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»  Abstract: We consider Pisot family substitution tilings in R? whose dynamical spectrum is pure
> point. There are two cut-and-project schemes(CPS) which arise naturally: one from the Pisot family
s property and the other from the pure point spectrum respectively. The first CPS has an internal
s space R" for some integer m € N defined from the Pisot family property, and the second CPS has
s aninternal space H which is an abstract space defined from the property of the pure point spectrum.
s  However it is not known how these two CPS’s are related. Here we provide a sufficient condition
7 to make a connection between the two CPS’s. In the case of Pisot unimodular substitution tiling in
s R, the two CPS’s turn out to be same due to [5, Remark 18.5].

o Keywords: Pisot substitution tilings; pure point spectrum; regular model set; algebraic coincidence

o 0. Introduction

-

1 There has been a lot of study on Pisot substitution sequences or Pisot family substitution tilings
2 on R? which characterizes the property of pure point spectrum (see [2] and therein). There are two
1z natural cut-and-project schemes(CPS) arising in this study. One CPS is constructed with an Euclidean
1« internal space using the Pisot property [5]. We extend the idea of constructing the CPS from the Pisot
15 property to the Pisot family property. The other CPS is made by constructing an abstract internal
16 space from the property of pure point spectrum [4]. These two CPS’s got developed independently
iz from different aims of study. It is not known yet if these two CPS’s have any relation to each other.
1« Here we would like to provide how these two CPS’s are related showing that two internal spaces are
1 basically isomorphic to each other in Theorem 3.1.

20 In this paper we are mainly interested in primitive substitution tilings in RY with pure point
a1 spectrum. It is shown in [17] that primitive substitution tilings with pure point spectrum always
22 have finite local complexity (FLC). So it is not necessary to make an assumption of FLC in the
23 consideration of pure point spectrum.

24 In section 1, we visit the basic definitions of the terms that we use. In section 2, we construct a
= natural CPS which arises from the property of Pisot family substitution. In section 3, we recall the
26 other CPS constructed from the property of pure point spectrum. We show in Theorem 3.1 that the
2z two CPS’s are closely related showing that there is an isomorphism between two internal spaces of

2s  the CPS’s under certain model set condition. In section 4, we raise a few questions for later study.
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20 1. Preliminary
s 1.1. Tilings
31 We begin with a set of types (or colours) {1,...,x}, which we fix once and for all. A tile in RY

52 is defined as a pair T = (A, i) where A = supp(T) (the support of T) is a compact set in R?, which
a3 is the closure of its interior, and i = I(T) € {1,...,«} isthe type of T. Welet g+ T = (g + A, i) for
ss ¢ € R We say that a set P of tiles is a patch if the number of tiles in P is finite and the tiles of P have
ss mutually disjoint interiors. A tiling of R is a set 7 of tiles such that R = (J{supp(T) : T € 7} and
ss  distinct tiles have disjoint interiors. Given a tiling 7, a finite set of tiles of 7 is called T -patch. We
sz always assume that any two 7 -tiles with the same colour are translationally equivalent (hence there

se  are finitely many 7 -tiles up to translations).

30 We will make use of the following notation:
F* .= {x e R?: dist(x,F) <r} and F":= {x € F: dist(x,0F) > r}. (1.1)
a0 A van Hove sequence for R? is a sequence F = {F,},>1 of bounded measurable subsets of R¥

a1 satisfying

H@wmwﬂﬁﬁﬂmGMZOJmmn>a (1.2)
a2 1.2. Delone x-sets
a3 Recall that a Delone set is a relatively dense and uniformly discrete subset in R?. We say that
s A = (Aj)i<x is a Delone x-set in R? if each A; is Delone and supp(A) := UY_; A; C R is Delone.
a5 A Delone k-set A = (A;)i< is called representable (by tiles) if there exist tiles T; = (A;,1),i < «,

w sothat {x+T;:x € A;i < «}isatiling of R, thatis, R = [J;, Uxen, (x + A;), and the sets in this

a7 union have disjoint interiors.

as 1.3. Substitutions

Definition 1. Let A = {Ty, ..., Ty} be a finite set of tiles in R? such that T; = (A;,i); we will call them
prototiles. Denote by P 4 the set of patches made of tiles each of which is a translate of one of T;’s. We
say that w : A — P 4 is a tile-substitution (or simply substitution) with expansive map ¢ if there exist
finite sets Djj C R for i, j < x, such that

