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TL-moments for Type-I Censored Data with an

Application to the Weibull Distribution
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Abstract

This paper aims to provide an adaptation of the TL-moments method to censored data. The
present study concentrates on Type-I censored data. The idea of using TL-moments with censored
data may seem conflicting. But our perspective in that, we may use data censored from one side
and trimmed from the other side. This study is applied to estimate the two unknown parameters
of the Weibull distribution. The suggested point is compared with Direct L-moments and ML
methods. A Monte Carlo simulation study is carried out to compare these method in terms of

estimate average, root of mean square error (RMSE) and relative absolute biases (RAB).

Keywords: Censored Data; Estimation; Direct L-moments; TL-moments; Maximum likelihood;

Weibull Distribution.

1 Introduction

In the second half of the last century, there has been a great attention paid for using unconventional
estimation methods in the theory of estimation in addition to the classical methods. Classical estima-
tion methods (e.g, method of moments, method of least squares, and maximum likelihood method)
work well in cases where the distribution belongs to the exponential family. However, in some appli-
cations, the data contain there are some extreme observations which may influence the values of the
estimator greatly. Therefore, if there is a concern about outliers, one should use a robust method of
estimation which has been developed to reduce the influence of outliers on the final estimates. Us-
ing a robust estimation techniques for estimating unknown parameters has a great importance to the

investigator in many fields, such as in industrial, medical applications and occasionally in business
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applications. In recent Decades, a great attention for dealing with outliers has been focused on robust

estimation methods; see, for example, Barnett and Lewis (1994).

L-moments method has been noticed as appealing alternative to the conventional moments method,
see Hosking (1990). To avert the effect of outliers, Elamir and Seheult (2003) introduced an alternative
robust approach of L-moments which they called trimmed L-moments (TL-moments). TL-moments
have some advantages over L-moments and the method of moments; Tl-moments exist whether or not
the mean exist (for example, the Cauchy distribution) and they are more robust to the presence of

outliers.

The idea of TL-moments, the expected value E(X,_g..) is replaced with the expected value
E(X 4t —kir4t,45). Thus, for each r, we increase the sample size of a random sample from the
original r to r + t1 + t2, working only with the expected values of these r modified order statistics
Xy bl ty4ta ) Xty 42ty 4tas o) Xtq+rir+t, 41, DY trimming the smallest ¢; and largest t5 from the con-
ceptual random sample. This modification is called the 7** trimmed L-moment (TL-moment) and

marked as )\7@1 t2)

TL-moment of the r*" order of the random variable X is defined as:

1 r—1

r—1
A$t17t2) = TZ(_I)k< k )E(X'f-‘rh—ki’l"-i-h-l‘tz)a r=12,.... (11)
k=0

The expectation of the order statistics are given by:

r!

E(Xy) = G—D)l(r —d)!

/01 w1 —w) " q(u)du.

Its basic idea for the method of expectation is to take the expected values of some functions of the
random variable of interest and extend them to a sample and equate the corresponding results and

solve for the unknown parameters.

This paper is concerned with comparing the performance of three estimating methods; namely, TL-
moments, Direct L-moments, and maximum likelihood (ML); with Type-I censored data. This study
is applied to estimate the two unknown parameters of the Weibull distribution by quantile function
takes the form:

q(u) = a[—log(1 —u)]*, 0<u<l. (1.2)
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This article is organized as follows; TL-moments for censored data, in general case, is introduced
in Section 2. TL-moments for the Weibull distribution is presented in Section 3. Simulation study and

concluding remarks are presented in section 4 and 5 respectively.

2 TL-moments for censored data

For the analysis of censored samples; Wang (1990a, b, 1996a) introduced the concept of partial
probability-weighted moments (PPWMs). Hosking (1995) defined two variants of L-moments, which
he used with right-censored data. Zafirakou-Koulouris et al. (1998) extended the applicability of L-
moments to left-censored data. Mahmoud et al. (2017) introduced two variant of what they termed the
method of Direct L-moments and used them of right and left censored data from the Kumaraswamy

distribution.

The aim of this section is introducing an adaptation of the TL-moments method to censored data.
In fact, the idea of using TL-moment with censored data may seem conflicting, but the idea is that we

may use data censored from one side and trimmed from the other side.

