Ea—ykulu] =0 (16)

the first parenthesis in both equations reminds us our usual geodesic equation of the space-time R*,
while we have other terms that we want to link them to electromagnetism so that the equations (15),
(16) could gives us the geodesic equation of a charged particle in gravitational field and hopefully new
elements! It is obvious now, that we want to link the symplectic term [;; (antisymmetric tensor) with
a generalized field K, which will represent a generalized "electromagnetism" which could contain
not only the electromagnetic field A, but the weak nuclear field W, and the strong nuclear field G,
as well, giving us the opportunity to describe those fields purely geometrically in a larger extended
space-time. We must remember that even the electromagnetic field A, is not a pure geometric object of
our usual space-time, but rather added (ad-hoc) to the geometric action (derived by the elementary
length of R*) by a term

d0i:10.20944/preprints201809.0368.v3
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_ / Tpdx' (17)
c 1
2s0  The term Ii]-vivf in Eq. (14) can be also seen as
dx' dy' dy] dx! dyl\

I; uvds— Lij— . dsd = —I; T ——ds = —(Iji%)dxl (18)

2e1 It is obvious that we could immediately recognize as

dy/

A= I;%- (19)

It ds

202 but, these could be premature and as we have mentioned above we want to identify a "generalized
23 unified electromagnetism" K; firstly, but Eq. (19) can give us some clue. We introduce the
28« anti-symmetric tensor K;; defined as

() _ K¢ _ 9K
K™ = dx/  9xk (20)
s where K; = I;jjj' = —I;jj' then Eq. (20) becomes
oK oK; oL, 9l
kW =k Sk 20 21
ko ot oy )’ =
286 Or with respect to A symbols
() _ oa® o ik
K" = (ZAk,ij T o =) (22)
2z this way, the first pair of the geodesic equations can be written
du’ (x),,i (x) o' 1 agq
(gk]d_+rk1] ”]+Kk u])+1k1 dS 28 k 1 ] =0 (23)

2ee  The term in the parenthesis starts to look like the desired one, but we must remember that we have the
280 second pair also which becomes

dol < )i

' 09;

s 2 oxk

=0 (24)
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200 The tensor K](z ), K](,f ) are nothing else than the "Christoffel symbols" A,((ylz, A,((XZ; multiplied by a velocity!
201 This way, the analogue of the symmetric metric tensor "field" g;; is the anti-symmetric tensor [;; "field"
202 and not the K; (or A; which is a sub case) as we have suspected as far now in the usual context of
203 physics. Moreover, the 2-form Kjj (or F; for the sub case) is not equivalent with the curvature 2-form
20¢ Riemann-Christoffel tensor R;;. On the contrary the equivalence of Kj; is between the Christoffel
205 symbols I'. From our point of view, this is the reason that we have failed to unify successfully gravity
206 and electromagnetism. Even in the case of the Kaluza -Klein theories, the g;; was put in equal foot
207 with the "field" A;. As we have seen in our consideration g;; and K; are different with respect a velocity.
20 And that was the reason that Kaluza-Klein theories where merely successful. This situation was merely
200 saved, due to the fact that the variation of the action was taken with respect to the "field" A; itself and
so0 not with respect a field analogue to the metric tensor, as we have done so far in our consideration. It is
s important to note though, that we could form "fields" with respect to the metric tensor g;; in the same
302 way as we have done for the "fields" K;, combining the g;; with a velocity, or even form a 2 tensor with
303 respect to g;; in the same way that we have done for Kjj, combining the I' with a velocity. But all these,
s0a  will be investigated later.

s0s 5. Embeding R* in R®

306 The main problem of the pair of geodesic equations (22), (23) is that they express some physics in
sz the symplectic space R® which is very different from our usual space R*. Specifically, these equations
s0s  should be valuable only to R® observers! Unfortunately, we are 4-d dimensional observers and our
300 physical theories are expressed in the mathematical language of a 4-d real space. In order to identify
a0 the observables of the 8-d space we can embed our usual 4-d space-time in the 8-d extended space-time.
su This way, it seems that 4-d observers live in one of the projection spaces of C* and by embedding the
sz one projection R* in C* or R® symplectic space, we will recover the lost information. But, before the
sz embedding we must clarify some important issues about the flat cases and the signature problem. The
a1e  flat Hermitian metric tensor can take the following signatures (1,1,1,1), (-1,-1,-1,-1,), (1,1,-1,-1), (1,1,1,-1)
ais  and (-1,1,1,1) where the 2 first two are Hermitian, while the other two are pseudo-Hermitian, which
a6 gives in the real representation the signatures (8,0), (0,8), (4,4), (6,2), (2,6) accordingly and similarly the
a1z first two are Euclidean, while all the others are pseudo-Euclidean. The signatures (8,0), (0,8) share a
s1e  duality property and (6,2), (2,6) as well. But there is a unique property that comes as first time in 8-d
s10  real spaces, the Cartan’s triality property, which states that the three signatures (8,0), (4,4), (0,8) are all
s20  correlated (for more information about triality see Appendix 1). By Cartan’s principle of triality we will
sz try not only to choose the right signature but also to explain the choice of the 8-d space (according to
322 Duft’s viewpoint in [3] a fundamental theory of everything should explain not only the dimensionality
;23 but the signature of the space-time as well). In fact, we will be able to provide an independent signature
s2 framework in the same spirit general relativity provides a coordinate independent description. For
s2s  that reason, we have the right to pick one of those three signatures and we have chosen the (4,4)
226 one, due to the fact that it can be splitted to (1+3,3+1) signature, giving us the opportunity to present
sz our usual Minkowski’s space as we shall see below. For clarity, we must emphasize that Hermitian
22 geometry will only provide us with the signatures (8,0) and (0,8), the (4,4) one which comes from a
320 pseudo-hermitian geometry, can be used only as a consequence of Cartan’s property of triality and if
30 used, we must automatically change the sign of the second g;j in equation (6) or (7) in the general case
31 of the Hermitian geometry, from (+) to (-) by hand. Specifically, the signature (4,4) stands for in the flat
32 case

ds® = dx3 + dx® — dyj — dy? (25)

333 where bold means 3-d. We can split the signature if we change place between xy and yg as
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ds? = —dy3 + dx® + dx3 — dy? (26)

The term —dy% + dx? defines our usual Minkoskwi tensor njj with signature (—1,1,1,1). Moreover
we would like to add some comments about the embedding procedure. In order to proceed with
embedding, we must pass from the initial coordinate x; and y; that describe RS, to a re-expression
containing only x; that describe the embedded space R*. This way the y; coordinates must be
re-expressed with respect to the coordinates of the embedded space. The lost information referred to
coordinates y;, will be recovered, as we can see from equations of (33), (34) with additional terms in
the final expression of the metric tensor. Now, we can proceed to the embedding which is a standard
mathematic topic, similar to the parametrisation, equations (27)-(34) are part of this mathematical
topic as it exists in the literature of diferrential geometry.

