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Abstract. Kim-Kim([9]) studied some properties of the degenerate gamma
and degenerate Laplace transformation and obtained their properties. In

this paper, we define modified degenerate gamma and modified degener-

ate Laplace Transformation and investigate some properties and formulas
related to them.

1. Introduction

It is well known that gamma function is defied by

Γ(s) =

∫ ∞
0

e−tts−1dt, where s ∈ C with Re(s) > 0, (see [5, 9]). (1.1)

From (1.1), we note that

Γ(s+ 1) = sΓ(s), andΓ(n+ 1) = n!, where n ∈ N. (1.2)

Let f(t) be a function defined for t ≥ 0. Then, the integral

L(f(t)) =

∫ ∞
0

e−stf(t)dt, (see [3, 5, 9, 14]) (1.3)

is said to be the Laplace transform of f , provided that the integral converges.
For λ ∈ (0,∞). Kim-Kim([9]) introduced the degenerate gamma function for
the complex variable s with 0 < Re(s) < 1

λ as follows:

Γλ(s) =

∫ ∞
0

(1 + λt)−
1
λ ts−1dt, (see [9]) (1.4)
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and degenerate Laplace transformation which was defined by

Lλ(f(t)) =

∫ ∞
0

(1 + λt)−
s
λ f(t)dt, (see [9, 15]) (1.5)

if the integral converges. The authors obtained some properties and interesting
formulas related to the degenerate gamma function. For examples, For λ ∈ (0, 1)
and 0 < Re(s) < 1−λ

λ ,

Γλ(s+ 1) =
s

(1− λ)s−1
Γ λ

1−λ
(s), (1.6)

and λ ∈ (0, 1
k+s ) with k ∈ N and 0 < Re(s) < 1−λ

λ ,

Γλ(s+ 1) =
s(s− 1) · · · (s− (k + 1) + 1)

(1− λ)(1− 2λ) · · · (1− kλ)(1− (k + 1)λ)
Γ λ

1−(k+1)λ
(s− k), (1.7)

and for k ∈ N and λ ∈ (0, 1
k ),

Γλ(k) =
(k − 1)!

(1− λ)(1− 2λ) · · · (1− kλ)
. (1.8)

The authors obtained some formulas related to the degenerate Laplace trans-
formation. For examples,

Lλ(1) =
1

s− λ
, if s > λ, (1.9)

and

Lλ((1 + λt)−
a
λ ) =

1

s+ a− λ
, if s > −a+ λ, (1.10)

and

Lλ(cosλ(at)) =
s− λ

(s− λ)2 + a2
, (1.11)

and

Lλ(sinλ(at)) =
a

(s− λ)2 + a2
, (1.12)

where cosλ(t) = 1
2

(
(1 + λt)

it
λ + (1 + λt)−

it
λ

)
and sinλ(t) = 1

2i

(
(1 + λt)

it
λ − (1 + λt)−

it
λ

)
.

Furthermore, the authors obtained that

Lλ(tn) =
n!

(s− λ)(s− 2λ) · · · (s− nλ)(s− (n+ 1)λ)
, (1.13)

for n ∈ N and s > (n+ 1)λ, and

Lλ(f (n)(t)) = s(s+ λ)(s+ 2λ) · · · (s+ (n− 1)λ)Lλ((1 + λt)−nf(t))

−
n−1∑
i=0

f (i)(0)

(
n−i−1∏
t=1

s+ (l − 1)λ

)
.

(1.14)
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where f, f (1), · · · , f (n−1) are continuous on (0,∞) and are of degenerate expo-
nential order and f (n)(t) is piecewise continuous on (0,∞), and

Lλ((log(1 + λt))nf(t)) = (−1)nλn
(
d

ds

)n
Lλ(s), (1.15)

for n ∈ N.

