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Abstract

In this paper, we introduced many new notions and new contraction named
as S-weakly contraction after that we obtained the p-common best proximity
point theorems for different types of contractions in the setting of complete
metric spaces by using weak P,-property and proved the uniqueness of these
points. Also we presented some examples to prove the validity of our results.
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1 Introduction

Banach Contraction Principle [4] is very familiar theorem that helps out
in the branch of fixed point theory to describe the tools for finding a solu-
tion to non-linear equations of the type Uz = x if given mapping U is a
self-mapping defined on any non-empty subset of metric space or any other
relevant framework. If the given mapping U is non-self then it is possible
that given mapping has no solution Ux = x. Then in those cases we try to
find those points for that non-self mapping U which give us the close solu-
tion to the equation Ux = z, with this idea we approach towards the best
approximation problems and then we obtain the solution which is not opti-
mal but is approximate solution to the equation Ux = z. With the help of
these approximate solutions we attain the target to find the solution which is
optimal because the error d(x,Ux) is minimum and d(z, Uz) = d(A, B) and
that optimal approximate solution is called best proximity point for given
mapping which is non-self. To find out the best proximity point it is nec-
essary that we should have only one non-self mapping with the help of that
mapping we can find best proximity point. But, whenever we have more
than one non-self mappings in a problem and we have to find the optimal
solution for those mappings defined on same subsets of any space, then that
type of optimal solution is known as common best proximity point for given
mappings.s
The basic purpose of this paper is to construct some new theorems with
new notions and contractions and with the help of these new result we will
describe common best proximity point for given mappings in metric spaces
then furthermore, we will establish some examples for the justification of our
results. Given results are more general than earlier ones.
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2 Preliminaries

Definition 2.1. /2] Let X be a metric space, A and B two nonempty subsets
of X. Define
d(A,B) = inf{d(a,b):a€ Abe B},
Ay = {a € A:there exists some b € B such that d(a,b) = d(A, B)},
By = {be€ B:there exists some a € A such that d(a,b) = d(A, B)}.
Definition 2.2. [3] Let (A, B) be a pair of nonempty subsets of a metric

space (X,d) with Ay # 0. Then the pair (A,B) is said to have the weak P-
property if and only if for any 1, xo,x3, 14 € A,

d(z1, frs) =d(A, B)
d(xe, frg) =d(A,B) } = d(z1,x9) < d(fs, f2a).

Definition 2.3. [6] Given a non-self mapping f : A — B, then an element
x* is called best proximity point of the mappings if this condition satisfied:

d(z*, fx*) = d(A, B),
where BPP(f) denotes the set of best proximity points of f.

Definition 2.4. [5] Given a non-self mappings f : A — B and g: A — B
then an element x* is called common best proximity point of the mappings if
this condition satisfied:

d(z*, fx*) = d(A, B) = d(z*, gz¥).
Definition 2.5. [7] Let (X,d) be a metric space. Then a function p :
X X X — [0,00) is called w-distance on X if the following are satisfied:
1. p(z,z) < p(z,y) + ply, 2), for any x,y,z € X;
2. for any x € X, p(x,.): X — [0,00) is lower semi continuous;

3. for any € > 0, there exists § > 0 such that p(z,z) < § and p(z,y) < ¢
d(z,y) <e.

Definition 2.6. [7] Let (X,d) be a metric space. A set valued mapping
T : X — X is called weakly contractive if there exists a w-distance p on X
and r € [0,1) such that for any x1,x5 € X and y; € Txy there is ys € Txo
with p(y1, y2) < rp(xy, T2).
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Lemma 2.1. [6] Let {x,} be a sequence in X such that d(x,41,2,) <
kd(zy, Tn_1) for alln € N and 0 < k < 1, then {x,} is a Cauchy sequence.

Theorem 2.1. [6] Let (A, B) be a pair of non empty closed subsets of a
complete metric space (X,d) and let S: A — B and T : A — B such that
Ag is non empty. Assume that the following conditions are satisfied:

1. The pair (A, B) has weak P-property;
2. d(Sz,Ty) < kd(z,y) for 0 < k < 1.

Then there exists a unique common best proximity point x to the pair (S,T)

that is d(x, Sz) = d(z,Tx) = d(A, B).

Theorem 2.2. [6] Let (A, B) be a pair of non-empty closed subsets of a
complete metric space (X,d) and let S: A — B and T : A — B such that
Ag is non empty. Assume that the following conditions are satisfied:

1. The pair (A, B) has weak P-property;
2. S and T are continuous;
3. d(Sz,Ty) < k € [d(x,Sz) + d(y, Ty) — 2d(A, B)] for 0 < k < 1.

