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GENERAL THREE POINTS INEQUALITIES FOR WEIGHTED
RIEMANN-STIELTJES INTEGRAL

SILVESTRU SEVER DRAGOMIR?!:2

ABSTRACT. In this paper we provide amongst others some simple error bounds
in approximating the weighted Riemann-Stieltjes integral f; () g (¥) dv (t) by
the use of three points formula

b d d
f(b)/ g(s)dv(s>+f<a)/ g(S)dv(S)—f(w)/ o () do (t)

c
where z, ¢, d € [a,b], g, v : [a,b] — C under bounded variation and Lipschitzian
assumptions for the function f and such that the involved Riemann-Stieltjes
integrals exist.

1. INTRODUCTION

Assume that u, f : [a,b] — C are bounded. If the Riemann-Stieltjes integral
f: f(t) du (t) exists, we write for simplicity, like in [1, p. 142] that f € R¢ (u, [a, b]) ,
or R, (u) when the interval is implicitly known. If the functions u, f are real valued,
then we write f € R (u,[a,b]), or R (u).

In order to approximate the Riemann-Stieltjes integral f; f(t) du (t) by the use
of a three points formula, namely to establish bounds for the error functional

TO (f,u0,b,2,0) == (1— ) {{u(b) — u(@)] f () + [u(z) — u(a)] f (a)}
b
+a[U(b)—U(a)}f(x)—/ £ty dut),

where « € [0,1] and z € [a,b], under bounded variation assumptions for the func-
tions u and f and such that the involved Riemann-Stieltjes integral exists, in the
recent paper [26] we have obtained the following result:

Theorem 1. Let f, u: [a,b] — C and x € [a,b] are such that f € R¢ (u,[a,b]). If
f and u are of bounded variation, then

(L.1) |70 (f,u;a,b,z,0)|

el e)s(n) £ (5 oi)

+(1-a) [/ (\?(M)d(\t/(f)) o (\7<u>>d<\2<f>>]

a x
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b b
< max{o,1—a}\/ () \/ ().

a

In [27] we also obtained the following result in the case of Lipschitzian integrands:

Theorem 2. Let f, u : [a,b] — C and = € [a,b]. If f is Lipschitzian with the
constant L > 0, namely

lf (@)= f(s)|<L|t—s| forallt, s€[a,b]
and u is of bounded variation, then f € Re (u,[a,b]) and

[(F)eF (1))

a

(1.2) |TO(f,u;a,bz,a)

< alL

+(1-a)L

< -max{a,1 —a}L

N

b
(b—a—|—|2m—a—b|)\/(u)

b
< max{a,1 —a}L(b—a)\/(u).
For various bounds on the error functional

D(fwab)= [ f@)dut) - g u®) @) [ F@d

where f and u belong to different classes of function for which the Riemann-Stieltjes

integral exists, see [22], [21], [20], and [8] and the references therein.
Bounds for the functional

b
9me&w%=/1ﬁﬁm®—fwﬂww—umﬂ
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can be found in [15], [16] and [8], while for the functional

b
T(f u;a,b,x) :=/ f(#)du(t) = [u(b) —u(@)] f(b) = [u(z) —u(a)] f(a)

they may be found in [28], [8], [3] and [2]. The details are omitted.
In this paper we provide some simple error bounds in approximating the weighted

Riemann-Stieltjes integral fab f(t)g(t)dv(t) by the use of various general three
points formulae out of which we mention the following one

d

b d
f(b)/g(s)dv(s)+f(a)/ g(s)dv(s)—f(x)/ g () dv(t),

where z, ¢, d € [a,b], g, v : [a,b] — C under bounded variation and Lipschitzian
assumptions for the function f and such that the involved Riemann-Stieltjes integral
exist,.

2. SOME PRELIMINARY FACTS

The following properties of Riemann-Stieltjes integral are well know, [1, p. 158-
159]:

Lemma 1. Assume that f € Rc(a,la,b]) and f € Re(w,la,b]) where a €
BV¢ [a,b], namely of bounded variation on [a,b]. Define

F(z):= /wf(t) da (1)
and
G(x):= / g (1) da (1)

where x € [a,b].
Then f € Re (G, a, b)), g € Re (Fy[a,b]), fg € Re (o, [a,b]) and we have

b b b
/f<t>g<t>da<t>:/ f(t)dG(t):/ g (t)dF (t).