At first, L. Carlitz introduced the degenerate special polynomials (see [1,2]).
The recently works which can be cited in this and researchers have studied the
degenerate special polynomials and numbers (see [4,6-13,16,17]). Recently, the
concept of degenerate gamma function and degenerate Laplace transform was
introduced by Kim-Kim(2017). They studied some properties of the degenerate
gamma and degenerate Laplace transformation and obtained their properties.
We observe that does

Lλ(f ∗ g) = Lλ(f)Lλ(g) (1.16)

holds? Thus, we consider the modified degenerate Laplace transform which are
satisfied (1.16). This paper consists of two sections. The first section contains
the modified degenerate gamma function and investigate the properties of the
modified gamma function. The second part of the paper provide the modi-
fied degenerate Laplace transformation and investigate interesting results of the
modified degenerate Laplace transformation.

2. Modified degenerate gamma function

In this section, we will define modified degenerate gamma functions which
are different to degenerate gamma functions. For each λ ∈ (0,∞), we define
modified degenerate gamma function for the complex variable s with 0 < Re(s)
as follows:

Γ∗λ(s) =

∫ ∞
0

(1 + λ)−
t
λ ts−1dt. (2.1)

Let λ ∈ (0, 1). Then, for 0 < Re(s), we have

Γ∗λ(s+ 1) =

∫ ∞
0

(1 + λ)−
t
λ tsdt

=
1

(log(1 + λ)−
1
λ

(1 + λ)−
t
λ ts |∞0 +

λ

log(1 + λ)

∫ ∞
0

s(1 + λ)−
t
λ ts−1dt

=
λ

log(1 + λ)
sΓ∗λ(s).

(2.2)

Therefore, by (2.2), we obtain the following theorem.
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Theorem 2.1. Let λ ∈ (0, 1). Then, for 0 < Re(s), we have

Γ∗λ(s+ 1) =
λs

log(1 + λ)
Γ∗λ(s). (2.3)

Then, for 0 < Re(s) and λ ∈ (0, 1), repeatly we calculate

Γ∗λ(s+ 1) =
λs

log(1 + λ)
Γ∗λ(s) =

λ2(s− 1)

(log(1 + λ))2
Γ∗λ(s− 1). (2.4)

Thus, continuing this process, for 0 < Re(s) and λ ∈ (0, 1), we have

Γ∗λ(s+ 1) =
λk(s− 1) · · · (s− k + 1)

(log(1 + λ))k
Γ∗λ(s− k). (2.5)

Therefore, by (2.5), we obtain the following theorem.

Theorem 2.2. Let λ ∈ (0, 1). Then, for 0 < Re(s), we have

Γ∗λ(s+ 1) =
λk(s− 1) · · · (s− k + 1)

(log(1 + λ))k
Γ∗λ(s− k). (2.6)

Let us take s = k + 1. Then, by Theorem 2.2, we get

Γ∗λ(k + 2) =
λk+1k · · · 2

(log(1 + λ))k+1
Γ∗λ(1)

=
λk+1k!

(log(1 + λ))k+1
Γ∗λ(1)

(2.7)

and

Γ∗λ(1) =

∫ ∞
0

(1 + λ)−
t
λ dt

= − λ

(log(1 + λ)
(1 + λ)−

t
λ |∞0

=
λ

(log(1 + λ)
.

(2.8)

Therefore, by (2.7) and (2.8), we obtain the following theorem.

Theorem 2.3. For k ∈ N and λ ∈ (0, 1), we have

Γ∗λ(k + 1) =
λk+1k!

(log(1 + λ))k+1
. (2.9)
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3. Modified degenerate Laplace transformation

In this section, we will define modified Laplace transformation which are
different to degenerate Laplace transformation. Let λ ∈ (0,∞) and let f(t) be
a function defined for t ≥ 0. Then the integral

L∗λ(f(t)) =

∫ ∞
0

(1 + λs)−
t
λ f(t)dt. (3.1)

is said to be the modified degenerate Laplace transformation of f if the integral
converges which is also defined by L∗λ(f(t)) = Fλ(s).

