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1. INTRODUCTION

Random fixed point theorems are stochastic generalization of a classical fixed point
theorems. Random fixed point theorems for contraction mapping in aPolish space, i.e., a
separable complete metric space, were proved by Spacek [22], Hans [7,6]. Some random
fixed point theorems play amain role in developing theory of random differential and
random integral equations (see, [2,8, 15]). In 1996, Mukhejea [1(] proved the random
fixed point theorem of Schauder’s type in otomic probability measure space. In 1984,
Sehgal and Waters [20] proved the random fixed point theorem of the classical Rothe’s
fixed point theorem. The random fixed point theory and applications developed very
rapidly (see, Bharucha-Reid [3], Itoh [7], Beg and Shahzad [!], Li [14], Kumam et
al. [10-13], Nieto [17]).

In 2012, Samet et al. [19] introduced a new concept of ov — ¢p—contractive type and
a—admissible mappings and establish fixed point theorems for such mappings in com-
plete metric spaces. Afterwards Karapinar and Samet [9] introduced the concepts of
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generalized a — 1p—contractive type mapping. In 2013, Salimi et al. [18] modified the
notion of a—admissible and o — 1)—contractive mappings and established certain fixed
point theorems. Our results are proper generalizations of the recent results in [9, 19].

Rencently, Tchier and Vetro [21] introduced the concepts of random a—admissible
and random « — t)—contractive mappings and established random fixed point theorems.

The purpose of this paper is to prove some random fixed point theorems for gener-
alized random a — @ —contractive mappings in a Polish space and, by using our main
results, we show the existence of random solutions of second order random differential
equation.

2. PRELIMINARIES

We denote the Borel o—algebra on a metric space M by B(M). Let (€2,%) be a
measurable space with ¥ a o—algebra of subsets of 2. So that by ¥ x B(M) we mean
the smallest o—algebra on 2 x M containing all the sets A x B (with A € ¥ and
B € B(M)).

Definition 2.1. Let (2, X) be a measurable space, M and N be two metric spaces.
A mapping f : 2 x M — N is called Carathéodory if, for all m € M, the mapping
w — f(w,m) is (X, B(N))—measurable (X —measurable for short) and, for all w € €,
the mapping m — f(w, m) is continuous.

Theorem 2.2. [/] If (0,X) is a measurable space, M is a separable metric space,
N s a metric space, and f : Q2 x M — N is a Carathéodory mapping, then f 1is
Y x B(M)—measurable.

Corollary 2.3. [/] If (Q2,%) is a measurable space, M is a separable metric space, N
is a metric space, and f : Q x M — N is a Carathéodory mapping, and u : 0 — M s
Y —measurable, then mapping w — f(w,u(w)) is a X—measurable mapping from Q) into

N.

Definition 2.4. [1] Let (€2,%) be a measurable space, M a separable metric space
and N a metric space. A function f : 2 x M — N is said to be superpositionally
measurable ( sup-measurable for short), if for all u : @ — M is X —measurable, the
function w — f(w,u(w)) is ¥—measurable from €2 into N.

Remark 2.5. [1] Corollary 2.3 says that a Carathéodory function is sup-measurable.
Also, every 3 x B(M)—measurable functions f : 2 x M — N is sup-measurable.

Definition 2.6. A mapping f : Q x M — M ys called random operator whenever, for
any © € M, f(-,z) is ¥—measurable. So, a random fixed point of f is Y —measurable
mapping z : Q x M such that z(w) = f(w, z(w)) for all w € Q.

Lemma 2.7. Let M, N be two locally compact metric spaces. A mapping f : QxM — N
is Carathéodory if and only if the mapping w — r(w)(+) = f(w,-) is X—measurable from
Q to C(M,N) (i.e., the space of all continuous functions from M into N endowed with
the compact-open topology).

Let ¥ be the family of all nondecreasing functions 1 : [0, +00) — [0, +00) such that
(1) < +oo for each ¢t > 0, where ¢ denote the nth iterate of 1.

