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Abstract
In this article the galactic rotation curve is analyzed as an effect of an accelerated reference frame. This
phenomenon is the strongest evidence for the so called dark matter. We show that a non-inertial reference
frame could explain the experimental data. We also show that general relativity is not enough to complete
explain that which encouraged alternatives paths such as the MOND approach. Considering the effect of

dark matter as a realization of accelerated reference frames is a simple but powerful hypothesis.
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I. INTRODUCTION

Since the dawn of modern Astrophysics the idea of dark matter imbibed experimental data.
The first one to use such a term was Zwicky [1], he noted an unexpected behavior while studying
the redshift of galaxies in the Coma cluster. Then more evidences were gathered along the years,
for instance, in the pattern of Cosmic Microwave Background (CMB) and in the large structure
formation, dark matter should play an important hole. Perhaps the most famous evidence is the
galactic rotation curves [2]. In such curves the rotation velocity of stars versus their distance to the
galaxy center is not well understood by current theories. The very nature of dark matter remains
obscure, attempts to direct detect it, up to now, were unsuccessful [3, 4]. Thus candidate after
candidate was discarded due to some experimental constraint.

Milgrom proposed a modification in the Newtonian dynamics in order to explain the galaxy
rotation curves [5]. Such a proposition gave rise to the so called MOND approach which reasonable
tits experimental data [6, 7]. Inteady of assuming the existence of a non-luminous matter, MOND
suggests the introduction of a new fundamental constant that modifies Newtonian gravity up to a
certain limit. On the other hand such Newtonian limit is not suitable to describe neither a galaxy
nor a large structure dynamics. Thus this MOND method is more likely to be an effect of general
relativity. Following this idea Bi¢dk showed that general relativity can reproduce the behavior
of the galactic rotation curve, modeling such structure as a rotating flat disc [8]. Then another
attempts have been made trying to obtain what is observed with enhanced models [9].

Although alternative explanations to dark matter exists, the search for such an exotic matter
continues. Maybe, after so many years without a positive result in its detection, it is time to expand
alternative explanations for the phenomena. In this article we present one of such alternatives.
Possibly we are observing the features of a non-inertial reference frame. Accelerated reference
frames seems to be absolute, for instance a charge accelerated with relation to a inertial reference
frame irradiates as the laws of Electrodynamics predict. However an entire different behavior
occurs when an accelerated reference frame analyzes an static charge. In fact there is no symmetry
between these two situations as one should expect if the relativity principle is valid for acceleration
[10]. In [11] dark energy was understood as an effect of accelerated reference frame. Maybe such
an effect cannot alone explain all evidences for dark matter, but certainly can not be ignored.

This article is divided as follows. In section II we present a model for a galaxy, considering
general relativity. In section III we introduce the acceleration tensor and use it to obtain the galactic

rotation curve in section IV. In the last section we make our final remarks. We use geometric
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unities with G = ¢ = 1, unless otherwise stated.

II. A SIMPLE GALAXY MODEL

In this section we propose a simple model to describe a galaxy. It consists in a rotating cylinder

whose metric is [12, 13]
ds? = —2¥ (P2 12 4 o= 2¢(p2) [e2y(p,2) (dpz 4 dzz) + p? d¢2] _ (1)

Most of the galaxy mass is concentrated in a central region while stars describe a close motion
around it. Thus the vacuum solution of Einstein equation is enough to predict the galactic rotation
curve since the mass of the star is much smaller than the central mass distribution.

The non-vanishing components of the Ricci tensor, constructed out of Christoffel symbols Ol“f\ w

are

1
Ry = 5 (p2:0-1p + 9y + pdpdpp) =27,

2
9y = pApdpy = 29 (3p) + ptp + pdpdtp

R = 5 — 0,0y + 9:0:¢,

Ry = pe? (pd-0-) + dpt + pdpdpth) ,

Ri3 = 8;)/ — 20,99,

Rs3 = —0:0:y — 8”7? ~3p0py = 2(0:9)* + 3:0: + a”%’ +dpdp. 2)