From (3.1), we get

L∗λ(αf(t) + βg(t)) = αL∗λ(f(t)) + βL∗λ(g(t)), (3.2)

where α and β are constant real numbers.
First, we observe that for n ∈ N,

L∗λ(tn) =

∫ ∞
0

(1 + λs)−
t
λ tndt

= − λ

log(1 + λs)
(1 + λs)−

t
λ tn |∞0 +

λn

log(1 + λs)

∫ ∞
0

(1 + λs)−
t
λ tn−1dt

=
λn

log(1 + λs)
L∗λ(tn−1)

=
λn

log(1 + λs)

(
− λ

log(1 + λs)
(1 + λs)−

t
λ tn−1 |∞0 +

λ(n− 1)

log(1 + λs)

∫ ∞
0

(1 + λs)−
t
λ tn−2dt

)
=

(
λ

log(1 + λs)

)2

n(n− 1)L∗λ(tn−2)

= · · ·

=

(
λ

log(1 + λs)

)n
n!L∗λ(1)

=

(
λ

log(1 + λs)

)n+1

n!.

(3.3)

Therefore, by (3.3), we obtain the following theorem.

Theorem 3.1. For k ∈ N and λ ∈ (0, 1), we have

L∗λ(tn) =

(
λ

log(1 + λs)

)n+1

n!. (3.4)
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Secondly, we note that if f is a periodic function with a period T .

L∗λ(f(t)) =

∫ ∞
0

(1 + λs)−
t
λ f(t)dt

=

∫ T

0

(1 + λs)−
t
λ f(t)dt+

∫ ∞
T

(1 + λs)−
t
λ f(t)dt

=

∫ T

0

(1 + λs)−
t
λ f(t)dt+

∫ ∞
0

(1 + λs)−
t+T
λ f(t+ T )dt

=

∫ T

0

(1 + λs)−
t
λ f(t)dt+ (1 + λs)−

T
λ

∫ ∞
0

(1 + λs)−
t
λ f(t)dt

(3.5)

By (3.5), we get(
1− (1 + λs)−

T
λ

)
L∗λ(f(t)) =

∫ T

0

(1 + λs)−
t
λ f(t)dt. (3.6)

Thus, by (3.6), we get

L∗λ(f(t)) =
1(

1− (1 + λs)−
T
λ

) ∫ T

0

(1 + λs)−
t
λ f(t)dt. (3.7)

We recall that the degenerate Bernoulli numbers are introduced as

t

(1 + λ)−
t
λ

=

∞∑
n=0

Bn,λ
tn

n!
, (3.8)

Thus, by (3.7) and (3.8), we have

1

1− (1 + λS)−
T
λ

= − 1

TS

ST

(1 + λs)−
TS
λS − 1

= − 1

TS

∞∑
n=0

Bn,λS(−1)nSn
Tn

n!
.

(3.9)

Therefore, by (3.8) and (3.9), we obtain the following theorem.

Theorem 3.2. If f is a function defined t ≥ 0 and L∗λ(f(t)) exists, then we
have

L∗λ(f(t)) = − 1

TS

∞∑
n=0

Bn,λS(−1)nSn
∫ T

0

(1 + λs)−
t
λ f(t)dt

Tn

n!

= − 1

TS

∞∑
n=0

Bn,λS(−1)nSnL∗λ(U(t− T )f(t)),

(3.10)

where U(t− a) =

{
0, for 0 ≥ t ≥ a,
1, for t ≤ a.

is the Heviside function.
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Thirdly, we observe the modified degenerate Laplace transformation of f(t−
a)U(t− a) as follows:

L∗λ(f(t− a)U(t− a)) =

∫ ∞
0

(1 + λs)−
t
λ f(t− a)U(t− a)dt

=

∫ ∞
a

(1 + λs)−
t
λ f(t− a)dt

=

∫ ∞
0

(1 + λs)−
t+a
λ f(t)dt

= (1 + λs)−
a
λ

∫ ∞
0

(1 + λs)−
t
λ f(t)dt

= (1 + λs)−
a
λL∗λ(f(t)).

(3.11)

Therefore, by (3.11), we obtain the following theorem.

Theorem 3.3. For λ ∈ (0, 1) and a ∈ (0,∞) we have

L∗λ(f(t− a)U(t− a)) = (1 + λs)−
a
λL∗λ(f(t)), (3.12)

where U(t− a) is the Heviside function.

