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Abstract

This paper aims to provide an adaptation of the TL-moments method to censored data. The

present study concentrates on Type-I censored data. The idea of using TL-moments with censored

data may seem conflicting. But our perspective in that, we may use data censored from one side

and trimmed from the other side. This study is applied to estimate the two unknown parameters

of the Weibull distribution. The suggested point is compared with Direct L-moments and ML

methods. A Monte Carlo simulation study is carried out to compare these method in terms of

estimate average, root of mean square error (RMSE) and relative absolute biases (RAB).

Keywords: Censored Data; Estimation; Direct L-moments; TL-moments; Maximum likelihood;

Weibull Distribution.

1 Introduction

In the second half of the last century, there has been a great attention paid for using unconventional

estimation methods in the theory of estimation in addition to the classical methods. Classical estima-

tion methods (e.g, method of moments, method of least squares, and maximum likelihood method)

work well in cases where the distribution belongs to the exponential family. However, in some appli-

cations, the data contain there are some extreme observations which may influence the values of the

estimator greatly. Therefore, if there is a concern about outliers, one should use a robust method of

estimation which has been developed to reduce the influence of outliers on the final estimates. Us-

ing a robust estimation techniques for estimating unknown parameters has a great importance to the

investigator in many fields, such as in industrial, medical applications and occasionally in business
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applications. In recent Decades, a great attention for dealing with outliers has been focused on robust

estimation methods; see, for example, Barnett and Lewis (1994).

L-moments method has been noticed as appealing alternative to the conventional moments method,

see Hosking (1990). To avert the effect of outliers, Elamir and Seheult (2003) introduced an alternative

robust approach of L-moments which they called trimmed L-moments (TL-moments). TL-moments

have some advantages over L-moments and the method of moments; Tl-moments exist whether or not

the mean exist (for example, the Cauchy distribution) and they are more robust to the presence of

outliers.

The idea of TL-moments, the expected value E(Xr−k:r) is replaced with the expected value

E(Xr+t1−k:r+t1+t2). Thus, for each r, we increase the sample size of a random sample from the

original r to r + t1 + t2, working only with the expected values of these r modified order statistics

Xt1+1:r+t1+t2 , Xt1+2:r+t1+t2 , ..., Xt1+r:r+t1+t2 by trimming the smallest t1 and largest t2 from the con-

ceptual random sample. This modification is called the rth trimmed L-moment (TL-moment) and

marked as λ
(t1,t2)
r .

TL-moment of the rth order of the random variable X is defined as:

λ(t1,t2)r =
1

r

r−1∑
k=0

(−1)k
(
r − 1

k

)
E(Xr+t1−k:r+t1+t2), r = 1, 2, . . . . (1.1)

The expectation of the order statistics are given by:

E(Xi:r) =
r!

(i− 1)!(r − i)!

∫ 1

0

ui−1(1 − u)r−iq(u)du.

Its basic idea for the method of expectation is to take the expected values of some functions of the

random variable of interest and extend them to a sample and equate the corresponding results and

solve for the unknown parameters.

This paper is concerned with comparing the performance of three estimating methods; namely, TL-

moments, Direct L-moments, and maximum likelihood (ML); with Type-I censored data. This study

is applied to estimate the two unknown parameters of the Weibull distribution by quantile function

takes the form:

q(u) = a[− log(1 − u)]
1
b , 0 ≤ u ≤ 1. (1.2)
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This article is organized as follows; TL-moments for censored data, in general case, is introduced

in Section 2. TL-moments for the Weibull distribution is presented in Section 3. Simulation study and

concluding remarks are presented in section 4 and 5 respectively.

2 TL-moments for censored data

For the analysis of censored samples; Wang (1990a, b, 1996a) introduced the concept of partial

probability-weighted moments (PPWMs). Hosking (1995) defined two variants of L-moments, which

he used with right-censored data. Zafirakou-Koulouris et al. (1998) extended the applicability of L-

moments to left-censored data. Mahmoud et al. (2017) introduced two variant of what they termed the

method of Direct L-moments and used them of right and left censored data from the Kumaraswamy

distribution.

The aim of this section is introducing an adaptation of the TL-moments method to censored data.

In fact, the idea of using TL-moment with censored data may seem conflicting, but the idea is that we

may use data censored from one side and trimmed from the other side.

2.1 Right Censoring for Left Trim

Let x1, x2, ..., xn be a Type-I censored random sample of size n from a population with distribution

function F (x) and quantile function q(u). We know, from formula of TL-moments (1.1), that TL-

moments are defined as:

λ(t1,t2)r =
(r + t1 + t2)!

r

r−1∑
k=0

(−1)k

(r + t1 − k − 1)!(t2 + k)!

(
r − 1

k

)∫ 1

0

ur+t1−k−1(1 − u)t2+kq(u)du. (2.1)

When we suppose left trim t1, i.e. t2 = 0. From formula (2.1) we get

λ(t1,0)r =
(r + t1)!

r

r−1∑
k=0

(−1)k

(r + t1 − k − 1)!k!

(
r − 1

k

)∫ 1

0

ur+t1−k−1(1 − u)kq(u)du. (2.2)

In this case, let the censoring time T satisfy F (T ) = c and c is the fraction of observed data. The

random sample takes the form xt1+1, xt1+2, ..., xn.