Hence the vacuum field equations read

V2 = 9,0,0 + %aplp + 0,0, =0, 3)
dpy=p [(apw)z - (8z¢)2] / @)

and
dzy = 2pdp Y0,y . ®)

A very simple solution occurs when 1 = {(p), then ¢ = aln (%) which means that the galaxy is
a flat disc. Here the constant b is related to the galaxy mass. Therefore a star has to obey the

geodesic equations which by the line element symmetry are given by

3
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i=k, (6)
and
2 Wh=h, ?)

where h and k are constants which are related to energy and angular momentum. In addition the

line element yields

2 . 1 ; ;
p2 +22 = —; (1 + gogtz + gzngz), (8)
where dot means derivative with relation to proper time. Performing a change of variableu = 1/p

with z = constant, then

du o 1 5y 2 —2y-2112
(@)_—uey+h( YRR 2R ©)

Hence the constants h and k can be settled by

f d = f du . (10)
\/ w2e? + & (e 22 20 2r2012)

On the other hand the trajectory of the star in this model can be obtained by the following

differential equation

d*u )
o2t (” + %)e_zy uzlhz [ 3p @) ke Y — — (4} +y)e T 21”] (11)

And the tangential velocity is

b het
UT:p%ZE?. (12)
If ¢ is negative then the galactic rotation curve considering general relativity do not reproduce
experimental data as can be seen from the solution for the flat disc and from the behavior of the
tangential velocity against the radial distance p, in agreement with the newtonian gravitation
prediction. Bi¢ak analyzed the conditions to achieve such results [8]. This model can be improved
in order to consider a fluid solution getting close to a realistic galaxy model. However we would

like to consider a new variable in this scenario, i. e., the acceleration of the reference frame.

Therefore in the next section the acceleration tensor have to be introduced.
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III. ACCELERATED REFERENCE FRAMES

In this section we briefly recall the ideas presented in [14-16]. Given a world-line C the velocity
104

field of some observer remains tangent along the curve, u® = o0 where 7 is the proper time.
Thus the velocity field is identified directly to the temporal component of the tetrad field e, #. The
tetrad field represents the components of the vector basis which has both SO(3,1) symmetry and
diffeomorphisms. Here latin indices a = (0), (i) refer to Lorentz transformations while greek ones

u = 0,1 to coordinate transformations. Hence the acceleration is

Dut De g *
@ = dt d(’[) =u'Vae) " (13)
Then a generalization of the above expression is
De,
e R (14)

where ¢, b is the acceleration tensor. The absolute derivative of e; ! establishes the kinematical
state of the reference frame which is realized by the acceleration tensor. The components ¢ b
give the translational acceleration of the observer, in order to show that, let us use 14 together with

the orthogonality properties of the tetrad field, thus

De, #
qbab:eby ;f[ :ebHuAVAeu“, (15)

where V¢ u= de’ p= OF‘A’ #eb o. Therefore

a = patt = e utt*Vae) ' = ¢ b, (16)
Since the tetrad field project vectors into the tangent space, a geodesic motion should be when
at = 0.

ax® (dut o,

dr? T ap dt dt -’ (17)

Then as expected ¢ b represent the translational acceleration of the reference frame while Phi)j)

is related to rotational movement [17].
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In riemannian geometry two connections are possible, the Christoffel symbols and the Levi-
Civita connection. The former one, *w uab, €xistis on the tangent bundle and is necessary to couple

the Dirac equation to gravitational field [18]. These two quantities are related by the following

identity
Ol“fw =e Aaye” y+ et Owyab , (18)
where
0 1 c
Wyab = _Ee y(Qabc = Qpae = Qeap), 19)
with
Qupe = eavley yayec Ve Hayeb Y). (20)

It worths to mention that e, Aaye” v is the Weitzenbdck connection. Such a connection establishes
the well known teleparallel gravity which is equivalent to general relativity. By the way Qg is
the equivalent to the torsion tensor of Weitzenbock connection.