Fourthly, we observe the modified degenerate Laplace transformation of the
convolution f ∗ g of two function f , g as follows:

L∗λ(f)L∗λ(g) =

(∫ ∞
0

(1 + λs)−
t
λ f(t)dt

)(∫ ∞
0

(1 + λs)−
τ
λ g(τ)dτ

)
=

∫ ∞
0

∫ ∞
0

(1 + λs)−
t+τ
λ f(t)g(τ)dtdτ

=

∫ ∞
0

f(t)

∫ ∞
τ

(1 + λs)−
µ
λ g(µ− τ)dµdτ

=

∫ ∞
0

∫ ∞
τ

f(t)(1 + λs)−
µ
λ g(µ− τ)dµdτ

=

∫ ∞
0

(f ∗ g) (1 + λs)−
µ
λ dµ

= Lλ(f ∗ g).

(3.13)

Therefore, by (3.13), we obtain the following theorem.

Theorem 3.4. For λ ∈ (0, 1], we have

L∗λ(f ∗ g) = L∗λ(f)L∗λ(g). (3.14)
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We note that

L∗λ(1) =

∫ ∞
0

(1 + λs)−
t
λ 1dt

= − λ

log(1 + λs)
(1 + λs)−

t
λ |∞0

=
λ

log(1 + λs)
.

(3.15)

By (3.15), we have

L∗λ(f ∗ 1) = L∗λ(f)L∗λ(1) = L∗λ(f)
λ

log(1 + λs)
. (3.16)

Therefore, by (3.16), we obtain the following theorem.

Theorem 3.5. For λ ∈ (0, 1], we have

L∗−1
λ (L∗λ(f)

λ

log(1 + λs)
) = f ∗ 1(t) =

∫ t

0

f(t)dt. (3.17)

Fifthly, we observe that the modified degenerate Laplace transformation of
derivative of f which is f(t) = 0((1 + λs)−

t
λ ), where f(t) = 0(u(t)) means

L∗λ(f ′) =

∫ ∞
0

(1 + λs)−
t
λ f ′dt

= (1 + λs)−
t
λ f(t) |∞0 +

∫ ∞
0

log(1 + λs)

λ
(1 + λs)−

t
λ f(t)dt

= −f(0) +
log(1 + λs)

λ
L∗λ(f).

(3.18)

and

L∗λ(f (2)) =

∫ ∞
0

(1 + λs)−
t
λ f (2)dt

= (1 + λs)−
t
λ f ′(t) |∞0 +

log(1 + λs)

λ

∫ ∞
0

(1 + λs)−
t
λ f ′(t)dt

= −f(0) +
log(1 + λs)

λ

(
−f(0) +

log(1 + λs)

λ
L∗λ(f)

)
=

(
log(1 + λs)

λ

)2

L∗λ(f)− log(1 + λs)

λ
f(0)− f ′(0).

(3.19)

By using mathematical induction, we obtain the following theorem.
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Theorem 3.6. For λ ∈ (0, 1], we have

L∗λ(f (n)) =

(
log(1 + λs)

λ

)n
L∗λ(f)−

n−1∑
i=0

(
log(1 + λs)

λ

)n−1−i

f (i)(0). (3.20)

Finally, we observe

dF ∗λ
ds

=

∫ ∞
0

λ

1 + λs
(− t
λ

)(1 + λs)−
t
λ f(t)dt

= − 1

1 + λs

∫ ∞
0

(1 + λs)−
t
λ tf(t)dt

= − 1

1 + λs
L∗λ(tf(t)).

(3.21)

By (3.21), we obtain the following theorem.

Theorem 3.7. For λ ∈ (0, 1] and 0 < Re(s), we have

dF ∗λ
ds

= − 1

1 + λs
L∗λ(tf(t)). (3.22)

4. Conclusion

Kim-Kim ([9]) defined a degenerate gamma function and a degenerate Laplace
transformation. The motivation of this paper is to define modified degenerate
gamma functions and modified degenerate Laplace transformations which are
different to degenerate gamma function and degenerate Laplace transformation
and to obtain more useful results which are Theorem 3.4 and Theorem 3.5 for the
modified degenerate Laplace transformation. We investigated some results which
are Theorem 2.1 and Theorem 2.3 for modified degenerate gamma functions.
Furthermore, Theorem 3.3 and Theorem 3.6 are some interesting properties
which are applied to differential equations in engineering mathematics.
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