Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 5 August 2018 d0i:10.20944/preprints201808.0088.v1

MIXED OF ELZAKI TRANSFORM AND PROJECTED
DIFFERENTIAL TRANSFORM METHOD FOR A
NONLINEAR WAVE-LIKE EQUATIONS WITH VARIABLE
COEFFICIENTS

A. KHALOUTA! AND A. KADEM?2

ABSTRACT. In this work, a mixture of Elzaki transform and projected
differential transform method is applied to solve a nonlinear wave-like
equations with variable coefficients. Nonlinear terms can be easily ma-
nipulated by using the projected differential transformation method.
The method gives the results show that the proposed method is very
efficient, simple and can be applied to other applications.

1. Introduction

The integral transforms play a significant role in many fields of science
and in the literature, it’s are largely used in mathematical physics, optics,
mathematical engineering and in some others in order to solve the differential
equations such as Laplace, Fourier, Mellin, Hankel and Sumudu.

Recently, Tarig Elzaki [5] introduced a new integral transform, called
Elzaki transform, which is applied to solve an ordinary and partial differen-
tial equations.

By applying the Adomian decomposition method (ADM), M. Ghoreishi
solved some types of nonlinear wave-like equation [6], V.G. Gupta and S.
Gupta worked out by using homotopy perturbation transform method (
HPTM) these types of equation tool [7], furthermore, A. Aslanov [3], F. Yin
and et al [12] and A. Atangana and et al [2] researched for solving nonlin-
ear heat and wave-like equation by using homotopy perturbation, variational
iteration and homotopy decomposition methods respectively. Moreover, var-
ious techniques, such as homotopy analysis, perturbations, decompositions,
iterations, differential and Laplace transformation techniques have been used
to handle similar types of these wave-like and also heat-like problems nu-
merically and analytically as in references [1],[7],[10],[11].

In this work, we will present the mixed of Elzaki transform and projected
differential transform method, in order to solve a nonlinear wave-like equa-
tions. This method called Elzaki projected differential transform method
(EPDTM).
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2 A. KHALOUTA! AND A. KADEM?

Consider the following nonlinear wave-like equations

8k+m
at2 Z F].’Lj X t, u o 8 F2zj(uxlaumj)
7,7=1 J
oP
—I—ZGli(X,t,u)a szl(um)—l-H(X t,u) + S(X, 1),
=1

with the initial conditions
U(X7 0) - aO(X)v ut<X7 0) - al(X)'

Here X = (z1,%2,...,2pn), F1i5,G1; 4,j € {1,2,...,n} are nonlinear func-
tions of X,¢ and wu, Fyi;,Go; 4,5 € {1,2,...,n}, are nonlinear functions of
derivatives of u with respect to z; and z; 4,5 € {1,2,...,n}, respectively.
Also H, S are nonlinear functions and k,m, p are integers.

These types of equations are of considerable significance in various fields of
applied sciences, mathematical physics, nonlinear hydrodynamics, engineer-
ing physics, biophysics, human movement sciences, astrophysics and plasma
physics. These equations describe the evolution of erratic motions of small
particles that are immersed in fluids, fluctuations of the intensity of laser
light, velocity distributions of fluid particles in turbulent flows.

2. Elzaki transform

Definition 2.1. A new integral transform called Elzaki transform [4],[5]
defined for functions of exponential order, is proclaimed. We consider func-
tions in the set A defined by,

A= {f(t)/ﬂM,kl,k;g >0,[f(t)] < Me’“il, ift € (—1)7 x [0,00)}.
Elzaki transform of the function f(t) is

B0 =10) =0 [ fe bdte >0
0
where v is the factor of variable t.

T. M. Elzaki and S. M. Elzaki in [4], showed the modified of Sumudu
transform [9] or Elzaki transform was applied to partial differential equa-
tions, ordinary differential equations, system of ordinary and partial differ-
ential equations and integral equations.