We start once again by equation (6) derived earlier in this section

ds? = gydx'dx! + gydy'dy! + I(dx'dy’ — dy/dx') @7

If R* is embedded in R8 and NZ-]- is the metric tensor of R? , then in R* we have

ds? = Njdx'dx (28)
]

We will write the metric tensor in R® using Greek indices «, B

ds? = gupdx*dxP + gupdy"dyP + 21,pdx"dyP @9)

The elementary length ds of R* is the same in R® and as a result

Nl-]-dxidxj = g,xﬁdx“dx'g +8aﬁdy”‘dyﬁ + Zlaﬁdxadyﬁ (30)

1
If y* = y"‘(xo, x!,x2,x3) and dy* = aa%dxg we have

o

o ) oyP oyP
Njidx'dx = g,xl;dx”‘dxﬁ + gaﬁa—igdxgﬁdxg + ZIaﬁdx“ﬁdx” (31)

Because, now we refer to the variables x’, we can replace the Greek indices by Latin ij wherever
needed and therefore

Njjdx'dx) = gijdx'dx! + gup i ﬁdxldx] + ZIi/;de’dx] (32)

which actually means that

d0i:10.20944/preprints201809.0368.v3
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oy* oyP oyP
Njj = gij + 8B 37 5yF + ZIiﬁa—xj (33)
352 Or even
oy* oyP ay* oy”
Nij = &ij + &up o o T Iiaw + IjaW (34)
353 The pair of the geodesic equation (22),(23) becomes as one as
2y o dxl dxt
Nii gz + Tk gs g5 =© ()
35« where
s 1 ,0Ny; E)Nl] 8N]k
=25 ok o) (36)

sss It is important to simplify a little bit the above mentioned equation by introducing a special case of the
56 embedding functions

/ /
357 1. y* = Ad; x® for « =1,2,3and y? = y9(x?). As we can see the space-like functions are linear
358 while the time-like function is free and can be (as we can see in our next paper [18]) of the form
359 Yo = AeB¥0_ After some calculus, the metric tensor N;; can be written as

oy’ oy’ oy’
. 2y oY (YN MY
NZ] = (1+)L )g1]+)LDZ]w+2El]<w) +M1]w (37)
360 This equation holds if our space is locally Euclidean, but if we want our space locally to have the
361 desired signature (4,4) as we have mentioned, it will take the form
oy oy° oy°
. 2y oY (YN Y
Nl] = (1 —A )g1] +)LD1]@ —ZEI](w) — Ml]@ (38)
362 and if we want to split the signature in (143, 3+1) we just have to interchange xo with yg. This
363 way gjj is our usual metric tensor and locally it is the Minkowsky’s metric tensor. Moreover the
364 tensors Dij, Eij, Mij are

2800 8o1 802 803
g10 0 0 0
D —
g 220 0 0 0
803 0 0 0
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0 Io1 loo Ios
I 0 0 O
M;j = 10
Iy 0 0 O
Iy 0 0 O
050
E,‘j = goofsi (5]- (39)
365 Ejj can be nicely combined with M;;, in order to form the scalar quantity of electromagnetism!
366 If we proceed in the calculation of f,-,]-k with respect to the tensors Djj, Ejj, M;; we can see that it
367 breaks into pieces as
368 e our usual Christoffel symbols formed by the first term of Eq. (38) which means that they are
369 formed by g;;
370 e some peculiar " Christoffel symbols " formed by the second term of Eq. (37) D;; which are g;;
a7 related and have the form

D) _ (980 , 9800, (980 98Ky 0 , (980  98j0y o
r{0) — (Z8k0 | ZOMy o - S8k ¢ 0 _ 2R 40
ik (axf +8xk>l+(axk axl)]+(ax1 axl)k (40)
372 the first parenthesis is symmetric while the other two are antisymmetric, which is in contrast
373 to the behaviour of our usual Christoffel symbols.
374 e the "Christoffel symbols" with respect to the antisymmetric tensor I;; that we have called them
375 as Ai,]'k
Al 0l Al oI Ay 9o
F(M):Ai'k:( kO JO) 0 ( 0 k(.))(50+( 0 ]')51(3 (41)
ik / ox/  oxk’  toxk  9xi/T

ox/  oxt

376 it is peculiar but the 1"5?3, 1"5?;{1) = A jx have exactly the same form, except the fact that
377 the first one is with respect to the symmetric g;; while the second one with respect to the
378 antisymmetric ;.
379 All these terms will appear in the geodesic equation. Afterwards, we can express some cases
380 concerning Eq. (38) . Firstly, it is interesting to note that in the case that i,j # 0 we have
_ 2
Nij = (1 - A%)gj (42)
381 and for i,j = 0 we have
oy’ oy’ 2 oy’ oy’ 2
Noo = (1= A%)g00 + Agoog — 2800 (555) " = ((1 =A%) +AzZs —2(55;
00 = ( )00 gooaxo goo(axo) (( ) 950 (axo) )goo


https://doi.org/10.20944/preprints201809.0368.v3

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 17 October 2019 d0i:10.20944/preprints201809.0368.v3