Then there exists a unique common best proximity point x to the pair (S,T)
that is d(x,Sx) = d(z,Tx) = d(A, B).

Theorem 2.3. [8] A C-contraction defined on a complete metric space has
a unique fized point that is if T : X — X, where (X, d) is a complete metric
space, satisfies

d(Tz,Ty) < ald(z,Ty) + d(y, Tx)]

where 0 < a < 1. and x,y € X, then T has a unique fized point.

3 On p-common best proximity point theo-
rems for S-weakly contractive mappings

Definition 3.1. Let X be a metric space, A and B two nonempty subsets of
X. Define
p(A,B) = inf{p(a,b):a € A b€ B},
Aoy, = {a € A:there exists some b € B such that p(a,b)
By, = {be€ B:there exists some a € A such that p(a,b)

p(A, B)},
p(A, B)}.
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Definition 3.2. Let (X, d) be a metric space. Then a functionp: X x X —
[0, 00) is called ws-distance on X if the following are satisfied:

1. p(x,z) < plx,y) +p(y, 2), for any x,y,z € X;
2. p(z,y) >0, for any z,y € X;

3. if {xm} and {yn} be any sequences in X such that r, — =, y, =y
as n — oo, then p(zn,y,) — p(z,y) as x — 00;

4. for any € > 0, there exists 6 > 0 such that p(z,z) < § and p(z,y) <9
d(z,y) <e.
Definition 3.3. Let (X,d) be a metric space and A,B C X and Ao, # 0.
A set valued mapping T : A — B with T(Ag,p) C By, is called S-weakly
contractive or P,-contractive if there ezists a ws-distance p on A and r € [0, 1)
such that for any x1,x9 € A and y; € Txy in B there is yo € Txo in B with
P(y1,y2) < rp(xr, 22).
Definition 3.4. Let (A, B) be a part of nonempty subsets of a metric space
(X, d) with Ao, # 0. Then the pair (A, B) is said to have weak P,-property
if and only if for any x1, 22 € Aoy and y1,y2 € By,
p(x1,y1) =p(A, B) }
= p(T1,T2) < ,Y2).
p<x2’y2) :p(A, B) p(z1,22) < p(y1,92)
Definition 3.5. Given non-self mappings f : A — B and g : A — B then

an element x* is called p-common best proximity point of the mappings if this
condition satisfied:

p(a®, fz*) = p(A, B) = p(z", gx*).

Lemma 3.1. Let {z,} be a sequence in X such that p(x,1,x,) < kp(Tp, Tp_1)
forallm € N and 0 < k < 1, then {x,} is a Cauchy sequence.

Proof. We have, p(@n41, n) < kp(@n, n_1) < kQP(fUnfhl’nfz) < SR, o).
Let m > n > ng for some ng € N. Then

p(l'm, xn) S p(Im, xm—l) + p<xm—17 xm—2) + ...+ p(xn+1a xn)
< (KU ETTE L EYp(n, a0)
< (K" R )p(a, o)
kn
= 7 kd(azl,:co) — Oasn — oo, andas0 < k < 1.
This implies {z,} is a Cauchy sequence. ]
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Theorem 3.1. Let (X, d) be a metric space, A, B are nonempty closed sub-
sets of X and letT : A — B and U : A — B be a continuous set valued
S-weakly contractives or p,-contractive mappings with (A, B) satisfies the
weak P,-property where p is the we-distance, then there exists p-common best
prozimity point.

Proof. Since T"and U are S-weakly-contractive mappings, so A, is nonempty
and T'(App) C By, and U(Ag,) € By, we take zp € Agy, there exists
x1 € Ap,p such that

p(y, Txo) = p(A, B). (1)
and similarly

p(z1,Ux) = p(A, B). (2)
Again, since T'(App) C By, and U(Apy,) € By, there exists zg € Ay, such
that

p(xs, Txy) = p(A, B). (3)
Also,

p<x27U~Il) :p(A, B) (4>

Repeating this process, we get a sequence {x,} in Ay, satisfying
p(xn+1a Txn) = p(Aa B) = p(anrla U:En):

for any n € N.
Since (A, B) has weak P,-property, we have that

P(Tp, Tpg1) < p(Txn—1, Tay)
and
p(xn, xn—i—l) S p(an—lu an)y

for any n € N.
Note that 7" and S are S-weakly-contractive mappings and (A, B) has weak
P,-property, so for any n € N, we have that

p(Txnfb Txn)
Tp(xn—h mn)

p(xn—la xn)

p(mm $n+1)

AN VANPAN
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also

p<an—17 Uzn)
Tp(xn—lv xn)

p(xnfla xn)'

p($n> $n+1)

