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Abstract: In this paper, we revisit a modified version of the classical Whitehead’s theory1

of gravity in which all possible bilinear forms are considered to define the corresponding2

metric. Although, this is a linear theory that fails to give accurate results for the most3

sophisticated predictions of general relativity, such as gravity waves, it can still provide a4

convenient framework to analyze some new phenomena in the Solar System. In particular,5

recent development in the accurate tracking of spacecraft and the ephemerides of planetary6

positions have revealed certain anomalies in relation with our standard paradigm for celestial7

mechanics. Among them the so-called flyby anomaly and the anomalous increase of the8

astronomical unit play a prominent role. In the first case the total energy of the spacecraft9

changes during the flyby and a secular variation of the semi-major axis of the planetary orbits10

is found in the second anomaly. For this to happen it seems that a net energy and angular11

momentum transfer is taken place among the orbiting and the central body. We evaluate the12

total transfer per revolution for a planet orbiting the Sun in order to predict the astronomical13

unit anomaly in the context of Whitehead’s theory. This could lead to a more deeply founded14

hypothesis for an extended gravity model.15
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Although the General Theory of Relativity (GR) has been spectacularly confirmed throughout the20

years thanks to carefully designed experiments and observations [1], there are reasons to believe that21

GR is not the last word in our understanding of gravity, even from a purely classical macroscopic22

point of view. In particular, the recent discovery of a set of possible anomalies, still not laid out on23

firm phenomenological foundation, are opening a new era of high precision measurements and tests on24

gravitational theory as well as on our understanding of celestial mechanics in the Solar System. For a25

complete review of these anomalies the reader can check the review by Iorio [2].26

In this paper, we will be concerned with two, still unresolved, anomalies in the ephemeris of the Solar
System: (i) the so-called anomalous increase of the Astronomical Unit (au) (ii) the anomalous increase
of the eccentricity of the Moon’s orbit. Krasinsky and Brumberg firstly reported the first one in 2004. By
a careful analysis of ephemeris data from different sources in the last decades, including radar ranging
obtained with spacecraft, they found an unexplained increase in the value of the fundamental distance
scale of the Solar System, the astronomical unit, with a rate of 15± 4 meters per century [3]. By adding
new recent measurements, Standish gave a lower, but still significant, value for the secular increase of
the au of 7 ± 2 meters per century [4]. The definition of the Astronomical Unit has changed through
time. The early approach by Gauss was obtained by writing Kepler’s third law in the form:

k2(1 +M)T 2 = 4π2a3 , (1)

where T is the length of the year measured in terms of the mean solar day, M is the mass of the sun27

in terms of the Earth’s mass and a is the semi-major axis of the Earth’s orbit in meters. Here, k is the28

so-called Gaussian gravitational constant. In the first approach to the problem of defining the au it was29

assumed that k is a constant by definition and from there we can obtain the size of the orbit from Eq.30

(1) but since 2012 is exactly defined as 149597870.7 kms. This was established as a definition in the31

Resolution B2 of the XXVIII of the general assembly of the International Astronomical Union [5]. It is32

clear that by a mere redefinition of the au we do not eliminate the problem of its secular increase because33

it simply manifests in another orbital parameter.34

Since the announcement of Krasinsky and Brumberg there have been a series of attempts to explain35

or make sense of this anomaly in the context of standard physics with the aid of modified gravity36

models. In 2005, Iorio suggested that the effect could arise in the context of the Dvali-Gabadadze-Porrati37

multidimensional braneworld scenario [6], an explanation based on the kinematics of Finsler geometry38

was provided by Li and Chang [7]. A more conventional effect in the form of the implications of39

cosmological expansion in a McVittie space-time was considered by Arakida [8] but the resulting40

increase of the semi-major axis of the planets is 9 orders of magnitude smaller than the estimation41

by Kransinsky and Brumberg or Standish. An alternative explanation based upon the classical angular42

momentum conservation law was proposed by Miura et al. [9]. According to these authors a tidal43

mechanism, similar to that involved in the tidal recession of the Moon from the Earth [10], would44

be responsible for the increase of the planetary axes. Anyway, no physical mechanism is detailed in45

the paper for the generation of the tides in the solar plasma in order to verify if they could really be46

sufficiently high to account for the anomalous effect. Another nonconventional approximation to the47

problem was given by Acedo in terms of a variable speed of light model [11] and by Bel in terms of a48

time-varying gravitational constant [12].49
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A possibly related problem in Solar system ephemeris was found thanks to the improvement on50

modern techniques on lunar laser ranging (LLR). This LLR technique has allowed for the monitoring of51