14 of 31
382 Equation (43) expresses energies, which means that the parenthesis in front gg is a coupling
: . . Aoy . .
383 constant. This term has a maximum in the scale 5= a—zo suggesting that at this point the scale
v
384 A is unified with % and that we cannot override this scale, all the permitted scales are only
22
385 below this scale! If A > 0 the term in parenthesis becomes 1 — 5 but if A < 0 this term becomes
386 1-— 5/\2. It somewhat peculiar but it looks like we have a geometrical description of Higg’s
387 mechanism (without the interaction term that comes from ¢* and can be recovered from the
388 other papers) and that we have the possibility to enter in the area of high energy physics. We
389 must proceed with the interpretation of Eq. (38) term by term in order to clarify what this energy
390 scales mean.
391
392 e the first term of Eq. (38) is (1 — A?) gij where g;; is our usual metric tensor of the 4-d space-time
393 and will we see in the next paper of this series [17] that expresses gravity and is connected
304 with ordinary masses. Moreover, we will see that A stands for Planck scale as it will be
395 derived from general relativity. In this case, A is fixed as it happens in General Relativity,
396 but in the next case, the scale will be time depended.
307 e the last term represents the "unified generalised electromagnetism" as we have mentioned.
!/ /
398 But for y* = Ad, x¢ for «' =1,2,3 that we are studying, this should be our well known
399 electromagnetism, due to the linearity of the embedding functions! Specifically, in this case
400 the electromagnetic field tensor F;; should stand for
0 . 0
E. — ay aIkO . aI]O dy 44
1= 50050 "9k ds (44)
ox"ox/  dxk’ ds
/O
401 where io =1
a02 o the secon?:lxtermchas a scale as the product of the scale of the first term and the last one.
203 Moreover, the 1"1([3() have the same behaviour with the A; j; but with respect to the symmetric
a04 tensor g;;. It looks like this term both "gravitates” and "electromagnitates” in behavioral way!
405 It is a hybrid between those two fundamental elementary fields. We propose to interpretate
406 or connect this field to what we use to call as dark field (or for the linear case and only "dark
a07 electromagnetism")!
a08 e finally the third term that has only one element E;; = gooé%? (scalar), share the scale of
a09 electromagnetism squared. We shall see later that it is invariant to any transformation that
! !/
410 generalises y* = Ad; x° for «' = 1,2,3, which can be interpreted as dark energy field.
a1 2. If we write y* around a point (x, x}, x3, x3), where ¥y = (x}, x3, x3) is a steady point or pole, we
a12 can have for the embedding functions
%" (0, %0)
/ /
o o — ]/ xO/ xO Y
vt =" (x0,%0) + ——=——>(xT —xg5) + . (45)

ox

fora' = 1,2,3 and v = 1, 2, 3. If we keep only the two first terms of the expansion and if we set

0, x=A
s’f\:{ (46)
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a13 the final embedding functions are
o o v o T &
y* =y (x0,%0) + 5 (x7 = xg)¢g (47)
4la fora =1,2,3,4and y = 1,2, 3. We have the following cases as concerning the indices i,
a15 e fori,j =1,2,3 and for locally (4,4,) signature
oy~ oyP oy~ oy~
N;i = I; -+ [, —=— 48
ij = &ij — gmﬁala]+1aax]+]aaxl (48)
416 or
Njj = &ij — g,xlgcf‘c]ﬁ + Lipcf + Ij,xcé3 (49)
a17 We have to mention that in contrast to y"‘, = /\(5"‘, x¢ for ' = 1,2,3 embedding
a18 transformations that we have studied earlier, we have terms generated by [;;.
419 e i=0andj=1,23wehave
ayzx ack oY
_ 0 7 V) P Yy B
420 NO] —g()] g“’B(axo +w(x’)/—x0)>cj _gO'Ba C +IODLC + .....
aya ock b} 0
(2Y0 L Ty Y
Iﬂx(axo T axo(x xg)) + lio5'5 (50)
a2 and if X7 — x] the above equation takes the simpler form
Ayt P d ay°
_ 0P Yy B Yo y
N()] = 80j — g"‘ﬁa 0Cj g()‘ga o + Io,xC + I],Xa + I 1050 (51)
a22 where in this equation we have time dependence for all the terms in contrast to the previous
a23 case y* = A, x° for «' = 1,2,3 embedding transformations that we have studied earlier.
424 This way even the scale for g;; is time depended.
a25 o finally the case i,j = 0 leads to
oy~ oyP oy* ay° oYY 2
Noo = — = — 2805 — 2 =) + 2] 52
00 = 800 ~ 8up7 570 ~ 28405 55,0 — 2800 ( axo) o  (52)
426 if x7 — x this equation take the form
aya ayﬁ ayw ayO yO 5 ayzx
Noo = 800 — a2 =28 — 2¢,0-20 20 _ 2000 (=20)" 4+ 2[p, =22 (53
00 = 800 ~ 8up7 0730 ~ 28105 05,0 oo ( axO) 5o (93)
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0

27 we can see that again the term Egy = ZgOO(%)Z unchanged from the previous case
428 y"‘/ = /\(52‘/ x@ fora' = 1,2,3. The last term splits into three scales for the « = 1,2,3 where
a20 this term, as we have mentioned, expresses the "unified generalised electromagnetism".
a30 This split is exactly why we have called it this way. It would be formidable if we could
a3 interprate (in a first approach) this term as electromagnetism, weak nuclear field and strong
a32 unified nuclear in a unified pure geometrical way. Moreover, the two first terms that are
a33 gravity and ordinary mass related, splits into three scale where each one them splits into
434 three sub-scales. The third term involves three energy scale splitting as the last term does,
435 too. These energy scales will help us in the third paper of this series [18] to enter in the area
a36 of particle physics. For a = 0, we have a uniform scale involving all the terms and is the
437 same with the previous case. The case for a = 0, can serce us, as a base scale, which can
438 be seen, as the vacuum state. Moreover, the spliting of the scales fori = 1,2, 3, c an serve
a39 us to form different subscales, that could be connected with the mass hierarchy problem
440 abd as well, the existing number of families in Nature. Moreover, we must say that before
aa1 the embedding, C* space had an original symmetry (as we shall see in the third paper [18])
as2 which after the embedding has broken into several symmetries. This is exactly what we call
aa3 in standard model and Higg’s mechanism, spontaneous symmetry breaking. Of course, it is
444 not spontaneous at all! There is a cause, the difference between how a 8-d observer and a
ass 4-d one, observes Cosmos. The symmetry that is connected to our usual g;; tensor is what
ass we used to call external symmetries, while all the others , involving the g;; connected with y;
aa7 and the [;; involving both x; andy;,are what we use to call "internal”. These symmetries, will
as8 be fyrher distinguished to global and local. But all these things will be extensively studied
as9 in the third paper of this series. Another comment for this paragraph is that the final case
as0 should be better be studied, involving not two but three parts, taking in account these way
451 a term that is totally nonlinear and these non-linearity is that accompanies non-abelian
a52 theories. In addition, in [17], we argue that dark matter behaves as € ;;5¢er ~ poo — m~ R,
as3 where 1 is constant that must be identified, with w = 2 in equation of state. We think that
454 this proposed energy density, agrees with a certain belief on this matter that "the galaxial
as5 halo of dark matter are expanded with smoothly decreasing densities, such that the matter
as6 is increasing with respect to distance". As concerned dark energy, in [18], we solved the
as7 equation in the flat case (without embedding in the beginning) and we argue that we can
as8 provide a satisfactory explanation about the cosmological constant problem, based on the
a59 embedding function between T and t( this embedding was derived for the flat case from the
460 solution).