Proposition 2.2. To obtain Elzaki transform of partial derivative we use
integration by parts and then we have

of, )] 1
E[at = ;T(m,v)—vf(a:,O),
g2 — Lo,

Pfan] 1 f(2,0)
E[@ﬁ_ = U—QT(x,v)—f(:C,O)—UT,

2 T 1 2
E[ag(x;”_ - %[T(M)].
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Proof.

of(x,t)| [ Of _v . . P 0f
E[ 5 ] = /0 vate dt—pll)rgoove atdt

_ plln;o{[veﬁf(x7t)}2—/()pe2f(:r,t)dt}
- %T(m,v)—vf(m,@).

We assume that f is piecewise continuous and it is of exponential order.

Now
[Of(z,t)] [ _:0f(x,t), O [* _:
E_ p _/0 ve v@xdt_ﬁx/o ve v f(x,t)dt,
using the Leibniz rule to find
[0f(z,t)]  d
E _87{1;_ = % [T(.’E,'U)] .
By the same method we find
[0 f(x,t)]  d?
E o | T @[T(%U)],
and
[0%f(z,1)]
ol AR
ot?
Let
of _
at - g’

then we have

<[251] - s[tig

] = B g(a,1)] ~ vg(z,0)
df(z,0)
ot

We can easily extend this result to the n th partial derivative by using
mathematical induction, we have

= S T(0) ~ f(@0) ~

o ft)] 1 onik O F(x,0)

F|l—"| =T — ntkZ J A\ )

[ atn ] gn L(@:v) kz_ov ot

The proof is complete. O

Properties of Elzaki transform can be found in [4],[5] we mention only the
following
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3. Projected differential transform method

In this section, we introduce the basic idea of modified version of the
differential transform method (DTM), the projected differential transform
method (PDTM) [§]. The DTM is based on the Taylor series for all variables.
Here, we consider the Talyor series of the function w with respect to the
specific variable. Assume that the specific variable is the variable ¢.

Definition 3.1. The projected differential transform U (X, k) of u(X,t)
with respect to the variable t at tg is defined by

1 [o"

T [WU(X, t)} ;

t=to

(3.1) U(X,k) =

where X = (z1,%2,...,xn), u(X,t) is the original function and U(X,k) is
the transformed function of u(X,t).

Definition 3.2. The projected differential inverse transform of U(X, k) with
respect to the variable t at tg is defined by

(3.2) w(X,t)= i U(X, k)(t — to)®.
k=0

Combining Eqgs. (3.1) and (3.2]), we have the Taylor series expansion of
the function u at t = tg as follows

0 k
(3.3) w(X,t) = Z% [gtku(X, t)] (t — to).
k=0 t=to

From the above definitions, the fundamental operations of the PDTM are
given by the following theorems

Theorem 3.3. Let U(X, k), W(X,k) and Z(X, k) be the projected differ-
ential transform of the functions u(X,t),w(X,t) and z(X,t) respectively,
where X = (1,2, ..., Ty), then

(1) if
z2(X,t) = Mu(X,t) + pw(X, t),
then
Z(X, k)= NU(X, k) + uW(X, k),

where X\ and p are constants.

(2) of
2(X,t) = u(X, t)w(X,t),
then
k k
Z(X k) =Y UX, WX, k-r)=> WX, rUX,k-r).
r=0 r=0
(3) if

2(X,t) = w1 (X, thua(X, t)...un (X, 1),
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then

kn—1 ks ko

Z(X, k) = Z DD (X k) UAX ke — k)

_1=0kp_2=0 ko=0k1=0
.o X Unfl(X, kn,1 — k?n,Q)Un(X, k— knfl).

(4) of
200 = Lux ),
’ ot
then
Z(X, k) = (k+1)(k+2)...(k+n)U(X,k+n)
|
_ (k—;;'n)'U(X,k—i—n),ne{1,2,...}.
(5) if
z(X,t) = a—x?u(wl,xl, ey Ty T),
then
Z(X, k) = EU( k)
b - a$? x17$1""7$n7 )
i € {1,2,.,n},ne{l,2,..}.
(6) i
z2(X,t) = z{tag? . apttm,
then

Z(X, k) = (25?208 (kp, — am) = { :Eclnxgz “"”%"’k”? — am
(7) if
z2(X,t) = ot a5 aprttmu(X, ),
then
Z(X, k) =z{* 2?20 U(X, k —n).
4. EPDTM FOR NONLINEAR WAVE-LIKE EQUATIONS

In this section we describe the application of the Elzaki projected differ-
ential transform method (EPDTM) for nonlinear wave-like equations with
initial conditions.