VAN VAR VAN

where 0 < r < 1.
= p<xn; xn+1) < p(xnfl')xn)’

so {p(xy, ny1)} is strictly decreasing sequence of nonnegative real numbers.
Suppose that there exists ng € N such that p(z,,, Tn,+1) = 0. In this case,

0= p(mnov xno-i—l) = p(Txno—17 Tmno) = p(ano—h ano)a

and consequently
Txno—l = TZL‘nO,

and
Uxpy—1 = Uzp,,

Therefore,
p(A, B) - p(xnoa Tmng—l) - p(xnoa Txno) - p(xnoa Umng)-

Note that x,, € Ao, U,Tx,,—1 € By, and x,, = Txpy—1 , Tpny = Uzpy—1, for
any ng € N, so A( B is nonempty, then p(A, B) = 0. Thus in this case,
there exists unique p-common best proximity point, i.e. there exists unique
x* in A such that p(z*, Tx*) = p(A, B) = p(z*, Uz").

In the contrary case, suppose that p(Tx,,, Txn,—1) > 0 and p(Uzp,, Uzp,—1) >
0 this implies that p(z,,z,+1) > 0 for any n € N. Since {p(zn,Tn+1)} is
strictly decreasing sequence of nonnegative real numbers and hence there
exists k > 0 such that

lim p(x,, Tpi1) = k.
n—oo

We have to show that k=0. Let £ # 0 and k > 0, then from

p(z,y) = im p(zn, Tny1)
n—oo
and
p(x,y) < liminf p(x, v,41) <0,

n—oo
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we have

lim p<xna anrl) = 0.
n—00

for any n € N. Which yields that

lim p(z,_1,2,) = 0.
n—oo

Hence k = 0 and this contradicts our assumption that k£ > 0. Therefore,

lim p(x,, 2,1) = 0.
n—oo

Since p(zy11, Tx,) = p(A, B) for any n € N, for fixed p, ¢ € N, we have
p(xp, Txp1) = p(xq, Tx4-1) = p(A, B)
and since (A, B) satisfies weak P,-property, so
p(xp, xqg) < p(Tap_1,Txe 1) and p(zy, 24) < p(Uzp_1,Uzq_1).

Now we have to show that {z,} is a Cauchy sequence. By previous Lemma,
we conclude that {z,} is a Cauchy sequence in A. Since {z,} C A and A is
closed subset of a complete metric space (X,d). There is z* € A such that
T, — ¥ as n — 00. Since T" and U are continuous, so we have

Tz, — Tx".

= p(xpi1, Tx,) — p(a*, Tx")

and
Uz, — Ux".

= p(zpi1, Uxy,) — p(z*, Ux™).

Taking into account that {p(z,i1,Tz,)} and {p(z,11,Ux,)} are constant
sequences with a value p(A, B), we deduce

p(z*, Tx") = p(A, B) = p(z*,Uz"),

i.e., z* is p-common best proximity point of 7.

For uniqueness of p-common best proximity point.

Since p is a w-distance also 7" and U are P,-contractives then p(T'z,Ty) <
rp(z,y) for every x,y € A of X. We suppose that given mappings 7" and S

8
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has two distinct p-common best proximity points xg, 7 € A,
that is p(zo, Two) = p(xo, Uzg) = p(A, B), and p(x1,Tz1) = p(x1,Uxi) =
p(A, B). Since T" and U have P,-property, then

p(l'o,%) = p(TﬂUo,TﬁL‘l)

Tp(fﬁo,ﬂ?l),

IN

and

p(ffo, $1) = p(UﬂCo, Uifl)

Tp(‘r(h .Tl),

IN

which shows
(o, yo) < rp(x0, Yo)-

It contradicts towards our assumption and so we get o = yo.
Therefore, there exists unique p-common best proximity point for the pair

(S,U0). 0

4 Characterizations related to p-contractive
type mappings

Now we are in a position to show the results for different p-contractive
type mappings.

Theorem 4.1. Let (A, B) be a pair of non empty closed subsets of a complete
metric space X and let S : A — B and T : A — B such that Ay, is non
empty and S,T(Ap,) C By, . Assume that the following conditions are
satisfied:

1. The pair (A, B) has weak P,-property;
2. p(Sz, Ty) < kp(z,y) for 0 <k < 1.

Then there exists a unique p-common best proximity point x to the pair (S, T)
that is p(z, Sx) = p(x, Tx) = p(A, B).