If ¢ € [a,b] and consider the integral fct g (s)dv (s) that is assumed to exist for
any t € [a,b], then

(21) [osoa©=[s6we - [geae

for any ¢ € [a,b].
Indeed if t € [c,b], then (2.1) is obvious. If ¢ € [a,c], then

/acg(s)dv(s)/atg(s)dv(s)jL/tcg(s)dv(s)’

which also gives (2.1).
We start with the following simple fact:
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Lemma 2. Let f, g, v : [a,b] = C, \, p € C and z, ¢, d € [a,b]. If g, fg €
Rc (’U, [avb])a then

(22) (/dbg(S)dv()—u>f(b) (v [0 ()dv()>f(a)
+</Cdg< B+ - A) /f
=/;(/Ct<>dv<> A ar)+ /(/d (5) do (5) - )df<t>.

In particular, for p = \ we have

(2.3 (/dbg(S)dv(S)—A)f(b)+<A+/Cg(t)dv(t)>f(a)

d ’ b
+f(x)/c g(t)dv(t)—/a F(t)g(®)dv(t)
-[ (/Ctg(S)dv(S)—A)df(t)Jr[ (/dtg<s>dv<s>—A)df<t>.

Proof. Assume that z, ¢, d € [a,b] . Using the integration by parts formula for the
Riemann-Stieltjes integral and Lemma 1, we have

ey [ ([ o6 -2)aw

- (/fgu)dv(t)—x)f(ww(A+/:g<t>dv<t>) <a>—[af<t>g<t>dv<t>.

In a similar way,

(25) /: </dtg(8)dv(8)u)df(t)

d0i:10.20944/preprints201809.0060.v1
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If we add (2.4) and (2.5), we get

/j </Ctg(5)dv(s)A)df(t)+/: (/dtg(s)dv(s);L)df(t)
= </j9(t)dv(t)—>\>f($)+ <A+/:g(t)du(t)>f(a)

+<Aiu@mm@—u>f@+(M—AiN@mm@)ﬂm—[fﬂwgwdwﬂ,

which is equivalent to the desired result (2.2) O

If we take d = c above, we get:

Corollary 1. Let f, g, v, f : [a,b)] = C, \, p € C and z, ¢ € [a,b]. If g, fg €
Re (v, [a,b]), then

(2.6) ([g@wwww>ﬂw+Q+LEmmwﬁfw

b
+m—»ﬂm—/fmg@ww
b

-i[([g®@@)A)#@+L<K%@Nﬁﬁ@ﬂﬁ)

In particular, for p = X\ we have

<m><fw@M@—gf@+Q+lE@M@wm>

[ roswawn= [ ([ 6o -2)ao.

Remark 1. If we take g (t) =1, t € [a,b] in (2.2) and (2.83), then we get
(2.8) (v (b) —v(d) = p) F(0) + (A + v (c) —v(a))

f(a)
+waw+u—A—v@»f@»—/"fwdww

= [@@-v@-Na@+ [ 00-v@-wa .

x

If we take B = v (d) + p and vy = X+ v (c), then by (2.8) we get
b
(2.9) () =B)f(O)+(y—v(a)f(a)+(B—7)[(x) —/ f(t)dv(t)
- [ww-nao+ [ co-saw.

In particular, for B = we get by (2.9) that

b b
(ZN)@@*6”@%W6*M@Hﬁﬁ*/f@ﬂﬂ®:/(Mﬂ*@#@%
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Remark 2. If we take ¢ =b and d = a in Lemma 2, then we get

(2.11) </:g(8)dv(8)u> Fo)+ (M/:g(t)dv(t)> f (@)
+<u A- /b ) /f
:/:( u) ( (s)dv(s)+/\>df(t).

