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Abstract — The ordinary continuity equation relating the current and density of a system is extended to incorporate
systems with dual (longitudinal and transverse) currents. Such a system of equations is found to have the same
mathematical structure as that of Maxwell equations. The horizontal and transverse currents and the densities associated
with them are found to be coupled to each other. Each of these quantities are found to obey a wave equation traveling
at the velocity of light in vacuum. London’s equations of super-conductivity are shown to emerge from some sort
of continuity equations. The new London’s equations are symmetric and are shown to be dual to each other. It is
shown that London’s equations are Maxwell’s equations with massive electromagnetic field (photon). These equations
preserve the gauge invariance that is broken in other massive electrodynamics. The duality invariance may allow mag-
netic monopoles to be present inside superconductors. The new duality is called the comprehensive duality transformation.

KEYWORDS: Continuity Equation; Maxwell Equations: Massive Electrodynamics; London’s Superconductivity;
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Introduction. — One of the most fundamental physical equation that any physical system should satisfy is
the continuity equation. A closed electric system is known to comply with the continuity equation that manifests
the charge conservation of the system. A current in physical world is generally an expression for the flow of
a conserved quantity, like charge, baryon number, lepton number, etc. An electron, as by Schrodinger wave
equation satisfies the continuity equation. Similarly, in the relativistic case, the electron is described by the Dirac
equation, where a relativistic analogue of the continuity equation is shown to govern its motion [1]. At the same
time, the propagation of sound in a medium is also described by a continuity equation. In fluid dynamics, the
continuity equation expresses conservation of mass. Therefore, the continuity equation constitutes a fundamental
integral equation in physical worlds. It also expresses the conservation of energy of a system.

In a relativistic world, the current density is expressed in terms of a 4-vector. This 4-vector is defined in
terms of a temporal part in addition to a spatial vector part. The ordinary current vector density is represented

by the spatial vector part, whereas the density is expressed by the fourth temporal part of the 4-vector. In
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some representations, the scalar part is defined by an imaginary number, while the spatial part is a real number.
To generalize this representation, we employ biquaternions, where the two numbers are generally complex [2].
Though the electromagnetic field is represented by a complex number, the current and charge densities were not.

We aim here to make this representation, and explore the physical significance of these complex quantities.
We then derive the continuity equation that connects the temporal and spatial variations of current and charge
densities. Recall that the electromagnetic wave arising from varying electric and magnetic fields, is known to
propagate in a direction perpendicular to the plane spanned by the electric and magnetic fields. In ordinary
systems a current flows along the horizontal direction but in others a possibility of a transverse is not ruled
out. The continuity equation is known to be a single scalar equation. However, in the present formalism, a
generalized set of continuity equations are obtained and their solution is found. These are shown to correspond
to two scalar equations, and two vector equations. They have a common mathematical structure as that of the
four Maxwell’s equations. Remarkably, extending the continuity equation yields a symmetric form of London’s
equations of superconductivity [3]. Furthermore, the London’s equations are found to emerge from Maxwell’s

equations when the electromagnetic field (photon) is allowed to be massive.

Quaternionic current density. — The continuity equation generally describes a conservation of charge,
mass, quantum number, energy and momentum. It can be written in the general form [4]

. - O
VT 5 =0, (1)

where J and p are the current and density of the system under consideration. For an electric system, for instance,
J and p define the electric current and charge densities. Inside a conductor whose electric conductivity is o, the
electric current and the electric field that causes the electron to flow follows the microscopic Ohm’s law, J=oE.
This implies the current flows along the electric field direction only. One can also relate the current density to
the flow of electric charges as J = pv. However, when a transverse magnetic field is applied to a conductor a
transverse voltage is developed that is proportional to the electric field. Such an effect is found by Hall in 1885.

The field equation of an inviscid fluid is described by Euler equation [4]. The field equation of a viscous
fluid is described by the Navier—Stokes equation. This generalizes the Euler equation to include viscosity. A fluid
flows when an external pressure is acted on it. The equation of motion of a viscous fluid is given by [4]

—

v
Pm ot

where 7 is the coefficient of viscosity, p is the pressure, and p,, is the mass density of the fluid. The coefficient n