3
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x1:n ≤ x2:n ≤ · · · ≤ xt1:n︸ ︷︷ ︸
t1 (trimmed)

≤ xt1+1:n ≤ xt1+2:n ≤ · · · ≤ xm:n︸ ︷︷ ︸
m (observed)

≤ T ≤ xm+1:n ≤ · · · ≤ xn−1:n ≤ xn:n︸ ︷︷ ︸
n−t1−m (censored)

2.1.1 TL-moments for Right Censoring (Type-AT)

The quantile function of Type-AT TL-moments is

yA(u) = q(uc), 0 < u < 1. (2.3)

substitution into equation (2.2) leads to the Type-AT TL-moments where:

µA(t1,0)
r =

(r + t1)!

r

r−1∑
k=0

(−1)k

(r + t1 − k − 1)!k!

(
r − 1

k

)∫ 1

0

ur+t1−k−1(1 − u)kyA(u)du

=
(r + t1)!

rcr+t1

r−1∑
k=0

(−1)k

(r + t1 − k − 1)!k!

(
r − 1

k

)∫ c

0

ur+t1−k−1(c− u)kq(u)du. (2.4)

When we suppose the value of smallest trim is equal to one, i.e. t1 = 1, from (2.4), we get

µA(1,0)
r =

(r + 1)!

rcr+1

r−1∑
k=0

(−1)k

(r − k)!k!

(
r − 1

k

)∫ c

0

ur−k(c− u)kq(u)du. (2.5)

In this case, the first four Type-AT TL-moments are given by the follows:

µ
A(1,0)
1 =

2

c2

∫ c

0

uq(u)du, (2.6a)

µ
A(1,0)
2 =

3

c3

[
1

2

∫ c

0

u2q(u)du−
∫ c

0

u(c− u)q(u)du

]
, (2.6b)

µ
A(1,0)
3 =

4

c4

[
1

3

∫ c

0

u3q(u)du− 2

∫ c

0

u2(c− u)q(u)du

+

∫ c

0

u(c− u)2q(u)du

]
, (2.6c)

µ
A(1,0)
4 =

5

c5

[
1

4

∫ c

0

u4q(u)du− 3

∫ c

0

u3(c− u)q(u)du

+
9

2

∫ c

0

u2(c− u)2q(u)du−
∫ c

0

u(c− u)3q(u)du

]
. (2.6d)

When we suppose the value of smallest trim is equal to two, i.e. t1 = 2, from (2.4), we get

µA(2,0)
r =

(r + 2)!

rcr+2

r−1∑
k=0

(−1)k

(r − k + 1)!k!

(
r − 1

k

)∫ c

0

ur−k+1(c− u)kq(u)du. (2.7)
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Substituting r = 1, 2, 3, 4 in Eq. (2.7), we get the first four Type-AT TL-moments:

µ
A(2,0)
1 =

3

c3

∫ c

0

u2q(u)du, (2.8a)

µ
A(2,0)
2 =

4

2c4

[∫ c

0

u3q(u)du− 3

∫ c

0

u2(c− u)q(u)du

]
, (2.8b)

µ
A(2,0)
3 =

5

3c5

[∫ c

0

u4q(u)du− 8

∫ c

0

u3(c− u)q(u)du

+6

∫ c

0

u2(c− u)2q(u)du

]
, (2.8c)

µ
A(2,0)
4 =

6

4c6

[∫ c

0

u5q(u)du− 15

∫ c

0

u4(c− u)q(u)du

+30

∫ c

0

u3(c− u)2q(u)du− 10

∫ c

0

u2(c− u)3q(u)du

]
. (2.8d)

Using the method of expectations, Type-AT TL-moments estimators is given by:

MA(t1,0)
r =

1

r
(
m
r+t1

) m∑
i=t1+1

r−1∑
k=0

(−1)k
(
r − 1

k

)(
i− 1

r + t1 − k − 1

)(
m− i

k

)
Xi:n (2.9)

2.1.2 TL-moments for Right Censoring (Type-BT)

The quantile function of Type-BT TL-moments is

yB(u) =

 q(u), 0 < u < c

q(c), c ≤ u < 1

substitution into the formula of left trimming in (2.2), the Type-BT TL-moments are given by

µB(t1,0)
r =

(r + t1)!

r

r−1∑
k=0

(−1)k

(r + t1 − k − 1)!k!

(
r − 1

k

)∫ 1

0

ur+t1−k−1(1 − u)kyB(u)du

=
(r + t1)!

r

r−1∑
k=0

(−1)k

(r + t1 − k − 1)!k!

(
r − 1

k

)
∗[∫ c

0

ur+t1−k−1(1 − u)kq(u)du+ q(c)

∫ 1

c

ur+t1−k−1(1 − u)kdu

]
.

5

Preprints (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 2 August 2018                   doi:10.20944/preprints201808.0039.v1

Peer-reviewed version available at Math. Comput. Appl. 2018, 23, 47; doi:10.3390/mca23030047

http://dx.doi.org/10.20944/preprints201808.0039.v1
http://dx.doi.org/10.3390/mca23030047


Using the results in appendix, the second integration can be written as

µB(t1,0)
r =

(r + t1)!

r

r−1∑
k=0

(−1)k

(r + t1 − k − 1)!k!