In particular, for = X\ we obtain

2 e
1 [owaw- [ 10
= [ ([ s@rae-2)aw- /(/ ()dv()+A>df(t)-

If we take ¢ = a and d = b in Lemma 2, then we get

b
(2.13)  Af(a) *uf(b)+(u*/\)f($)*/ f(t)g(t)dv(t

(0
-/ </:g(s)dv(s)—k>df(t)—/: ([bg<s>dv<s>+u> af (1),

In particular, for p = \ we obtain

(2.14) Af(a) = Af(b) - / "f e
[ ([serwe-)ao- [ (/t”g@dv(sw) ().

Remark 3. If we take g(t) =1, t € [a,b] in (2.11), then we get
(2.15)  (v(b) —v(a) —p) f(b) +(A+v(b)—v(a))f(a)
Hu=A= o) +v@) @) - [ fHdo)

b T
=/ (v(t)—v(a)—u)df(t)—/ (v(b) = v (t) +A)df (2).
If this equality we take p = X, then we get
(2.16) (v (b) —v(a) = A) f(b) + (A+v(b) —v(a)) f(a)

b
—(v(b)—v(a))f(x)—/ £ () do (1)

b
:/ (v(t)fv(a)fA)df(t)f/ (0(B) — 0 (£) + N df (1)

a
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Remark 4. If we take p = — fadg(s) dv (s) and A = fcbg(t) dv (t) in (2.2), then
we get

b
/g@mw@0@+fw>

which is equivalent to

b b
1) (fO+f@-f@) [ g6 )~ [ FOs0dw

:LXA}@@@QW@—K(lﬁ@m@O#@.

If we take A = fcdg (t)dv (t) and p= — fcdg (t)dv (t), then by (2.2) we get

b d
(/M$M®+/9®M@)ﬂw
d c

:/j (/ctg(s)dv(s)—/Cdg(t)dv(t)> df (t)
+Zf(Lﬂﬂgdv@y+[fgmdvm>dﬂw,
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which is equivalent to

b d d
218 10 [ 9@dv©+fa) [ g@d®-f@ [ gbdo

[ rwewaw
-/ (/dtg<s>dv<s>) df(t)+/: (/Ctg@)dv(s)) 9 (1),

Remark 5. If we take u = fd Ydv(s) and X = — [T g(t)dv(t) in (2.2), then
we get

(/czg(t)dv(t)+/:g(8)dv(5)+/:g(8)dv(s)+/:g(t)dv(t)>f(g;)
—/abf(t)g(t)d :
:/aw </:g(8)dv(s)+/acg(t)dv(t)>df(t)

b t b
+f (/dg<s>dv<s>—/d g(S)dv(8)>df(t),
which is equivalent to

b b
(219) f(2) / g(t)dv (1) — / F(t)g(t)dv(t)
=[ (/:g<s>dv<s>) df(t)—/zb (/tbg(s)dv@)) af (1)

3. INEQUALITIES FOR INTEGRANDS OF BOUNDED VARIATION
‘We have:

Theorem 3. Assume that f : [a,b] — C is of bounded variation, g, v : [a,b] — C,
A p € Candz, e, d € [a,b] are such that the Riemann-Stieltjes integrals below
exist. Then

(3.1) ([ibg(8>dv(8)—u>f(b)+</\+/:9(t)dv(t))f(a)
( )+ A) r@- [ rwewaw
< e, / (f + x| [ 960 - \:/(f)
{mx NI /dtg(S)dv(S)—uH\:/(f)
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In particular, for p = X\ we have

(32) '(/dbg(smv(s)A)f(bw(M/ﬂcg(t)dv(t))f(a)
+f(x)/cdg(t)dv(t)—/abf(t)g(t)dv ’
/:g(S)dv s y

< max
t€la,x]

[ o6 -

b
AV + max \ ()

/ctg(S)dv(S)—A /dtg(s)dv(s)—)\‘}\:/(f).

Proof. It is well known that, if p : [a,b] — C is continuous and v : [a,b] — C of
bounded variation, then [1]

[ @) < [ |d( )<t33§]|p<>|\?<v>.