Theorem 4.1. Consider the nonlinear wave-like equations

ok+m
(4 1 72 Z Flzj X t, u F mngj(uzi,ux.)
ot 52 Oz;0x !
- oP
+ZGM(XJ,U)8 szz(uwz)JrH(X t,u) + S(X, 1),
i=1

with the initial conditions
(4.2)  w(X,0) =ap(X), wm(X,0) =a1(X).
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Here X = (x1,%2,...,2y), F1,5,G1i 1,5 € {1,2,...,n} are nonlinear functions
of X,t and u, Fy;j,Go; i,j € {1,2,...,n}, are nonlinear functions of deriv-
atives of u with respect to x; and x; i,j € {1,2,...,n}, respectively. Also
H, S are nonlinear functions and k,m,p are integers.

Then by EPDTM we have the solution of FEqs. with initial condi-
tion in the form of infinite series which converge rapidly to the exact
solution as follows

t) = f: U(X, k),
k=0

where U (X, k) is projected transform function of u(X,t).

Proof. In order to to achieve our goal, we consider the following nonlinear
wave-like Eqgs. (4.1) with the initial conditions (4.2)).
First, we take the Elzaki transform on both sides of (4.1) subject to initial

conditions (4.2)), we get

0%u gktm
E [] = Z Fuij (X, t,u) = Fij (g, )
ot? et Ok oz 7
P
(4.3) +ZGM(X,t,u) o pcgz(%) + H(X,t,u)| + E[S(X,1)].
=1

Using the differentiation property of Elzaki transforms and above initial
conditions, we have

Eu(X,t)] = v*u(X,0)+v*u(X,0) +v*E[S(X,1)]
ak—i—m

n
4.4 +0’E Frii (X, t,u)————
(4.9) v Z 1ij u) dzfoxT

4,j=1

Foij (g, ug;)

—i—ZGu(X,taU) o

o7 szl(u%) +H(X t u)] .
=1

Applying the inverse Elzaki transform on both sides of Eq. (4.4), to find

B aker
uw(X,t) = L(X,t)+FE L g2 Z Frij(X,t,u) . 8 ngj(uwi,umj)
5,j=1
- or
(4.5) +) Gu(X,t,u) o pGQl(uxz) + H(X,t,u)| |,
i=1
where

L(X,t) = E'(vu(X,0)+ 03w (X,0) + v’ E [S(X,1)])
= aop(X) +ta(X) + E7' (vVVE[S(X,1)])

represents the term arising from the source term and the prescribed initial
conditions.
Now, we apply the projected differential transform method.

(4.6) U(X,0) = L(X,1),
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UX,k+1) = E ' (WE[A(X,k) + B(X,k) + C(X,k)]),
where A(X, k), B(X,k) and C(X,k) are the projected differential trans-

formed form of the nonlinear terms of »_ Fy;;(X,¢, u)a‘z’;%ngj (U, U ),
ij=1 i 05
n
Z Gh'(X, t, u)%Ggi(uxi), and H(X, t, ’LL)

=1
From Eq. (4.6), we have
= L(X,1),

and so on.

Then, the solution of Eqs. (4.1)) and (4.2) is given as follows
(e.)
u(X,t)=> U(X,k).
k=0

The proof is complete. (]

To illustrate the capability and simplicity of the method, some examples
for nonlinear partial differential equations will be discussed in particular
nonlinear wave-like equations.

5. Numerical Application

In this section, we apply mixture of Elzaki transform and the projected
differential transform method for solving various types of nonlinear wave-
like equations with variable coefficients and we compare the approximate
analytical solution obtained for our nonlinear wave-like problems with known
exact solutions .

Example 1 Consider the 2-dimensional nonlinear wave-like equation with
variable coefficients

0%u _ i(u Uyy) — 872(
ot2 — oxzoy: Y 0xz0y
with wnitial conditions

(5.2)  w(z,y,0) = e u(z,y,0) =",

(5.1) TYUgy) — U,

where u = u(z,y,t) is a field function, (z,y,t) € R x R x RT.
The ezxact solution to with initial conditions s given by

u(z,y,t) = e™ (sint + cost).