(
r − 1

k

)
∗[

βc(r + t1 − k, k + 1)q(c) +

∫ c

0

ur+t1−k−1(1 − u)kq(u)du

]
,

(2.10)

where βc(a, b) is the upper incomplete beta function.

When we suppose the value of smallest trim is equal to one, i.e. t1 = 1, from (2.10), we get

µB(1,0)
r =

(r + 1)!

r

r−1∑
k=0

(−1)k

(r − k)!k!

(
r − 1

k

)
∗[

βc(r − k + 1, k + 1)q(c) +

∫ c

0

ur−k(1 − u)kq(u)du

] (2.11)

In this case, the first four TL-moments for Type-BT right censoring are calculated as follows:

µ
B(1,0)
1 =(1 − c2)q(c) + 2

∫ c

0

uq(u)du, (2.12a)

µ
B(1,0)
2 =

(
3βc(2, 2) − c3

2

)
q(c) +

3

2

∫ c

0

u2q(u)du− 3

∫ c

0

u(1 − u)q(u)du, (2.12b)

µ
B(1,0)
3 =

(
8βc(3, 2) − 4βc(2, 3) − c4

3

)
q(c) +

4

3

∫ c

0

u3q(u)du

− 8

∫ c

0

u2(1 − u)q(u)du+ 4

∫ c

0

u(1 − u)2q(u)du, (2.12c)

µ
B(1,0)
4 =

(
15βc(4, 2) − 45

2
βc(3, 3) + 5βc(2, 4) − c5

4

)
q(c)

+
5

4

∫ c

0

u4q(u)du− 15

∫ c

0

u3(1 − u)q(u)du

+
45

2

∫ c

0

u2(1 − u)2q(u)du− 5

∫ c

0

u(1 − u)3q(u)du. (2.12d)

When we suppose the value of smallest trim is equal to two, i.e. t1 = 2, from (2.10), we get

µB(2,0)
r =

(r + 2)!

r

r−1∑
k=0

(−1)k

(r − k + 1)!k!

(
r − 1

k

)
∗[

βc(r − k + 2, k + 1)q(c) +

∫ c

0

q(u)ur−k+1(1 − u)kdu

]
(2.13)
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In this case, the first four TL-moments for Type-BT right censoring are calculated as follows:

µ
B(2,0)
1 =(1 − c3)q(c) + 3

∫ c

0

u2q(u)du, (2.14a)

µ
B(2,0)
2 =

(
6βc(3, 2) − c4

2

)
q(c) + 2

[∫ c

0

u3q(u)du− 3

∫ c

0

u2(1 − u)q(u)du

]
, (2.14b)

µ
B(2,0)
3 =

(
40

3
βc(4, 2) − 10βc(3, 3) − c5

3

)
q(c)

+
5

3

[∫ c

0

u4q(u)du− 8

∫ c

0

u3(1 − u)q(u)du+ 6

∫ c

0

u2(1 − u)2q(u)du

]
, (2.14c)

µ
B(2,0)
4 =

(
45

2
βc(5, 2) − 45βc(4, 3) + 15βc(3, 4) − c6

4

)
q(c)

+
3

2

[∫ c

0

u5q(u)du− 15

∫ c

0

u4(1 − u)q(u)du

+ 30

∫ c

0

u3(1 − u)2q(u)du− 10

∫ c

0

u2(1 − u)3q(u)du. (2.14d)

Using the method of expectations, Type-BT TL-moments estimators is given by:

MB(t1,0)
r =

1

r
(

n
r+t1

) [ m∑
i=t1+1

r−1∑
k=0

(−1)k
(
r − 1

k

)(
i− 1

r + t1 − k − 1

)(
n− i

k

)
Xi:n

+

(
n∑

i=m+1

r−1∑
k=0

(−1)k
(
r − 1

k

)(
i− 1

r + t1 − k − 1

)(
n− i

k

))
T

]
. (2.15)

2.2 Left Censoring for Right Trim

Let x1, x2, ..., xn be a random sample of size n. When we suppose right trim t2, i.e. t1 = 0. From

formula (2.1) we get

λ(0,t2)r =
(r + t2)!

r

r−1∑
k=0

(−1)k

(r − k − 1)!(k + t2)!

(
r − 1

k

)∫ 1

0

q(u)ur−k−1(1 − u)k+t2du. (2.16)

In this case, The random sample become on the form of x1, x2, ..., xn−t2 . Type-I left censoring

occurs when the observations below censoring time T are censored:

x1:n ≤ x2:n ≤ · · · ≤ xm−1:n︸ ︷︷ ︸
s (censored)

≤ T ≤ xm:n ≤ xm+1:n · · · ≤ xn−t2:n︸ ︷︷ ︸
n-t2-s (observed)

≤ xt2:n ≤ xt2+1:n · · · ≤ xn:n︸ ︷︷ ︸
t2(trimmed)

Let censoring time T satisfy F (T ) = h and h is the fraction of censored data.
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2.2.1 TL-moments for Left Censoring (Type-A′T)

The quantile function of Type-A′T TL-moments is

yA
′
(u) = q((1 − h)u+ h) 0 < u < 1

substitution into (2.16) leads to the Type-A′T TL-moments where:

µA
′(0,t2)

r =
(r + t2)!

r

r−1∑
k=0

(−1)k

(r − k − 1)!(k + t2)!