Moon’s orbit with unprecedented accuracy for a period of several decades. In 2009, Williams and Boggs52

presented their results on the analysis of 38 years of LLR observations from 1970 to 2008 [14,15]. By53

using the standard models for the Lunar and Earth interiors and all the tidal dissipative processes they54

were able to explain the observations save for an anomalous increase of the eccentricity of the orbit in55

the range (9±3)×10−12 per year. Further LLR data extending until 2013 was also studied more recently56

with the improved DE430 ephemerides and the anomaly was still present but with a reduced value of57

(5 ± 2) × 10−12 [16]. The authors of these works are confident that improved ephemerides and models58

of the Solar and Lunar interior and the geological processes would suffice to explain away this lingering59

anomaly. Nevertheless, there are also reasons to think that non-standard physics or unnoticed subtle60

effects still unmodelled could be the origin [17,18].61

Iorio considered some possible classical phenomena that could be involved in this anomaly. In
particular, he showed that the general relativistic gravitomagnetic acceleration has the correct order of
magnitude but, on the other hand, its secular effect vanishes so it cannot explain the anomaly. Other
alternatives include the perturbations on the Earth-Moon system by a massive trans-Plutonian planet still
undiscovered. The problem with this hypothesis is that the mass of this planet should be so large (for
example and Earth mass planet at 30 au) that it would have already been discovered [17]. An interesting
unconventional idea is the proposal of Iorio of a universal radial acceleration of the form:

A = k H0 vr r̂ , (2)

where H0 = 7.47 × 10−11yr−1 is the Hubble constant at the present epoch, vr = dr/dt is the radial62

velocity of the planet or satellite towards the central body and k is a constant of the order of unity. This63

perturbation predicts the Astronomical unit increase and the lunar eccentricity anomaly for 2.5 ≤ k ≤ 564

[18]. Acedo also suggested that the coincidence of the prefactor in Eq. (2) with the Hubble constant65

could arise in an extended post-newtonian model of gravity [19].66

A strange fact related with the phenomena of the flyby anomalies which has sparked so much interest67

in recent years [21–26,43] is that it seems to be associated with an anomalous energy transfer among the68

spacecraft and the Earth. The same could be said of the anomalous increase of the astronomical unit. In69

classical physics several mechanism are known that can allow for the transfer of energy or momentum70

from a rotating object to an orbiting satellite or spacecraft. The best studied is the tidal friction caused by71

the bulge raised by the Moon’s gravity on the Earth oceans and crust and its displacement due to Earth’s72

rotation around its axis. This dissipation gives rise to a lag on the bulge with respect to its ideal position73

on the Earth-Moon axis [27]. Because of this process the Moon recedes, approximately, 3.7 cm per year74

from the Earth as has been accurately tested with the LLR technique [14].75

Another classical mechanism that has recently been applied to the flyby of a spacecraft is the coupling76

among the tesseral harmonics of the rotating Earth with the spacecraft along its flyby. The density77

inhomogeneities along the parallels of the Earth gives rise to a time-dependent potential that causes a net78

energy transfer with a spacecraft that follows a hyperbolic trajectory [28]. In standard general relativity79

we have also the Penrose mechanism for a particle crossing the ergosphere of a Kerr black hole [29]. But80
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the possible energy/momentum transfer leading to an anomalous increase of the astronomical unit or the81

flyby anomaly cannot be attributed to any of these phenomena.82

In this paper we will revisit an extended model of Whiteheadian gravity in order to elucidate the83

mechanism for energy and momentum transfer between the orbiting and the central body and its possible84

consequences for anomalous perturbations in the Solar system.85

2. An extended Whitehead’s gravity model86

In the early years of Einstein’s development and proposal of the General Theory of Relativity there87

were other competing formulations for a relativistic theory of gravity. The Finnish theoretical physicist88

