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Abstract : This study focuses on a new class of functions called sub-b-s-
preinvex, that is a generalization of sub-b-s-convex and preinvex functions,
and discusses some of their properties. A new sub-b-s-preinvex program-
ming is introduced and the sufficient conditions of optimality under this
type of function is established.
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1 Introduction

Convex functions play an important role in optimation theory, convex
analysis, Minkowski space and fractal mathematics[T], [4} [6], [7, 9} 12} 13, [14]
and the generalized convex functions is one of the main topics that re-
searchers worked a lot on it. A class of b-vex functions were introduced
in[2]. The definitions of two kinds of s-convex functions and some of their
properties were given in [8]. Also, a new generalized functions called sub-
b-convex was studied in [5]. Sub-b-s-convex functions that extended of the
concept of sub-b-convexity were introduced in [I0]. Semi-b-preinvex func-
tions were given in [I1] as a generalization of the semi preinvex functions.
The main aim of this paper is given a new calss of function called sub-b-s-
preinvex function, that can be reduced in to sub-b-preinvex when s=1, and
studied some of their properties. Furthermore, a new class of sets called
sub-b-s-preinvex sets is defined. A new sub-b-s-preinvex programming is
introduced and the sufficient conditions of optimality under this type of
function is established.
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2 Main results

Let us given some definitions of sub-b-convexity and preinvexity func-
tions before give our main results .

Definition 2.1. [1(] A function h : K — R is called a sub-b-s-convex
function on a non-empty conver set K C R™ w.r.t.b: K x K x [0,1] — R,

if
h(6uy + (1 — 8)un) < 6°h(ur) + (1 — 8)h(us) + b(us, us, 8),

Vur,ug € K,6 € 10,1],s € (0,1] .

Ben-Israel and Mond [3] defined a class of functions called preinvex in
the non-empty invex set K C R™ w.r.t.n such as

Definition 2.2. A function h : K — R is preinvex on K w.r.t.n, if there
exists an n-dimensional vector function n: K x K — R" such that

h (ug + dn(u,uz)) < dh(ur) + (1 — 0)h(usg),
Yui,us € K,0 € [0, 1].

Now, the concepts of sub-b-s-preinvex function and sub-b-s-preinvex set
are given. Futhermore, some of their properties are studied.

Definition 2.3. A function h: K — R is called a sub-b-s-preinvex func-
tion on K w.r.t.n,b, if

h (ug + on(ui,u2)) < 8°h(uy) + (1 — §)°h(ug) + b(ui, us,9), (2.1)
where b: K x K x [0,1] — R,Vuy,us € Ké € [0,1],s € (0,1] .

Remark 2.4. 1. If n(ui,u2) = uy — ug in , then sub-b-s-preinvex
w.r.t.n, b becomes sub-b-s-convex function. Also, if we put s=1, then

becomes sub-b-convex function.

2. When n(u1,us) = ug — uz and b(u,u,d) < Oin (2.1)), then the sub-b-
s-preinver function becoms convex function.

Theorem 2.5. If h1, ho : K —> R are sub-b-s-preinvex functions w.r.t.n,b,
then hy + ho and Bhy (B > 0) are also sub-b-s-preinver functions w.r.t.n,b.
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Corollary 2.6. Ifhy : K — R, where k =1,2,--- ,n are sub-b-s-preinvex
functions w.r.t.n,by,, then the function which is H = Y }_, aphg,ar >
0 (k=1,2,---,n) is also sub-b-s-preinvezr function w.r.t.n,b where b =

Proposition 2.7. If hy : K — R, where k = 1,2,---,n are sub-b-s-
preinver functions w.r.t.n,by, then the function which is H = maxhy,, k =
1,2,--- ,n is also sub-b-s-preinvez function w.r.t.n,b where b = max by.

Theorem 2.8. Let hy : K — R be a sub-b-s-preinvex function w.r.t.n,by
and hs : R — R be an increasing function, then hiohs is a sub-b-s-preinvex
functions w.r.t.n,b where b = hooby, if ha satisfies the following conditions

1. hg (,B’U,l) = ﬂhg(lﬂ),vul € R,,B > 0.
2. hy (ur + uz) = ha(ur) + ho(uz),,Vui,uz € R, > 0.