(
r − 1

k

)∫ 1

0

yA
′
(u)ur−k−1(1 − u)k+t2du

=
(r + t2)!

r(1 − h)r+t2

r−1∑
k=0

(−1)k

(r − k − 1)!(k + t2)!

(
r − 1

k

)∫ 1

h

q(u)(u− h)r−k−1(1 − u)k+t2du (2.17)

When we suppose the value of largest trim is equal to one, i.e. t2 = 1, from (2.17), we get

µA
′(0,1)

r =
(r + 1)!

r(1 − h)r+1

r−1∑
k=0

(−1)k

(r − k − 1)!(k + 1)!

(
r − 1

k

)∫ 1

h

q(u)(u− h)r−k−1(1 − u)k+1du (2.18)

In this case, the first four TL-moments for Type-A′T left censoring are calculated as follows:

µ
A′(0,1)
1 =

2

(1 − h)2

∫ 1

h

(1 − u)q(u)du, (2.19a)

µ
A′(0,1)
2 =

3

(1 − h)3

[∫ 1

h

(u− h)(1 − u)q(u)du− 1

2

∫ 1

h

(1 − u)2q(u)du

]
, (2.19b)

µ
A′(0,1)
3 =

4

(1 − h)4

[∫ 1

h

(u− h)2(1 − u)q(u)du− 2

∫ 1

h

(u− h)(1 − u)2q(u)du

+
1

3

∫ 1

h

(1 − u)3q(u)du

]
, (2.19c)

µ
A′(0,1)
4 =

5

(1 − h)5

[∫ 1

h

(u− h)3(1 − u)q(u)du− 9

2

∫ 1

h

(u− h)2(1 − u)2q(u)du

+3

∫ 1

h

(u− h)(1 − u)3q(u)du− 1

4

∫ 1

h

(1 − u)4q(u)du

]
. (2.19d)

When we suppose the value of largest trim is equal to two, i.e. t2 = 2, from (2.17), we get

µA
′(0,2)

r =
(r + 2)!

r(1 − h)r+2

r−1∑
k=0

(−1)k

(r − k − 1)!(k + 2)!

(
r − 1

k

)∫ 1

h

q(u)(u− h)r−k−1(1 − u)k+2du (2.20)
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In this case, the first four TL-moments for Type-A′T left censoring are calculated as follows:

µ
A′(0,2)
1 =

3

(1 − h)3

∫ 1

h

(1 − u)2q(u)du, (2.21a)

µ
A′(0,2)
2 =

4

2(1 − h)4

[
3

∫ 1

h

(u− h)(1 − u)2q(u)du−
∫ 1

h

(1 − u)3q(u)du

]
, (2.21b)

µ
A′(0,2)
3 =

5

3(1 − h)5

[
6

∫ 1

h

(u− h)2(1 − u)2q(u)du

−8

∫ 1

h

(u− h)(1 − u)3q(u)du+

∫ 1

h

(1 − u)4q(u)du

]
, (2.21c)

µ
A′(0,2)
4 =

6

4(1 − h)6

[
10

∫ 1

h

(u− h)3(1 − u)2q(u)du− 30

∫ 1

h

(u− h)2(1 − u)3q(u)du

+15

∫ 1

h

(u− h)(1 − u)4q(u)du−
∫ 1

h

(1 − u)5q(u)du

]
. (2.21d)

Using the method of expectations, Type-A′T TL-moments estimators is given by:

MA′(0,t2)
r =

1

r
(
n−t2−s
r+t2

) n−t2−s∑
i=1

r−1∑
k=0

(−1)k
(
r − 1

k

)(
i− 1

r − k − 1

)(
n− t2 − s− i

k + t2

)
Xs+i:n (2.22)

2.2.2 TL-moments for Left Censoring (Type-B′T)

The quantile function of Type-B′T TL-moments is

yB
′
(u) =

 q(h), 0 < u ≤ h

q(u), h < u < 1

substitution into equation (2.16) leads to the Type-B′T TL-moments where:

µB
′(0,t2)

r =
(r + t2)!

r

r−1∑
k=0

(−1)k

(r − k − 1)!(k + t2)!

(
r − 1

k

)∫ 1

0

yB
′
(u)ur−k−1(1 − u)k+t2du

=
(r + t2)!

r

r−1∑
k=0

(−1)k

(r − k − 1)!(k + t2)!

(
r − 1

k

)
∗[∫ h

0

q(h)ur−k−1(1 − u)k+t2du+

∫ 1

h

q(u)ur−k−1(1 − u)k+t2du

]
.

9
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Using the results in appendix, the first integration can be written as

µB
′(0,t2)

r =
(r + t2)!

r

r−1∑
k=0

(−1)k

(r − k − 1)!(k + t2)!

(
r − 1

k

)

∗
[
βh(r − k, k + t2 + 1)q(h) +

∫ 1

h

ur−k−1(1 − u)k+t2q(u)du

]
,

(2.23)

where βz(a, b) is the lower incomplete beta function.

