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FIBONACCI-MANN ITERATION FOR MONOTONE
ASYMPTOTICALLY NONEXPANSIVE MAPPINGS IN
MODULAR SPACES

B. A. BIN DEHAISH AND M. A. KHAMSI

ABSTRACT. In this work, we extend the fundamental results of Schu to the
class of monotone asymptotically nonexpansive mappings in modular function
spaces. In particular, we study the behavior of the Fibonacci-Mann iteration

process defined by
Tn+1l = tnT(b(n) (mn) + (1 - tn)x'ru

for n € N, when T is a monotone asymptotically nonexpansive self-mapping.

1. INTRODUCTION

Modular function spaces (MFS) find their roots in the study of the classical
function spaces LP(€2) and their extensions by Orlicz and others. For more details
on MFS, we recommend the book by Kozlowski [11]. Another interesting use
of the modular structure, for whoever is looking for more applications, is the
excellent book by Diening et al. [4] about Lebesgue and Sobolev spaces with
variable exponents. Fixed point theory in MFS was initiated in 1990 in the
original paper [9]. Since then this theory has seen an explosion which culminated
in the publication of the recent book by Khamsi and Kozlowski [8]. In this work,
we continue investigating the fixed point problem in MFS. To be precise, we
investigate the case of monotone mappings. This area of metric fixed point theory
is new and attracted some attention after the publication of Ran and Reuring’s
paper [15]. An interesting reference with many applications of the fixed point
theory of monotone mappings is the excellent book by Carl and Heikkila [3].

Since this work deal with the metric fixed point theory, we recommend the
book by Khamsi and Kirk [6].
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2. PRELIMINARIES

For the basic definitions and properties of MFS, we refer the readers to the
books [8, 11].
Throughout this work, 2 stands for a nonempty set, ¥ a nontrivial o-algebra of
subsets of €2, P a J-ring of subsets of A such that PN S € P for any P € P
and S € ¥. We will assume that there exists an increasing sequence {A,} C P
such that Q = |JQ,. M will stand for the space of all extended measurable
functions f : Q — [—o0, 00| for which there exists {g,} C &, with |g,| < |f]
and g,(t) — f(t), for all t € Q, where £ stands for the vector space of simple

functions whose supports is in P.

Definition 2.1. [8, 11] A convez and even function p : My, — [0, 00] is called a

reqular modular if:

(i) p(f) =0 implies f =0 p—a.e.;
(i) |f(t)] < |g(t)] for all t € Q implies p(f) < p(g), where f,g € My (we will

say that p is monotone);

(1i1) |fu(t)] T f(t)] for all t € Q implies p(fn) T p(f), where f € Mo (p has the
Fatou property).

Recall that a subset A € X is said to be p-null if p(gl4) = 0, for any g € £, and a
property holds p-almost everywhere (p-a.e.) if the exceptional set is p-null. The

notation 14 denotes the characteristic function of the set A. Consider the set
M={f e Mux;|f(t)] < o0 p—a.e}.
The MFS L, is defined as:

L,={f e M;p(Af) = 0as A — 0}.
The following theorem is essential throughout this work.

Theorem 2.1. [8, 11] Let p be a convex regular modular.
(1) If p(Bfn) — 0, for some 3 > 0, then there exists a subsequence { fyn)}
such that fym) — 0 p —a.e.
(2) If f — f p—a.e., then p(g) < hﬂiﬂf/}(g")'
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FIBONACCI-MANN ITERATION FOR MONOTONE MAPPINGS 3

The following definition is needed since it connects the metric properties with

its modular version.
Definition 2.2. [8, 11] Let p be a convex reqular modular.
(1) {gn} is said to p-converge to g if 7}1_)120 p(gn —g) =0.
(2) A sequence {g,} is called p-Cauchy Z‘fnlriLIE)loo 0(gn — gm) = 0.
(3) A subset C of L, is said to be p-closed if for any sequence {g,} in C

p-convergent to g implies that g € C.
(4) A subset C of L, is called p-bounded if its p-diameter

0,(C) =sup{p(g — h); g, h € C}

18 finite.