s1 6. Interpretation of the coordinates

a62 The introduction of a C* as an extended space-time, automatically leads to the question, what is
a3 the physical interpretation of the coordinates of this space. We must admit that we have used more
ses dimensions than four, but we do not wish to treat them as strings theories do. We want to connect the
w5 extra dimensions with already existing physical variables. Let us consider an element of C* space as

i 0o,1.2.3 iy i o.,1 .2 .3y, .0 1 23
2t =(2",z,252°) =x' +iy = (x°,x, x5, ) +i(y",y,y", v°) (54)
26 As we have mentioned, x;, y; must be of the same type which means that xy and yg are both time-like
sz While x1, xp, x3 and y1, 2, y3 are space-like. If x1, x5, x3 are our usual length, width and height, time
ass can be xp or even yp. In the case that time is i we could define an imaginary time! But before messing
20 With times, it is wiser to see what happens with y1, y2, ¥3. Let us consider an elementary particle, in
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a0 order to describe it, we must introduce a lot of information concerning its basic characteristics such as
ann  mass value, charge , spin weak isospin, colour, flavour and what ever else is still hidden. All these
a2 characteristics are not well defined, but rather ad-hoc properties that came by logic, observation and
a3 inspiration. Now, if we go back to the geodesic equation of the first embedding functions, there is a
a7a  term as

dul .
2 i
a7s  and another term as
. dyo
Fiju —— 56
U7 ds (56)
0

7s  We can observe that (1 — A?) stands exactly at the point that a mass term should be and that ay_ where

a7 charge q should be. These terms appeared as an echo of the information that we lost throsugh the
s embedding, or just the pay back of y'. This way, we can say that we have a sort of geometrisation for
7o mass (from the g;; part) and geometrisation of "charges" (from the I; part). This geometrisation will
w0 reflect to the equivalence principle. Specifically, before embedding, we have a C* or a symplectic R®
a1 space-time. Let us consider the case that I;; vanishes. Then, there is an equivalence between velocities
w2 and accelerations of the two projection spaces X ~ R* and Y ~ R*. But, space Y will reflect after the
«es embedding to the definition of inertial mass, which finally in the second paper [17] will give us the
sss equivalence principle, as a consequence. Let us now generalise the picture, we will use the the 3-d
w5 space that is defined by i in order to define geometrically the characteristics that elementary particles
s have. We like to call 4 as mass-like vectors (in the third paper [18], we can see the connection of y;
«e7  with mass eigenstates and that is the reason we called them mass-like) and the space that they are
wss  define as mass space. So, if y' are mass-like, we need a physical quantity that is mass linked. In general
a0 relativity exists such a quantity the Schwarzschild radius 7.

2
re = ng — rg% =2m (57)

a0 where m is the mass of a body. Every physical entity has a Schwarzschild radius . For instance for the
a1 Sunrg =2,95 % 103, for Earth re = 8,87 X 103 and for an electron re = 1,353 X 1057, The study of a
a2 massive object through Schwarzschild radius or its mass is equivalent. Thus, it is worth to try relate
a3 the geometrical space Y with the mass property. To this end let us write y; = 7;

1 G?
| 7; |\:\/r%+r§+rgzzrézc—4m2 (58)

04 leading to a mass-related vector

G
(r1,7r2,73) = C_z(m1'm2' ms) 59)
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where
1G
| m [|=m= Zc_zrg (60)
Re-expressing r; in spherical coordinates we get :
(72 13) — (1,0,@) = (5m,0,) 1)
r1,72,73 re, 9, - 2 m,9,

where the angles ©® , ® are related to mass states and therefore could be linked in the future to PMNS,
CKM matrices in the context of a field theoretical description, combined with the scales of the previous
paragraph. A vector in R8 can be written as

- G G G
k= (xll X2, X3, Ct/ C_2m1/ C_2m2l C_2m31 T) (62)
and setting G=c=1
E - (xll X2, X3, t/ mq,mp, ms, T) (63)
or even in C*
k = (x1,%2,x3,t) + i(my, my, m3, T) (64)

At this part, in order to keep contact with the standard notation we perform a weak rotation in (t,T)
subspace writing the metric as

dk? = dx? + dx3 + dx3 + dT? — dm? — dm3 — dm3 — di? (65)
1 2 3 1 2 3

giving a signature of (4,4). Our next step is to give a physical interpretation to the second time-like
coordinate T. If we consider that T (which has units of meters) is the "cosmic" radius R(t) then
. dT _ dR(t)
S odt - dt
the Hubble constant. This way

is the Hubble velocity. If such a picture is valid, we could set T = % where H(t) is

T = d(%) - —H%(t)dH(t) (66)

Writing Eq. (64) without the di term we have:

dk? = dx* 4+ dT? — c*dr? (67)

d0i:10.20944/preprints201809.0368.v3
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soo  Which looks like the De-Sitter metric and models the De-Sitter’s Universe in vacuum without mass.
si0  This way, the peculiar situation where we have two qualitatively different observers, one travelling in
su  space and another travelling under the cosmic expansion, attains a simple interpretation. Let us add
si2 here that two-time approaches became recently very popular in the context of string or M-theory [2]
sis [4] [5] [6] [7]. But we have to note that two times physics also means as we have seen a complex time,
sie - which is after all the basis of our consideration. This approach gives us many advantages, but it totally
sis  alters the way that we must look, understand and approach physically and philosophically Cosmos.
s1e  Already, S. Hawking had refereed to this subject many times. If a complex time exists, Cosmos is much
siz - more different than we have thought. Our usual image, as 4-d observers (this is where we have written
sie  our usual theories) is that Cosmos looks like a giant "ring bell". But if time is complex, Cosmos will be
s10 actually a "sphere" inside the C* space. If such a hypothesis holds, we were driven to another paradox,
s20 comparable with the one of Ptolemy. It is very different what things seem to be, to what things actually
sz are. Many times in our history senses have tricked us. Moreover, a singularity problem in the C* space,
s22  will have totally different meaning and require different approach, compared to a singularity problem
s23  in our usual 4-d space-time.

s2¢ 7. Special relativity in R®

525 Let us now start working on the flat metric with signature (4,4)

ds? = dr? + dT? — f2din® — c2dt? (68)

s26 where f = C% Our next step is to formulate the associated "special relativity" in R®, compatible with
s27  all the above mentioned considerations. The first step is to write an action S.