By using the identity (2.2) and the property (3.3) we get

|</dbg(s)dv(s)u)f(b)+(A+/acg(t)dv(t)>f(a)
( t)+n— A) (l’)/abf(t)g(t)dv(t)
/(/ o-Aar|+| [ ([ sewe -
[ !<y )L
/Ctg(s)dv(é’)—)\ y

\a/ (f)+ Jnax
which proves the first inequality in (3.1).
Observe that

[ s -

/ctg(s)dv(s)/\

, max
te[z,b]

< max{ max
tela,x]

(3.3)

T
</
a

/dtg(S)dv(S)—u

< max
t€la,z]

xT

A
\a/ (f) + max

max
tela,x]

< max{ max
t€la,z)

, max
telx,b)

/ctg<s>dv<s>—m /Gltg(S)dv(S)—u‘}\?(f),

which proves the last part of (3.1). O

= max max
tela,x]

max
telx,b]
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m b
Remark 6. If m € (a,b) is such that \/ (f)= \/ (f), then under the assumptions

m
of Theorem 8 we have the inequalities

</dbg(8)dv(8)—u>f(b) (A+/C ()dv())f(a)
+</Cdg( t)+p— /\> /f

(3.4)

sé[tg[% / () dv (s) - Hr%/ () dv (s) - u}\:/m
and
(35) (/dbg<s>dv<s>A>f<b>+(A+/acg<t>dv<t>)f<a>

d b
1 (m) / g (t) do (1) - / £ (g () do ()

[ s> [ o -» a

b
[V
Corollary 2. With the assumptions of Theorem 3, and if d = ¢, then

b c
(/ g(S)dv(S)—u>f(b)+<A+/ g(t)dv(t)>f(a)
b
4 u—/\)f(x)—/ (09 (t)dv(t)

< max /tg(s)d'v(s)—)\‘\Z/(f)—i- max

tela,x] |/, telz,b] | ).

|
< — | max

> + max
2 |tela,m)

te[m,b)

(3.6)

/Ctg(s)dv(s)—/\',tren[gx c

In particular, for p = A, we get

(/ﬂbg(S)dv(S)—A>f(b)+<A+/:g(t)du(t)>f(a)
—/bf t)g(t)dv(t)

/C ‘\/ + max

/:g<s>dv<s>x,

< max { max
t€la,z]

(3.7)

[ oo -

< max
tela,x]

max /tg(s)dv(s))\

< max 4 max
telxz,b] |/,

t€la,z]

d0i:10.20944/preprints201809.0060.v1


http://dx.doi.org/10.20944/preprints201809.0060.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 4 September 2018 d0i:10.20944/preprints201809.0060.v1

THREE POINTS INEQUALITIES 11

Remark 7. If we take ¢ = x in Corollary 2, then we get

(3.8) '(ng(8>dv(8)—u>f(b)+<A+/:g(t)dv(t))f(a)

b
—/ £ () g (t)dv (2)
t T t b
< s | [ 0@ -2V )+ x| [ 96 a0 )~V )

, Max
t€(z,b]

/;g<s>dv<s>—x

In particular, for = X\, we get

< max {4 max
t€la,z)

(3.9) '(/zbg(S)dv(S)—A>f(b)+<A+/azg(t)dv(t)>f(a)
[ rws@an

Y
V) + max

a

< max
t€la,z]

[s@ae -y

/:g<s>dv 5) -

Corollary 3. With the assumptions of Theorem 3, and if c =b and d = a, then

[ s@ants

< max
t€la,b]

(3.10) ‘(/abg(S)dv(S)—u>f(b)+(/\+/b ()dv()>f(a)
+<u—A—/: >f /f

b x b
< max / 9 (5)do ()£ V(1) + mas / () o (s) = |V (0
b t b
Smax{tggﬁ] / 9(5)do(s) + | maxe / g(S)dv(S)—u‘}\a/(f)
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In particular, for p = X\ we have

(3.11) ‘( / g(s)dv(s)—A>f<b>+<A+ / g(t)dv(t)>f(a)

—/ g(t)dv(t)f(w)—/ £ () g (@) do ()

b x t b
< max / 9610 ()42 (1) + g / 91052V ()
b t b
Smax{t§3§] /t g(s)dv(s)+ A ,tren[gflg]/ag(S)dv(S)—/\‘}\/(f%

a

Corollary 4. With the assumptions of Theorem 38 and if the Riemann-Stieltjes
integrals below exist, then

d

b d
(3.12) ‘f(b) / g (s)dv(s) + f (a) / g (t)dv(t) - f (2) / g (1) do (1)