Note that despite the fact that p does not satisfy the triangle inequality in general,
the p limit is unique. However, the p-convergence may not imply p-Cauchy
behavior. But it is interesting to know that p-balls B,(z,r) = {y € L,; p(x—y) <
r} are p-closed, and any p-Cauchy sequence in L, is p-convergent, i.e. L, is p-

complete [8, 11].
Using Theorem 2.1 Part (1), we get the following result:
Theorem 2.2. Let p be a convex reqular modular. Let {g,} C L, be a sequence

which p-converges to g. The following hold:

(i) if {gn} is monotone increasing, i.e., g, < gni1 p-a.e., for any n > 1, then
gn < g p-a.e., for anyn > 1.;
(ii) if {gn} is monotone decreasing, i.e., gni1 < gn p-a.e., for any n > 1, then

g < g, p-a.e., for anyn > 1.

Next we discuss a property called uniform convexity which plays an important
part in metric fixed point theory.

Definition 2.3. [8] Let p be a convex regular modular.

(i) Let r >0 and € > 0. Define

Sy(r.2) = inf {1~ % p(%); (f.9) € D(r.) .
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4 B. A. BIN DEHAISH AND M. A. KHAMSI

where
D(r,e) ={(f,9); f.9 € L,, p(f) <7, plg) <rp(f —g) >er}.

p 1s said to be uniformly convex (UC) if for every R > 0 and ¢ > 0, we
have §,(R, <) > 0.

(ii) p is said to be (UUC) if for every s > 0,e > 0 there exists n(s,e) > 0 such
that 0,(R,e) > n(s,e) >0, for R > s.

Remark 2.1. [t is known that, under suitable assumptions, the uniform con-
vexity of the modular in Orlicz spaces is satisfied provided the Orlicz function is
uniformly convex [10, 17]. As an example of Orlicz functions that are uniformly
conver, we may take p1(t) = ell — |t| — 1 and py(t) = e* — 1 [13, 12]. Note that

these two functions fail the important property known as the the Ag condition.

Modular functions which are uniformly convex enjoys a property similar to

reflexivity in Banach spaces.

Theorem 2.3. [8, 10] Let p be a (UUC) convex reqular modular. Then L, has
property (R), i.e. every nonincreasing sequence {C,} of nonempty, p-bounded,

p-closed, convex subsets of L, has nonempty intersection.

Remark 2.2. Let p be a (UUC) convex reqular modular. Let K be a p-bounded
convez p-closed nonempty subset of L,. Let {f,} C K be a monotone increasing
sequence. Since order intervals in L, are convex and p-closed, then the property
(R) implies

N{rer: fu<sp—ac}ro

n>1

In other words, there exists f € K such that f, < f p-a.e., for anyn > 1. A
similar conclusion holds for decreasing sequences.

The following lemma is useful throughout this work.
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Lemma 2.1. [7] Let p be a (UUC) convexr regular modular. Let R > 0 and
{an} Cla,b) with 0 <a <b< 1. Assume that

limsup p(fn) <R,

n—oo
limsup p(g.) <R,

n—oo

lim plan fot (1—an) go) = R.

n—o0

Then lim p(f, — gn) =0 holds.
n—oo

The concept of p-type functions will prove to be an important tool dealing
with the existence of fixed points.

Definition 2.4. Let p be a convex reqular modular. Let K be a nonempty subset
of L,. A function 7 : K — [0,00] is called a p-type if there exists a sequence
{gm} of elements of L, such that

7(f) = limsup p(gm — f),

m—00

forany f € K. Let T be a type. A sequence {f,} is called a minimizing sequence

of T in K Zf,}EEOT(fn) =inf{r(f); f e K}.

We have the following amazing result about type functions in MFS.

Lemma 2.2. [7] Let p be a (UUC) convex reqular modular. Let K be a p-bounded
p-closed convex nonempty subset of L,. Then any minimizing sequence of any

p-type defined on K is p-convergent. Its limit is independent of the minimizing
sequence.