+ pm@ - VT = —Vp + nV37, (2)

could depend on external factors, e.g., temperature, density, etc. Other forces acting on the fluid can be added
to the right hand-side of Eq.(2), e.g., gravity. A fluid can be characterised as compressible or incompressible
(isotropic) depending on whether its density changes with space or not. An incompressible fluid is usually
described by the equation, V -7 = 0. The solution of the Navier-Stokes equation is accompanied by the use
of the continuity equation. At the same time, the solution of the Webster (Horn) equation that represents the

propagation of sound in horns is also accompanied with the use of the continuity equation [5].
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To allow a current to flow along two normal directions, we represent it by a complex number, as J= J_; +iJ_;,
or rather by a Biquaternion, and similarly the charge density by, p = p, + ip;.
For such a situation an extended continuity equation can be expressed as [2]
~ ~ .= ~ 10 = > oo )
vJ =0, J=(ip,J), V:(Cat,v>, J=J.+1iJ, p=pr+ips. (3)
Expanding Eq.(3) using the quaternionic product rule, and equating the real and imaginary parts for the scalar

and vector parts of the resulting equations to zero, we obtain

- - Op, = - Opt
. = . —_— 4
and . ~
6JT = =, =4 (9] =3 - -
o +AVpr+ eV xJ, =0, 8—;+62th—chJT=0. (5)

Equations (3) and (4) represent the most general form that any system can have. Particular cases of Eqs.(3) and
(4) can then be studied. We thus see from the above equations that the two currents and charges are coupled to
each other in a similar way the electric and magnetic fields couple in Maxwell’s equations. We already had an
experience of the effect of the temporal variation of the counterpart of a give quantity described by some system
of equations. Of such currents, is the displacement Maxwell’s current. Such a system of equations will find
applications in the field of hydrodynamics and plasma physics. The transverse current tends to lift the object
(fluid) upward. In the Hall’s effect when a magnetic field is applied on a sample, a transverse voltage occurs.
In the quantum analogue, a horizontal resistivity vanishes when a transverse one occurs (at the plateau). Thus,
two perpendicular currents can be assumed to be generated so that when one vanishes the second one is present.

London modelled the phenomenon of superconductivity as due to the flow of two currents; the ordinary electric
current and a superelectric current that floats over it [3]. Thus, a question could arise if one can associate this

super current to the transverse current above. Equations (3) and (4) are solved to give

-

1 82pt 1 62Jt
—V?p, =0, ~ V=0, = =
p Pt 2 o2

2 o2

—-V2J,=0. (6)

Hence, p., pt, J_; , j;g, satisfy the wave equation travelling at the speed of light. It is thus interesting that any
change in the charge of current densities in a place, will be immediately transmitted as a wave. However, using
the ordinary continuity equation, one can’t deduce that the current is a wave traveling at the speed of light.
The system of equations in Eqs.(4) and (5) reduces to our generalized continuity equation [2], when J; = 0
and p; = 0. Equations (4) and (5) are dual to each others which are invariant under the duality transformation
where J_;, — J_;, pr — pt, and J_,; — —J_;,, pt — —pr. We therefore, call them the dual continuity equations. We
encounter an analogous case in the Dirac formulation, where the spinor representation led to representing the
Dirac particle with two spin-states [1], and moving with equal but opposite velocities. Once again, in Hall effect
a transverse voltage (charge density) is developed without a current, when a transverse magnetic field is applied
to a conductor/semiconductor. Such an effect can be accounted for upon employing Eqs.(4) and (5) by allowing

fg:O,butpt;éO.
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Now Eq.(5) can be manipulated to give

101, -
and
10l e
o L (8)

using Stokes’ and divergence theorems, where I,. and I; are the current flowing along the horizontal and transverse
directions. Note that the fluid circulation is given by I' = § 7 dr , where for an ordinary fluid J = p ¥, and Jy, = 0,
and p; = 0 so that the current is steady, and that I' = 0. Note that the circulation around a closed contour C'
is defined as the line integral of the velocity along that contour. One can now associate an electromotive force
with the two current temporal variations, viz.,

I.R, €r S o IR, € 2 =
= = . d = — = — o d ,
cL, cL, j{ Je-dt, cLy  cly }{ St ®)

where in electric system ¢,. and €; are the electromotive forces pushing the I,. and I; currents, R, and R; are the
resistances of these currents, and L, and L; are the inductances due to I, and I; temporal variations, respectively.

Equation suggests that two electric fields can be associated with jl; and J, by
Er = CLTLEH Et = *CLtJ_?’"a

with their conductivities as oy = 1/(L¢c) and o, = 1/(L,c). Hence, if we now express the velocity by ¥ = ¥, + i},

then the total current can be related to the charge densities by the equation

-

J = pv=(prv, — prog) + i(prve + proy) = Jp + iy, (10)
implying that
Jr = prvy — piog, Ji = prog + proy . (11)
It is interesting to see that j,: # p,U, and J_,; % pyU;.