By taking Elzaki transformon on both sides of subject to initial con-
ditions , and using the proposition we obtain

(5.3) E[u(z,y,t)] = v2%e +v3e™
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+v2E 82( ) — e (xyuguy) — u
Bzdy Ty T rpy YUty '

By applying the inverse Elzaki transform for , we get

u(z,y,t) = e+ te™

1 0? 0?2
+F v2E 920y (U Uyy) — 8way(myu$uy)—u .

Applying projected differential transform method to obtain

2 0?2
12 _
Ul,yk+1) = E (v E [axay/l(x,%k) axaywyB(%y,k)

with
(5.5) Ul(x,y,0) =e™ +te™,

where A(x,y,k) and B(z,y,k) are the projected differential transformed of
the nonlinear terms, uz uyy and uguy having the value

k
82U(.’L‘, Y, 7") 82U($, Y, k — 7’)
Alwy.k) = > O dy? ’

r=0

k
oU(z,y,r) 00U (x,y, k —r
R

r=0
The few nonlinear terms are as follows
A(0) = Um(O)Uyy(O)v
A1) = Use(0)uyy(1) + Usa(1)Uyy (0),
A2) = uga(0)uyy(2) + tpe(D)uyy (1) + uge(2)uyy (0)

and so on.
B(0) = U(0)Uy(0),
B(1) = U(0)Uy(1) 4+ U(1)Uy(0),
B(2) = Uz(0)uy(2) + Uz(1)uy(1) + Ux(2)Uy(0)
and so on.
From the relationship in ,, we obtain
U(z,y,0) = e +te™ =(1+1t)e™
1 9 82 32
1) = E~ E A — B —
U9, (12 | 5 Alw0:0) = 52 uB0,3:0) ~ u(w.1,0)] )
2 3\ ,
- (_2' - 3') .
2 2

0
_ 1 2 B B
U(z,y,2) = E <v FE [ 8$ayxyB(a:,y, 1) —u(x,y, 1)])
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th 9\,
— - _ Y
- (zi!_% 5!) <

0? 0?
= E'(VE A(z,y,2) — B(z,y,2) — 2
U.y.9 (12 | 5o Alw:2) — 5 uB,0.2) — u(o,2)] )

and so on.
Which in closed form gives exact solution

- TR S R A N 1
—_ _ _ _ _ Ty
u(z,y,t) = E U(z,y, k (1 +t o a3 + + il + ) e
= (sint +cost)e™

which is an exactly the same solution obtained by Adomian decomposition

method [6] and Homotopy perturbation transform method [7] for the same
test problem.

Example 2 Consider the following nonlinear wave-like equation with
variable coefficients

Pu 5 0

with initial condmons
(5.7)  u(z,0) = €*,uy(z,0) = €,
where uw = u(z,t) is a field function, (x,t) € 10,1 x R*.
The exact solution to (@ with initial conditions s given by
u(z,t) = e,
By taking FElzaki transform on both sides of (@ subject to initial condi-
tions , and using the proposition we obtain
Elu(z,t)] = v%e® +v3e”

5 0

T 92 (uiﬂx) - 18u5 +u,

(uxuxwuxxx)+-u

2 2

0 0
+02E [ﬁaxz(uggumumx) + uxﬁ( L) — 18u° + u]

By applying the inverse Elzaki transform for (@), we get

u(z,t) = e +te”
0? 0?
+E1 [U2E [u28x2(uxumumx) + Uxﬁ( 2) — 18u5 + u” .
Applying projected differential transform method to obtain

(58) U(z,k+1)=E""[v’E[A(z,k) + B(z, k) — 18C(z, k) + u(z, k)]] ,
with
(5.9) U(z,0) =e” + te”,
where A(z, k), B(x,k) and C(x, k) are the projected differential transformed