Gunnard Nordström tried to find a consistent framework for a theory of gravity within the context of89

the Special Theory of Relativity [30]. Einstein himself closely followed some of these hypotheses [31].90

Another model for a theory of gravity formulated over the basis of the Special Theory of Relativity91

was proposed by the philosopher and mathematician A. N. Whitehead in a book originally published in92

1922 [32,33]. The idea of Whitehead is that space-time is fundamentally Minkowskian and that gravity93

emerges from a symmetric covariant tensor, gµν , µ, ν = 0, 1, 2, 3, which is invariant under the Poincaré94

group. In contrast with the General Theory of Relativity of Einstein, this tensor has nothing to do with95

the structure of space-time. The theory of Whitehead has received attention and even praise many years96

after its formulation [33–35] but it is now clear that it cannot be a serious contender to General Relativity,97

particularly in what concerns gravity waves [36]. Anyway, as a toy model of gravity it can still provide98

some insights into local phenomena in the scale of the Solar system.99

Whitehead’s starting point is a null vector that takes into account the retardation delay from the100

propagation of a signal from the source to the test point:101

Lα = xα − x̂α , (3)

where xα are the space-time coordinates of the test particle and x̂α are the coordinates of the102

intersection of the past cone corresponding to the event xα and the world line, W , of the point like103

source. We now define the fourth-velocity along this world line, uα, a scalar r and a reduced null vector104

lα as follows:105

r = −uαLα ,

lα =
1

r
Lα .

(4)

Whitehead does not develop a field equation for the coupling between matter and spacetime curvature106

as Einstein did. On the other hand, his theory is much simpler, being totally contained in the definition107

of a symmetric covariant tensor:108

gµν = ηµν −
2Gm

c2r
lµlν , (5)

where ηµν is the diagonal Minkowski’s metric: η00 = −1, η11 = η22 = η33 = 1, ηµν = 0, µ 6= ν. From109

this metric many classical predictions of General Relativity can be deduced [33].110

In this paper we are not going to use the original theory of Whitehead but a recent extension of it111

developed by Bel [37,38]. By using the notation above and all possible combinations of lα as defined112
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in Eq. (4) and the fourth-velocity, uα, the following general expression for the symmetric tensor gµν is113

found:114

gµν = ηµν +
1

r

(
A0uµuν + A1ηµν + A2

(
lµuν + lνuµ

)
− A3lµlν

)
, (6)

where ηµν denotes Minkowski’s metric as usual and A0,. . .,A3 are a series of constants to be115

determined. Bel imposed the condition given by Einstein’s vacuum equations, Rµν = 0, to find the116

relation A0 = 2(A1 − A2). The Newtonian limit also implies that A1 − A3 = 2Gm. Here G is the117

gravitational constant and m the mass of the source.118

By taking the limit in which the spatial components of the velocities are small compared with the119

speed of light, Bel also found the following equations of motion [38,41]:120

dwi

dt
= −Gm

L3
Li +

Gm

cL2

(
ui − 3

Liui
L2

Li
)

= f i , (7)

where L2 = LiL
i, wi are the spatial components of the velocity of the test particle and ui, i = 1, 2, 3121

are the spatial components of the velocity of the source. Notice that the first term on the right-hand side122

of Eq. (7) is the standard Newtonian force −Gm
L3 L

i. The second term would be the anomalous force123

predicted by the extended Whitehead’s theory.124

The objective of this work is to evaluate the forces corresponding to this anomalous component125

exerted by the orbiting body upon the mass distribution of the central body and the resulting balance126

of energy and momentum transfer.127

3. Anomalous momentum transfer128

Here we calculate the total system of anomalous forces and the corresponding momentum exerted by129

an orbiting planet over the whole body of the Sun according to Eq. (7). The geometry of the problem is130

displayed in Fig. 1. To simplify the calculations we make three reasonable assumptions: (i) The rotation131

axis of the Sun is at right angles with the orbiting plane of the Earth (the so-called ecliptic plane in132

astronomy) (ii) The orbit of the Earth is, approximately, circular and the modulus of the velocity is a133

constant u (iii) The density of the Sun is constant throughout its volume.134

We consider separately the two terms beyond the Newtonian approximation in Eq. (7). The first term
is given by f i