Before we finish this section, we give the modular definitions of monotone Lip-
schitzian mappings.

Definition 2.5. Let p be a convex reqular modular. Let C' be nonempty subset of
L,. AmappingT : C — C is said to be monotone if T'(f) < T'(g) p-a.e. whenever
f < g p-ae., forany f,g € C. Moreover T s called monotone asymptotically
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nonezpansive (in short M-A-N) if T is monotone and there ezists {k,} C [1, +00)
such that lim k, =1 and

n—oo

p(T"(g) = T"(h)) < kn p(g — h),
for any g and h in C' such that g < h p-a.e., andn > 1. g € C 1s called a fixed
point of T if and only if T(g) = g.

The fixed point theory for asymptotically nonexpansie mappings finds its root
in the work of Goebel and Kirk [5]. Following the success of the fixed point theory
of monotone mappings, an existence fixed point theorem for M-A-N mappings
was proved in [1] and its modular version in [2]. Before we state the main result
of [2], recall that a map T is said to be p-continuous if {g,} p-converges to g

implies {T'(gn)} p-converges to T'(g).

Theorem 2.4. [2] Let p be a (UUC) convex regular modular. Let C be a
p-bounded p-closed convexr mnonempty subset of L,. Let T : C" — C be a p-
continuous M-A-N mapping. Assume there exists fo € K such that fy < T(fo)
(resp. T(fo) < fo) p-a.e. Then T has a fized point f such that fo < f (resp.

f < fo) p-a.e.

The original proof of the existence of a fixed point of asymptotically nonexpan-
sive mappings was not constructive. It was Shu [16] who considered a modified
Mann iteration to generate an approximate fixed point sequence for such map-
pings. While studying asymptotically nonexpansive mappings, Schu modified the
Mann iteration by

(SMI) Tpi1 = T (x,) + (1 —t,)x,,

for t,, € [0,1] and n € N. His main motivation resides in the fact that the
iterates of T" are becoming almost nonexpansive. In the investigation of monotone
mappings, the iteration sequence (SMI) fails to generate a sequence which is
monotone. A very important fact when investigating the existence of fixed points
of such mappings. This problem forced the authors in [1] to modify the iteration
(SMI) by using the Fibonacci sequence {¢(n)} defined by

¢(0) = ¢(1) =1, and ¢(n+1) = ¢(n) + o(n — 1),
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for any n > 1. The new iteration scheme, called Fibonacci-Mann iteration, is
defined by

(FMI) Pi1 =y TP (hy,) + (1 — ) T,

for v, € [0,1] and n € N. This new iteration scheme allowed the authors of [1]
to prove the main results of Schu [16] for M-A-N mappings defined in uniformly
convex Banach spaces. A surprising fact since this class of mappings may fail to

be continuous.
Next we discuss the behavior of the iteration (FMI) which will generate an

approximate fixed point of M-A-N mapping in MFS.

The proof of the following lemma is order theoretical and is similar to the

original proof done in [1] in the context of Banach spaces.

Lemma 2.3. [1] Let p be a convex reqular modular. Let C be a convex nonempty
subset of L,. Let T : C'— C be a monotone mapping. Let hy € C' be such that
ho < T'(ho) (resp. T(ho) < ho) p-a.e. Let {a,} C [0,1]. Consider the (FMI)
sequence {h,} generated by hy and {a,}. Let f be a fized point of T such that
ho < f (resp. f < hg) p-a.e. Then

(i) ho < hyy < hypr < T (hy) < f (resp. [ < T (hy,) < hpa < hy <
ho) p-a.e.,
(ii) ho < T*™(ho) < T (hy,) < f (resp. [ < T%™(hy,) < T (he) < ho)
p-a.€.,
for any n € N.

The next lemma is crucial in the proof of the main results of this work.