If expression (18) is used in (15), then the acceleration tensor simplifies to

Pa b= —€(0) ¥ Oa)y b as (21)

which yields

1
Pap = E[Q(O)ab + Q000 — Qp(o)al - (22)

This is the acceleration tensor in therms of the anholonomicity objects, this same expression was
obtained in reference [19]. It should be noted that such a acceleration tensor does not establishes

a geodesic motion, it rather describes an accelerated reference frame.
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IV. ROTATION CURVES OF GALAXIES

A tetrad field constructed out from the line element (1) and adapted to an accelerated observer

is

-1 0 PP, DA(p2) 0
un = A(p,z)sin(¢) a(p,z)cos(¢) —pP(p,z)sin(¢p) 0 / 23)
—A(p,z) cos(p) a(p,z)sin(¢p) pP(p, z) cos(¢p) 0
0 0 0 a(p,2)

where

A% —1=go = -,

a’ =gy =g =e W),

P(1-42) =,

The inverse tetrad field reads

1 A

A2 -1 p(AZ-1)B
Asin(¢p) cos(¢p)  sin(¢)
A = A% -1 o p(Az_l).B
A cos(¢p) sin(¢p)  cos(¢p) ’

0
A2 -1 a  pB-pA?B
0 0 0 1
a
then the 4-velocity is
1 A

[P 0, — ,0] . 24
u 6(0) ( A2_1 pﬁ(AZ—l) ) ( )

Hence there is a rotation movement around z-axis.

The acceleration tensor reveals the kinematical state of this reference frame. Using (22) its

components are given by
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Acos(9) (A — A% + pdpA + pA2,A)

PO = o1+ A%a ,
Asin(¢) (A - A% + pdyA + pA29,A)
0@ = — s
b0 1t A)a
A(1+A42)0.4
0E) = ~ /
Poe (-1+ A(p, 22 a
5 (,/(—1 + A2)? = A2 ( V(=1 + A2)?% - Ba) — o — 3A% + ASa + 2pA (-1 + AZ)ZaPA)
Le
A p((-1+42%) " a
p 3 2A%sin(¢)d,A
e (-1+A42%a
2A2 cos(¢h)d, A
= - (25)
P (1474
Then using
p = cos Px + sin P
and
¢ = —sindx + cos P,
we arrive at the following acceleration of the reference frame
A(A =A%+ pd,A + pAd,A A1+ A?%)0,A
i:—( pIpA+pA9A) | A )22. (26)

p(-1+ A2« (-1+ A2«
It should be noted that in the case of a flat disc galaxy there is no acceleration in the axial direction.
Therefore the acceleration in the p-direction can be used to obtain the rotation curve for this galaxy

model. Since we are dealing with a flat disc model then the potentials are

¥(p) = ~Xlog (L)

y(p) = Ylog(%),

with X and Y defined as positive constants in order to yield a proper behavior for the rotation

curve. Hence the acceleration is given by

d0i:10.20944/preprints201808.0544.v1
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If X =Y, then it simplifies to

or = =M/ + 1+ X [2- M/p)].

Particularly if X = 1 then

ur = 14[3-2 (M)Z ,
p

which has a well defined limit for M << 1, id est, vr = constant. Thus the effect of an accelerated
referential frame can be easily seen.p It worths to point out that such a finite limit is not predicted
by the newtonian theory. On the other hand it is a well known experimental data that supports

dark matter. In figures 1 and 2 we plot the rotation curve considering M as the galaxy mass.
It should be noted that these rotation curves are displayed in geometric unities and it remains
growing until a certain limit and reaches a finite value for great distances from the galaxy center.
Hence experimental data of the rotation curves can be explained as an effect of accelerated reference

frame.

V. CONCLUSION

In this article we consider that the rotation curve of galaxies can be an effect of accelerated
reference frame. We show that for a simple model of a flat galaxy the velocity of a star decreases
when its distance is too far away from the galaxy center, but it remains finite. In such a model the
star is supposed to describe a geodesic motion. Then an accelerated reference frame was settled
by a tetrad field. The acceleration was used to obtain a galactic rotation curve and an increasing

behavior was found out which is compatible with experimental data. Now other experimental
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1: Rotation curve of tangential velocity versus the distance p for M = 10" CE Kg which is suitable to

describe galaxies like NGC 4594, considering Y = X = 4-1075,

evidences for dark matter should be confronted to our hypothesis of non inertial observer.
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