2.1 Right Censoring for Left Trim

Let 1, 22, ..., z, be a Type-I censored random sample of size n from a population with distribution
function F'(z) and quantile function ¢(u). We know, from formula of TL-moments (1.1), that TL-

moments are defined as:

-1

r k 1
(t,t2) _ (Tt +12)! (=1) r—1 k11 stk
Artt = r kZ:O rt+t—k—Dt+oI\ & ) ), " (1 —u)* q(u)du. (2.1)

When we suppose left trim ¢y, i.e. to = 0. From formula (2.1) we get

r—1 k 1
(t1,0) — 71 + tl r—1 r4+t1—k—1 o k
S Z r+t1 —1)!k!< k) (1 —u)%q(u)du. (2.2)

k=0

In this case, let the censoring time T satisfy F'(T) = ¢ and c is the fraction of observed data. The

random sample takes the form x4, 41, %, 42, ..., Tn.
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T1n S T2:n S Tt S xtlzn § xtl—&-l:n § xt1+2:n S e S Lm:n § T S wm—!—l:n § e S Tp—1:n S Tn:n

t1 (trimmed) m (observed) n—t1—m (censored)

2.1.1 TL-moments for Right Censoring (Type-AT)

The quantile function of Type-AT TL-moments is

vy (u) = q(uc), 0<u<l. (2.3)

substitution into equation (2.2) leads to the Type-AT TL-moments where:

r

L )k 1
(r+ t1 r—1 it —fe
Mo A0 Z r 4+ tl —k— 1! ( k ) /0 uthk 1(1 - u)kyA(“)du

0
—1

_ (r+ ) (=1)* r=1\ [° k1 k

~ rerth =t —k-1WN\ k /0 “ (¢ = u)q(u)du. (24)

=0

When we suppose the value of smallest trim is equal to one, i.e. t; =1, from (2.4), we get

’r‘—l k
a0 _ (r+1)! r—1
o oL Z A

=0

/ u" (e — u)kq(u)du. (2.5)

0

In this case, the first four Type-AT TL-moments are given by the follows:

AQ1, 2 (€
00 = 5 [ watwyan, (2.6a)
A0 31 [, ¢
py =3 |5 | walwdu— [ u(c—u)q(u)du|, (2.6b)
c 12 ), 0
Ao _ A1 [ 5 ‘2
I3 =— |5 [ wqludu—2 [ u(c—u)q(u)du
(13 Jo 0
+/ U(c—u)gq(U)du] : (2.6¢)
0
A0 5 [1 [y, ¢,
Hy =— |- [ vqwdu—-3 [ u(c—u)g(u)du
4 ), 0
+g/ u2(cfu)2q(u)du—/ u(c —u)3q(u)du| . (2.6d)
0 0

When we suppose the value of smallest trim is equal to two, i.e. t; = 2, from (2.4), we get

) L e D L s N A
pr 0 = (rcr+2) ;(r —(k+)1)!k!( k )/0 u e - u)q(u)du. @7
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Substituting » = 1,2, 3,4 in Eq. (2.7), we get the first four Type-AT TL-moments:

3 c
Pl = = /0 W?q(u)du, (2.82)
o _ 4 / Wa(u)du — 3 / w2 (e — u)g(u)dul (2.8D)
2ct LJo 0
pA0) _ i5 / uq(u)du — 8/ u® (e — u)q(u)du
3c LJo 0
+6/ UQ(C— u)gq(u)du} ’ (2.8¢)
0
’u/f(Q’O) = i / u5q(u)du — 15/ ’LL4(C - u)q<u)du
466 LJo 0
+30/ u?(c—u)?q(u)du — 10/ u?(e— U)?’Q(U)dU] : (2.8d)
0 0

Using the method of expectations, Type-AT TL-moments estimators is given by:
r—1

w25 ) (k) () e

r+t1) i=t1+1 k=0
2.1.2 TL-moments for Right Censoring (Type-BT)
The quantile function of Type-BT TL-moments is

q(u), 0<u<c
y"(u) =
qlc), c<u<l

substitution into the formula of left trimming in (2.2), the Type-BT TL-moments are given by

r—1 k 1
B(t1,0) _ (r+1t1)! (=1) r—1 / rH k=101 _ )V 0B (w)d
Hr r g(r+t1—k71)!k! ko)) (1 =)y ™ (u)du

k=0
(rt) = (—1)* r-1y,
o = (rtti— k-1 &

ol

[/0 u TR (1 — ) g(u)du + g(c) /Cl Wt R - )k
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Using the results in appendix, the second integration can be written as