W(T) ={u+T;: ueDyi=1,...x} (1.3)

ijs
s with

K
i=1
so Here all sets in the right-hand side must have disjoint interiors; it is possible for some of the D;; to be
s2 empty. The substitution x X k matrix S is defined by S(i, j) = #D;;. If S > 0 for some m € N, we say
s= that the substitution tiling 7 is primitive.
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53 A set of algebraic integers @ = {6y, - - ,0,} is a Pisot family if for any 1 < j < r, every Galois
s« conjugate 7y of 6, with |7| > 1, is contained in ®. For r = 1, with 6; real and |01| > 1, this reduces to
ss |01] being a real Pisot number, and for r = 2, with 6; non-real and |6;| > 1, to 6; being a complex
ss Pisot number. We say that 7 is a Pisot substitution tiling if the expansive map ¢ : R — R%is a
sz Pisot expansive factor A, and a Pisot family substitution tiling if the eigenvalues of the expansive map
ss ¢ : RY — RY form a Pisot family.

so 1.4. Cut and project scheme

so Definition 2. A cut and project scheme (CPS) consists of a collection of spaces and mappings as follows;

R & RiIxH 2 H
U (1.5)

L

er  where R? is a real Euclidean space, H is a locally compact Abelian group, 71; and 7, are the canonical
e projections, L C RY x H is a lattice, i.e. a discrete subgroup for which the quotient group (R? x H)/L
63 is compact, 711 |; is injective, and 7, (L) is dense in H.
oa For a subset V C H, we denote A(V) := {m(x) € R : x € L, mp(x) € V}.
o5 A model set in R? is a subset A of R for which, up to translation, A(W°) C T C A(W), W is
s compactin H, W = W° = @. The model set A is regular if the boundary oW = W\W? of W is of
oz (Haar) measure 0. We say that A = (A;);<, is a model k-set (resp. regular model k-set) if each A; is a
es model set (resp. regular model set) with respect to the same CPS.

Without loss of generality, we assume that H is generated by the windows W;’s, where A; =

A(W;) for all i < x. When H satisfies the following
{te H:t+W;=W;foralli <«x} = {0}, (1.6)

e we say that the windows W;’s have irredundancy.

70 1.5. Pure point spectrum

Let X7 be the collection of all primitive substitution tilings in R? each of whose clusters is
a translate of a 7-patch. We give a usual metric ¢ on tilings in such a way that two tilings are

close if there is a large agreement on a big area with small shift (see [15,24,26]). Then X7 =

{=h+ T : h € R?} where the closure is taken in the topology induced by the metric §. We have a
natural action of R? on the dynamical hull X7 of 7 by translations and get a topological dynamical
system (X7, R?). Let (X7, #, R?) be a measure preserving dynamical system with a unique ergodic

measure j. We consider the associated group of unitary operators {Tx },.gs on L2(X7, u):
Tg(T") = g(=x+T').

»n Every g € L?(X7, 1) defines a function on R by x + (Tyg, ¢). This function is positive definite on
2 R?, s0 its Fourier transform is a positive measure 0g on R? called the spectral measure corresponding

73 to g. The dynamical system (X7, 1, R?) is said to have pure point spectrum if 0, is pure point for every
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g € L>(X, ). We also say that 7 has pure point spectrum if the dynamical system (X, #, R?) has

pure point spectrum.

2. Cut-and-project scheme for Pisot family substitution tilings

Let 7 be a primitive substitution tiling on R? with expansion map ¢. There is a standard way to
choose distinguished points in the tiles of primitive substitution tiling so that they form a ¢-invariant
Delone set. They are called control points. A tiling T is called a fixed point of the substitution w if

w(T)=T.

Definition 3 ([23,28]). Let T be a fixed point of a primitive substitution with expansion map ¢. For each
T-tile T, fix a tile yT in the patch w(T); choose T with the same relative position for all tiles of the same
type. This defines a map «y : T — T called the tile map. Then define the control point for a tile T € T by
{e(M} =" (V"T).
n=0

The control points have the following properties:

(@ T'=T+c(T") — c(T), for any tiles T, T’ of the same type;
() ¢(c(T)) =c(yT),forT € T.

Control points are also fixed for tiles of any tiling S € X7: they have the same relative position
as in 7 -tiles. Note that the choice of control points is non-unique, but there are only finitely many

possibilities, determined by the choice of the tile map. Let
C:=C(T)={c(T): TeT}

be a set of control points of the tiling 7 in RY. Let

K

(T)=U(Ci-C)

i=1

[1]

-
e —
—_ .

where C; is the set of control points of tiles of type i. Equivalently, = is the set of translation vectors

between two T -tiles of the same type.