5= /t Ldt (69)

s2 and try to obtain a link to Einstein’s special relativity action. To this end we apply the transformation
s20 T <— it. Then

o (S S AR e e

s0  Introducing the notation

U= —,0=—,W = 71
dt t dt (71)
s for the derivatives, the metric becomes
2 2 2
2 u 0 w 2 4,2
ds —<C—2+C—2—C—2—1>cdt (72)

ss2 then the Lagrangian of a free point-particle is written
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2 2 2
u w (%
S:—/Dc 1 - T 73
t 2 2 2 @3
ss3. where the constant D has dimensions of momentum. The canonical momenta are
0L D%u 74)
Pe=ou ™ L
_JL  D*w 75)
Po= 9w~ L
9L D% 76)
Po=%0 = L
s« while the Hamiltonian H is
D?c?
H=pu+pv+p+w—-L=— L (77)
s35  leading to
Dc
H = (78)
1/[2 wz Uz
I—a2tz"a
ss.s  We can make the following observations concerning this Hamiltonian
2 2
ar 1 Ifzfz—:2:0—>fdm:dt—>dm:}dT—>m:]1CT+b
538 where m is the magnitude m = |7| and b is a constant. We can also write:
m T 1
dm=— [ dT — m—my = —(t — t,) (79)
mo To f
I drt
530 2.Ifu:w:0thenE:0—>m:mg
2 2
540 3. If Zfz 2—2 = 0or i = @w = 0 holds, the Hamiltonian coincides with the usual Hamiltonian of
sa1 Einstein’s special relativity for D = m,c. The only free parameters are m, and ¢

P m . . .
sa2 4. We have to give an interpretation to the velocity @ = f T Let us write again the metric
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dk? = di? +dT? — f2dm® — c*dt? (80)

Rotating in the (t,T) plane we get:
dk? = di? — c*dt? — f2din® 4 dT? (81)

Since the light speed is constant, d7? — c?dt? is an invariant quantity. For dT? — f2dsi? a similar
invariant quantity should occur

dT? — f2dm? = (1 - fz‘;—’;f)d# - fz(fiszz - dﬁz) (82)

T\2
The equation (*) — (m2 +m3 +m3) = 0 defines a cone (not a light-cone) in space M>* (we

f

refer to space Y as mass space M). Setting m = || = y/m? + m3 + m3 then

1 1 d 1
? = —. From the relation —szz — din? = 0 we have d—T = — where the quantity % is a linear

density. If T is the "Cosmos"(Universe) radius, then we get that this linear density (Cosmos’
linear density) is an invariant. The above consideration holds on the cone. Consequently

1 1
dﬁ’z:?dT—>m:?T—|—mo—>T=f(m—mo) (83)
then
1 m 1dT m dT
A = —dT — 2= 2% (M _ 92 p_ % 84
f i far laT @ ®4)
which also holds on the cone. Then
Dc Dc
H= - (85)
u> w0 u?
l=2+a2-2 \Jl-=2
c c c c
on the cone of space M>*. As a result, the equation H = Lz is valid only on the cone
u
1- =
2

of space M%* or Einstein’s special relativity is valid only on the cone of M3*. This way, we

d0i:10.20944/preprints201809.0368.v3
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555 obtain a generalisation of Einstein’s special relativity. This generalised picture gives us of course
556 Einstein’s special relativity plus information about matter and Cosmos’ radius.

dM
557 Axiom(Invariance principle): The linear density of Cosmos T (M is the mass of Cosmos) is
558 constant and independent from observers in M*. The quantity
T\ 2
559 (—) — (m? + m3 + m2) is an invariance of space M>* or in differential form the metric ds3, =
560 dT? — f2dm? is invariant. Moreover ds% = dr? — c%dt? is invariant in space R3*. Since the
s61 variables are not mixed (flat space) the total length ds> = ds% + ds3, is invariant, as well. Then,
562 ds? must be invariant for all observers in R3.
563 Theorem: For any quadratic form in R" there is a group of linear transformations of space
s6e R" that leave the associated quadratic form invariant. In the case of R® this group is SO(4,4)
565 or SO(3+ 1,1+ 3). The linear transformations of this group are the transformations that the
566 observers of R® must use in order to communicate with each other so the quadratic form will
s67 remain unchanged. This way, the "pseudo-distance" between two different points of R® must be
s68 the same for all observers of R®. c
569 Now we must "evaluate” the constant f. We have already mentioned that f is — and we have
c
570 to figure out the consistency of this choice. Let us consider two different states of Cosmos.
571 The first state is when Cosmos was in Planck state while the second is "now". In the first one,
572 Cosmos is considered as the theoretical Planck particle with mass mp and length-radius Ip. Then
M m G . . .
573 T = Z—P =2 In the second one Cosmos is considered to have a mass 10°2kgr and radius
P
% T 10% % G . .
574 10<° then M ~ 1052 ~ 10 ~ Ex As a conclusion, these two different and far apart states
575 lead to f = 2 Of course all the above statements are valid and applicable to a Cosmos that is
576 flat and looks as a De-Sitter Cosmos. Note that this way the coordinates of M? are expressed as
G

577 2 which is the Schwarzschild’s radius and must be interpreted with care! We must also say
578 that f is a global invariance and all the above results holds in R®, while M and T are quantities
579 concerning Cosmos. Thus, T=constant defines hyper surfaces of R®. Additionally m (1 € R)
580 describes a mass moving in the usual space-time originating from the sub-space M3. Different
se1 subspaces of R” express different my, m,, ..... that move inside different subspaces of the usual
582 space-time, forming different "cosmic lines" for different masses m;, which are connected through
583 usual Lorentz transformations. As a conclusion, we have a local invariance, which is realized
see through the invariance of ¢ and m,. This picture extends Einstein’s special relativity.
ses 5. We considered what happens in the signature (3 + 1,1+ 3) where we saw the existence of two
586 cones. Trying a similar analysis for the signature (4,4) the (-) sign between the spaces M*, R* will
587 lead to three different "leave-spaces” which are separated since S0(4, 4) is not simply connected.
se8 We do not have cones of the type we are familiar with. For instance, if we are in R we descend
589 one dimension and we can find the cone as a hyper surface in R'3 (c?t? = x? + y? + z). In our
590 case, we have two spaces and we have to descend not one dimension but a whole dimensional
501 space (x% + x% + x% + T2 = m% + m% + m% + c212). We have to descend from R® to R* or M*.
592 This way, we have a "cone" like structure that cannot be handled as usual. We cannot formulate
593 a "velocity" in order to proceed as we know. However, there is an alternative way through
504 Casimir’s and Pauli-Lubanki’s invariants from which we can extract the existing invariance
595 principle. If p,, p = 1,2,..,8 is the pure momentum vector then the expression p,p" is an
596 invariant