—1

r4t1)! —1)k r—1
T k:O(r—i—tl—k—l).k. k

(2.10)
5t kb D)+ [l
0
where 5¢(a,b) is the upper incomplete beta function.
When we suppose the value of smallest trim is equal to one, i.e. t; =1, from (2.10), we get
(r+1)! [y r—1
B(1,0) _ -
s Iy ()
= ( (2.11)
[ﬁc (r—k+1,k+1)q(c) + / u" R (1 — )k q(u)du
0
In this case, the first four TL-moments for Type-BT right censoring are calculated as follows:
C
WP ~(1 - gl +2 [ uatuda, (2.12a)
0

3 ¢ ¢
pp 00 = (30220~ 5 a0+ 5 [ awiu=3 [T - e, (212)

pg 0 = <8/3¢(3,2) —4B:(2,3) - C;) q(c) + g / uq(u)du
0

- 8/0 u?(1 — w)g(u)du + 4/0 u(1 —u)?q(u)du, (2.12¢)

B(1,0) 45 ¢
Hy = <15ﬂc(43 2) - ?50(37 3) + 5ﬂc(2?4) - 4) q(c)
+2 [utaiu=15 [ w00 - waia
0 0

45

+ 3/ w?(1 —u)?q(u)du — 5/0 u(l —u)3q(u)du. (2.12d)

When we suppose the value of smallest trim is equal to two, i.e. ¢t; = 2, from (2.10), we get

r—1

2.0) (r+2)! (—1)k r—1
0 = kz_;)(r—k—i—l)!k!( k )*
[mrk+2,k+1)q(c)+/ocq(u)u’“ L1 — w)kdu (2.13)
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In this case, the first four TL-moments for Type-BT right censoring are calculated as follows:

uPO (1 - M(e) + 3 / "W2q(u)du, (2.14)
W0 = (65..2)- 5 ) ate)+2 | [ watwan =3 [ a2 - watuya]. (2.140)
uf(z’o) _ (4;50(4,2) —108.(3,3) — (;5) q(c)
§ cu4 u)du — Cu?’ —u)q(u)du 0u2 — u)?q(u)du C
S| e s [0 wganss [0 - wtwad . e
6

pBEO _ (42550(5,2) — 450,(4,3) + 156,(3,4) — 4> q(c)

+ g [/Oc uSq(u)du — 15 /OC ut(1 — u)g(u)du

+ 30/0 u(1 —u)?q(u)du — 10/0 u?(1 —u)3q(u)du. (2.14d)

Using the method of expectations, Type-BT TL-moments estimators is given by:

e = | 2 E ()T ()

(S S ()]

2.2 Left Censoring for Right Trim

(2.15)

Let x1, 9, ...,x, be a random sample of size n. When we suppose right trim ¢s, i.e. t; = 0. From

formula (2.1) we get

7‘71 1
+t2 (—1)* r—1 L
AO) (T 3 / rek=1(] g ktte gy, 2.16
r 24 rfkf DT\ K ) ), g ()t du (2.16)

In this case, The random sample become on the form of x1,zs2,...,2n—t,. Type-I left censoring

occurs when the observations below censoring time 7' are censored:

T1:n S T2:n S e S Tm—1:n S T S Tm:n S Tm+1lin " S Tn—ty:n S Tty:n S Tto41n * S Tn:n

s (censored) n-to-s (observed) to(trimmed)
Let censoring time T satisfy F(T) = h and h is the fraction of censored data.


http://dx.doi.org/10.20944/preprints201808.0039.v1
http://dx.doi.org/10.3390/mca23030047

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 2 August 2018 d0i:10.20944/preprints201808.0039.v1

2.2.1 TL-moments for Left Censoring (Type-A'T)
The quantile function of Type-A'T TL-moments is
y () =q(1—=hu+h) 0<u<l

substitution into (2.16) leads to the Type-A'T TL-moments where:

r — D)I(k +t2)!