Energy and momentum conservation equations.  Now Eqs.(4) and (5) can be connected with an energy

conservation equation that can be expressed as
—+V-5=0, (12)
where
u=b iy g ot S=TJi x Jp + cprdy + cpey . (13)

Note that Eq.(12) can also be seen as representing a continuity equation too. The momentum conservation

equation can be obtained from Eqs.(4) and (5) where

9gi

5 T 0T~ V x (Pprdi = Epidy) =0, (14)
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where

-

G=JixJ.—cppdr—cpidi, Tij = (J2+J2=c?p2—cpf) 6ij—c (Jidrj + i j)—€ijic®prdyk—€ijic®prdys = 0.

(15)

oo

Note that T;; can be see as a stress tensor, u as an energy density, S asa Poynting vector, and § as a momentum
density vector. In such conditions, the last term on the left hand-side of Eq.(13), will represent a force density
acting on the fluid. It is a matter of interest if a fluid (with two components) satisfying the above equations

really exists.

Current-charge densities transformation. It is very interesting to observe that Eqs.(4) and (5) are invariant

under the charge-current densities transformation

. L. 1 of
! !
V= Lo = 1
J' =J +Vf A T (16)
and
- R, 1 Jg
/ r_ T
Jt _Jr+vgu Pt = Pt 62 8t ) (17)
where f and g are some scalar functions obeying a wave equation traveling at the speed of light, i.e.,
1 9*f(g) 2
— — =0. 18
2 o \i() (18)

Notice that the transformations of p,.(p¢) and fr(,]_;g) are somehow analogous to the gauge transformations of the
electromagnetic fields. Looking at Eqs.(4) and (5) with some scrutiny reveals that they have the same structure
of the Maxwell’s equations. The analogy dictates that while p, and p; are analogous to the electric and magnetic

charges, the currents J,. and J; are analogous to the electric and magnetic fields.

London’s equations as continuity equations. — In his attempt to describe the superconductivity, Lon-
don employed Newton’s second law and Faraday equation [3]. He assumed that the superconductivity is trans-
ported by super-electrons. Super-electrons exist besides the normal electrons. He thus obtained the two equations

3] ) 2
U o Vp=nB,  xbi=—yB, =" (19)

where ng, e and m are the number density of super-electrons, super-electronic charge and super-electron mass,

respectively. We will show in the next section that these equations can be derived entirely from Maxwell’s
equations without resort to Newton’s equation as done by London. They are in particular Maxwell’s equations

for a massive electromagnetic field.

Massive continuily equation.  Since London’s equations involve current and charge densities, one can treat
them as a sort of continuity equation. We call this continuity the massive continuity equation for reasons to be

disclosed later on. To see this, we express the continuity equation in Eq.(3) as [7,8]

ST P P=(avmB-18),  A=(le-ludvin), (20)
C C C
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where

_ (v.as L0 (v N+ LY
A_—<V A+028t>’ %= (V N+028t), (21)

which can be seen as extending London’s equations, Eq.(19), to the symmetric ones. Here N is the conjugate of
A and ¥ is the conjugate of . In the standard electrodynamics, one has A = 0 (Lorenz gauge condition) and
that ¥ = 0.

Expanding Eq. (20) using the quaternionic product rule, one finds

= =  Op, = =  Op
. —~A . Tt w 22
and
r - > o S - . 10J, o -
5 +AVp+ eV xJ,=vE, Vx T—Ea—tt—cht:—’yB, (23)
, 0A - - . - . 10K =
E=—— — K B= A+ —— 24
5 Vo+V X K, V X +C2 ; VW, (24)
where
ch=vK, J=-—A = Jpo=—v0, cp=7W. (25)

The electric and magnetic fields definition in Eq.(24) are usually employed when studying magnetic monopoles
in the framework of Maxwell’s equations. Equation (25) shows that the dual vector and scalar potentials (K , W)
are connected with the horizontal and transverse currents and charges densities, respectively. One of these
connections had appeared in the London’s theory of superconductivity. Equations (22) and (23) reduce to
London’s equations when A =0, ¥ =0, p, = 0 and J_; = 0. It is interesting to see that the symmetric London’s
equations, Eqs.(22) and (23), are invariant under the duality transformations, where E — ¢B and ¢B — —F
[6], then J. = ft, J, — —J, and Pt = —pr, pr — pt- Moreover, A — ¥ and ¥ — —A. Therefore, the duality
transformation is not restricted to the transformation of the electric and magnetic fields only [6]. This is so
since Maxwell’s equations connect the electromagnetic field to charge and current densities as well. We better
call the above duality transformations as a comprehensive duality transformation. The comprehensive duality
transformation is the same as that one follows from symmetric Maxwell’s equations when magnetic monopoles

are introduced.

