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A NOTE ON MODIFIED DEGENERATE GAMMA AND
LAPLACE TRANSFORMATION

YUNJAE KIM!, BYUNG MOON KIM?, LEE-CHAE JANG3, AND JONGKYUM KWON%

ABsTRACT. Kim-Kim([9]) studied some properties of the degenerate gamma
and degenerate Laplace transformation and obtained their properties. In
this paper, we define modified degenerate gamma and modified degener-
ate Laplace Transformation and investigate some properties and formulas
related to them.

1. Introduction

It is well known that gamma function is defied by
I(s) = / e 't"71dt, where s € C with Re(s) > 0, (see [5,9]). (1.1)
0

From (1.1), we note that
I'(s+1) = sI'(s), andT'(n + 1) = n!, where n € N. (1.2)
Let f(t) be a function defined for ¢ > 0. Then, the integral

L (1)) = / =t F(1)dt, (see [3,5,9,14]) (1.3)
0

is said to be the Laplace transform of f, provided that the integral converges.

For A € (0,00). Kim-Kim([9]) introduced the degenerate gamma function for

the complex variable s with 0 < Re(s) < + as follows:

Ta(s) :/000(1+/\t)‘§t5‘1dt, (see [9]) (1.4)
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and degenerate Laplace transformation which was defined by

La(f()) :/Ooo(l—i—)\t)_if(t)dt, (see [9,15)) (1.5)

if the integral converges. The authors obtained some properties and interesting
formulas related to the degenerate gamma function. For examples, For A € (0,1)
and 0 < Re(s) < 132,

Ta(s+1) = #Fﬁ(s), (1.6)
and A € (0, %ﬂ) with k € N and 0 < Re(s) < 152,
B s(s=1)---(s—(k+1)+1)
Pals+1) = (L=A)(L—=2\) (1 —EN(1— (k+ 1)>\)F%(S -k, 1)
and for k € N and X € (0, 1),
Pak) = k- (18)

Q- NI1-20) - (1—kN

The authors obtained some formulas related to the degenerate Laplace trans-
formation. For examples,

1
and
a 1
and
s—A

L)\(COS)\(at)) = m, (111)

and
. a
L (siny(at)) = CESNETE (1.12)

a it

where cos, (t) = 3 ((1 + A5 4 (1+ )\t)_%) and siny (t) = o ((1 + )% — (1+ At)_f>.
Furthermore, the authors obtained that

n!
) = ey o N (1.13)

for n € N and s > (n+ 1)\, and
LA(f™ () = s(s + A\)(s +2X0) - (s + (n = DA LA((1+ M) " £ (1))

_ Ti F9(0) <ni"[_ s+ (- 1))\> . (1.14)
t=1

=0
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where f, f(D, ... (=D are continuous on (0,00) and are of degenerate expo-
nential order and f(™)(t) is piecewise continuous on (0, o), and

d n
a((log(1-+ )" 1(0) = (<N () Lato) (1.15)

for n € N.

At first, L. Carlitz introduced the degenerate special polynomials (see [1,2]).
The recently works which can be cited in this and researchers have studied the
degenerate special polynomials and numbers (see [4,6-13,16,17]). Recently, the
concept of degenerate gamma function and degenerate Laplace transform was
introduced by Kim-Kim(2017). They studied some properties of the degenerate
gamma and degenerate Laplace transformation and obtained their properties.
We observe that does

Ly(f *g) = Lx(f)La(9) (1.16)
holds? Thus, we consider the modified degenerate Laplace transform which are
satisfied (1.16). This paper consists of two sections. The first section contains
the modified degenerate gamma function and investigate the properties of the
modified gamma function. The second part of the paper provide the modi-
fied degenerate Laplace transformation and investigate interesting results of the
modified degenerate Laplace transformation.