I = GM/(cL2)ui so, for the situation in Fig. 1, it would be given by:

fI =
GM

cL2
uy ̂ , (8)

so the contribution of this force (per unit mass) to the total momentum of the system of anomalous forces
acting upon the mass elements of the central body (with coordinates x, y, and z) are:

MI = r× fI =
GM

cL2
uy

(
x k̂ − z ı̂

)
, (9)

where the L vector is related to the position vectors for the Earth and the mass element inside the Sun
by: L = r−D. So, the modulus satisfies the relation:

L2 = r2 +D2 − 2 r ·D = r2 +D2 − 2 rD cos θ . (10)
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Figure 1. Geometry for the calculation of the anomalous momentum exerted by the Earth
upon the Sun. We assume that the rotation axis of the Sun is normal to the ecliptic plane
and that the orbit of the Earth is circular and that it moves with linear velocity of constant
modulus |u|. We notice that r denotes the radius vector corresponding to an arbitrary point
inside the Sun (denoted by P ), L is the vector from the center of the Earth to that point and
D is the vector from the Earth to the center of the Sun.
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In this relation we have ignored the retardation effects in the definition of the vector Lα. Notice that here
θ is the polar angle of the point P with respect the axis x. Integrating now over the whole volume of the
Sun we have:

M I =

∫
V
MI ρ d

3 r , (11)

Moreover, by using assumption (iii) of constant’s mass density inside the Sun, we have:

M I = k̂
2πGM

c
ρuy

∫ R

r=0

dr

∫ π

θ=0

dθ
r3 sin θ cos θ

r2 +D2 − 2 rD cos θ
dθ . (12)

R being the radius of the Sun. By evaluating the double integral we arrive at the following expression
for the first term of the total torque of the anomalous system of forces:

M I = k̂
2πGM

c
uyD

2 ρF
(
R

D

)
, (13)

where

F(x) =
3x

4
− 7x3

12
+

1

8

(
3− 2x2 − x4

)
ln

(
1− x
1 + x

)
. (14)

In Eq. (13) we have ignored the term in the ı̂ direction because its integral is null by symmetry. Similarly,
for the second term of the anomalous force in Eq. (7) we can write:

fII = −3GM

cL4
(L · u) L = −3GM

cL4
uy r sin θ cosφ (r−D) , (15)

where θ is the polar angle with respect to axis x and φ is the azimuthal angle measured in the plane
y-z with reference at axis y. Therefore, the contribution of this force applied at point P to the total
momentum of the system is given by:

MII =
3GMuy
cL4

r sin θ cosφ r×D =
3GMuy
cL4

r sin θ cosφ
(
Dz̂−Dyk̂

)
. (16)

Integrating over all the mass elements in the Sun and ignoring the ̂ component that cancels out by
symmetry, as before, yields:

M II = −k̂3πGMD

c
uy ρ

∫ R

r=0

dr r4

∫ π

θ=0

dθ
sin3 θ

(r2 +D2 − 2 r D cos θ)2 . (17)

An explicit expression can also be found for the integral in Eq. (17), yielding:

Q(x) =
x

(1− x2)2

[
x
(
1 + x4

)
+
π

2

x2(1 + x2)(1 + 2x2)

1− x2
− π

4

(
1 + x6

) 2x2

1− x2

]
− (1 + x2)2 [(1− x2)2 − 2x2]

2x3(1− x2)3
x4 arctan

(
2x

1− x2

)
,

(18)

and from Eqs. (13), (14), (17) and (18) we arrive at the following equation for the total momentum of
the extra forces acting upon the central spherical body of radius R and constant density, ρ:

M = k̂
2πGM

c
ρuyD

2

{
F
(
R

D

)
− 3

2
Q
(
R

D

)}
, (19)

where we must remember that M corresponds to the mass of the orbiting body but ρ is the density of the135

central body.136
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Table 1. Parameters for the Sun, the Earth and the Moon and their orbits obtained from Ref.
[39].

