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ABSTRACT. In the paper, the author discusses and computes bounds of the
sine and cosine along straight lines on the complex plane.

1. MOTIVATIONS

In the theory of complex functions, the sine and cosine on the complex plane C
are denoted and defined by
eiz _ 671‘2 efiz + efiz
sinz=———— and cosz=—""+-—,
2q 2
where z =z + iy and z,y € R. When z = z € R, these two functions become sin
and cos x which satisfy the periodicity and boundedness

sin(z + 2k7w) =sinz, cos(x + 2kw) =cosz, |sinz| <1, |cosz|<1
for k € Z. On the other hand, when z = iy for y € R,

—Y _ oV Y 4 eV
sin(iy) = % — tico and cos(iy) = % — +00
i
as y — Fo00. These imply that the sine and cosine are bounded on the real z-axis,
but unbounded on the imaginary y-axis.
Motivated by the above boundedness, we naturally guess that the complex func-

tions sin z and cos z for z € C are

(1) bounded on all straight lines parallel to the real z-axis,
(2) unbounded on all straight lines whose slopes are not horizontal.

In this paper, we will verify the above guesses and compute bounds for sin z and
cos z on all straight lines parallel to the real z-axis.
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2. UNBOUNDEDNESS OF SINE AND COSINE

Let y = o + Bz for constants « € R and 8 # 0. On this straight line on the
complex plane, by the triangle inequality for complex numbers, we have
eilzti(atpr)] _ o—ilzti(at+pz)] ’

|sinz| = |sin(z +i(a + Bx))| = 2

eliz—(a+8z)] _ o—[iz—(a+pbz)]
2i

1
= 5‘6_(0‘4‘51) _ e(a+ﬁm)’ — +OO, T — ioo

‘ - l“e[m—(wﬁx)l, | lia= (o] |‘
=3

and
ei[m+i(a+ﬁz)] + efi[m+i(a+,ﬁz)]

|cos 2| = |cos(x + i(a + Ba))| = '

eliz—(a+Bz)] | o—liz—(a+pBz)]
2

1 . )
2| pliz—(atB2)]| _ | ,—liz—(a+Bz)]
\ > S|le [~ e |

1
= Q}ef(aJrﬁm) — e(o‘+ﬁ1)| — 400, = — £oo.

Consequently, the functions sin z and cos z are not bounded along any straight line
whose slope is not horizontal.

On the vertical line x = « for any constant v € R on the complex plane, by the
triangle inequality for complex numbers, we have

et +iy) _ o—i(v+iy)

|sin z| = | sin(y + iy)| =

24
1 i(y+iy) —i(y+iy) 1 -y y
25“6 | — e ||=§|e —eY| = 400, y— o0
and
_ et tiy) 4 o—ilv+iy)
|cos z| = [cos(y + iy)| = 5
1 i(y+iy) —i(y+iy) 1 -y y
Z§||e | — e ||:§\e —eY| = 400, y— *oo.

Consequently, the functions sin z and cos z are not bounded along any vertical line.

3. BOUNDEDNESS OF THE SINE

On the horizontal straight line y = «a for any constant a € R on the complex
plane C, by the triangle inequality for complex numbers, we have
ei(a:Jrioc) _ efi(eria)

|sinz| = |sin(z + ia)| = 57

T

e(iwfoc) _ ef(iwfa) e Cin o
—|— —e e

21 2| e~

—iT o 1 1 e
—|—|e e| =3 e—a—l—e

6i(z+io¢) _ e*i(eria)
2

1

1
< Z
<3(

|sin z| = |sin(z + ia)| =

6117

eOt

and
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e(z’x—a) _ e—(im—a)

— — 1 eix —ix o
- 2 IS ¢
1 eiw —iT 111 «@
>l |e e | =-|=-
2| e 2|e*
Therefore, it follows that
111 1/1
3 e—a—ea < |sin(z +ia)| < §<e—a—|—e°‘>, z,a € R.

When z = 2k7 + i« for k € 7Z, we have

i(2km+ia) _ —i(2km+ia) . 1
sin z = sin(2kw + i) = ¢ ¢ - ! (_ — eOt).