A charge interaction with an electromagnetic field.  If we now assume that the charges producing the currents
J:, and J, interact with the electromagnetic field, we use the momentum eigen value equation for the current

density
vit=o, J=iiad, d=(end),  A=(le.d). (26)
c

The above current replacement is tantamount to the minimal coupling, the momentum replacement for an

interacting charge with an electromagnetic field.
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Expanding Eq.(26) using the quaternionic product rule yields

. - 18J = 104 1. o = = 10p =
A: _— - — — = —_— . _—— A = 2
V xJ+9V x 0, - +ch+7<c 8t+cv<‘0> 0, 8t+v J—i—'y(czat—i—v ) 0, (27)

which reduces to

- - 0 - - dp = = 10p = =
V xJ v B, at+ch vE, 8t+v J=0, ey \Y 0, (28)
where -
. . A Lo
E=-V —8— B=VxA. (29)

It is interesting we derived the ordinary London’s equations using the ordinary quaternionic representation of
the A and J quaternions. Moreover, the charge conservation and the Lorenz gauge condition are associated with
these London’s equations. However, had we used the biquaternionic forms of A and J, we would have obtained
the symmetric (dual) London’s equations with the charge conservation and the Lorenz gauge being relaxed.
Note that the full electrodynamics of superconductivity should be taken with Maxwell’s equations. The

Maxwell’s equations in the symmetric form can be obtained via the biquaternionic equation [7,8§]

—V*F = poJ (30)
which upon using Eq.(3) and (20) yields
- = pr OA [ 1 0%
E= ‘B= s 1
\% 0 =+ o’ \Y% clopt + c ot (3 )
and . .
- 5 1 0FE S o -~ - 0B - -
VXB_?EZNOJT_VA7 VXE"‘E:_MOCJt_'_CVE. (32)

Interestingly, Eqs.(31) and (32) are invariant under the comprehensive duality transformations shown above.
They are analogous to the symmetrized Maxwell’s equations when the magnetic monopole is introduced. In this
case p; and ft are the corresponding magnetic charge and magnetic current densities, upon setting A = 0 and
3 = 0. Considering this situation, the London’s superconductivity symmetric equations would allow a magnetic
monopole and current to show up in superconductivity. It would then be a very interesting opportunity to
welcome magnetic monopoles inside superconductors [9-11]. The London’s superconductivity then describes
a dual superconductivity. In such a system the electric field induces effects that are equivalent to those ones
induced by the magnetic. Therefore, it is remarkable that working in symmetric electrodynamics would bring
about many interesting electrodynamic phenomena.

Equations (31) and (32) yields

10%E  _,= o, e S o 10°B  _,5 - - 18, =
CQatQVE‘uO<8t+0vpr+CVXJt, cjw*VB:,uo VXJT*EE*Cth ,(33)
and

1 9%A 9 - - Opr 1 9% 9 - - Opt

C*QW—V A=—po(V-Jr+ at)’ Cjw—v E——MO(V'Jt-ﬁ-E)- (34)
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If we now assume Maxwell’s equations, Eqs.(33) and (34), satisfy the Klein-Gordon equation of massive fields

with mass my then, Egs.(33) and (34) reduce to

1 9°E 92 myee\?2 = 1 9°B 23 mye\2 3
aam - VE=-(5F) E, aam - VB=-(5F) B, (35)
and
1 9%A 9 myec. o 1 9°% 2 myc\ 2
Fap VA=A S oE = (FR) Y (36)
where
myce\2 = a.J, 9 S o mgeN? 5 = ﬂ_lﬁijt_ -
(T) E—;Lo(at—chpr—i—chJt , (T) B=—po|VxJ==FL=cVp |, (37)
myge\2 = 7 Opr mye\2 = = Op
(T ) A= po(V- T+ ), (T ) = uo(V- T+ ). (38)
These equations are but the dual London’s equations of superconductivity, Eq.(23), if we let
myge\2
(B£) = hov- (39)

Therefore, the London’s equations of superconductivity implicitly imply the electromagnetic field (photon) is
massive. Note that « is a measure of the photon mass, and this is why we call the continuity equation, Eq.(20),
the massive continuity equation. It is remarkable that the present massive electrodynamics doesn’t break the
gauge invariance. Thus, the photon acquires a mass without violating the gauge invariance that is normally
broken in other massive electrodynamics theories. It is interesting to see that Eq.(33) and Eq.(34) are dual. One
remarks that the London’s equations of superconductivity are rather generic equations of the electromagnetic
field, and is not particularly linked to superconductors.