Let us assume that ¢ is diagonalizable over C and the eigenvalues of ¢ are algebraically

A0
conjugate with multiplicity one. For a complex eigenvalue A of ¢, the 2 x 2 diagonal block l 0 7 ]

[” _b]:s—ll’\ O]s, @.1)
b a 0 A

1
where A = a+ib,a,b € R,and S = L l . So we can assume, by appropriate choice of

V21—
basis, that ¢ is diagonal with the diagonal entries equal to A corresponding to real eigenvalues, and

R
diagonal 2 x 2 blocks of the form [ Kl /

b a

is similar to a real 2 x 2 matrix

1 corresponding to complex eigenvalues a; + ib;.

d0i:10.20944/preprints201809.0366.v1
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Without loss of generality, we can assume that ¢ is a diagonal matrix.
We recall the following theorem. The theorem is not in the form as shown here, but one can
readily note that from the proof of [16, Thm.4.1].

Theorem 2.1. [16, Thm.4.1] Let T be a primitive substitution tiling on R? with expansion map ¢. Assume
that T has FLC, ¢ is diagonalizable, and all the eigenvalues of ¢ are algebraically conjugate with multiplicity

one. Then there exists an isomorphism o : R? — R¥ such that
op =¢o and k-Z[pla C o(C(T)) C Z]p)«,
wherea = (1,1,...,1) € R and k € Z.

Let us assume now that 7 has FLC, ¢ is diagonalizable, the eigenvalues of ¢ are all algebraically
conjugate with multiplicity one, and there exists at least one other algebraic conjugate different from
eigenvalues of ¢. Suppose that ¢ has e number of real eigenvalues, and f number of 2 x 2 blocks of

the form of complex eigenvalues where d = e + 2f. Let all the algebraic conjugates of eigenvalues of

¢ be real numbers A4, ..., As and complex numbers Agy1,Agyq, ..., Astt, Asys. Let m := s 42t and

write Ag 1, ; = Agy; fori = 1,...t for the convenience. Let us consider a space K, where
K:=R¢x Cf « R4,
Let us consider a following map

Y Z[p)E — K, (2.2)
P(¢)¢ = (P(Aex1),---, P(As), P(Asy 1), -, P(Astt)), (2.3)

where P(x) is a polynomial over Z. Let us construct a new cut and project scheme :
R & RiIxK 2 K
L <+ L —  Y(L) (2.4)
x — (v, ¥(x) — Y(x),

where 71 and 71, are canonical projections, L = (C;);<, and L = {(x,¥(x)) : x € L}. It is clear to see
that 771|; is injective. We now show that 715(L) is dense in K and L is a lattice in R? x K.

Lemma 4. L is a lattice in RY x K.

Proof. Since Z[p|a is a free Z-module of rank m and m x m matrix A = (A{:fl)i’je {1,.m} 18
non-degenerate by the Vandermonde determinant, the natural embedding combining all conjugates;
f:Z[pla — RS x Ct ~ R? x K gives a lattice f(Z[¢]a) in R? x K. Consequently L is isomorphic
to a free Z-submodule of f(Z[¢p]a) due to the theory of elementary divisors. From Theorem 2.1,
L is isomorphic to a full rank Z-submodule of f(Z[¢]«), that is, a sub-lattice of f(Z[¢]«).Thus the

d0i:10.20944/preprints201809.0366.v1
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claim is shown. The case with complex conjugates can be shown in a similar manner, taking care of
embeddings C to R?. [

Lemma 5. ¥(L) = 1p(L) is dense in K.

Proof. As in the proof of Lemma 4, we showed that L is a sub-lattice of f(Z[¢]a), it suffices to prove
that ¥ (Z[¢]) is dense in K. We prove the totally real case, i.e., A; € R for all i. By [27, Theorem 24],
Y (Z[¢)) is dense if
m .
Y xM ez (j=1,...,m)
i=d+1

implies x; = 0fori =d +1,...,m. The condition is equivalent to
cAez"

with § = (x;) = (0,...,0,x411,...,%m) € R™ in the terminology of Lemma 4. Multiplying the
inverse of A, we see that entries of ¢ must be Galois conjugates. As ¢ has at least one zero entry, we
obtain ¢ = 0 which shows x; = 0fori =d +1,...,m. In fact, this discussion is using the Pontryagin
duality that the ¥ : Z" — R™? has a dense image if and only if its dual map ¥ : R"~% — T
is injective (see also [18, Chapter II, Section 1], [10] and [1]). The case with complex conjugates is

similar.