Lemma 2.4. Let p be a convex regular modular. Let C' be a p-bounded and
conver nonempty subset of L,. Assume T : C' — C is M-A-N mapping with the
Lipschitza constants {k,} satisfying > (k, — 1) < co. Let hg € C be such that

n=1
ho < T(hg) (resp. T(hg) < hg) p-a.e. Let {a,,} C [0,1]. Consider the (FMI)
sequence {h,} generated by hy and {«,}. Let f be a fizred point of T such that
ho < f (resp. f < hg) p-a.e. Then lim p(h, — f) exists.
n—oo
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Proof. Without loss of generality, assume that hy < T'(hg) p-a.e. From the defi-

nition of {h,}, we have

p(hny1 — f) Qnp p(T¢(")(hn) — )+ (1 —an) plhn — f)

an p(T?™ (hy) = TP () + (1 = an) p(hy — f)
On <k¢(n) —1) plhn — f) + p(hn — f)
(k¢(n) —1) p(hn — f) + p(hn — f)

for any n > 1, since T is M-A-N. Hence

p(hn—H - f) - p<hn - f) S (k¢>(”) o 1) 5/3(0)7

for any n € N. Hence

A I IA

p(hn—l-m - f) - p(hn - f) S 6p(0> Z(k¢(n+z) - 1)7
i=0
for any n,m > 1. If we let m — oo, we get
limsup p(hm—f) < plhn—=F)+6,(C) D (ko) —1) < plhn—F)+6,(C) D> _(ki—1),
m—oo —n i—n

for any n > 1. Next let n — oo, we get

lim sup p(h — f) < im inf p(hy — f)+6,(C) lim inf Z(ki— 1) = liminf p(hy, — f).

Therefore, we have lim sup p(h,, — f) = lim inf p(h,,— f), which implies the desired
n—oo

m—00

conclusion. O

3. MAIN RESULTS

The next result shows that the sequence generated by (FMI) has an approxi-

mate fixed point behavior which is crucial throughout.

Proposition 3.1. Let p be a (UUC) convex reqular modular. Let C' C L, be a
p-bounded p-closed convex nonempty subset. LetT : C' — C be a M-A-N mapping

with the associated constants {k,} satisfying > (k, — 1) < co. Let hg € C be

n=1

such that hg < T(hg) (resp. T(ho) < hg) p-a.e. Let [ be a fixved point of T
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such that hg < f (resp. f < hg) p-a.e. Let {a,} C [a,b], with0 < a <b < 1.
Consider the (FMI) sequence {h,} generated by ho and {a,,}. Then

lim p(h, — T (h,)) = 0.

n—o0

Proof. Without loss of generality, we assume hg < T'(hg) p-a.e. From Lemma 2.4,
we know that h,, < h,y1 < f p-a.e., which implies p(f — hpy1) < p(f — hy,), for
any n € N, i.e., {p(f — hyn)} is a decreasing sequence of positive numbers. Hence
r}Lngop(hn — f) exists. Set R = nhjg) p(hy, — f). Assume that R = 0, i.e., {h,}

p-converges to f. From Lemma 2.3, we get h, < T°™(h,) < f p-a.e., which
implies
p(T) ()~ h) < p(f — ),

for any n € N. Hence we have lim p(T?™(h,) — h,) = 0. Next, we assume

n—oo

R > 0. We have
limsup p(T%"™ (h,) — f) = limsup p(T*" (h,) — T*"™(f))
n—00 n—00
< limsup kgy p(hn — f)

n—o0

R.

On the other hand, we have p(hpp1—f) < an p(T?™ (h,)—f)+(1—ay,) plhn—f),

for any n > 1. Let U be a non-trivial ultrafilter over N. We have

R =lim p(hns = f) < o limp(T*" (hy) = f) + (1= a) R,

with lizgn a, = a € [a,b]. Since a # 0, we get li&np(T‘i’(”)(hn) — f) > R. Since U
was an arbitrary ultrafilter, we get

R < liminf p(T*™(h,) — f) < limsup p(T*™ (h,) — f) < R.

n—0o0

So lim p(T?™(h,) — f) = R. Since

n—o0

lim p(an T (hy,) 4+ (1 — ) by — f) = 7}1_{20 p(hni1 — f) = R,

n—oo

Lemma 2.1 implies that lim p(h, — T (h,)) = 0, which completes the proof

n—o0

of our claim. O
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Recall that the map 7" : C' — C' is said to be p-compact if {T'(f,)} has a p-
convergent subsequence for any sequence {f,} in C. The following result is the

monotone version of Theorem 2.2 of [16].