Proof.

(hoohy) (ug + n(ur,u2)) = ha (ha (u2 + on(ur, uz)))

< hy ((5sh1 (ul) + (1 — 5)sh1(UQ) + bl(ul, ug, 5))

= (5Sh2 (hl (ul)) + (1 - 5)8}12 (hl(UQ)) + h2 (bl (ul, ug, 5))

= (53 (hgohl) (ul) + (1 — (5)8 (hgohl) (UQ) + b(ul, ug, (5)
which means that hoohy is sub-b-s-preinvex functions w.r.t.n, b. ]

Now, we give a definition of sub-b-s-preinvex set w.r.t.n, b.

Definition 2.9. A set K C R"! is called a sub-b-s-preinvex set w.r.t.n,b,
if

(ug + 0n(u1,uz),6°B1 + (1 = 0)° B2 + b(u1, uz,9)) € K,
V(ul,ﬁl), (UQ,/BQ) e K, uj,up eR", 0 € [0, 1], s € (0, 1] and b : R™ x R™ x
[0,1] — R.

The epigraph of the sub-b-s-preinvex function h : K — R can be given
as

G(h) ={(u,B) :ue K,B €R,h(u) <S}.

From the above defintion, the following theorem can be stated and proven

Theorem 2.10. h: k — R is a sub-b-s-preinvex function w.r.t.n,b iff its
epigraph is also a sub-b-s-preinvexr set w.r.t.n,b.
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Proof. Let that (u1, 1), (uz, B2) € G(h), then by using the hypothesis, we
find h(u1) < B and h(ug) < Ba.

h (ug + dn(u,uz)) °h(ur) + (1 —6)*h(u2) + b(u1, uz, 0)

<
< 0°B1+ (1 —0)°Ba + b(ug, uz,0). (2.2)

Hence,
(ug + dn(ur,uz), B1 + (1 — 8)°Ba + b(uy, uz,d)) € G(h).

Therefore, G(h) is sub-b-s-preinvex set w.r.t.n, b.
Now, assume that G(h) is sub-b-s-preinvex set w.r.t.n, b, then

(ul? h(ul))’ (u% h(u2)) € G(h),

where ui,us € K.
(ug + dn(ur,uz), 0%h(ur) + (1 — §)°h(uz) + b(uy, us,0)) € G(h) which means
that

h(ug + dn(ur,uz)) < 0°h(u1) + (1 — 6)*h(uz) + b(u1, uz, d).
Then h is sub-b-s-preinvex function w.r.t.n, b. ]

Proposition 2.11. Assume that K; is a family of is sub-b-s-preinvex sets
w.r.t.n,b. Then NjcrK; is also a sub-b-s-preinver set w.r.t.n,b.

Proof. Consider (u1, 81), (u2, B2) € Nier K, then (u1, B1), (u2, B2) € Ky, Vi €
I and since Kj; is a sub-b-s-preinvex sets w.r.t.n, b hence, we can obtain

(ug 4 6n(u1,u2), B1 + (1 — 8)%Ba + b(uy,uz,8)) € K;,Vi € 1.

(ug 4 dn(uy, uz), 1 + (1 = 8)%B2 + b(ur, u2,8)) € Nicr K.
Il

According to Theorem2.10| and Proposition2.11} the following proposi-
tion is got:

Proposition 2.12. Let h; be sub-b-s-preinvex functions w.r.t.n,b, then a
function H = sup;c; h; is also sub-b-s-preinvex function w.r.t.n,b.