When we suppose the value of largest trim is equal to one, i.e. t2 = 1, from (2.23), we get

µB
′(0,1)

r =
(r + 1)!

r

r−1∑
k=0

(−1)k

(r − k − 1)!(k + 1)!

(
r − 1

k

)

∗
[
βh(r − k, k + 2)q(h) +

∫ 1

h

ur−k−1(1 − u)k+1q(u)du

]
.

(2.24)

The first four TL-moments for Type-B′T left censoring are calculated as follows:

µ
B′(0,1)
1 =

[
1 − (1 − h)2

]
q(h) + 2

∫ 1

h

(1 − u)q(u)du, (2.25a)

µ
B′(0,1)
2 =

[
1

2
(−1 + (1 − h)3) + 3βh(2, 2)

]
q(h)

+ 3

∫ 1

h

u(1 − u)q(u)du− 3

2

∫ 1

h

(1 − u)2q(u)du, (2.25b)

µ
B′(0,1)
3 =

[
1

3
(1 − (1 − h)4) − 8βh(2, 3) + 4βh(3, 2)

]
q(h)

+ 4

∫ 1

h

u2(1 − u)q(u)du− 8

∫ 1

h

u(1 − u)2q(u)du

+
4

3

∫ 1

h

(1 − u)3q(u)du, (2.25c)

µ
B′(0,1)
4 =

[
1

4
(−1 + (1 − h)5) − 15βh(2, 4) +

45

2
βh(3, 3) + 5βh(4, 2)

]
q(h)

+ 5

∫ 1

h

u3(1 − u)q(u)du− 45

2

∫ 1

h

u2(1 − u)2q(u)du

+ 15

∫ 1

h

u(1 − u)3q(u)du− 5

4

∫ 1

h

(1 − u)4q(u)du. (2.25d)

When we suppose the value of largest trim is equal to two, i.e. t2 = 2, from (2.23), we get

µB
′(0,2)

r =
(r + 2)!

r

r−1∑
k=0

(−1)k

(r − k − 1)!(k + 2)!

(
r − 1

k

)

∗
[
βh(r − k, k + 3)q(h) +

∫ 1

h

q(u)ur−k−1(1 − u)k+2q(u)du

]
.

(2.26)

10
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The first four TL-moments for Type-B′T left censoring are calculated as follows:

µ
B′(0,2)
1 =

[
1 − (1 − h)3

]
q(h) + 3

∫ 1

h

(1 − u)2q(u)du, (2.27a)

µ
B′(0,2)
2 =

[
1

2
(−1 + (1 − h)4) + 6βh(2, 3)

]
q(h)

+ 6

∫ 1

h

u(1 − u)2q(u)du− 2

∫ 1

h

(1 − u)3q(u)du, (2.27b)

µ
B′(0,2)
3 =

[
1

3
(1 − (1 − h)5) − 40

3
βh(2, 4) + 10βh(3, 3)

]
q(h)

+ 10

∫ 1

h

u2(1 − u)2q(u)du− 40

3

∫ 1

h

u(1 − u)3q(u)du

+
5

3

∫ 1

h

(1 − u)4q(u)du, (2.27c)

µ
B′(0,2)
4

[
1

4
(−1 + (1 − h)6) +

45

2
βh(3, 5) − 45βh(3, 4) + 15βh(4, 3)

]
q(h)

+ 15

∫ 1

h

u3(1 − u)2q(u)du− 45

∫ 1

h

u2(1 − u)3q(u)du

+
45

2

∫ 1

h

u(1 − u)4q(u)du− 3

2

∫ 1

h

(1 − u)4q(u)du. (2.27d)

Using the method of expectations, Type-B′T TL-moments estimators is given by:

MB′(0,t2)
r =

1

r
(

n
r+t2

) [( s∑
i=1

r−1∑
k=0

(−1)k
(
r − 1

k

)(
i− 1

r − k − 1

)(
n− i

k + t2

)
T

)

+

(
n−t2∑
i=s+1

r−1∑
k=0

(−1)k
(
r − 1

k

)(
i− 1

r − k − 1

)(
n− i

k + t2

))
Xi:n

]
. (2.28)

3 TL-moments for Censored Data for Weibull distribution

In this section, the rth population TL-moments for the Weibull distribution is introduced.

3.1 Right censoring with left trim

• Type-AT; t1 = 1

From equation (2.4), the rth population Type-AT TL-moments for Type-I right censoring for the

11
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Weibull distribution is:

µA(t1,0)
r =

a(r + t1)!

rcr+t1

r−1∑
k=0

(−1)k

(r + t1 − k − 1)!k!

(
r − 1

k

)∫ c

0

ur+t1−k−1(c− u)k[− log(1 − u)]
1
b du.

(3.1)

By taking that the value of smallest trim is equal to one t1 = 1, from (2.5) we get

µA(1,0)
r =

a(r + 1)!

rcr+1

r−1∑
k=0

(−1)k

(r − k)!k!