—/ F () g (t)dv ()

< max
t€la,x]

[9(5) o (5)

[ 9@ @@V 0+ e

/dtg@)dv (5

In particular, for c = a and d = b, we have

\ ()

/:g(s) v (5

, max

< max {4 max
te[z,b]

tela,x]

(3.13) ‘[f(b)Jrf(a)—f(w)] [ - [ 1oswd

/t g (s)dv ()

< max < max
t€la,z]

< max
t€la,x]

[ s

\ (f) + max

te(z,b]

/t g (5) v (s)

b
\VAC))

/atgos)dv (5

, max
telx,b)

b
\ ()

}

forc=10b and d = a, we have

b b
(3.14) ‘f(x) [owae - [ 105

xT

\/(f)+ max

te[z,b]

/:g<s>dv (s)

< max
tela,x]

[ / g (s)dv ()

b
\V ()

/t " (5)dv (s)

, max

< max { max
te(x,b]

t€la,z]

b
\ ()

}
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and forc=d==x

T x t b
< s | [ @@ V) + mag | [V )
T b
< x| [ g()dv (s Vi,

[ rwema
S%[tggﬁ] /dtg(s)dv(s) + max, /:g(s)dv(s)]\:/(f),

+ max
t€[m,b]

[

b
]\/(f),

/t g (s)dv ()

, max
t€[m,b]

}\:/(f)

and

b

[V

a

+ max
t€[m,b]

/ﬂ: 9(5)dv (s)

Using the equalities (2.9) and (2.10) one can obtain various inequalities as in the
recent paper [26]. The details are omitted.
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4. INEQUALITIES FOR LIPSCHITZIAN INTEGRANDS

We say that the function f : [a,b] — C is Lipschitzian with constant L > 0 if

(4.1) lf ()= f(s)| < L|t—s| forallt, s€la,b].

Theorem 4. Assume that f : [a,b] — C is Lipschitzian with constant L > 0, g,
v:a,b) > C, \, p € C and z, ¢, d € [a,b] are such that the Riemann-Stieltjes
integrals below exist. Then

(42) '(/ (s)dv (5) - u>f<b>+(A+/:g<t>dv<t>)f<a>

b
( B+ p— A)f(%)—/@f(t)g(t)dv(t)
[tren?}; / —A ($—a)+trél[2’>§] /dtg(S)dU(S)—M‘(b—ﬂf)}

< L max { max
te(a, z]

s)dv(s) — A

Ltg<s>dv<s>—u'}<b—a>.

, max
te(z,b)

In particular, for p = X\ we have

(43) '(/ g(S)dv(S)—/\>f(b)+<A+/Cg(t)dv(t)>f(a)
d b
+f (2) / g (t) dv (1) - / £ (g (@) do ()

/Ctg(S)dv(S)—A /dtg(s)d’u(s)—)\‘(b_m)]
/:‘7(5)‘5”(5)—A /dtg(s)d’tf(s)—)\'}(b—a).

(x —a) + max

<L {max
te[z,b]

t€la,z]

< Lmax { max

, Mmax
t€la,x]

t€(z,b]

Proof. Tt is well known that, if p : [a, b] — C is Riemann integrable and v : [a,b] — C
is Lipschitzian with the constant L > 0, then

b b
[rwao| <t [ ol
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By using the identity (2.2) and the property (4.4) we get

‘(/dbg(S)dv(S)—N>f(b)+()\—F/acg(t)dv(t))f(a)
d b
+</C g(t)dv(t)-i-/i—)\)f(x)—/af(t)g(t)dv(t)
Lw<Lt9(s)dv(s)—A>df(t)‘+ /:Eb(/dtg(s)dv(s)—u)df(t)

SL/@m /Ctg(s)dv(s)—/\'dt-}-L/: /dtg(s)d’u(s)—,u‘dt

/ g(s)dv(s) — A

<

< L max
t€la,z]

LZM@ww@—uhb—m,

—a) +
(o) +

which proves the first inequality in (4.2).
The rest is obvious. 4

Remark 9. For xz = “TH’ in (4.2) and (4.3) we get, under the assumptions of
Theorem 4, that

(4.5) KLZ@MMﬁ—Qf@H(»yfgwmuﬂf@
d
+</ g(t)dv(t)—&-u—A)f(

/ctg(s)d'v(s)—)\'—i— max

te[2ft b]

a-+b
2

b
)— £t (t)dv (8)

max

<1
2 té[a,aTer]

{Ag@mw@—uﬂw—@.