(pr, pm) (P, p™) = prp® — pmup™ = —D? (86)
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. m. . kgr . 4
507 where D has units of momentum [kgra} = [ma] A mass m that moves in the space R* is
598 described by vectors of the type (7, t) and velocities that have the general form i = Clz% where
599 c is an invariant . A "length" 1 that moves in the space M* is described by vectors of the type
7 3
600 (7, t) and velocities that have the general form @ = C%LTHZ where % has dimensions [%] being
601 an invariant, too. Of course this two evolutions must be equivalent for consistency reasons. Let
602 us discuss what does a local observer in R* and M* experiences. Let us represent local observers
603 of usual space as (SO) and local observers of "mass" space as (MO). An (5O) observes a Cosmos
608 with diameter ~ 10°> m and he needs ~ 10'® sec to fully trespass it with velocity c. On the other
605 hand, (MO) observes a Cosmos with diameter ~ 10> kgr and he needs 10'® sec to fully trespass
606 it with velocity ¢3/G. So the trespass time is the same for the two observers. This situation is
607 more correct in Planck’s picture. What does a velocity of [%] means? Unfortunately we are
608 used to think velocity in [%] and a [%] "velocity" seems irrational. In order to understand
609 the differences between the two velocities let us consider the following case. Let us imagine
610 two (SO) observers in the space of Milky way and Andromeda (2.5 - 10° light years distance)
611 respectively. In order to communicate they must sent a signal. If this signal travels with velocity
612 c it will need 2.5 - 10° years to trespass this distance. On the other hand, this space is almost
613 empty (one hydrogen atom per cubic meter or mass of 1 kgr distributed in this area). Two (MO)
3
614 observers can communicate in 1034 sec by sending signals with CE velocity. An (MO) signal
615 can travel between galaxies extremely "fast", almost instantaneously. Although all observers
616 (MO, SO) need the same time to trespass all Cosmos, the time needed to trespass local structures
617 in Cosmos may vary tremendously between the two different kinds of observers, due to the
618 difference between how masses and the distances between them are distributed in Cosmos. We
619 have huge concentrations of mass in small areas and small concentrations in huge areas. Thus,
620 specific information travelling with velocity c®/G could lead to correlations during the Planck
621 period which may explain the horizon and isotropy problems.
622 6. The elementary length leads us two three possible cases, the first one is ds?> > 0, the second one
623 is ds? < 0 and the third one ds? = 0. The question is what these three cases will represent if we
624 apply not for the flat metric tensor but for a spherical symmetrical metric tensor, in the same
625 spirit as we apply in the usual context of general relativity with the Schwarzschild metric which
626 of course leads us to black holes. What must happen in order to pass from the first case ds?> > 0
627 to ds> = 0 and afterwards to ds> < 0? What energy barrier we must overseen and is it possible?
62 Can this energy scale that is required in order to make the passages, linked to Chandrasekhar
629 limit? This are some questions that is worth to investigate in the future, giving us the chance to
630 enter into a black hole. The most certain fact is that through our consideration, black holes do not
631 have an information paradox any more, because of the existence of C* space. The information
632 that we think is lost, is there inside the Y space and then the geometry of C* must be taken
633 literally, in order to enter and investigate the interior of a black hole. The embedding, provide us
63¢ only with the information taken from our projection space and tell us what we can observe from
635 here. The horizon of the black hole, seems to be this "geometric" barrier.
e3s  Now we can continue to calculate the squared Hamiltonian as :
2.2 2
H? = 2DC2 2:1ﬂ8<y+2 2u ) 2) (87)
u w (% - —ust+w—v

-t — >
2 2 2

637 Or after some calculus
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2 2 2
u w 0
H? = D2 (1+ - + ) (88
2—ul4+w?—v2 2—ul+uw?-02 2—ul+w?—o? (88)
e3s while conjugate momenta are
D?u?
2
Pu= 53— 5 .5 > (89)
- —us+we—o
D*w?
2
Po= 55 ~5_ > (90)
- —us+w-—v
D?v?
2
Pv = = 2 2 2 91)
- —us+w-—7vu
30 As a result the squared Hamiltonian can be written
H? = D¢ + puc® — poc” + poc® (92)
sso oOr if the energy is conserved
E? = D*¢ + puc® — pac® + pac’ (93)

a1 the first and the second terms on the right for D = m,c are the familiar terms of the Einstein’s equation
sa2  Of energy. Moreover, we can define the 8-d vector of energy-momentum as

(piu/ Pos Piws %) (94)

ss3 The energy equation can be written also as

2 2 2 H2 2
pu+pv_pw_c_2:_D (95)

sse  Where the left side of the equation coincides with the pseudo-measure of the 8-d vector of
ess €nergy-momentum.
sas Definition: If (Aq, B1), (Ay, By) two 8-d vectors we define as the pseudo-internal product

(A1,B1) e (A, By) = A1Ay — B1By (96)
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sz Where Ay, Ay, By, By are 4-D vectors and AjAj;, BBy Euclidean internal products. Then the
sae  pseudo-measure of an 8-d vector is

(A,B)? = A% — B? (97)

sas  where A2, B2 Euclidean measures.
eso  As a conclusion, the square of the 8-d vector of the 8-d momentum is constant. If we use the action S
es1  We can write

dS 0S 0S 0S
Piuv = i’ Piw = a_yi' Piv = 3T’ H= o (98)
652 leading to the the Hamilton-Jacobi equation
95\2 (dS\2 1 ;9dS\2 1,95\2 _,
(o) + (7)) —al) +0=0 &%)

oss if we sety' = Am'.

a

ess 8. Angular -momentum

6!

a
a

Ifa = (a;), b = (b;) are two n-dimensional vectors then the exterior product a x b = T;; is a second

ess rank antisymmetric tensor with dimension 6. We can write this tensor as

a

Tl']' = al’b]' — lljbl' (100)
Ti]' =0 (101)
Tj = —Tji (102)

es  In the space K = R® = C* or K = R* + iM* the vectors have the form

k= (7T, t) =F+im+T+it=F+T)+i(if+t) (103)

ess  If we keep only the "length-mass" part then we can define the total angular-momentum in K as

L=kx p (104)

d0i:10.20944/preprints201809.0368.v3
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N H
eso  Where Pk = (Piu/ Po, Piws ?)
n(n+1)  6x5
2 2