(
r − 1

k

)∫ c

0

ur−k(c− u)k[− log(1 − u)]
1
b du. (3.2)

Substituting r = 1, 2 in equation (2.6a); the first two Type-AT TL-moments for Type-I right

censoring with left trim for Weibull distribution will be:

µ
A(1,0)
1 =

2a

c2

∫ c

0

u[− log(1 − u)]
1
b du.

Putting z = − log(1 − u) this equation becomes:

µ
A(1,0)
1 =

2a

c2

∫ − log(1−c)

0

(1 − e−z)z
1
b e−zdz

=
2a

c2

[∫ − log(1−c)

0

z
1
b e−zdz −

∫ − log(1−c)

0

z
1
b e−2zdz

]
.

Using the results in the appendix this equation can be written as

µ
A(1,0)
1 =

2a

c2

[
γ(− log(1 − c),

1

b
+ 1) − 2−(

1
b+1)γ(−2 log(1 − c),

1

b
+ 1)

]
, (3.3)

where γ(c, b) is the lower incomplete gamma function.

Similarly, from equation (2.6b), we can also obtain the second Type-AT TL-moments, in case

12
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t1 = 1, for Type-I right censoring for the Weibull distribution as follows:

µ
A(1,0)
2 =

3a

c3

[
1

2

∫ c

0

u2[− log(1 − u)]
1
b du−

∫ c

0

u(c− u)[− log(1 − u)]
1
b du

]
=

3a

c3

[
3

2

∫ c

0

u2[− log(1 − u)]
1
b du− c

∫ c

0

u[− log(1 − u)]
1
b du

]
=

3a

c3

[
3

2

∫ − log(1−c)

0

(1 − e−z)2z
1
b e−zdz − c

∫ − log(1−c)

0

(1 − e−z)z
1
b e−zdz

]

=
3a

c3

[
3

2

∫ − log(1−c)

0

(1 − 2e−z + e−2z)z
1
b e−zdz − c

∫ − log(1−c)

0

(1 − e−z)z
1
b e−zdz

]

=
3a

c3

[
(
3

2
− c)

∫ − log(1−c)

0

z
1
b e−zdz − (3 − c)

∫ − log(1−c)

0

z
1
b e−2zdz

+
3

2

∫ − log(1−c)

0

z
1
b e−3zdz

]

=
3a

c3

[
(
3

2
− c)γ(− log(1 − c),

1

b
+ 1) − (3 − c)2−(

1
b+1)γ(−2 log(1 − c),

1

b
+ 1)

+
3−

1
b

2
γ(−3 log(1 − c),

1

b
+ 1)

]
. (3.4)

• Type-AT; t1 = 2

When we suppose the value of smallest trim is equal to two, i.e. t1 = 2, from (2.7), we get

µA(2,0)
r =

a(r + 2)!

rcr+2

r−1∑
k=0

(−1)k

(r − k + 1)!k!

(
r − 1

k

)∫ c

0

ur−k+1(c− u)k[− log(1 − u)]
1
b du. (3.5)

Substituting r = 1, 2 in equation (3.5); the first two Type-AT TL-moments for Type-I right

censoring with left trim for Weibull distribution will be:

µ
A(2,0)
1 =

3a

c3

[
γ(− log(1 − c),

1

b
+ 1) − 2−

1
b γ(−2 log(1 − c),

1

b
+ 1)

+3−(
1
b+1)γ(−3 log(1 − c),

1

b
+ 1)

]
.

(3.6)

And,

µ
A(2,0)
2 =

2a

c4

[
(4 − 3c)γ(− log(1 − c),

1

b
+ 1) − 2−

1
b (6 − 3c)γ(−2 log(1 − c),

1

b
+ 1)

+3−
1
b (4 − c)γ(−3 log(1 − c),

1

b
+ 1) − 4−

1
b γ(−4 log(1 − c),

1

b
+ 1)

]
.

(3.7)

• Type-BT; t1 = 1

From equation (2.10), the rth population Type-BT TL-moments for Type-I right censoring for

13
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the Weibull distribution is:

µB(t1,0)
r =

a(r + t1)!

r

r−1∑
k=0

(−1)k

(r + t1 − k − 1)!k!

(
r − 1

k

)
∗[

βc(r + t1 − k, k + 1)[− log(1 − c)]
1
b +

∫ c

0

ur+t1−k−1(1 − u)k[− log(1 − u)]
1
b du

]
.

(3.8)

By taking that the value of smallest trim is equal to one t1 = 1, from (2.11) we get

µB(1,0)
r =

a(r + 1)!

r

r−1∑
k=0

(−1)k

(r − k)!k!

(
r − 1

k

)
∗[

βc(r − k + 1, k + 1)[− log(1 − c)]
1
b +

∫ c

0

ur−k(1 − u)k[− log(1 − u)]
1
b du

]
.

(3.9)

Substituting r = 1, 2 in equation (3.9); the first two Type-BT TL-moments for Type-I right

censoring with left trim for Weibull distribution will be:

µ
B(1,0)
1 = 2a

[
1

2
(1 − c2)[− log(1 − c)]

1
b + γ(− log(1 − c),

1

b
+ 1)

−2−(
1
b+1)γ(−2 log(1 − c),

1

b
+ 1)

]
.