In particular, for p = X\ we have

(46) KAZ@MM@—Of@H(Xﬁ[QWMQOf@

w1 (“50) [owaw- [ 1050w

/tg(s)dv(s)—)\‘—i— max

c tE[aTHJ)]

<-L

max
te [a, GTH’]

/dtg(s)dv(s)—)\ﬂ (b—a).

N =

d0i:10.20944/preprints201809.0060.v1
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Corollary 5. With the assumptions of Theorem 4, and if d = ¢, then

(4.7) '(/cbg@)dv(S)—u)f(b)Jr</\+/:g(t)dv(t))f(a)
- [ rwswa

\/f—l—max

te(z,b)
/tg(s)dv(s) - A

[

< max{ max
t€la,x]

< max
t€la,z)

, max
telx,b)

In particular, for p = X\, we get

(48) '(/Cbg<s>dv<s>—x>f<b>+<A+/:g<t>dv<t>)f<a>
[ rwswan

< 2] max /:g<s>dv<s>—A (@ = a)+ ma /:g<s>dv<s>—A\<b—x)]
SLmax{tgiﬁ] Atg(s)dv(s)—A,trggﬁ} /ctg(s)dv(s)—)\'}(b—a).

Remark 10. If we take ¢ = x in Corollary 5, then we get

(49) '(ng(S)dv(S)—u>f(b)+<k+/:9(t)dv(t))f(a)
[ rwewaw

/}@)dv@)—u\(b—x)}

/;g(S)dv(S)—u'}(b—a)~

Al (z — a) + max

|: max
t€(z,b]

t€la,z)

fo

< Lmax { max
tela, a:]

v(s)— A

, max
t€(z,b]



http://dx.doi.org/10.20944/preprints201809.0060.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 4 September 2018 d0i:10.20944/preprints201809.0060.v1

THREE POINTS INEQUALITIES 17

In particular, for p =\, we get

b x
(4.10) |</ g(s)dv(s)—A)f(b)+<)\+/ g(t)dv(t))f(a)
b
- [ 10s@av

[ o6 -

<L {max
tela,x]

(=l 0

/;g<s>dv<s>—A\<b—x>]

< L max
t€(a,b]

/:g(s)dv(s)—)\‘(b—a).

Corollary 6. With the assumptions of Theorem 4, and if c =0 and d = a, then

(4.11) ‘( / Q(S)dv(S)—u>f(b)+<A+ / g(t)dv(t)>f(a)
+<M—A—/ g(t)dv(t)>f(w)—/ £ () g () dv(t

b t
<L Lgﬁ};] /t g(s)dv(s)+ A (x—a)+ tren[g?g] /a g(s)dv(s) — u‘ (b— m)]
b t
< Lmax {trerﬁ);] /t g(s)dv(s)+ A ,tren[ifz] / g(s)dv(s)— ,u‘} (b—a).

In particular, for = X\ we have

b b
(4.12) |< / g(s)dv(s)—A>f<b>+<A+ / g(t)dv(t)>f(a)

b b
() / g (t)dv (1) / £ () g () dv(t)

t

[max / Al (z — a) + max /g(s)d’u(s)—/\‘(b—m)]
t€la,z] telz,b] | /g
t

SLmax{maX (s) + A|, max /g(s)dv(s)—)\‘}(b—a).
tela,x] t€[x,b] [ Jq



http://dx.doi.org/10.20944/preprints201809.0060.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 4 September 2018 d0i:10.20944/preprints201809.0060.v1

18 S. S. DRAGOMIR

Corollary 7. With the assumptions of Theorem 4 and if the Riemann-Stieltjes
integrals below exist, then

d

b d
(4.13) |f(b) / 9 (s)dv (s) + f () / g (t)dv(t) — f (x) / g (t)dv (1)

b
—/ F () g (t)dv (1)

/dtgcs) v (5
[s@ans

<L {max
t€la,x]

/:g<s> v (5

0-)

bo-a).