Parameter Sun Earth Moon

Gravitational constant (m3/s2) 1.327124× 1020 3.986004× 1014 4.90283× 1012

mass (1024 kg) 1988500 5.9724 0.07346

Density (kg/m3) 1408 5514 3344

Moment of inertia (I/MR2) 0.070 0.3308 0.394

Angular rotational velocity (rad/s) 2.86533× 10−6 7.29211× 10−5 2.6617× 10−6

Orbital velocity (km/s) n.a. 29.78 1.022

Mean orbital distance (km) n.a. 149597870.7 378000

4. Application to the Solar system anomalies Here we will apply the results for the anomalous
momentum transfer among an orbiting body and the central one to the Earth-Sun and Moon-Earth
systems. We will see that the predictions of the force model in Eq. (7) are unrealistically large unless we
generalize it further in the form:

fnon-Newtonian = β(D)
Gm

cL2

(
u− 3

L · u
L2

L

)
, (20)

where β(D) is a scalar parameter with a possible dependence on the average distance between the137

orbiting and the central body. Some useful parameters to apply the results in Sec. 3 are listed in Table 1.138

If we use now the parameters in Table 1 and Eqs. (19), (14), (18) with R being the radius of the Sun,
D the orbital distance to the Earth, GM the mass constant of the Earth and ρ the density of the Moon
we obtain that the momentum of the system of forces acting upon the Sun is MSun = −2.70036 ×
1029β(D)k̂ Joules. As this momentum is opposite to the angular velocity vector of the Sun, it means that
it tends to decrease the total angular momentum of the Sun and its rotational energy and, consequently,
it corresponds to an increase of the orbital energy of the Earth to keep the energy balance. The decrease
of the rotational energy of the Sun is then given by:

dErot
dt

= ΩSunMSun = −7.73741× 1023 β(D) Joules/s , (21)

The anomalous increase of the astronomical unit can also be correlated with an increase of the orbital
energy of the Earth in the form [40]:

dEorb
dt

= −da
dt

1

a
E =

da

dt

GMSunmEarth
2a2

, (22)

and from the revised value of da/dt given by Standish [4] as an average of 7 meters per century as139

well as the data in Table 1 we obtain dE/dt = 3.92804 × 1013 Joules per second. In order for the140

energy transfer rates in Eqs. (21) and (22) to coincide we can estimate the dimensionless parameter β141

as β(D) = 5.0767 × 10−11. We notice also that corrections to the value of β(D) can be obtained with142
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a more realistic density model of the Sun, as done by Acedo and Bel [23] for the case of the Earth.143

Anyway, for our present purposes it is sufficient to use a simplified uniform density model.144

4.1. The anomalous increase of the orbital eccentricity In this section we will analyze the case of the
Earth-Moon system in order to elucidate if the same model could account for the anomalous increase of
the orbital eccentricity of the Moon discovered by Williams et al. [14,16]. The Moon also moves along
its orbit in the same direction as the rotation of the Earth. Consequently, the momentum of the anomalous
forces over the volume of the Earth would be opposite to the Earth’s rotational angular momentum and
from Eqs. (19), (14) and (18) we find:

MEarth = −1.46197× 1023β(D) Joules . (23)

This corresponds to a decrease of the rotational angular momentum of the Earth or an increase of
the Moon’s orbital angular momentum of the same magnitude by the principle of angular momentum
conservation. Similarly, the associated decrease in the rotational energy of the Earth is given by:

dErot
dt

= ΩEarthMEarth = −1.0661× 1019β(D) Joules/s , (24)

where MEarth is, as before, the total momentum of the non-Newtonian forces acting upon the Earth. Of
course, the Moon’s orbital energy changes by a quantity of the same magnitude, but opposite in sign, as
a consequence of energy conservation. We have also that the orbital angular momentum of the Moon
and its orbital energy are given by:

HMoon = mMoonvMoonDMoon = 2.83788× 1034 Joules× s ,

EMoon = −
µEarthmMoon

2DMoon
= −3.87317× 1028 Joules .