2 92 2 92

of the nonlinear terms u W(umumuxm), uxm(uix), and u®having the value
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kK r s m
Az, k) = ZZZZU(x,n)U(x,m—n)

r=0 s=0 m=0n=0
0? [oU(x,s —m) 02U (z,r — ) 3U (z, k — 1)
3x2 Ox Ox2 Oz3 ’

8an8Ua:m n
Bk - YYYY =)

r=0 s=0 m=0n=0
Xi? 82U(x,s—m) 02U (z,r — 8) O*U(x,k —r)
Ox2 Ox2 O0x2 Ox2 ’

k r s m
C(z, k) = ZZZZU(&:,n)U(m,m—n)U(:ﬂ,s—m)

r=0 s=0 m=0n=0
xU(z,r —s)U(z,k—1).

The few nonlinear terms are as follows

0? 0?
AQ) = 20OV (1) 5 Va(0)Ura(0)Ura (0)] + U0) 5

Uz (0)Uzz (1) Uzz2(0) + Uz (0) Uz (0) Uz (1)]

ey

[Uz (1)U (0)Usaz (0)

and so on.

2 82 3
BO) = UX0)55U%(0),

2
BO) = 20(0)U5(1) 5 UL (0) + 3U2(0) g [U2,0)Ues(1)]

ceey

and so on.

C(0) = U>(0), C(1) = 5U%0)U(1),....,

and so on.
From the relationship in @,, we obtain
U(z,0) = e +te” = (1+1t)e",

U(z,1) = E~'[’E[A(x,0) —i—B(a: 0) — 18C(z,0) + u(z, 0)]]

E[A(2,1) + B(2,1) — 18C (2, 1) + u(z, 1)]]

)

~
,_._to
w\w

t

41

(
Uz,2) = E-
(

=

and so on.
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Which in closed form gives exact solution
> U A
o . - _ o . €T
u(a,t) = Y Uz, k)= (1+t—|— TR +> e
k=0

— ex—i—t'

which is an exactly the same solution obtained by Adomian decomposition
method [6] and Homotopy perturbation transform method [7] for the same
test problem.

Example 3 Consider the following one dimensional nonlinear wave-like
equation with variable coefficients

0u 0

(5.10) o2 = xz%(uwum) —22(u2,) — u,
with initial conditions
(5.11) u(z,0) = 0,us(z,0) = 22,

where u = u(x,t) is a field function, (x,t) € ]0,1[ x R*.
The exact solution to with initial conditions is given by

2

u(z,t) = z*sint.

By taking Elzaki transform on both sides of subject to initial con-
ditions , and using the pmposition we obtain

(5.12) E[u(z,t)] = v*2® + v2E [aﬂi(uxum) —a?(u,) - U] :

By applying the inverse Elzaki transform for , we get

u(z,t) =te? + B} |:212E [x28a(uxum) —2%(u?,) — u” .
x

Applying projected differential transform method to obtain

(5.13) w(z,k+1)=E"1 |:U2E |:1‘288A(I, k) — 2?B(x, k) — u(az,m)” ,
x
with
(5.14) U(z,0) = ta?
where A(k) and B(k) are the projected differential transformed of the non-
linear terms ugUz, and u%x having the value

k

oU (z,r) O*U(x,k —r)
Alw k) = Z ox Ox? ’
r=0
k
02U (z,r) 0*U(x,k — 1)
Blz,k) = ) 57 S
r=0

The few nonlinear terms are as follows
A(0) = Uz(0)Uaz(0),
A(l) = Uzp(0)Uzs(1) + Uz(1)Uzz(0),
A12) = Up(0)Uss(2) + Up(1)Uss(1) 4 Ur(2)Usra(0),
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and so on.
B(0) = UZ(0),
B(1) = QUM(O)Um(l),
B(2) = 2Waa(0)Uas(2) + UZ (1),
and so on.
From the relationship in , , we obtain
u(r,0) = ta?
g o[ 20 5 17 B,
w(r,1) = E |[v°E |z %A(x,o) — 2?B(z,0) —u(z,0)| | = —5t
-1 [ 2 [ 2 8 9 17 t5 9
u(z,2) = E " |vE |z a—A(J;,l) —2°B(x,1) —u(x, 1) || = R
x .
g en[ 20 5 17 tr
w(z,3) = E |[vE |z %A(x,Q) —2?B(2,2) —u(z,2)|| = —y?,
and so on.