(o=t e

, max

< Lmax<{ max
te(z,b]

t€la,x]

/ctg<s>dv (5)

In particular, for c = a and d = b, we have

b b
(1.14) ‘[f(b)Jrf(a)—f(w)] [owaw - [ 105w

xT

\/ () + max

te[z,b]

< max
tela,x]

/ g (s)dv (s) [

, max
te(x,b)

b
/t g (s)dv (s)

< max { max
t€la,x]

forc=10b and d = a, we have

b b
(4.15) ‘f(m) / g (t) dv (1) - / £ () g () do ()

t b
SLLgl[g;;] [ o @-a+mx| [ o6 (b—m)]
t b
SLmax{tgl[g;;] [ o) ma | [0t }(b—co

and for c =d = x we get

b x b
(4.16) ‘f(b) / g () dv(s) + f (a) / g (t) dv (1) - / £ () g () do ()

< 2 fam | [ 900 (9)| (0 - )+ g /:g<s>dv<s> -2
< Ly /fg<s>dv<s> (b—a).
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Remark 11. If we take x = “7%, then under the assumptions of Corollary 7, we
have

(117) ‘f(b)/cbg<s>dv<s>+f<a>/adg<t>dv<t>—f(“;b) [ swa

b
- [ 10s@av
1 t t
<5h | s, [ aave) s / g(s)dv<s>]<ba>,

(4.18) Hf(b)+f<a)—f(“§bﬂ/:g<t>dv<w—/abfu)g(t)dv(t)

/t g (5)dv (s) / g (s)dv ()

4+ max
te[ 452 b]

](ba)’

, max
te[ 452 b]

/t g (5)dv (s)

}(ba)

g<s>dv<s>+f<a>/Tg<t>dv<t>—/ F(t) gt dvt

/ o()dv ()

/t " g(s)du(s)

5. SOME SIMPLER ERROR BOUNDS

4+ max
te[242 0]

](b—a).

If g : [a,b] — C is continuous and v : [a,b] — C is of bounded variation, then the
Riemann-Stieltjes integrals f g (s)dv(s) and ft s)dv (s) exist for ¢ € [a,b] and

f o0
/tbg(S)dv

which implies that

t

o < [ lots |d<\/ ><Srél[3§]g()l\/(v)

b s b
o</ g(s)|d<\/<v>) < max |9 ()] V/ ()

and

t T
max s)dv (s max
tela,x] /a g( ) ( ) " s€la,zx] g \/
and
b b
d <
max /t 9(s)dv(s)| < max | (s \w/
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for x € (a,b).
Therefore, by (3.14) we get for x € (a,b) that

b b
CBY 'f(:v) [ swao- [ roawae

t T b b
< tren[s,);] / (s)dv (s \a/ + tren[g}li] / g(s)dv(s) \m/ (f)
T T b b
< max [g (s IV @V )+ Jnax g (5)] V@V
x b b
max {maxse[a,w] |g (5)| \/ (U) » MaXse[z,b) |g (S)| \/ (U)} \/ (f) ’
B a x a

T b b
max {maXSG[a,m] g ()\/ (f) s maxsepm |9 (s)] \/ (f)} \ ()

a xT a

pr0v1ded f , v are of bounded variation and g is continuous and such that the integral

f ft dv (t) exists.
b

m
If m € (a,b) is such that \/ (f) = \/ (f), then from the first inequality in (5.1)

m
we get

S)| + max
te[m,b]

/t g (s)dv (s)

P b
If p € (a,b) is such that \/ (v) = \/ (v), then from the inequality (5.1) we get
a P

]\:/(f)

b b
(5.3) 'f(p) / g (t)dv (t) - / £ () g () dolt

t p b
< s | [ o) Vi + may [ s Vo)

V
) p b b
<1 lmax 9N\ () + max Jg(s )I\/(f)] \ ().