660 This tensor L = (L;;) has = 15 components and can be written as a matrix

0 Ly hsy hsa hs hs
—lp 0 Dy Dby Dbs Iy
L —lhy —lz 0 By I I3

—lhy —by —ly 0 lis g
—lhis —lbs —Is —lis 0 s
—lhe —le —l3¢ —lss —Ilsg O

L — ( Ly LRM)
iji=\ _ 77T
s2 where Ly is our usual angular-momentum tensor in R3, the Ly, is the angular-momentum in M3 and
ees the Lgy is the mixture between them. The Ly, can be interpreted as classical spin while the mixed

sse Ly as the interaction between angular-momentum and classical spin the same way that in quantum
ses physics we have the spin-orbit coupling.

sss 9. Poincare group

667 Before constructing the Poincare group in R let us recall its structure as it appears in Minkowskian
oo R* space-time. It consists of translations (P), rotations (J) and boosts (K). Specifically we have

669 1. translations (displacements) in time and space (P) which form the Abelian Lie group of
670 translations in spacetime

671 2. rotations (J) in space which form the non Abelian Lie group of three dimensional rotations

672 3. boosts (K) which are transformations that connect two uniformly moving bodies

ss  The symmetries J, K consist the homogeneous Lorentz group, while the semi-direct product of P and
sz« the Lorentz group, form the inhomogeneous Lorentz group or just the Poincare group. The Poincare
ers group is a ten dimensional non-compact Lie group and actually is isometric to the group of Minkowski
ez spacetime. We can write

Poincare group = ISO(3) = R'3 x SO(1,3) (105)

sz where SO(1,3) is the homogeneous Lorentz group and ISO(1, 3) the inhomogeneous one. Moreover if
mn

ers weset J; = —EimnT and K; = M,,
679 1. [Py, P)] =0
680 2. f[MVV, PV] = TIW)PV — mvPPH

681 3. [MI,”/, Ppg] - n;,{le/g' - nH(;'Myp - anMyg' + T’lngM;

i
ss2 Where P is the generator of translations, M the generator of Lorentz transformations. The third
ses relation is the homogeneous Lorentz group. Let us now form the Poincare group in the 8 dimensional
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ssa Space with signature (4.4). First of all we need to set our notation. We have two different indices
ses with small letters 7,j = 0,1,2,3 and capital letters I,] = R, M indicating the space in which we
ses Trefer (using R for the usual length space and M for the mass space). From the Lagrangian we can
sz Observe that we have Galilean transformations for R*, Galilean transformations for M* and Lorentzian
ess transformations between R*, M*. In the case (3+ 1,1+ 3) = (4,4) from the Lagrangian we have
o Lorentzian transformations in R*, Lorentzian transformations in M* and Galilean ones between R*,
4 .
e00 M?=*. We find

1. [Pu, Pyl =0

092 2. ;[va,P]u] = o1y (nyyupPry — mypPpy)
3. %[MUW, Prspo] = nMRupMNsve — "msuc MNRvp — INRvpMMSpo + 1Nsve MMRup

s0a  Where Mj; = Mj, Mj; = My, P+ II = P;, Pj; = Pj and ¢j; is one for I = | and zero for I # ]. The flat

sos metrics are for the cases:

696 1. sgn(np,y) = (1,1,1,-1) and sgn(nj,,) = (-1,-1,-1,1)
097 2. sgn(npy) = (1,1,1,1) and sgn(nj,,) = (-1, -1,-1,-1)

s0s The complete structure of the Poincare group can be found in Appendix A. Furthermore, in our usual
so  space-time the Killing’s vectors of Minkowski space-time have general solution ¢, = ¢, + by, x7 where
700 Cy, by are constants. The Minkowski’s metric tensor has 10 unique components due to his symmetrical
71 form. As a conclusion, it has ten linearly independent Killing vectors fields which corresponds to the
72 10 generators of the Poincare algebra. In the same spirit, in our case, the 8 dimensional real space, the
703 flat metric Nj; is symmetric and has 36 unique components. Respectively, the 8 dimensional real space
7¢ has 35 linearly independent Killing vectors which will correspond to the generators of the Poincare
705 group, as it listed above. The Poincare group of the 8 dimensional space equipped with the metric
706 tensor Nj; with signature (4,4) is represented by 36 generators. Especially, we have 6 generators from
707 the R® part, 6 generators from the M3 part and 2 x 2 x 4 = 16 generators from the R3 x M® (mixed
e components) and 8 generators determined by the dimension. The Poincare group can be written as

Poincare group = ISO(4,4) = R** x S0(4,4) (106)

7x8
“° _ 08 generators plus 8 generators from the R** (displacements). There

700 The group SO(4,4) has
70 is a connection of the algebra of those 36 generators of the Poincare group, to the algebra of the groups
71 U(6) (has 36 generators) or Sp(4) (n(2n + 1) generators, for n = 4 we have 36 generators). Both U(6)
nz  and Sp(4) are compact Lie group and it would be interesting to match the ISO(4,4) algebra to an

=3 algebra of a compact simply connected group.

71a  10. Conclusion

715 We have explored the first steps of the formulation of a physical theory in C*. Specifically, we
76 have found the geodesic in C* and symplectic R®. Furthermore, we have embed the usual 4-d real
717 space-time in the symplectic R®, in order to compare findings. We argued that the embedded geodesic
ne equation, can describe the problem of a charged particle in gravitational field, with the advantage that
710 we have not added ad-hoc the field A;, but rather A, was defined naturally from the the geometry of
720 the symplectic R® space-time. Masses and "charges" where presented as the causality of this embedding
72 and include the lost information. The key of this process, is the distinction of the initial Hermitian
722 metric tensor Gy, into a symmetric part g,y and to an anti-symmetric part I;,,. Moreover, we have
723 enough room, not only to describe the field A;, but W, and G, as well. Afterwards, we have explored
72 the flat case of R®, in order to formulate a "special relativity" and what are the consequences and
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75 interpretations of this consideration, we have formed the Hamilton-Jacobi equations, the Poincare
726 symmetry group 1SO(4,4) and the angular-momentum. In the next paper [17], we will proceed with
727 the field equations in C*, in the same spirit as general relativity does in the usual 4-d real space-time.
228 This way, we will try to present a geometrical definition for the energy-momentum tensor T, .