Theorem 3.1. Let p be a (UUC) convex regular modular. Let C C L, be a p-
bounded and p-closed convex nonempty subset of L,. LetT : C — C be a M-A-N
mapping with the Lipschitz constants {k,}. Assume that T™ is p-compact for
some m > 1. Let hy € C' be such that ho < T(hg) (resp. T'(ho) < ho) p-a.e. Let
{a,} Cla,1] with 0 < a < 1. Consider the (FMI) sequence {h,} generated by hy
and {a,}. Then {h,} p-converges to a fized point f of T such that hg < f (resp.

f < ho) pace.

Proof. Without loss of generality, we assume hg < T'(hg) p-a.e. Since T is mono-
tone, the sequence {T™(hg)} is monotone increasing. Since 7™ is p-compact,
there exists a subsequence {7 (hg)} which p-converges to f € C. Let us show
that {T"(hg)} p-converges to f and is a fixed point of 7. Using the properties of

partial order, we have T"(hgy) < f p-a.e., for any n € N. In particular, we have
T (ho) < T (he) < f p—ace.

for any n € N. Hence
p(f =T % (ho)) < p(f — T%™ (ho)),
for any n € N. This will imply {7%(™+1(hy)} p-converges to f. But
p(T(f) = T (ho)) <k p(f =T (ho)),

for any n € N, which implies that {T¢™+!(hg)} p-converges to T(f) as well,
which implies T'(f) = f from the uniqueness of the p-limit. It is clear from the
properties of the modular p, that {p(f — T"(hg))} is a decreasing sequence of
positive real numbers. Hence

lim p(f = T"(ho)) = lim p(f = T%"(hy)) =0,

n—oo

i.e., {T"(ho)} p-converges to f. Let us finish the proof of Theorem 3.1 by showing
that {h,} p-converges to f. Since f is a fixed point of T which satisfies hg < f,
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then Lemma 2.3 implies T (ho) < T*™(h,,) < f p-a.e., which implies

p(f = T?" (ha)) < p(f = T?™ (ho)),

for any n € N. Hence {T%™(h,)} p-converges to f. Since {h,} is monotone
increasing and bounded above by f, we know that {p(f — h,)} is a decreasing

sequence of positive real numbers. Hence lim p(f — h,) = R exists. Let us
n—oo

prove that R = 0. Let U be a non-trivial ultrafilter over N. We have
tim (a1 — £) < @ Tim p(T(hy) — f) + (1~ a) lim p(h, — 1),

with liLI{n a, = a € [a,1]. Since librlnp(hnﬂ —f) = hLI{Il,O(hn — f) = R, and
liglnp(T”(hn)—f) =0, we get R < (1—«) R which implies R = 0 since a # 0. [

Before investigate a weaker convergence of the (FMI) sequence, we will need
the following result which may be seen as similar to the classical Opial condition
[14].

Proposition 3.2. Let C C L, be a p-a.e. compact and p-bounded convex
nonempty subset of L,. Let {f,} be a monotone increasing (resp. decreasing)
bounded sequence in C. Consider the p-type function ¢ : Coo — [0, +00) defined
by

o(h) = lim p(f, — h),

n—o0

where Coo = {h € C; f, X h (resp. h <X f,) for any n € N}. Then {f,} is p-a.e.

convergent to f € Cy and

o(f) = inf{p(h); h e Cx}.

Moreover, if p is (UUC), then any minimizing sequence {h,} of ¢ in Cy p-

converges to f. In particular, ¢ has a unique minimum point in Cy,.