Which in closed form gives exact solution

> ) 35 47
u(z,t) = ZU(az,k):$ (t—?’!+5!—7!+...)
k=0

= a%sint.

which is an exactly the same solution obtained by Adomian decomposition

method [6] and Homotopy perturbation transform method [7] for the same
test problem.

6. DISCUSSION OF RESULTS

We present in this section to discuss our obtained results in comparison
with their associated exact forms. Figures 1-2-3 are 2D plots of the ap-
proximate solution and exact solution where = y = 0.5 and ¢ € [0.1] for
Example 1 and « = 0.5, ¢ € [0.1] for Examples 2-3. The tables 1-2-3 are
Comparison of the absolute errors for the obtained results and the exact
solution for Examples 1-2-3, where z,y,t € [0.1] and n = 3.

We define E,(X,t) to be the absolute error between the exact solution
u(X,t) and n-term approximate solution by EPDTM

n—1
(Pn(Xa t) - Z U(X, k)
k=0

as follows

En(X,1) = [u(X,1) — ¢, (X, 1]
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Ficure 1. The behavior of the exact solution and the 3-
terms approximate solution for Example 1 when x = y = 0.5.

TABLE 1. Comparison of the absolute errors for the obtained
results and the exact solution for Example 1, where n=3

t/z,y 0.1 0.3 0.5 0.7

0.1 1.4226x1077  1.5411x107°  1.8085x10~?  2.2991x10~Y
0.3 1.0648x107%  1.1535x1076  1.3536x1076  1.7208x10~
0.5 2.3382x107°  2.5330x107°  2.9725x107°  3.7787x107°
0.7 1.8000x10™%  1.9499x10~*  2.2882x10~*  2.9089x10~4

0.9 8.2063x10~%  8.9872x107*  1.0547x1073  1.3407x1073
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ExactSolution
"~ 3-terms by EPDTM

0.1 0.2

0.3 0.4 0.5

0.6 0.7

0.8

0.9 1

F1GURE 2. The behavior of the exact solution and the 3-
terms approximate solution for Example 2 when x = 0.5.

TABLE 2. Comparison of the absolute errors for Example 2,

where n=3
t/x,y 0.1 0.3 0.5 0.7
0.1 1.5572x1077  1.9019x10~?  2.3230x107?  2.8373x107?
0.3 1.1688x107%  1.4276x1076  1.7436x107%  2.1297x10°6
0.5 2.5810x107°  3.1525x107°  3.8504x107°  4.7029x107°
0.7 2.0036x107%  2.4472x107%  2.9890x107*  3.6507x107*
0.9 9.3372x107%  1.1404x1073  1.3929x10~2  1.7013x1073
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t
FIGURE 3. The behavior of the exact solution and the 3-
terms approximate solution for Example 3 when x = 0.5.
TABLE 3. Comparison of the absolute errors for Example 3,
where n=3
t/z,y 0.1 0.3 0.5 0.7
0.1 1.9839x10~ 13 1.7855x10~2  4.9596x10~'2  9.7209x 10~ 12
0.3 4.3339x1010 3.9005x 1079 1.0835%x10~8 2.1236x1078
0.5 1.5447x1078 1.3903x 1077 3.8618x10~7 7.5692x10~7
0.7 1.6229x10~7 1.4606x 1076 4.0574x1076 7.9524x10~6

0.9 9.3840x10~7 8.4456x 1076 2.3460x10~° 4.5982x107°
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7. Conclusion

In this work, we used a mixed Elzaki transform and the projected dif-
ferential transformation method, the advantage is providing an analytical
approximation of the solution, usually an exact solution, in a fast conver-
gent sequence for nonlinear wave-like equations with variable coefficients.
EPDTM can be performed very easily is more efficient and reliable compared
to the most known techniques (Adomian decomposition and homotopy per-
turbation) as in [6], [7]. In addition, EPDTM is faster than ADM-HPM to
solve this type of equation and can be applied to other nonlinear partial
differential equations.
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