Now integrating the second equation in Eq.(23), with respect to the area element, and using the Stokes and
divergence theorems, one finds

oI,
ot

Lor,
c Ot

+c]§ft-di:v¢E, —fﬁ-dizm, (40)

where ¢ and ¢p are the electric and magnetic fluxes enclosed by the surface, respectively. It is thus apparent
that a magnetic field arises from the circulation of J,. and the temporal variation of I;. Because of the presence
of the factor ¢ in the numerator of the latter term, we expect its contribution in ordinary conditions to be very
small. Equation (41) shows that the electric and magnetic fluxes in the dual London’s paradigm are different
from that in the normal electrodynamics. A time varying of the transverse current reduces the magnetic flux,

and the circulation of a horizontal current increases the electric flux.

The dual Lorentz force. ~ Owing to the above formulation, one can define the dual Lorentz force as

f=qVF, V = (ic, T, 4+ iv) , (41)

which can be expressed in the form

=
Il

(i(Pr+iPt)7ﬁ+iﬁ>, (42)
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and upon using the quaternionic product rule, reduces to
P. = q?A +qv, - E — qcvy - B, P, = qc®Y +qct, - B+ qiv - E, (43)
and
fr = (qE + qt, x §+qAﬂr)—qﬁtE+%Ut xE, fi=qcB— %gr % E + q0,5 + (qAT, + qv, x B).  (44)

The above equations can be reduced to any particular case we wish to study. We thus have formulated all
physical equations describing the dynamics of fluids governed by two perpendicular currents flow. The two forces
in Eq.(43) are dual to each other, and the two powers in Eq.(44) are dual to each other too. It is very interesting
that under the duality transformation, ¢, — @, and ¥; — ¥, that is consistent with Eq.(11). It is interesting to
see that there is an additional force appearing in ﬁ on a moving charge if the theory admits a violation of the
Lorenz gauge condition (A # 0). This drag force is present in the absence of electric and magnetic field. Since
it depends on the velocity of the particle, it can be connected with a presence of a fluid (aether) in which the

charge floats. The scalar A can be connected with some remnant magnetic scalar field exists in space-time.

Extended Maxwell - Proca equations. — Maxwell-Proca equations generalize Maxwell’s equations to
include massive electromagnetic field [12]. To derive these equations, we employ the current density definition

in Eq.(26) and apply it in Eq.(30) to obtain

ﬁ E’Zi_ B’Zfia 46
o HoY P c Ot ( )
and . .
o o OB - - 5 1 0F - T
VxE:—E—i—cVA, VXBZEE‘FHOJ_MOVA- (47)

These are the Maxwell - Proca equations if we use Eq.(39) and set A = 0. Therefore, Egs.(46) and (47) generalize
the Maxwell - Proca equations. Note that the original Maxwell - Proca equations assume that the Lorenz gauge
condition is valid. It is interesting that Eqs.(46) and (47) express massive electrodynamics with magnetic charge
and current densities arising from the temporal and spatial variations of A. Here, A satisfies a wave equation
traveling at the speed of light in vacuum.

The energy equation connected with Eq.(46) and (47) is

- — au/\

v-sHW:fE.JZyA@, (48)
where L .
- E x B—cAB - 1 B2 A\? vy vy
Gp="=""" A = e+ — 4+ — 4+ L 24 1A%, 49
A % tred UA = et ot o a Y Ty (49)
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Equation (48) shows that A is coupled to . Note that in vacuum p = 0, J=0and A =0.

The wave equations associated with Eqgs.(46) and (47) can be found upon using the quaternionic equation
—V (V*F) = uoV(J =7 A). (50)

Concluding remarks. — We have studied a symmetric system of continuity equations that generalises the
ordinary one. A particular case of continuity equations is found that yields a symmetric form of the London’s
equations of superconductivity. These new equations are found to be invariant under duality transformation.
Symmetric Maxwell’s equations, that generalize the commonly known ones where the Lorenz gauge condition is
not respected, are derived. A massive electrodynamics preserving the gauge invariance is obtained. London’s
equations are shown to represent Maxwell’s equations when an electromagnetic field is allowed to be massive.
Maxwell - Proca equations are generalized to the case where the Lorenz gauge condition is relaxed. It is thus

apparent that it is very convenient to use quaternions to formulate our physical laws.
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