Lemma 2.8. For every nondecreasing function v : [0,+00) — [0, +00), the following
implication holds:
Vi>0, lim ¢"(t) =0= ¢(t) <t.

n—-+00
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Definition 2.9. Let T: Q x M — M and a: Q x M x M — [0, +00). We say that T
is a random a—admissible if

u,v € M, w € Q, alw,u,v) >1= a(w,T(w,u), T(w,v)) > 1.
Definition 2.10. Let (€2, 3) be a measurable space, (M, d) be a separable metric space,
and T : QA x M — M be a given mapping. We say that 7" is a random a —1)—contractive
mapping if there exist functions a: Q@ x M x M — [0, +00) and ¢, € ¥, w € €, such
that
a(w, u, v)d(T(w, u), T(w,v)) < Pu(d(u,v)),

for all u,v € M and w € Q such that a(w,u,v) > 1.

3. MAIN RESuULTS

Definition 3.1. Let T: Q x M — M and a,n: Q x M x M — [0,+00). We say that
T is a random a—admissible with respect to 7 if

wv €M, we R a(w u,v) > nw,u0) = alw, T(w,1), T(w,0)) > n(w, T(w,u), T(w,v))
Note that if we take n(w, u,v) = 1, then this definition reduces to Definition 2.9.

Definition 3.2. Let (2,%) be a measurable space, (M, d) be a separable space, and
T :Q x M — M be a given mapping. We say that T is a generalized random o —
t—contractive mapping if there exist functions a,n : Q@ x M x M — [0,+00) and
VY, € V¥, w € (), such that

a(w,u,v) > n(w,u,v) = d(T(w,u), T (w,v)) < Y,(Ow, (u,v))), (3.1)

where

O(w, (u,v)) = max {d(u, v),

A, T(w, 0)) + (0, T(w,0)) d(, Tw,)) + d(o, T(w, )
2 ’ 2

for all u,v € M and w € €.

Theorem 3.3. Let (€2, %) be a measurable space, (M, d) be a Polish space, T : Qx M —

M and a,n: Q2 x M x M — [0,400). The hypotheses are the following:

(H1) T is a random a—admissible with respect to 7.
(H2) there exists a measurable mapping ug : 2 — M such that, for all w € Q.

a(w, ug(w), T'(w, uo(w))) = n(w, uo(w), T'(w, up(w))).
(H3) T is a Carathéodory mapping.
(H4) T is a generalized random o — 1)— contractive mapping.
Then T has a random fized point, that is, there exists ¢ : 0 — M is measurable such
that T(w, ((w)) = ((w) for all w € Q.
Proof. Hypothese (H2) ensures that there exists a measurable mapping ug : Q@ — M
such that
a(w, up(w), T'(w, uo(w))) = n(w, uo(w), T'(w, uo(w))),
for all w € €. Define the sequence {u,(w)} in M by
Up(w) = T (w, up(w)) = T(w, up_1(w)) for all n e NU{0},w € Q.

If u,(w) = Uupy1(w) for all n € NU {0}, for all w € Q, then ((w) = u,(w) is a random
fixed point of T
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Assume that u, (w) # up41(w) for all n € NU{0}, for one w € €. Since T is a random
a—admissible with respect to n (H1) and a(w, up(w), T'(w, up(w))) = n(w, ug(w), T(w, ug(w)))
we have

a(w, w1 (w), uz(w)) = aw, T(w, ug(w)), T*(w, uo(w)))
> 1w, T(w, uo(w)), T*(w, uo(w))) = n(w, w1 (w), uz(w)).
Continuing this process, we get
a(w, up (W), Unt1(w)) > N(w, Uy (W), Ups1(w)) for all n e NU{0},w € €. (3.2)
So, by (3.2) and hypothesis (H4) with v = u,_1(w), v = u,(w), we get

d(T(w, up—1(w)), T(w, un(w))) < (0w, (Un-1(w), un(w)))).
On the other hand,

O(w, (up—1(w),up(w))) = max {d(un_l(w),un(u})),

d(un1(w), T(w, tn1 (W) + d(un (W), T(w, un(w)))
5 :
d(un1(w), T(w, un(W))) + d(un(w), T'(w, un1(w))) }
2