Theorem 2.13. Let h : k — R be a non-negative differentiable sub-b-s-
preinver function w.r.t.n,b. Then


http://dx.doi.org/10.20944/preprints201809.0118.v1
http://dx.doi.org/10.3390/sym10100493

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 6 September 2018 d0i:10.20944/preprints201809.0118.v1

1. dhyyn(ur,uz) < 81 (h(wn) + h(ug)) + lims g, 22520),
2. dhuyyn(ur,ug) < 6571 (h(ur) — h(ug)) + M2 4 limg o, Motz
Proof. 1. By using the hypothesis, we can write
h (ug 4 0n(u1,u2)) = h(uz) + 6dhy,n(u1, uz) + O(9),
Also,
h (ug + dn(ur, uz)) < 6°h(u1) + (1 — 6)°h(uz) + b(u1, uz, d).
Furthermore,

h (ug + dn(u1, uz)) 0°h(u1) + (1 — 6)°h(u2) + b(u1, uz, d)

0°h(u1) + (1 4 6°)h(uz) + b(u1, uz, d).
Then,

h(uz) 4+ ddhy,n(u1, uz) +O(5) < 8°h(ur) + (14 6°)h(uz) + b(u1, uz, )

b(’u,l,ug,(s) (u17“276) _ O(é)
o

by taking lims__,q which is the maximum of bf =

we find the first result.

2. Similarly,

h(ug2) + 0dhy,n(u1, uz) + O(9)
< 8°h(ur) 4+ (1 4 0%)h(uz) + b(ui, ug,0)
=6°h(u1) + (1 + 0%)h(uz) — 0°h(u2) + 0°h(ug) + b(u1,uz,d)
= 0° (h(u1) — h(u2)) + b(ur, ug, 8) + (1 — 6)* + 6°) h(us).

However, we know that (1 — )% 4+ 6°,Vé € [0,1] and s € (0,1] and
since h is non-negative function, hence

h(ug)+0hy,n(ur, u2)+0(9) < 0% (h(u1) — h(uz))+2h(ug)+b(u1, ug, J).

Then, by dividing the last inequality byd and taking lims_,o,, we
get the second part of theorem.
O

Theorem 2.14. Let h : kK — R be a negative differentiable sub-b-s-
preinver function w.r.t.n,b. Then

dhuyn(ur,ug) < 8571 (R(ug) — hug)) + lim ———="—2
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Proof. we get the result by using the hypotheses, since

dhuyn(ur,ug) < 8°7" (h(ur) = h(uz)) + b(ul’f ne) Ofsd)

b(u1,u2,9) (u1,u2,0)
0 4

and then by taking lims o, which is the maximum of 2
o .

Corollary 2.15. Assume that h : Kk — R is a differentiable sub-b-s-
preinver function w.r.t.n,b, and

1. h is a non-negative function, then

b(ul, U9, 5) + b(UQ, U1, 5)
5 5—>0+ 5

)

2. h is a negative function, then

b 6)—b )
d(hu2 - hul)n(ulau2) < 6hm (ul)u2, ) (u27u17 )

—04 5

Proof. 1. Let h be non-negative function and by using Theorem [2.13

then

dhuyn (w1, uz) < 677 (B(wr) = h(uz)) + h(f;” L W
Also,

b, ) < 6 () — () + 20 555, )

Thus,

h h b 0)+b 1)
d(hu2 _hul)n(u17u2) S M‘i‘ lim (u17u27 )+ (u27U17 )
(5 5—>0+ 6
2. Since h is negative function and according to Theorem [2.14] the sec-

ond result can be obtained directly.
O]
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3 Application

Next, some application to our results are given:
Let us consider the unconstraint proplem (P)

(P) : min{h(u),u € K} (3.1)

Theorem 3.1. Consider that h : k — R is a non-negative differentiable
sub-b-s-preinver function w.r.t.n,b. If u* € K and

h(u”) b(u, u*,d)

dhuen(u, u”) 2 =5 5250, 0

, Yue K,§e0,1],s € (0,1] (3.2)

then u* is the optimal solution to (P) respect to h on K.