Pt —1* r—1 ' r—k—1 to
:Té—h;r)*“?;(r—kfn?(mm!( k >/h a(w)(w— )1 =) du (217)

r—1 k 1
P 082) — (r+t2)! Z i (—1? (7" ; 1) / A (W) F (1 — w)F
k - 0

When we suppose the value of largest trim is equal to one, i.e. to = 1, from (2.17), we get

on D S (-1)* e W TV PR
e —T(l_h)m;<r_k_1>!(k+l)!( ) [ a0t eas)

In this case, the first four TL-moments for Type-A'T left censoring are calculated as follows:

A0 i = ot /h "1~ wgu)du, (2.192)
R / (1)1~ w)gu)du — § / - u>2q<u>du] , (2.19b)
00 = o —4h)4 :/hl(u — W1 — ug(u)du — 2 /hl(u — (1 - w)2q(u)du

+ /h - u)sq(u)du] , (2.19¢)
p D _ i fh)5 :/hl(u — h)3(1 — w)gq(u)du — g /h1 (u—h)*(1 —u)’q(u)du

1

13 /h (1 = h)(1 — u)q(u)du — i / (1— u)4q(u)du] . (2.194)

h

When we suppose the value of largest trim is equal to two, i.e. to = 2, from (2.17), we get

A'(0,2) _ (r +2)! - (=1)* r—1 ' Ol — ) 11 — ) 2du
' T(l—h)r“];)(r—k;—l)!(k:—i—Z)!( k )/h g(w)(u =R (1~ ) du - (2.20)
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In this case, the first four TL-moments for Type-A'T left censoring are calculated as follows:

) :ﬁ /h "1 wPgwdu, (2.21a)
LA 02 :ﬁ {3 /h (= (1 — w)q(u)du /h o u)3q(u)du] , (2.21b)
0P =g [6 / (0= W01 — ()
_8 /hl(u ~ (1 — w)q(u)du + /hl(l _ u)4q(u)du} 7 (2.21¢)
A0 :ﬁ {10 /hl(u —R)(1 = w)2q(w)du — 30 /hl(u ~R)2(1 - w)q(u)du
115 /hl(u ~ ) (1 — w)dg(u)du — /hl(1 - u)5q(u)du] . (2.21d)

Using the method of expectations, Type-A'T TL-moments estimators is given by:

n—

to—sr—1 . .

/ -1 1 —1 n—tyo—8s—1
MAOf2) = > § " 2 Xovim 2.22
I8 (n t25 — T*k*l k+t2 +u: ( )

r+ia =1
2.2.2 TL-moments for Left Censoring (Type-B'T)

The quantile function of Type-B’T TL-moments is

B q(h), 0<u<h

q(u), h<u<l

substitution into equation (2.16) leads to the Type-B'T TL-moments where:

r—1 k 1
B'(0,t2) _ (r+t2)! (-1) r—1 / B’ r—k=1(1 _ )k +t2g
B r S r—k-Dik+)I\ k) Sy Y (™ (1 = u) 2 du

(r 4 t2)! (—1)k r—1
r — (r—k— )w+w)(k)

i??‘
»—AO

*

h 1
/ (] uw k—1 1 )k+t2du + / q(u)ur—k—l(l _ u)k—i—tzdu )
0 h

|—|O
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Using the results in appendix, the first integration can be written as

r—1

k
B _ (r+1)! (-1) r—1
Hr 2 r—k—Dl(k+t)!\ &

k=0 1 (2.23)
Bu(r — b,k + ta + )q(h) + / 7E (1 = ) gl
h

*

—

where (3, (a,b) is the lower incomplete beta function.

When we suppose the value of largest trim is equal to one, i.e. t5 = 1, from (2.23), we get

rfl k
B/(0,1) _ (r41)! r—1
Hr Zr— k—1)! k+1)!( k
k=0 (2.24)
1
* {ﬁh(r —k,k+2)q(h)+ / u" R — w) g (u)du| .
h
The first four TL-moments for Type-B’T left censoring are calculated as follows:
B’(0,1) !
PEOD (1= Ry g(h) + 2 /h (1 = w)g(u)du, (2.952)
: 1
O = | ST = 1) +352.2) alh)
] 1 3 1
+3 / u(l — wg(u)du — > / (1 — u)2q(u)du, (2.25D)
h h
: M1
0 = |20 (= 1) = 8512, + 464(3,2)| 400
) 1 1
+ 4/ u?(1 — u)q(u)du — 8/ u(1 —u)?q(u)du
h h
4 1
+ 3 / (1 —u)?q(u)du, (2.25¢)
h
: 1
O = LT (L= 10%) ~ 1562, ) + 2 0(3.3) + 5504.2)] (1)
s 45 U2 2
+5 | w(l—u)glu)du— — (1 —u)*q(u)du
h 2 Jn
1 5 1
+ 15/ u(1 —u)?q(u)du — 1/ (1 — u)*q(u)du. (2.25d)
h h
When we suppose the value of largest trim is equal to two, i.e. to = 2, from (2.23), we get
r—1 k
B'(02) _ (r+2)! r—1
Ha er k—1)! k:+2)! k
paril (2.26)

1
* [ﬁh(r —k,k+3)q(h)+ /h q(u)u" 1 — w)* 2 g(u)du | .