_ max{d@n_l(w),unw)),

d(un1(w), un(W)) + d(un (W), tnt1(w))
2 )
d(un1(w), Unt1(w))
)

IN

max {d(un_l(w), up(w)),
d(un—1(w); up(w)) + d(un (W), tnt1(w)) }

2
max{d(un_l (W), un(w))a d(un(w)v Un+1 (W))}’

IN

which implies

d(un(w), unt1(w)) < do(max{d(un—1(w), un(w)), d(un(w), tns1(w))}).
thNow, if max{d(u,_1(w), uy(W)), d(up(w), ups1(w))} = d(uy(w), U1 (w)) for all n € N,
d(un(w), unt1(w)) < Yo (max{d(un—1(w), un(w)), d(un(w), tns1(w))})
= Yu(d(un(w), unt1(w)))
< d(un(w), tnr (w)),
which is a contradiction. Hence, for all n € N, we have
d(tn (W), tunt1(w)) < Yud(tn-1(W), un(w)).

By induction, we have

d(un(w), 1 (w)) < Pid(ug(w), ur(w)).

d0i:10.20944/preprints201809.0195.v1
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Fix ¢ > 0, and let N € N such that
Z Vud(tn (W), Uni1(w)) <€ for all n € N.
n>N

Also, let n,m € N with m > n > N. Then, by the triangular inequality, we get

d(un(w), um(w)) < Zd ug(w), g1 (w))

< Zw u1(w)))
< Zf/fn (uo(w), ur(w)))

n>n(e)
< €.

The argument show that the sequence {u,(w)} is a Cauchy sequence. Since (M, d) is
complete, there exists ¢ :  — M such that u,(w) — ((w) as n — 4oo for all w € Q.
Since T is a Carathéodory mapping (hypothesis(H3)), it follows that w,, is measurable
for all n € N and that u,,1(w) = T'(w, up(w)) = T(w, ((w)) as n — +oo for all w € Q.
By the uniqueness of the limit, we get ((w) = T'(w, {(w)), that is, {(w) is a random fixed
point of T. Note that ( is a measurable since it is a limit of a sequence of measurable. [J

By taking n(w,u,v) = 1, Vw € Q, u,v € M in Theorem 3.3, we have the following
result.

Corollary 3.4. Let (Q,%) be a measurable space, (M, d) be a Polish space, T : Qx M —
M and o : Q x M x M — [0, +00). The hypotheses are the following:

(H1) T is a random a—admissible.
(H2) there exists a measurable mapping ug : 2 — M such that, for all w € Q.

a(w, ug(w), T(w, up(w))) > 1.
(H3) T is a Carathéodory mapping.
(H4) T is a generalized random o — — contractive mapping.
Then T has a random fized point, that is, there exists ¢ : 2 — M is measurable such
that T(w,((w)) = ((w) for all w € Q.
Theorem 3.5. Let (€2, %) be a measurable space, (M, d) be a Polish space, T : Qx M —
M and a: Q2 x M x M — [0,400). The hypotheses are the following:

(G1) T is a random a—admissible with respect to n.
(G2) there exists a measurable mapping ug : @ — M such that, for all w € €.

a(w, up(w), T(w, uo(w))) = n(w, uo(w), T'(w, ug(w)))-
(G3) T is a sup-measurable.
(G4) T is a generalized random o — 1— contractive mapping.
(G5) If {un(w)} is a sequence in M such that
(W, Un (W), tn41(w)) = (W, Un (W), tnt1(w))
for allw € Q, for alln € NU {0} and u,(w) = u(w) as n — +o0, then
a(w, up(w), u(w)) = N(w, un(w), u(w)),
for allw € Q, for all n € NU {0}.
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Then T has a random fized point, that s, there exists ¢ : 0 — M is measurable such
that T'(w, ((w)) = ((w) for all w € .