2. Modified degenerate gamma function

In this section, we will define modified degenerate gamma functions which
are different to degenerate gamma functions. For each A\ € (0,00), we define
modified degenerate gamma function for the complex variable s with 0 < Re(s)
as follows:

Ii(s) = /000(1 + ) et (2.1)

Let A € (0,1). Then, for 0 < Re(s), we have

T5(s+1) = / (1+ N ede
0

1 .
(log(1 +)\)—X( ) o

A "
~log(1+ ) sTa(s)-

A S t
1 by s—1
710?;(1“)/0 s(1+0) 5 1d

(2.2)

Therefore, by (2.2), we obtain the following theorem.
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Theorem 2.1. Let A € (0,1). Then, for 0 < Re(s), we have

AS ). (2.3)

F)\(S+1):m A

Then, for 0 < Re(s) and A € (0,1), repeatly we calculate

As * _ )‘2(8 — 1)
a(s) = (log(1 + )2

% (s — 1). (2.4)

Thus, continuing this process, for 0 < Re(s) and A € (0, 1), we have

Ne(s—1)---(s—k+1)

e+ =——as vF

% (s — k). (2.5)

Therefore, by (2.5), we obtain the following theorem.
Theorem 2.2. Let A € (0,1). Then, for 0 < Re(s), we have

Me(s—1)---(s—k+1)
(log(1 + M)k

Ti(s+1) = % (s — k). (2.6)

Let us take s = k + 1. Then, by Theorem 2.2, we get

Net1p . 9
1—\* A ate
A(k+2) (10g(1+>\))k+1 A( )
(2.7)
)\k+1k! 1
~ (log(1+ A))k+1 M)
and
Ii(1) = / (1+A)"%dt
0
R e (2.8)
~ (log(L+ ) 0 '
B A
~ (log(1+ )
Therefore, by (2.7) and (2.8), we obtain the following theorem.
Theorem 2.3. For k € N and A € (0,1), we have
)\k+1k!
Nk+1) = (2.9)

(log(1 4 X))k+1"
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3. Modified degenerate Laplace transformation

In this section, we will define modified Laplace transformation which are
different to degenerate Laplace transformation. Let A € (0,00) and let f(t) be
a function defined for ¢ > 0. Then the integral

Li(f(1) = /000(1+As)if(t)dt. (3.1)

is said to be the modified degenerate Laplace transformation of f if the integral
converges which is also defined by L3 (f(t)) = Fi(s).
From (3.1), we get

Ly(af () + By(t)) = aLX(f(1)) + BLY(9(2)), (3-2)

where o and S are constant real numbers.
First, we observe that for n € N,

Lj(t”):/o (1+ As)~Xt"dt
I S
~ log(1+ As)

An
_ E* tn—l
log(1 + As) M )

n A it Aln—1) o it
_ _ 1 £4n—1 |0 1 X4n—2
log(1+ As) ( log(1 + )\s)( +As)7RE o +10g(1 + As) /0 (1+2s)" dt)

B <1Og(1A+AS))2 n(n — 1)L3(t"2)

(14 X)Xt [ + An )/ (1+ As)~x¢" Lt
0

log(1+ As

- <log(1)\+ As))n ntLA (M)

)\ n+1
= — nl.
log(1+ As)

Therefore, by (3.3), we obtain the following theorem.

(3.3)

Theorem 3.1. For k € N and A € (0,1), we have

* (4n >\ s
L") = <log(1+)\s)) nl. (3.4)


http://dx.doi.org/10.20944/preprints201809.0155.v1
http://dx.doi.org/10.3390/sym10100471

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 10 September 2018 d0i:10.20944/preprints201809.0155.v1

6 YunJae Kim, Byung Moon Kim, Lee-Chae Jang, Jongkyum Kwon

Secondly, we note that if f is a periodic function with a period T.

C3(7(1) = / T4 ae) R S (1)t

_ /T(1 +As)—%f(t)dt+/°o(1 A
0

T Too T
:/ (1+>\s)*§f(t)dt+/ (14 As)~ 55 F(t 4+ T)at
0 0
= / (L4 As)" X f(t)dt + (1 + As) ™ > / (1+ Xs) ™% f(t)dt
0 0
By (3.5), we get

T T t
(1— (1+)\s)’7>£f\(f(t)) :/0 (14 As)™> f(t)dt. (3.6)
Thus, by (3.6), we get

T
L3(f(1) = S / (14 2s)~% f(t)dt. (3.7)
(1 —(1+ As)—x) 0

We recall that the degenerate Bernoulli numbers are introduced as

_t - iB /\ﬁ (3.8)

& & omar |
Thus, by (3.7) and (3.8), we have

1 1 ST
1—(1+AS)"%F  TS(1+rs) % —1

1 oo Tn
= 2 Y Buas(-1)"S"—.
TS = As(=1)"S n!