3. Two cut-and-project schemes

3.1. ¢-topology

Let 7 be a primitive substitution tiling on R? with expansion map ¢. Define
L:= (Ci)i<k
be the group generated by C;, i < x, where C = (C;);< is a control point set of 7 and
K={xcR":T4+x=T}

be the set of periods of 7. We say that 7 admits an algebraic coincidence if there exist M € Z, and
¢ € C; for somei < x such that ¢ + QME(T) C C;. Itis known in [11] that 7 has pure point spectrum
if and only if 7" admits an algebraic coincidence.

Under the assumption that 7  admits an algebraic coincidence, we introduce a topology on L and
find a completion H of the topological group L such that the image of L is a dense subgroup of H. This
enables us to construct a cut and project scheme (CPS) such that each point set C;, i < «, arises from
the CPS. From the following lemma, we know that the system {a + ¢"E(T) +K :n € Zy,a € L}
satisfies the topological properties for the group L to be a topological group ([19], [7] and [20]).

Lemma 6. [11, Lemma 4.1] Let T be a primitive substitution tiling with an expansive map ¢. Suppose that
T admits an algebraic coincidence. Then the system {¢"E(T) + K : n € Z4 } serves as a neighbourhood
base for O € L of the topology on L relative to which L becomes a topological group.

d0i:10.20944/preprints201809.0366.v1
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We call the topology on L with the neighbourhood base {« + ¢"E(7)+ K :n € Z;,a € L}
¢-topology. Let Ly be the space L with ¢-topology.

Let L’ = L/K. From [7, IIL. §3.4, §3.5] and Lemma 6, we know that there exists a complete
Hausdorff topological group of L', which we denote by H, for which L’ is isomorphic to a dense
subgroup of the complete group H (see [4] and [14]). Furthermore there is a uniformly continuous
mapping i : L — H which is the composition of the canonical injection of L into H and the canonical
homomorphism of L onto L’ for which (L) is dense in H and the mapping ¢ from L onto ¢(L) is
an open map, the latter with the induced topology of the completion H. One can directly consider H

as the Hausdorff completion of L vanishing k.

3.2. Pc-topology

We introduce another topology on L which becomes equivalent to ¢-topology under the
assumption of algebraic coincidence.

Let {Fy},ecz. be a van Hove sequence and let 7/, 7" be two tilings in R?, where A’ = (A});<,
and A" = (A});< are representable Delone k-sets of the tilings 77, 7. We define

i1 H(ATAA]) N E)
Vol(Ey)

o(T,T") = Jlim sup (3.1)
Here A is the symmetric difference operator. Let Pe = {x € L: p(x + 7,7 ) < €} for each e > 0.
If 7 admits an algebraic coincidence, then, for any € > 0, P is relatively dense [3,4,15,22]. In this
case the system {P. : € > 0} serves as a neighbourhood base for 0 € L of the topology on L relative
to which L becomes a topological group. We name Pe-topology for this topology on L and denote
the space L with Pe-topology by Lp (see [3,4] for Pe-topology under the name of autocorrelation

topology).

Proposition 7. [11, Prop. 4.6, 4.7] Let T be a primitive substitution tiling. Suppose that T admits an
algebraic coincidence, then the mapping 1 : x — x from Ly onto Lp is topologically isomorphic.

Remark 8. From Prop.7, Lp is topologically isomorphic to Ly. Thus the completion of Lp is
topologically isomorphic to the completion H of Ly. We will identify the former with H. Thus
¢ := -1 : Lp — H is uniformly continuous, ¢(Lp) is dense in H, and the mapping ¢ from Lp
onto ¢(Lp) is an open map, the latter with the induced topology of the completion H. Therefore we
can consider the CPS (1.5) with an internal space H which is a completion of Lp. Note that since 7 is
repetitive, (No~o P- = K and K = {0} in Ly.

We observe that Lp and ¥ (L) are all topologically isomorphic when the control point set C is a
regular model x-set in CPS(2.4).