(3.10)

And,

µ
B(1,0)
2 = 3a

[
1

2
(c2 − c3)[− log(1 − c)]

1
b +

1

2
γ(− log(1 − c),

1

b
+ 1)

−2−
1
b γ(−2 log(1 − c),

1

b
+ 1) +

3−
1
b

2
γ(−3 log(1 − c),

1

b
+ 1)

]
.

(3.11)

• Type-BT; t1 = 2

When we suppose the value of smallest trim is equal to two, i.e. t1 = 2, from (2.13), we get

µB(2,0)
r =

a(r + 2)!

r

r−1∑
k=0

(−1)k

(r − k + 1)!k!

(
r − 1

k

)
[
βc(r − k + 2, k + 1)[− log(1 − c)]

1
b +

∫ c

0

ur−k+1(1 − u)k[− log(1 − u)]
1
b du

]
.

(3.12)

Substituting r = 1, 2 in equation (3.12); the first two Type-BT TL-moments for Type-I right
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censoring with left trim for Weibull distribution will be:

µ
B(2,0)
1 = 3a

[
1 − c3

3
[− log(1 − c)]

1
b + γ(− log(1 − c),

1

b
+ 1)

−2−
1
b γ(−2 log(1 − c),

1

b
+ 1) + 3−(

1
b+1)γ(−3 log(1 − c),

1

b
+ 1)

]
.

(3.13)

And,

µ
B(2,0)
2 = 2a

[
(3βc(3, 2) − c4

4
)[− log(1 − c)]

1
b

+ γ(− log(1 − c),
1

b
+ 1) − 3 ∗ 2−

1
b γ(−2 log(1 − c),

1

b
+ 1)

+31−
1
b γ(−3 log(1 − c),

1

b
+ 1) − 4−

1
b γ(−4 log(1 − c),

1

b
+ 1)

]
.

(3.14)

3.2 Left censoring with right trim

• Type-A′T; t2 = 1

From equation (2.17), the rth population Type-A′T TL-moments for Type-I left censoring for

the Weibull distribution is:

µA
′(0,t2)

r =
a(r + t2)!

r(1 − h)r+t2

r−1∑
k=0

(−1)k

(r − k − 1)!(k + t2)!

(
r − 1

k

)
∗

∫ 1

h

[− log(1 − u)]
1
b (u− h)r−k−1(1 − u)k+t2du.

(3.15)

When we suppose the value of largest trim is equal to one, i.e. t2 = 1, from (2.18), we get

µ
A′(0,1)
1 =

a(r + 1)!

r(1 − h)r+1

r−1∑
k=0

(−1)k

(r − k − 1)!(k + 1)!

(
r − 1

k

)
∗

∫ 1

h

(u− h)r−k−1(1 − u)k+1[− log(1 − u)]
1
b du.

(3.16)

Substituting r = 1, 2 in equation (3.16); the first two Type-A′T TL-moments for Type-I left

censoring with right trim for Weibull distribution will be:

µ
A′(0,1)
1 =

2−
1
b a

(1 − h)2
Γ(−2 log(1 − h),

1

b
+ 1). (3.17)
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And,

µ
A′(0,1)
2 =

3a

2(1 − h)3

[
(1 − h)2−

1
b Γ(−2 log(1 − h),

1

b
+ 1) − 3−

1
b Γ(−3 log(1 − h),

1

b
+ 1)

]
.

(3.18)

• Type-A′T; t2 = 2

When we suppose the value of largest trim is equal to one, i.e. t2 = 2, from (2.20), we get

µA
′(0,2)

r =
a(r + 2)!

r(1 − h)r+2

r−1∑
k=0

(−1)k

(r − k − 1)!(k + 2)!

(
r − 1

k

)∫ 1

h

(u−h)r−k−1(1−u)k+2[− log(1−u)]
1
b du.

(3.19)

Substituting r = 1, 2 in equation (3.19); the first two Type-A′T TL-moments for Type-I left

censoring with right trim for Weibull distribution will be:

µ
A′(0,2)
1 =

3a

(1 − h)3
Γ(−3 log(1 − h),

1

b
+ 1). (3.20)

And,

µ
A′(0,1)
2 =

2a

(1 − h)4

[
3−

1
b (1 − h)Γ(−3 log(1 − h),

1

b
+ 1) − 4−

1
b Γ(−4 log(1 − h),

1

b
+ 1)

]
. (3.21)

• Type-B′T; t2 = 1

From equation (2.23), the rth population Type-B′T TL-moments for Type-I left censoring for

the Weibull distribution is:

µB
′(0,t2)

r =
a(r + t2)!

r

r−1∑
k=0

(−1)k

(r − k − 1)!(k + t2)!

(
r − 1

k

)
∗[

βh(r − k, k + t2 + 1)[− log(1 − h)]
1
b +

∫ 1

h

ur−k−1(1 − u)k+t2 [− log(1 − u)]
1
b du

]
.

(3.22)

When we suppose the value of largest trim is equal to one, i.e. t2 = 1, from (2.24), we get

µB
′(0,1)

r =
a(r + 1)!

r

r−1∑
k=0

(−1)k

(r − k − 1)!(k + 1)!

(
r − 1

k

)
∗[

βh(r − k, k + 2)[− log(1 − h)]
1
b +

∫ 1

h

ur−k−1(1 − u)k+1[− log(1 − u)]
1
b du

]
.