Proof. A similar reasoning as in the proof of Theorem 3.3 gives us that the sequence
{u,(w)} is a Cauchy sequence for all w € €. This means that there exists ¢ : Q@ — M
such that u,(w) — ((w) as n — +oo for all w € . On the other hand, from (3.2) and
hypothesis (G5), we have

a(w, up(w), ((w)) > n(w, up(w),((w)) for all n e NU{0},w € . (3.3)
Now, using the triangle inequality (3.3) and (G4), we get

d(T(w,¢(w)),¢(w)) < d(T(w,¢(w)), T(w, un(w))) + d(uni1(w), ((w))
< Pu(d(C(W), un(w))) + d(uni1(w), ((w))-
Taking the limit as n — +o00 and since v, is continuous at ¢ = 0, we have
d(T(w,((w)),((w)) =0,
that is, T'(w,((w)) = ((w) for all w € Q. The hypothesis that 7" is sup-measurable

implies that wu,, is measurable for all n € N and hence ( is measurable. Thus ¢ is a
random fixed point of T O

4. APPLICATION TO ORDINARY RANDOM DIFFERENTIAL EQUATIONS
We consider the following two-point boundary value problem of second order random
differential equation:

) = fltu.t). tel0.1]

u(w,u) =u(w,1) =0

(4.1)

for all w € ©, we have f : Q2 x [0, 1] x R — R has certain regularities and 2 is nonempty.

By a random solution of system (4.1), we mean a measurable mapping u : Q —
C([0, 1], R) satisfying (4.1), where C(]0, 1],R) denote the space of all continuous func-
tions defined on [0, 1]. The space C([0, 1], R) endowed with the metric

dos(7,y) = || = Yl[oo-

In this section, we prove a theorem producing the existence of random soution of
system (4.1).

Let (£2,%) be a measurable space. Let f : Q x [0,1] x R — R be a Carathéodory
function, which means that w — f(w,t,u) is measurable for all (¢,u) € [0,1] x R and
(t,u) — f(w,t,u) is continuous for all w € .

Then consider the integral operator F':  x C([0,1],R) — C([0,1],R) defined by

F(w,u)(t):/o G(t,s)f(w, s, u(s))ds, (4.2)

for all v € C([0,1],R) and w € 2, where G : R x R — R is continuous function, and
g:2x[0,1] x R — R is a Carathéodory function.

Remark 4.1. F is a random operator from © x C([0,1],R) into C([0,1],R. In fact,
given u € C([0,1],R) since f is a Carathéodory function for s € [0, 1] fixed, the function
h:Qx[0,1] — R, defined by h(w,t) = G(t, s) f(w, s,u(s)), is Carathéodory. By Lemma
2.7, the integral in (4.2) is limit of a finite sum of measurable functions. So, the mapping
w — F(w,u) is measurable, and hence F' is a random operator.
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Remark 4.2. Let h: Q x [0,1] x R — R be a Carathéodory function, u € C([0, 1], R),
and let {u,} € C([0,1],R) be a sequence convergent to u. Then there exists an interval
[a,b] C R such that u,(s),u(s) € [a,b] for all s € [0,1]. The continuity of the function
h(w,-,-) in [0,1] x R for fixed w € € ensures that the function A(w,-,-) is uniformly
continuous in [0, 1] x [a, b].

The hypotheses are the following:

(i) For each w € €, there exist ¢, € ¥ and 6 : Q@ x R x R — R such that if
O(w,a,b) > 0 for all a,b € R, then for every t € [0, 1], we have

|f<w7 t, a’) - f(w7t7 b>|
< [ mx {Jate) = 001 Ja(0) ~ Flwralt)] +16(0) - Flw b))
5l1at) = P, (0| + 160) = Flw.a(t)]} ).

(ii) There exists a measurable mapping uy : © — C([0,1],R) such that, for all
w € ), we have

O(w, up(w)(t), F(w,up(w))(t) >0 for all te€][0,1]
(ili) For each w € Q and for all ¢ € [0, 1], u,v € C([0, 1], R), we have

O(w,u(t),v(t)) > 0= 0(w, Fw,u)(t), F(w,v)(t)) > 0.
(iv fo (t,s)ds <1 forallt € [0,1] and s € [0, 1].

Theorem 4.3. If hypotheses (i) — (iv) hold, then the random integral operator F' has a
random fixed point.