Proof. We consider zy € Ay, as Ay, is non empty, since Szy € S(Ap,)
By, then by definition of Aj, we can find 21 € Ay, such that p(x;, Sxg)

I
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p(A, B). Again Tz € T(Ap,) C By, we find 25 € Ay, such that p(zq, Tz1) =
p(A, B). Since xo € Ap, and S(Ap,) C By,, we have x3 € Ay, such
that p(xs, Sza) = p(A, B). In this manner we can get x4 € Ap, such that
p(xy, Txs) = p(A, B) as T(Ayyp) € By, and Txs € By,. Repeated process,
we obtain a sequence {x,} in Ay, satisfying p(ze,, Tv2,—1) = p(A, B), for all
n € N and p(xo,—1,STa,—2) = p(A, B), for all n € N Since (A, B) has weak
P,- property, we obtain that

P(Zan, Ton—1) < p(Tx2n—1, STon—2) = p(STon_2, TT2n_1)

for any n € N and

P(Zont1, Ton) < p(STon, TTon—1) = p(Tx2,—1, ST2n)

for any n € N. Now p(zan+2, Tont1) < p(STon, TTont1) < kp(Ton, Tont1).
Again p(Tant1, T2n) < p(STon, To2p-1) < kp(@2n, Ton-1).

Hence, we get p(,41,2,) < kp(zp,z,_1) for all n € N, where 0 < k < 1.
Then by Lemma 3.1, {z,} is a Cauchy sequence in A. As A is closed subset of
a complete metric space so A is complete. Hence there exists © € A such that
x, — x as n — oo. Now we claim that p(Sxz,,Sz) = 0 and p(T'z,,, Tx) =0
as n,m — 0o.

p(Sxy, St) p(Sy, Tm) + p(Tap,, Sx)
klp(@n, vm) + p(Tm, ©)]

0 as n, m — oo.

L INIA

Similarly, one can show that p(T'z,,, Tx) = 0. Now as n — 0o, we have

p(zan_1,S2,2) = p(A, B))p(z, Sz) = p(A, B)

and
p<x2n7 TIQn—l) = p<A7 B)p<x7 T[L‘) = p(A7 B)

Therefore, p(x, Sz) = p(x, Tx) = p(A, B) that is = is a p-common best prox-
imity point for the pair of mappings (S,7). Now, we shall prove uniqueness
of the p-common best proximity point to the pair of mappings (ST'). Let us
consider another p-common best proximity point y for the pair of mappings
(S,T) then

p(y, Sy) = p(y, Ty) = p(A, B).

10
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Then by weak P,-property,

p(l‘,5$) = p(l",TiE) = p(A,B),

and

p(y,Sy) = py, Ty) = p(A, B)
imply

p(x,y) < p(Sz, Ty) < kp(x,y)
or

p(x,y) < p(Sz, Sy) < p(Sz, Ty) +p(Ty, Sy) < kip(z,y) +p(y,y)] = kp(z,y)

or

p(x,y) < p(Tx,Ty) < p(Tx, Sy)+p(Sy, Ty) < klp(z,y)+py,y)] = kp(x,y).

As 0 < k < 1, in any of the above three cases, we conclude a contradiction.
Hence there exists a unique p-common best proximity point to the pair (S, T")

that is p(x, Sx) = p(z, Tx) = p(A, B). O

5 C(,-contractive mapping

Theorem 5.1. Let (A, B) be a pair of non empty closed subsets of a complete
metric space (X,d) and let S : A — B and T : A — B such that Ay, is
non empty, S,T(Ao,) € By, and By, is closed. Assume that the following
conditions are satisfied:

1. The pair (A, B) has weak P,-property;
2. S and T are continuous;
3. p(Sz, Ty) < §[p(x, Ty) + p(y, Sz) — 2p(A, B)] for 0 < k < 1.

Then there exists a unique p-common best proximity point x to the pair (S, T)
that is p(x,Sz) = p(z,Tx) = p(A, B).

Proof. Since Ap, # 0 and the pair (A, B) satisfies weak P,-property, also
By, is closed. We have S(Ag,) € By, and T(Ap,) € By, Let us define an

11
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operator PAg, : S(Ag,) — Aoy, by PAgyy = {x € Ao, : p(z,y) = p(A, B)}.
Since the pair (A, B) has weak P,-property, then

p(PAo,(Sx), Sx) = p(A, B)

" P(PAop(Sy), Sy) = p(A, B).