(25)

It is known from perturbation theory that the variation of the orbital eccentricity, ε, as a consequence of
perturbing forces can be calculated from the expression [40]:

dε

dt
= −1− ε2

2ε

{
dH

dt

2

H
+
dE

dt

1

E

}
, (26)

where E is the orbital energy and H is the orbital angular momentum. From Eqs. (23), (24), (25) and
(26) and the value ε = 0.0549 for the eccentricity of the Moon’s orbit [39], we can estimate the variation
in the eccentricy of the orbit of the Moon as a consequence of the Whitehead’s extra non-Newtonian
force as follows:

dε

dt
= β(D)2.40571× 10−9 s−1 , (27)

where we have taken into account that the orbital angular momentum rate for the Moon is opposite to145

the one given for the Earth in Eq. (23) and that the sign is also opposite to that of Eq. (24) for the orbital146

energy change. In their last work, Williams et al. [16] gives the value of ∆ε/∆t = 5×10−12 per year for147

the anomalous rate of change of the orbital eccentricity, i. e., ∆ε/∆t = 1.58444× 10−19 per second. To148

be compatible with the result in Eq. (27) we must have β(D) = 6.58616× 10−11. We see that this value149

of the nondimensional parameter β is similar to that found in the calculation of the anomalous increase150

of the astronomical unit in the previous section.151
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4.2. The meaning of the parameter β(D) Two values of β(D) have been found, respectively, in Secs. 4152

and 4.1 where we have applied the force model to the increase of the astronomical unit and the anomalous153

increase of the orbital eccentricity for the Moon’s orbit. These values are very similar and in the range154

5 × 10−11 < β(D) < 7 × 10−11. A question that arises concerns the meaning of this small parameter.155

One possibility is that β is really a universal constant but it is also possible that the similarity among the156

two values is, purely, coincidental and that it depends on some orbital parameters such as the distance157

from the central body.158

This second possibility is more interesting if we take into account that the extended Whitehead’s159

theory discussed in this paper predicts values for anomalous energy changes in Earth’s flybys in160

agreement with the observations of Anderson et al. [43]. This was analyzed in previous papers about this161

theory [41,42]. For this reason, we expect that β(D = R) ' 1 were R is the radius of the central body162

(the Earth in the case of the flybys) because during a flyby the spacecraft comes very close to the surface163

of the planet. In other numerical and analytical studies on the flyby anomaly, it has been suggested164

that the interaction responsible for these anomalies should diminish exponentially with altitude over the165

surface of the Earth [44]. A fact that is supported by a statistical analysis by Jouannic et al. [45] which166

showed that the largest values for the flyby anomaly are largely correlated with the time the spacecraft167

stays below an altitude of 2000 km.168

Therefore, we propose a relation of the form:

β(D) = Ae−D/Λ , (28)

where D is the distance from the central or source body to the orbiting planet, satellite or spacecraft, and169

Λ is a characteristic length scale that depends of the physical parameters of the source. We can assume170

that Λ is proportional to the radius of the central body, Λ ∝ R. For the case of the Earth, and following171

previous work on the flyby anomaly [44,45] it seems that the characteristic length for this anomalous172

interaction is not much larger than the radius of the Earth. For example, if we take ΛEarth = 2.5REarth173

we find from Eq. (28) and the value of β found in Sec. 4.1 that A ' 1.3352.174

By using this value of the coefficient A and applying Eq. (28) to the Sun-Earth system we find from
the value of β given in Sec. 4 that ΛSun = 8.96482RSun. This value is larger in terms of the radius of
the central body that the one given for Earth. The same is found if we make another hypothesis about the
range of the anomalous interaction for the case of the Earth. A formula for Λ would be purely speculative
but one can check that:

Λ =
5

2

ρEarth
ρ

R , (29)

predicts Λ ' 9.79RSun which suggest that not only the mass and radius of the central body may be175

important for the extended field but also the density. For the minimal altitude of the NEAR flyby of the176