(3.23)

Substituting r = 1, 2 in equation (3.23); the first two Type-B′T TL-moments for Type-I left
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censoring with right trim for Weibull distribution will be:

µ
B(0,1)
1 = a

[
1 − (1 − h)2

]
[− log(1 − h)]

1
b + 2−

1
b aΓ(−2 log(1 − c),

1

b
+ 1). (3.24)

And,

µ
B′(0,1)
2 =3a

[[
1

6
(−1 + (1 − h)3) + βh(2, 2)

]
[− log(1 − h)]

1
b

+2−(
1
b+1)Γ(−2 log(1 − h),

1

b
+ 1) − 3−

1
b

2
Γ(−3 log(1 − h),

1

b
+ 1)

]
.

(3.25)

• Type-B′T; t2 = 2

When we suppose the value of largest trim is equal to one, i.e. t2 = 2, from (2.26), we get

µB
′(0,2)

r =
a(r + 2)!

r

r−1∑
k=0

(−1)k

(r − k − 1)!(k + 2)!

(
r − 1

k

)
∗

[βh(r − k, k + 3)[− log(1 − h)]
1
b +

∫ 1

h

[− log(1 − u)]
1
b ur−k−1(1 − u)k+2du]. (3.26)

Substituting r = 1, 2 in equation (3.26); the first two Type-B′T TL-moments for Type-I left

censoring with right trim for Weibull distribution will be:

µ
B(2,0)
1 = 3a

[
1

3

[
1 − (1 − h)3

]
[− log(1 − h)]

1
b + 3−(

1
b+1)Γ(−3 log(1 − h),

1

b
+ 1)

]
. (3.27)

And,

µ
B′(0,1)
2 = 2a

[[
1

4
(−1 + (1 − h)4) + 3βh(2, 3)

]
[− log(1 − h)]

1
b

+3−
1
b Γ(−3 log(1 − h),

1

b
+ 1) − 4−

1
b Γ(−4 log(1 − h),

1

b
+ 1)

]
.

(3.28)

4 Simulation Study

This section is devoted to illustrate the effect of an adaptation of the TL-moments method to

censored data in estimation process using a comparative numerical study. We will estimate the

two unknown parameters of the Weibull distribution using TL-moments, Direct L-moments and

ML methods given both right and left Type-I censored data. In this study we used the TL-

moments by trimming one and two data from the right and also from the left. A comparative

numerical study was carried out among the three methods based on estimate average, root of
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mean square error (RMSE) and relative absolute biases (RAB). Following are the steps of this

numerical study:

1. Generate random sample size n (60, 100 and 200) from the Weibull distribution with pa-

rameters (a, b) take these initial values (0.5, 5), (2, 4) and (0.2, 0.8).

2. The generated data is ordered.

3. Determine the level of censoring, take c = 20% and c = 50%.

4. Use TL-moments, Direct L-moments and ML estimators formulas mentioned in (2.9), (2.15),

(2.22) and (2.28) respectively and equate them with the corresponding theoretical moments

to get a and b estimates.

5. The simulation process to be repeated 5000 times.

6. Calculate means, root of mean square error (RMSE) and relative absolute biases (RAB) for

each sample size used and parameter values considered.

7. The simulation results are reported in Table (1) to Table (6).

5 RESULTS AND CONCLUSION

The simulations show, when the data contained outliers the TL-moments gave better estimates

comparing by Direct L-moments and ML methods. The tables show the results of various simu-

lation studies to assess the effect of the adaptation of the TL-moments method to censored data.

It should be noticed that; the RMSE and RAB of are fluctuate with small variations because

the estimates of the parameter a and b have negative but small covariance. In all cases, results

berform better when n gets larger.
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APPENDIX

The formal definition of the gamma function take the following form:

α−bΓ(b) =

∫ ∞
0

xb−1e−αxdx; α > 0, (A. 1)

putting y = e−αx this form becomes:

∫ 1

0

(− log(y))
b−1

dy = Γ(b). (A. 2)

Also; the lower incomplete gamma function is:

α−bγ(αc, b) =

∫ c

0

xb−1e−αxdx, (A. 3)

it can be shown that, ∫ c

0

(− log(y))
b−1

dy = γ(c, b). (A. 4)

And; the upper incomplete gamma function is

α−bΓ(αc, b) =

∫ ∞
c

xb−1e−αxdx, (A. 5)

it can be shown that, ∫ ∞
c

(− log(y))
b−1

dy = Γ(c, b). (A. 6)

The formal definition of the beta function take the following form:

β(a, b) =

∫ 1

0

ta−1(1 − t)b−1dt. (A. 7)

Lower incomplete beta function:

βc(a, b) =

∫ c

0

ta−1(1 − t)b−1dt. (A. 8)

Upper incomplete beta function:

βc(a, b) =

∫ 1

c

ta−1(1 − t)b−1dt. (A. 9)
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(Weibull, 1951),(Mahmoud, Khalil, El-Kelany, & Ibrahim, 2017),(Wang, 1996a),(Wang, 1990a),(Wang,

1990b),(Zafirakou-Koulouris, Vogel, Craig, & Habermeier, 1998)
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