€la,p] M s€[p,b]

d0i:10.20944/preprints201809.0060.v1
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By (4.15) we also get for « € (a,b) that

b b
@@'ﬂm/g@ww—/fmgww@

[ [Z@mu@

b
max g (s I\/ (2= a) + max [g (s )I\/(v)(b—x)l

(x — a) + max

te[z,b]

<L [max
t€la,z]

@—wﬂ

s€la,z]

T b
max {maxse[a,z] |g (S)| \/ (U) y MaXse[z,b] |g (8)| \/ (U)} (b - a’) )

a x

<L

b
max {maxse[a,m] |g (S)l (:E - a) y MaXsec(x,b) |g (3)| (b - .’E)} \/ (’U)

a

provided v is of bounded variation, f is Lipschitzian with the constant L > 0 and

g is continuous on [a, b] .

In particular, for x = a—'H’ we get from the first inequality in (5.4) that

1 t b
siLLﬁ%ﬂAgwmw>+E%?ﬂ[g@mu>]w—@

P b
If p € (a,b) is such that \/ (v) = \/ (v), then from the inequality (5.4) we get
a P

b b
(5.6) F@/g@mw—/fwwmmw

[ [Zwmww

b
< 51 [ mc 199 (0 01+ max 19 () 09| V ),

<L

(p—a)+ max

max
t€la,p]

(b— p)]

—_

2 |s€fa,p] a
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Similarly, by (3.15) we have for z € (a,b) that

< max
t€la,x]

s€la,x]

< max |g (s |\/ \/ + m[ax \9(5)|\/(U)\/(f)
T b

b
max {maxse[a,x] |g (5)| \/ (”U) y MaXse(z,b] |g (S)| \/ (’U)} \/ (f)

a x

<

a €T a

T b b
max {maxse[a,x] |g (S)| \/ (f) y MaAXsec(x,b] |g (S)| \/ (f)} \/ (’U)

prov1ded f , v are of bounded variation and g is continuous and such that the integral

f f dv (t) exists.
m b
If m € (a,b) is such that \/ (f) = \/ (f), then from the first inequality in (5.7)
we get ‘ "

S)| + max
te[m,b)

]?U)

[ s

p b
If p € (a,b) is such that \/ (v) = \/ (v), then from the inequality (5.1) we get
a P

(5.9) F@/g@mu@+ﬂw/ﬁumuw—/f@g@@@)

P

\ (f) + max

t€[p,b]

< max
t€[a,p)

[Z@mwﬁ

LE@MM@

V
) » b b
< 3 [max |g(S)|\/(f)+ max] |g(5)|\/(f)] \/(”)

s€la,p] M s€[p,b
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From (4.16) we have

b x b
(5.10) |f(b) / g (s)dv (s) + f (a) / o (t) dv (1) / f () g () do(t)

(x —a) + max

<L [max
te(z,b]

t€la,x]

/fgcs)dv (s)

/:g<s> v (5

0-)

b
max [g(s)] \/ (v) (¢ — a) + max |g(s)] \/ (v) (b~ -’B)]

s€la,z] M s€[x,b]

<L

T b
max {maXse[a,z] l9 (I (v) maxoepe ) |9 ()] \/ (v)} (b—a),

a x

<L

b
max {max,efo,qo] |9 (8)] (z — a) ,maxeeqey |9 ()] (0 — )} \/ (v)

a

provided that v is of bounded variation, f is Lipschitzian with the constant L > 0
and g is continuous on [a, b] .

In particular, for x = “;rb we get from the first inequality in (5.10) that
b atb b
e |10 [ s@de @[ gwan- [ Fosma
= a e
1 kR ¢
< -L| max / g(s)dv(s)|+ max / g(s)dv(s)|| (b—a).
2" |veo =2 | s ]

P b
If p € (a,b) is such that \/ (v) = \/ (v), then from the inequality (5.10) we get
P

a

(5.12) ‘f(b) / g(s)dv(s) + f (a) /pga)dv(t)— / £ (g () do (1)

<t max | [ 96 0| @0+ max [ o@ants -9
<ip [max 19(s)] (p— a) + max |g<s>|<b—p)} Vo
-2 s€la,z] s€z,b] '

a

Using the equalities (2.9) and (2.10) one can obtain various inequalities as in the
recent paper [27]. The details are omitted.
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