Earth, reached on January 23rd, 1998, at h = 532 km the Eq. (28) yields β ' 0.5, a value of order177

unity. It has already been shown that for β = 1 the force model in Eq. (7) yields predictions of the178

correct sign and order of magnitude for the anomalous energy changes in several spacecraft flybys of the179

Earth [41,42]. Consequently, with the exponential cut-off on the range of the interaction we have shown180

that this model may account for three anomalies in the Solar system: the flyby anomaly, the anomalous181

increase of the eccentricity of the Moon’s orbit and the anomalous increase of the astronomical unit.182
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5. Conclusions183

In a recent review by Iorio [2] a survey of many possible anomalous effects in the Solar system are184

discussed. These effects have been accumulating thanks to the new avenues of discovery allowed by185

modern measurement techniques, including radar ranging, laser ranging [46], accurate definition of the186

ICRS frame using extragalactic sources such as quasars [47], etc. Some of the anomalies could be finally187

eliminated through higher precision measurements in the near future, which could reduce the statistical188

errors making then non-significant. Indeed, this is the opinion of some authors [16]. On the other hand,189

others may be proven significant but explainable within the context of standard physics. The shift in the190

Doppler effect of the signals received from the antenna of the Pioneer 10 & 11 remained unexplained191

for years but, finally, a recovery of the tapes containing information about the whole trajectory and the192

accurate modelling of thermal effects provided the generally accepted explanation in terms of anisotropic193

emission of radiation [48–50].194

Notwithstanding this success, other anomalies are still lingering. Among them, we have the195

anomalous increase of the astronomical unit that appears after processing a large set of ranging data for196

planets and spacecraft [3,4]. This is in the range of a fraction of centimeter per year but still significant at197

2σ, the anomalous increase of the eccentricity of the orbit of the Moon that remains after considering all198

the detailed modelling of tidal processes in the Earth and the Moon [14,16], is in the range of a few parts199

of 10−12 per year and it is still significant at the same level of 2σ even after improved modelling [2,16].200

Finally we have the flyby anomalous, i. e., the anomalous orbital energy changes (positive or negative)201

that arise in an Earth-centered frame as found after analyzing the Doppler residuals for the ranging and202

tracking data of the pre-encounter and post-encounter trajectories [43]. These velocity changes are in the203

range of a few mm/s and, for the time being, have not been successfully and convincingly explained.204

The fact that there are some anomalies in the behaviour of gravity is not restricted to the Solar205

system. The anomalous rotation curves of the galaxies have been invoked as a convincing proof of206

the existence of a new kind of matter that not couples to electromagnetic radiation and, consequently,207

is called dark matter. Anyway, many authors propose that a modified theory of gravity may account208

for these anomalies without invoking any kind of dark matter [51–55]. For all these reasons, it is not209

far-fetched to believe that General Relativity could be an incomplete theory, and not only in the sense210

that it remains inconsistent with quantum theory, but even from a purely classical point of view.211

In this paper we have shown that an extended Whitehead model with a truncation exponential term212

may account for three anomalies in the Solar system: (i) the astronomical unit anomaly (ii) the anomalous213

increase of the eccentricity of the orbit of the Moon (iii) the flyby anomaly. Encompassing all these214

effects within a single model suggests that a precise modified theory of gravity is behind them. To215

achieve this ambitious objective it would be necessary, in the first place, an improvement of the accuracy216

of the measurements of these possibly anomalous effects. A satellite with a highly elliptical orbit with a217

low perigee could allow for a systematic analysis of flyby anomalies in its pass through the perigee [56].218

Obtaining more data with improved lunar laser ranging techniques will allow for reducing the statistical219

error in the measurement of the evolution of the Moon’s orbital eccentricity and the enhancement of tidal220

models is likely to establish in a near future the reality of the anomalous increase of the eccentricity or221

its reduction below the level of noise [16].222
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In any case, the model discussed in this paper could allow to obtain other independent predictions that223

could be verified and give additional support to the effects of modified gravity in the scale of the Solar224

system. Moreover, an extended theory, consistent with the principles of general relativity, that could225

explain all these anomalies beyond our current understanding of gravity is still to be found.226
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