imply that

P(PAop(Sz)PAo,p(Sy)) < p(Sz,Sy)
< S1p(w, S) + p(y, 57) — 2(4, B)
< g[p(ﬂf, PAop(SY)) + p(PAop(Sy), Sy) + ply, PAop(Sw)) + p(P Aoy (S
< 2w PAv(S9) + ply, PAoy(S0))]

for any z,y € Ay, and 0 < k < 1. This gives that PAy,0S : Ay, — Ao,
is C,-contractive mapping from complete metric subspace Ag, into itself
then by [8], we can see that PAj,0S has a unique p-fixed point say ;.
That is PAg,05t1 = x1 € App, which implies that p(zy, Sz1) = p(A, B).
In the same fashion, we can take a mapping PAO : T(Ay,) — Ay, and
see that 2% is unique p-fixed point of PAg,0T. That is PAg 0Tz = x5 €
Ay p, which implies that p(xs, Tz2) = p(A, B). Now we will show that z; =
xg. Since (A, B) satisfies weak P,-property, then p(z1, Sz;) = p(A, B) and
p(z2, Txo) = p(A, B) imply that

p(xr,x2) < p(Sxy,Txs)
k
< §{P(951,T172) + p(x2, S1) — 2p(A, B)}

IN

k
5{19(901, T9) + p(r2, Txa) + p(a2, 1) + p(x1, Sx1) — 2p(A, B)}

b))

= kp(xb '1:2)

which shows that 21 = xo = z(say). Therefore
p(z, Sx) = p(z,Tz) = p(A, B).

12
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Now we prove the uniqueness of the p-common best proximity point theorem.
Let y be another p-common best proximity point for the pair of mappings
(S,T). Then

p(ﬂ?, SI) = p(x, Tl’) = p(A, B)

p(y, Sy) = p(y, Ty) = p(4, B).
Then by weak P,-property, we have

p(Sz, Ty)

IN

p(z,y)

IA

IN

() 0. Ty) + (o, ) + (e, S2) — (A, B)}
kp(z,y)

or

p(z,y) p(Sz, Sy)

{p(Sz, Ty) + p(Ty, Sy)}
g{p(x, Ty) + p(y, Sz) — 2p(A, B)} + g{p(y, Ty) + p(y, Sy) — 2p(A, B)}

IN A

IN

IN

g{p(ﬂf, y) +p(y, Ty) + ply, x) + p(e, Sz) — 2p(A, B)}

+g{p(y, Ty) + p(y, Sy) — 2p(A, B)}
kp(z,y)

p(T, Ty)
{p(T'z, Sy) + p(Sy, Ty)}
bl 59) + plu. T) = 20(A, B)} + 5 {0y, Sy) + (0, Ty) — 20(A, B)}

g{p(l‘, y) +p(y, Sy) +p(y,v) + p(z, Tx) — 2p(A, B)}

As 0 < k < 1, in any of the above three different situations we conclude that
x = y. Hence there exists a unique p-common best proximity point x to the
pair (S,7) that is

p(z,y)

IA A

IN

p(z, Sz) = p(z, Tx) = p(A, B).
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O

Example 5.1. Consider X = R?, with the with the p-distance defined as
p((z1,11), (T2,92)) = /(21 —11)? + (22 — ). Let A= {(2,1): 0 <z <
oo} and B = {(z,0) : 0 < 2 < oo}. Obuviously, p(A,B) =1 and A, B are
nonempty subsets of X, take Ay, = A and By, = B.

We define S : A — B as:

r+1
S( 71):( 3 70)7
where (x,1) € A.
LetT : A — B defined as:
1
T(x1) = (F—.0).

Then, we see that S(Ag,) C By, and T(Ag,) C By, Also, the pair (A, B)
has weak P,-property as:

p((x1,1), (y1,1)) = /(1 = 02) + (21 — 31)* = p(A, B) = 1,

and

p((x2, 1), (y2,1)) = /(1 — 02) + (22 — y2)? = p(A, B) = 1,
then one can easily obtain x1 = y; and xo = Yo, hence p((z1, 1), (
|z1 — 22| = |11 — y2| < p((y1,0), (y2,0)). Furthermore, p((0,1),(0,2)) =
p(A, B) and p((07 1)? (O’ O)) =1= p(A, B)»
implies that p((0,1),(0,0)) =1 = p(A, B). Thus, the given pair (A, B) satis-
fies the weak P,-property but not P,-property.
Next, for any different x,y, let us suppose two elements (z1,1), (z2,1) € A,

1+ 1 To+1
p(S(LL‘l,l),(l‘g,l)) = p(( 13 ’O>7( 24 ’O))
vy 1
- 3711
klz —y|

IA A

kp(<x1> 1)7 <x27 1))

for any k € [0,1). If x1 = xo then surely this satisfied. So every condition of
the theorem s satisfied thus one can find the unique p-common best proximity
point for given pair of mappings (S, T). Hence, that p-common best proximity
point is (0,1) € A.
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