Theorem 3.1. Let T be a primitive Pisot family substitution tiling in R? with an expansive map ¢. Suppose
that ¢ is diagonalizable, all the eigenvalues of ¢ are algebraic conjugates with multiplicity one, and there
exists at least one algebraic conjugate A of eigenvalues of ¢ for which |A| < 1. If C is a reqular model k-set
in CPS(2.4), then the internal space H which is the completion of Ly with ¢-topology is isomorphic to the
internal space K which is constructed from using the conjugation map ¥ in (2.2).

d0i:10.20944/preprints201809.0366.v1


http://dx.doi.org/10.20944/preprints201809.0366.v1
http://dx.doi.org/10.3390/sym10100511

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 19 September 2018

166

168

179

180

181

8 of 10

PROOF. Since ¢ is an expansive map and satisfies the Pisot family condition, we first note that there
is no algebraic conjugate -y of eigenvalues of ¢ with |y| = 1.

We will show that if for t € L, ¥(¢) is close to 0 in K, then p(t + 7, T) is close to 0 in H. Since
each point set C; is a regular model set by the assumption where C = (C;);<, and C; = A(W;) in the
CPS(2.4),fort € L

I B((E+C) A Ci) N An)

p(t+T,T) = I}ij%osup Vol(Ay)
e B HC) ACH) N Ap)
- ;r}grolo Vol(Ay)
=Y (O(WACE(E) W) + OWA (¥ (1) + W), (2)
i=1

where 0 is a Haar measure in K(see [21, Thm. 1]).
Note that
O(Wi\ (s + Wi)) = (W) — T, * Tyy, (s)

is uniformly continuous in s € K (see [25, Subsec.1.1.6]). So if ¥(t) converges to 0 in K, then
p(t+ T, T) converges to 0 in R.
On the other hand, suppose that {t,} is a sequence such that p(t, + 7,7 ) — 0as n — co. Then
foreachi <«
{6(W\ (¥ (tn) +Wi))}n — 0asn — oo.

Note that for large enough n, W; N (¥ (t,) + W;) # @ and so ¥ (t,) € W; — W; for all i < x. Since
W; — W; is compact, {¥(t,)}, has a converging subsequence {¥(t,,)}r. For any such sequence
define to* := limy_, ¥ (¢, ). Then

O(Wi\(to* +W;)) =0

and so 8(W;°\ (tp* + W;)) = 0 for each i < x. Thus W;° C tp* + W; and this implies W; C tp* + W;.
On the other hand, limy_,o, =¥ (ts,) = —to* and O(W;°\(—to* + W;)) = 0. So W; C —ty* + W;.
Hence W; C ty* +W; C to* — to* + W; and W; = to* + W;. This equality is for each i < x. Since
K is isomorphic to R"~4, each model set W; has irredundancy. Thus tp* = 0. So all converging
subsequences {¥(t,, ) }x converge to 0 and {¥(t,)}, — 0asn — co.

This establishes the equivalence of the two topologies. By [7, Prop 5, III §3.3], there exists an
isomorphism between H onto K. [

The above theorem shows that the internal space H constructed from Ly with ¢-topology is

isomorphic to Euclidean space K(i.e. R”~9).

It is known in [5,9], [2, Thm. 3.6] that unimodular irreducible Pisot substitution tilings in R with

pure point spectrum give rise to regular model sets. We give a precise statement below.

Theorem 3.2. [5, Remark 18.5] Let T be a primitive substitution tiling in R with expansion factor 3 being a
unimodular irreducible Pisot number. Then T has pure point spectrum if and only if for any 1 <i < x, each
C; is a regular model set in CPS (2.4).

d0i:10.20944/preprints201809.0366.v1
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16 Corollary 9. Let T be a primitive Pisot substitution tiling in R with an expansion factor B. Assume that
1sa  there exists at least one algebraic conjugate A of B for which |A| < 1. If T has pure point spectrum, then
ws  the internal space H which is the completion of Ly with ¢-topology can be realized by Euclidean space R™ 1
16 where m is the degree of the characteristic polynomial of p.

1e7  PROOF. By Theorem 3.2, it is known that for a primitive Pisot substitution tiling in R, if 7 has pure
e point spectrum, then C is a regular model x-set in CPS(2.4).

180 4. Further study

190 We are left with the following questions extending Theorem 3.1.

101 Question 10. Can we replace the assumption of reqular model x-set by pure point spectrum? Another words,
w2 for a primitive Pisot family substitution tiling T in R with an expansion map ¢, does the pure point spectrum
w3 of T imply that C is a reqular model x-set with an Euclidean internal space.

s Question 11. Can the theorem be still extended into the case that the multiplicity of eigenvalues of ¢ is not

105 one?
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