Proof. Without loss of generality, assume that {f,} be a monotone increasing.
Since C' is p-a.e. compact, there exists a subsequence {fs:,)} which is p-a.e.
convergent to some f € C. Using Theorem 2.2, we conclude that f, < f p-a.e.,
for any n € N, which implies f € C and proves it is nonempty. Let h € C.

Then the sequence {p(h— f,)} is a decreasing sequence of finite positive numbers
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since C' is p-bounded. Hence p(h) = lim p(f, — h) exists. As we saw before,
n—oo

there exists a subsequence { 4} of {f.} which p-a.e.-converges to f € Cu. Let
us prove that {f,} p-a.e-converges to f. Indeed, for any n € N, there exists
a unique k, € N such that ¢(k,) < n < ¢(k, + 1). Clearly we have k, — o0
when n — co. Moreover, we have fyu,) < f, < f, for any n € N. Since {fou,)}

p-a.e. converges to f, we conclude that {f,} also p-a.e. converges to f. Next let
h € C. Then we must have f,, < f < h p-a.e., which implies

for any n € N. Hence ¢(f) < p(h), i.e.,

p(f) = inf{p(h); h e O}

The last part of Proposition 3.2 is a classical result which may be found in [7]. O

Now we are ready to state a modular monotone version of Theorem 2.1 of [16].

Theorem 3.2. Let p be a (UUC) convex reqular modular. Let C C L, be a p-a.e.
compact and p-bounded convexr nonempty subset of L,. LetT : C' — C be a M-

A-N mapping with the Lipschitz constants {k,}. Assume that > (k, —1) < o0.
n=1

Let hg € C be such that hg and T(hgy) are comparable. Let {a,} C [a,b] with
0 <a<b< 1. Consider the (FMI) sequence {h,} generated by hy and {c,}.

Then {hy,} is p-a.e.-convergent. Its p-limit is a fived point of T comparable to
ho.

Proof. Without loss of generality, assume that hy < T'(hg). In this case, we know
that {T™(ho)} is monotone increasing. Proposition 3.2 implies that {77 (ho)} is
p-a.e. convergent to f € Coo, = {h € C; T"(hy) < h p—a.e. for any n € N}, the
minimum point of ¢ : Cypy — [0, +00) defined by

p(h) = lim p(T"(ho) — h).

n—oo

From the definition of M-A-N, we get

o(f) < e(T™(f)) < km ©(f),


http://dx.doi.org/10.20944/preprints201809.0129.v1
http://dx.doi.org/10.3390/sym10100481

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 7 September 2018 d0i:10.20944/preprints201809.0129.v1

FIBONACCI-MANN ITERATION FOR MONOTONE MAPPINGS 13

for any m > 1. Hence {T™(f)} is a minimizing sequence of ¢ since lim k,, = 1.
m—0o0

Using Proposition 3.2, we conclude that {77 (f)} p-converges to f. Note that
since T"(hg) < f p-a.e., we get T" " (hy) < T(f) p-a.e., for any n € N, which
implies f < T'(f) p-a.e., for any n € N. Hence {T™(f)} is monotone increasing
and p-converges to f, which implies T (f) < f p-a.e. Hence T(f) = f holds,
i.e., f is a fixed point of 7. Using Lemma 2.3, we have

T%"(ho) < T*"(ha) < f p—ace.,

for any n € N, which implies that {79 (h,,)} also p-a.e.-converges to f. Propo-

sition 3.1 implies

lim p(h, — T*™(h,)) = 0.

n—y00
Using the properties of p-convergence and p-a.e.-convergence [8], there exists a
sequence of increasing integers {k, } such that {hy, —7?*)(h; )} p-a.e.-converges
to 0. Therefore, we must have {hy, } p-a.e.-converges to f. Since {h,} is mono-
tone increasing, Proposition 3.2 completes the proof of Theorem 3.2 by implying

that {h,} p-a.e.-converges to f, a fixed point of 7. O
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