Proof. For fixed w € 2 we show that F(w, ) is continuous. Indeed, consider a sequence
{u,} € C([0,1],R) with w, — v € C([0,1],R) as n — +oc. By Remark 4.2, there
exists [a, b] C R such that u,(s),u(s) € [a,b] for all s € [0,1]. In addition, the functions
f(w, -, -) is uniformly continuous in [0, 1] x [a, b]. Thus, for fixed € > 0, there exists § > 0
such that
|f<w7 817u1) - f(w, 527u2>| <€

for all s1,s9 € [0,1] and uy, us € [a, b] such that |s; — so| + |u1 — ug| < 6.

Now, let n(6) € N such that |lu, — u||oc < § whenever n > n(J). Then, for every
n > n(d), we have

|f(w7 S,Un(s)) - f(w7 S,U(S))| <€
Consequently, for ¢ € [0,1] and n > n(J), we have

|F(w,u,)(t) — Fw,u)(t)] < /0 |G(t, 9)||f (w, s, un(s)) — f(w,s,u(s))|ds
<
= || Fw,up) — Fw,u)||o < €

S0, doo(F(w,uy), F(w,u)) — 0 as n — 400 = F(w,-) is a continuous operator for
each fixed w € (1.
Thus, by Remark 4.2, F': Q x C([0,1],R) — C([0, 1], R) is a Carathéodory function.
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Next step is to show that the integral operator F' satisfies a generalized random
a—1—contractive type condition as in (H4). So, for each w € Q and all u,v € C([0, 1], R)
such that 6(w, u(t),v(t)) > 0 for all ¢ € [0, 1], we prove that

oo (F(w, u), F(w, v)) < ¢ (0w, (u,v)))

where

O(w, (u,v)) = max {d(u,v), d(u, F(w,u)) +d(v, F(w,v)) d(u, F(w,v)) + d(v, F(w,u)) }

2 ’ 2
Indeed, let w € €2 be fixed, and u,v € C([0, 1], R) be such that §(w, u(t),v(t)) > 0 for
all t € [0, 1], then

|F(w,u)(t) = F(w,v)(t)]
_ /0 G(t, 9)[f (w, 5, u(s)) — f(w, 5,0(s))]ds

SA<%¢@U@AW@D-f@£w@M%

< [ 6tt.s) o (mox{late) = 60 5 [1te) = Fule)] 4+ 1o(s) = Flws ()]
Ju(s) = P (6] + o(6) = Flau(o)] )|

< [ 6te.s) e (max{1uts) = o)1 5 1) = FloruloD] -+ o(6) = Pl (o],

1

319 = Flw oDl +o(s) — Pl ute)] }) s

= (] etto9s ) (max {juts) = o9 [luts) = Flor a4+ 1065) = Fle (o1,
3 105) = Fw (oDl + l1o(e) = Feu(s)I) |

< o max a9 = o)1 3 109 ~ FwruloD] -+ 066) = Floro(eI],

319 = Flws(e)] + o6s) = Fleu)] ).

319 = Flw s+ o(s) = Fleul)] ).
Let a : ©Q x C(]0,1],R) x C([0,1],R) — [0, 4+00) be function given as
0w, 1, ) = {1 if O(w,u(t),v(t)) >0 for all tel0,1],

0 otherwise
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for all w € Q. So, for all u,v € C([0, 1], R) with a(w,u,v) > 1, we get
[ F(w,u) = F(w,v)]|s

< (e {Ju(s) = 005l [1(5) = )+ 00e) = Flo v,

3 109) = Flo w6l +0(5) ~ Fle )] } )

which means that F'is a generalized random a — ¢)—contractive integral operator.
Note thar, for each w € Q and all t € [0,1], u,v € C([0, 1],R), we have

alw,u,v) > 1

= O(w,u(t),v(t)) >0 for all tel0,1]
= O(w, F(w,u)(t), F(w,v)(t)) >0

a(w, F(w,u), F(w,v)) > 1,

which means that F' is a random a—admissible integral oprator.
All of the hypotheses of Corollary 3.4 are satisfied, and hence the mapping F' has a
random fixed point. U
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