Proof. By using the hypothesis and the second pair of Theorem [2.13], we
obtain

h(u’) — lim
5 6—04

b(u, u*,d)

dhy=n(u,u*) — <0 (h(u) = h(uY)),

V6 €[0,1],s € (0,1] , and since

o s P
* >
dhyn(u,u®) = 5 +611n(1)+ 3

That is h(u) — h(u*) > 0, which means that u* is the optimal solution. [

Example 3.2. Let us take the following function h : RT — R such that
h(u) = 2u®, where s € (0,1] and let b(uy, ug,§) = dus + 46u3 and

’ 1 — ug;uy #2 .

Since b(ui,ug,d) > 0,¥6 € (0,1], then it is easy to say that h is a sub-b-
s-preinvex function. Not that only, but also h(u) is a non-negative differ-
entiable and lims__,, M exists for every ui,us € RT and § € (0,1].
From this information the following unconstraint sub-b-s-preinvex program-
ming can be given

(P) : min {h(u),u € R}
dhysn(u,u*) = 23(u*)5*1n(u,u*),@ = % and lims__,q b(“’g*"s) =
u? + 4(u*)2.
Then we can say that u* =0 and
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holds Yu € K,0 € (0,1] ,s € (0,1). Hence, then minimum value of h(u) at
zero.

Corollary 3.3. Assume that h : k — R is a strictly non-negative differ-
entiable sub-b-s-preinvexr functionw.r.t.n,b and let uv* € K which satisfies
condz’tz’on, then u* is the unique optimal solution of h on K.

Proof. Since h is strictly non-negative differentiable sub-b-s-preinvex func-
tion w.r.t.n,b and by using Theore we get

h(uz)
1)

+ lim 7[)(“1’ 2, 5).
5—)0+ 5

dhuyn(ur, uz) < 6%~ (h(ur) — h(uz)) +

Let v1,vy € K where vy # vy be optimal solutions og (P). Then h(vy) =
h(vg) and

h(v2) lim b(vi,v2,9)

5§ 50y 6 <07t (h(v1) = h(v2)).

dhy,n(v1,v2) —

By using (8.2), we find 6°~' (h(v1) — h(v2)) > 0, but h(v1) = h(vz), then
v1 = vg = u”, the proof is completed. O
Now, let nonlinear programming :
(Py) :min{h(u) : u e R", fi(u) <0,i € I,wherel =1,2,--- ,m}
and let F, is the feasible set of (P,) which is given as
Fo={ueR": fi(u) <0,iecl}.
In addition, for u* € F¢, we define N(u*) = {i: fi(u*) =0,i € I}.

Theorem 3.4. Assume that h : R” — R is a non-negative differentiable
sub-b-s-preinver function w.r.t.n,b and f; : R™ — R are differentiable
sub-b-s-preinvex functions w.r.t.m,b;,i € I. Also, let

dhyn(u,u”) + > vidfien(u,u*) =0, w* € Fy, v; >0, i€ 1. (3.3)

el
If
h(u*) . b(u,u*,9) b(u,u*,0)
< — E .
5 +51H%+ 5 < a Uzl2m6—>0+ 5 ) (3.4)

then u* is an optimal solution of (Px).
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Proof. fi(u) < 0 = fi(u*),Yu € Fj, also because each f; is a sub-b-s-
preinvex function and from Theorem [2.14] we get

dfssn(u, u*) — lim < 857 (fi(u) — fi(u*)) < 0. (3.5)

5—>0+

b(u, u*, 5)
5

Moreover, we obtain that
dhyn(u,u®) = — Zvidfiu*n(u, u®)
el
= - Z Uidfiu*n(u7U*)' (36)

1EN (u*)

From (3.4) and (3.6)), it results

. h(u*) . b(u,u*,0)
dhysn(u,u’) = == = lim ==
N - b(u,u”, )

> - * -

> - Z v; <dfw n(u, u™) 61—1r>1(1)+ > (3.7)
€N (u*)

Here, we use (3.5)) and (3.7) to get
o h(u") . b(u,u*,9)
* >
dhn(u,0’) 2 =5=+ lim ==

and according to Theorem which implies that
h(u) = h(u*),Vu € F.

Hence, u* is an optimal solution of (P;). O
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