720 11. Appendix A

730 The full Poincare noncovariant form for signature (1,3) are

]m/ Pn] = ismnkpk

732 Ii/ Pg] == O
733 Ki, Pk] = inikPo

Jm. ]n] = Z?mnk]k
Jin, Kn| = €Ky
KWI/KI’I] = _ismnk]k

~
w
S
NSO

[
[
[
[K;.P,] = —iP;
[
[
[

73¢  On the other hand the Poincare group for the Galilean case in 4 dimensions are

T, Pn] = 1€k Py

=6 This way the Poincare group for (3+1,1+3) is represented

]Rmr ]Rn] - lemnk]Rk
]Rmr KRn] - ZSmnkKRk
Krn, KRn] = —i€mnkJRk
IMms Inn] = i€mni]mx
Jnim, KMVJ i€k Kk
Knim, KMn] = —i&munk) Mk
Tnvims ]Rn] iemnk]MRk
JrRm» KMn] ismnkKMRk

[
[
[
[
[
[
[
[
{IMm/ KRn] = i€mnk MRk
[
[
[
[
[
[
[
[

.‘
o
a

P N W

755 9.

756 10. KMmr KRn] =0

757 11. ]Rm/ PRn] ZSmnkPRk
758 12. ]er PRO] =0

759 13. [Kg;, PRk] inixPro

760 14. [Kg; PRO] = _iPRl

761 15. ]Mm/ PMn] = lsmnkPMk
762 16. [Jri, PMO] =0

763 17. | Kwmi, PMk] inxPpo
764 18. KMZ PM@] = _lPMl

s while for the (4,4) case:

~
o

]Rm/]Rn] = Z‘gm'rlk]Rk
]Rmr KRn] = lsmnkKRk

T, KMrJ = i€k Kpk
KMmr KMn] =0

[
[
[
{]Mmr ]Mn] = ismnk]Mk
[
UMm, JRn] = i€mnk] MRK

q
3
NN =
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773 8. URm/ KMn] ismnkKMRk
e 9. [IMm, Krn] = i€k MRrx
775 10. [KMm, KRn] = — i€k MRK
776 11. []Rmr PRn] ismnkPRk
77z 12, [Jri, Pro] =0
s 13. [Kg;, Pre] =0
779 14. [K pRO] IPRZ
780 15. UMm/ PMH] = lfmnkPMk
71 16. [Jmi, Pmo] = 0
782 17. [KMz/ PMk] =0
783 18. [KMZ PMo] 1PMi
72a  12. Appendix B
785 In 1925 E.Cartan in his original paper "Le principe de dualite et la theorie des groupes simples et

7es  semi-simples” discovered that 8-d space has a unique property. Cartan’s original statement [9] is:

ez "Given an element A of SO(8) then there exist elements B and C of SO(8), unique up to sign, such that
7ss  for any two Cayley numbers x and y in R®, A(x)B(y) = C(xy) where A(x) denotes the action of A on
7se  the vector x and A(x)B(y) denotes the product of the Cayley numbers A(x), B(y). The passage from
70 A to B is induced by an explicit outer automorphism of order 3 of the Lie algebra so(8) of SO(8) and
71 the passage from A to C is induced by an explicit outer automorphism of order 2 of so(8). These outer
72 automorphisms leave fixed each element of the Lie subalgebra g, of the exceptional Lie group G, of all
703 automorphism of the Cayley algebra."

7« But the automorphisms of the Lie algebra so(8) (which is the first algebra of the series Dy, Ds, ..) lifts to
75 an automorphism of the Lie group Spin(8) which is the universal cover of SO(8). The fixed point of
76 that automorphism is the exceptional group G,. The definition of Spin(n) group is:

77 Definition: The group Spin(n) is

708 Spin(Q) =s € CL(Q)p :ss* =1,sVs* CV

79 where V is a vector space and CL(Q) the Clifford geometric algebra of Q. Thus Cartan’s statement can
so0 be generalised as it is presented in [9]:

s "From the theory of Clifford algebras one obtains two non equivalent real spin representations,
s A; : Spin(8k) — SO(2*K=1), I = 1,2 for K > 1. The vector representation is by definition the
sos universal covering homomorphism Ay : Spin(8k) — SO(8K) determined up to an homomorphism
soa  Of SO(8k). The center of Spin(8) is Z, & Z, which has three elements of order two wy, wj, wy such
sos that w; generates the kernel of A; for i = 0,1,2. Any automorphism of Spin(8k) that is induced by an
sos outer automorphism of SO(8k) fixes Ay and interchanges A and A,. If k = 1 then each A; maps Spin(8)
sz onto SO(8) hence each A; may be viewed as a covering homomorphism. Furthermore, the group of
soe homomorphisms of Spin(8) modulo the subgroup of inner automorphisms is isomorphic to Sz, the
soo permutation group of 0,1,2 and permutes the A; as can be seen from the Dynkin diagram of SO(8). In
s10  this case, for each permutation ijk of 0, 1,2 there is an embedding

Spin(8) — SO(8) x SO(8) x SO(8)

sz defined by the correspondence ¢ — (A;($), Aj($), Ak(8)), & € Spin(8). This statement is essentially
a1z the principle of triality". The proofs were presented in [10].

814 It is time to see what kind of "structures" have have this triality property. We can find two different
a5 uses of triality [1,3].

s16 1. We have a triality property between (4,4), (8,0), (0, 8) signatures that we will call signature’s
817 triality, which is a S3 symmetry (every two of the signatures automatically concludes the other)
s18 and has a symmetrical Dykin diagram Dy. So from the signature’s triality the three signatures
810 (4,4), (8,0), (0,8) are all correlated and equivalent, which means that the three ones can be
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820 "unified" and can be seen as one. This is the most extraordinary and useful fact in order to
821 find an independed signature framework to work. The (8,0), (0,8) signatures provide us a
822 pure octonionioc structure while the (4,4) a real one. We have to mention that only those three
823 signatures share the triality property.
824 2. We have a triality property between vector and spinor spaces that we will call internal triality.
825 Let us consider a vector space V, ST chiral spinor space and S~ antichiral spinor space, then
826 we have the internal triality which unifies V, ST, S~ to one form giving us the ability to define
827 representations from one space to another; every two of them automatically concludes the other
828 (S3 symmetry and a D Lie algebra with a Dykin diagram Dy). Each one of V, ST, S~ is invariant
820 under SO(8) and the unified form under Spin(8). Of course V is 8§ dimensional space. Specifically
830 if we define (V, g), (S*,s™), (S~,s™) vector space and spinor spaces respectively, where g is the
831 metric tensor and s, s~ analogous tensors (charge conjugate matrices) in order to lower-raise
832 spinor indices we can define a trilinear form which is the unification of those three spaces. This
833 is why the principle of triality is used in M-theory, due to the ability to unify bosonic-fermionic
834 structures (more details see in [1,2]). In the context of classical dynamics considered here, this
835 interpretation of triality is not used. However, it is relevant for the study of quantum mechanical
836 behaviour.
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