21 2
When z = 2k7 + § + ia for k € Z, we have

ei(2k7r+7r/2+ioc) _ e*i(2k7r+7r/2+ia)

sinz = sin<2k7r + g —|—ia> =

ei(ﬂ’/2+ia) _ efi('fr/2+ia) e~ 4 e 1 1 N
— - = = —| — +¢€ .
21 2 2\ e~

When z = (2k 4+ 1)7 + i« for k € Z, we have

ei((2k+1)7‘r+ia) _ e—i((2k+1)7‘r+ia)

21
ei(ﬂ+ia) _ e—i(fr+ioz) 1

1 i 1
_ - a_ — )\ _° .
- 2 2z’<e ea> 2(6 ea>

When z = (2k + 1) + § +ia for k € Z, we have

sin z = sin((2k + 1)7 + i) =

T e QRk+D)m4m/24ic) _ o—i((k+1)m+m/24ic)
sinz =sin| 2k+ )7+ = +ia | = -
2 21
6i(37r/2+ia) _ e—i(37r/2+ia)

e % +e” 1/1 4o
= = — = — — —_— e .
21 2 2\ e

4. BOUNDEDNESS OF THE COSINE

On the horizontal straight line y = « for any constant a € R on the complex
plane C, by the triangle inequality for complex numbers, we have

ei(w+ia) 4 e—i(aH—ioc)

| cos z| = | cos(z + ia)| = 5
eliz—a) 4 o—(iz—a) e .
- 2 T ofen TCE
< 1( il + ‘e_imeo‘o = 1(i +e°‘)
T 2\]eo 2\ e
and
| cos z| = | cos(z +ia)| = et zeﬂ(ﬂm)
eliz—a) 4 o—(iz—a) e .
- ) 3l O
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eix

eOt

21 7|67izea|
2

Therefore, it follows that
11

«
2| e~ ¢

When z = 2kw + i« for k € Z, we have

i(2km+ia) —i(2km+ia) 1 1
cos z = cos(2km + ia) = ¢ —;e =3 ( + eo‘).

1/1
< ] O « R.
_|cos(x+za)|_2<ea+e), z,a €

e
When z = 2k7 + § + ia for k € Z, we have
et(2km+m/24ia) +e—i(2kﬂ'+ﬂ'/2+ia)

COS Z = COS (2k7r + g + ia) =

2
ei(‘n’/2+ia) 4 e—i(Tr/2+io¢) je— — je® i 1 N
- 2 - 2 T2 (ea B )

When z = (2k 4+ 1)7 + i« for k € Z, we have
(k1) mtia) | =i (2k+1)mic)
2
ei(?r+ia) +€—i(ﬁ+ia) 1( 1 a)
+e” ).

— — 670(

cos z = cos((2k + )7 + ia) =

2 T2
When z = (2k + 1)7 4 § +ia for k € Z, we have
e ((2k+1)m+m/2+ia) + e~ H((2k+1)m+m/2+ic)

cosz = cos((?k +r+ g + ia) =

2
6i(37r/2+ia) +67i(37r/2+ia) —je= 4 je@ i 1 N
- 2 - 2 ~ 2 (ea - )

5. CONCLUSIONS

On the sloped straight line y = o + Sz for & € R and § # 0 on the complex
plane C, the trigonometric functions sin z = sin(x + i(a + Sx)) and cos z = cos(z +
i(a+ Bx)) are unbounded.

On the vertical line x = v for any scalar v € R on the complex plane C, the
trigonometric functions sin z = sin(y + ¢y) and cos z = cos(y + iy) are unbounded.

On the horizontal line y = a for any constant @ € R on the complex plane C,
the trigonometric functions sin z = sin(x 4 i) and cos z = cos(z + ia) are bounded
by the double inequalities

[sinha| < |sin(z + ia)| < cosha, =z,a€R (1)
and
|sinh | < |cos(z +ia)] < cosha, z,aa€R (2)
whose equalities are attained at points
3
2k + i, 2km + g +ia, (2k+ D7m+ia, 2km+ ?ﬂ- + i
with concrete values

sin(2km + i) = cos <2kﬂ' + 3% + ia> = isinh o,
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sin <2k7r + g + ia) = cos(2km + ia)) = cosh a,
sin((2k + 1) + i) = cos <2k7r + g + ia) = —isinha,

3
sin <2k7r + % + ia) = cos((2k + 1) + i) = — cosh «
for k € Z.
Letting @ — 0 in the double inequalities and leads to
0<|sinz| <1 and 0<]|cosz| <1, z€R.

On the horizontal belt zones 0 < A <y < Band —B <y < —A4 <0 on
the complex plane C, the trigonometric functions sin z = sin(x + iy) and cosz =
cos(z + iy) are bounded by the double inequality

|sinh A] < |cos(x +iy)| < coshB, z€R.
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