Therefore, by (3.8) and (3.9), we obtain the following theorem.
Theorem 3.2. If f is a function defined t > 0 and L(f(t)) exists, then we

have

oo T n
L3(f(1) = ‘T% > Bn,As<—1)”S"/O (1+ As)—%f(adt%
n=0 N

= (3.10)
- z:% Buas(=1)"S" LUt —T)f(1)),

0,for0>t>a,

is the Heviside function.
1, fort < a.

where U(t —a) = {
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Thirdly, we observe the modified degenerate Laplace transformation of f(¢t —
a)U(t — a) as follows:

Li(ft—a)U(t —a)) = /000(1 + X)X f(t—a)U(t — a)dt

_ /OO(1 4 s) kSt — a)dt

= /Ooo(lJrAs)t?“f(t)dt (3.11)
— (14 2s)% /000(1 +xs) " F(t)dt
= (L+As) S LX(f (1))
Therefore, by (3.11), we obtain the following theorem.
Theorem 3.3. For A € (0,1) and a € (0,00) we have
LA(f(t = a)U(t = a)) = (1+Xs)"SLI(f (1)), (3.12)

where U(t — a) is the Heviside function.

Fourthly, we observe the modified degenerate Laplace transformation of the
convolution f * g of two function f, g as follows:

e = ([ aeratswa) ([Tas Tomar)
= [ [ asexa ¥ soatmiarar
=[50 [T a9 gt ryduar o1
= [ [ 10029 gt ryduar

— [ G re
0
= LA(f *9).
Therefore, by (3.13), we obtain the following theorem.

Theorem 3.4. For A € (0,1], we have

LX(f * 9) = LX())LX(9)- (3.14)
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We note that

£i(1) = /0 (14 \s) % 1dt

A ¢
S A WSS JFS .
log(l—i-)\s)( A9 (3.15)
B A
~log(1+ As)’
By (3.15), we have
* * * Tk A
LA(f %1) = LY(f)LX(1) = L)‘(f)log(l Ts) (3.16)
Therefore, by (3.16), we obtain the following theorem.
Theorem 3.5. For A € (0,1], we have
1 A '
LN ) ————) = 1(t) = t)dt. 1
£ ) — £ 10 = [ 0 (317)

Fifthly, we observe that the modified degenerate Laplace transformation of
derivative of f which is f(t) = 0((1 4 As)~ %), where f(t) = 0(u(t)) means

Li(f) = /0 (14 As)~% f/dt

— (L4 As) " F(O) I +/°O M(l s R fd (318)

0
=10+ L )

and

$(F?) = / T (14 ae) R fOdr

= (1429750 [+ B [Tty
=—f(0)+ M (—f(O) + 10g(1)\+ As) Eﬁ(f))

2
_ <log(1)\+ )\s)> L) — log(l)\+ )\S)f(()) ~ 1(0).

By using mathematical induction, we obtain the following theorem.
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Theorem 3.6. For A € (0,1], we have

1

L5(f™) = (bg(ljkf»') ,i

<log 1+As) - ifm(o), (3.20)

=0
Finally, we observe
i /OOo o DA p e
= —1-1)\3 /00(1 +s) " tf(h)de (3.21)
— e,

By (3.21), we obtain the following theorem.
Theorem 3.7. For A € (0,1] and 0 < Re(s), we have

dFy
= 1+ TR ). (3.22)

4. Conclusion

Kim-Kim ([9]) defined a degenerate gamma function and a degenerate Laplace
transformation. The motivation of this paper is to define modified degenerate
gamma functions and modified degenerate Laplace transformations which are
different to degenerate gamma function and degenerate Laplace transformation
and to obtain more useful results which are Theorem 3.4 and Theorem 3.5 for the
modified degenerate Laplace transformation. We investigated some results which
are Theorem 2.1 and Theorem 2.3 for modified degenerate gamma functions.
Furthermore, Theorem 3.3 and Theorem 3.6 are some interesting properties
which are applied to differential equations in engineering mathematics.
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