10
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The first four TL-moments for Type-B’T left censoring are calculated as follows:

1

109 <[ o) +3 [0 wPtud @227

Mf’(o,ﬂ) _ é(_l + (1= h)Y) +684(2, 3)} q(h)

+ 6/h u(l —u)?q(u)du — Q/h (1 —u)?q(u)du, (2.27b)

WO = 30— (- 1) - Tz a)+ wﬁh<3,3>} a(h)

+ 10/h u?(1 — u)?q(u)du — 43—0/h u(1 — u)3q(u)du
+ g /h (1 —u)q(u)du, (2.27¢)

py % [i<—1 £ 1)+ 2 5(3,5) — 45(3,4) + 15&1(4,3)} a(h)

1

+ 15/h u? (1 — u)?q(u)du — 45/h u?(1 —u)3q(u)du

* 4?5 . u(l —u)*q(u)du - %/h (1 —u)'q(u)du. (2.27d)

Using the method of expectations, Type-B’T TL-moments estimators is given by:

e (EE (LG
" <_z:+21 ;; 1) (T ; 1) (r i; 1— 1) (ﬁé)) Xi:n] : (2.28)

3 TL-moments for Censored Data for Weibull distribution

In this section, the 7" population TL-moments for the Weibull distribution is introduced.

3.1 Right censoring with left trim

e Type-AT; t; =1

From equation (2.4), the r** population Type-AT TL-moments for Type-I right censoring for the

11


http://dx.doi.org/10.20944/preprints201808.0039.v1
http://dx.doi.org/10.3390/mca23030047

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 2 August 2018 d0i:10.20944/preprints201808.0039.v1

Weibull distribution is:

r—1 c
A(t1,0) _ (r+t)! r—1 bty —k—1(,. . \k[_ Nk
Mo rc’““l kz;) 7‘+t1 _1)%, i ; u'th (¢ —u)*[—1log(1 — u)]? du.

(3.1)

By taking that the value of smallest trim is equal to one ¢; = 1, from (2.5) we get

/C u" k(e —u)k[—log(1 — u)]%du. (3.2)

0

r—1
MA(I 0) (T-i-l)' Z (_1)k r—1
" rertl P (r—k)KI\ kK

Substituting » = 1,2 in equation (2.6a); the first two Type-AT TL-moments for Type-I right

censoring with left trim for Weibull distribution will be:

A0 _ 2a € 1
py = —2/ u[—log(1 — u)]? du.
¢ Jo
Putting z = —log(1 — u) this equation becomes:

9 —log(l—c)
0 = c_g/o (1—e*)zbe "dz

2 —log(1—c) —log(1—c)
— _;L / Z%e_zdz —/ z%e_QZdz .
¢ 0 0

Using the results in the appendix this equation can be written as

2a 1 1 1
00 =2 hctop - g+ 1) - 2o -9 g 1] 63

where v(c,b) is the lower incomplete gamma function.

Similarly, from equation (2.6b), we can also obtain the second Type-AT TL-moments, in case

12
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t; = 1, for Type-I right censoring for the Weibull distribution as follows:

A(1,0
M2( )

3a |1

3a |3

A |2

3 _3 —log(1—c) —log(1—c)

= (-2 e )steds-c (1—e*)bedz
C _2 0 0

30 [ 3 —log(1—c) —log(1—c)

7? (= —¢) / 2be *dz — (3— c)/ 2he 2 dz

C 2 0 0

3 —log(1—c) L
+— / 2be 3%z
2 Jo

e Type-AT; t; =2

When we suppose the value of smallest trim is equal to two, i.e. t; = 2, from (2.7), we get

it

(2,0) _ a(r +2)!

r

1
~v(—3log(1 — ¢), 3 +1)

1

rert2
k

=0

u 2/Ocuﬂ—log(l—u)}idu—/ocu@—u)[—logu—u)]idu]
= 2/OCUQ[—log(l—u)ﬁdu—c/ocu[—log(l—u)]idu}

3 3 —log(1—c) —log(1—c)
g / (1- e_z)Qz%e_zdz - c/ (1- e *)zbe ?dz
0 0

sa {(‘;’ — )y~ Tog(1 - ), % +1) = (83— )2 G y(—210g(1 — o), % +1)

— _1\k r— c )
2. —<k 1+) 1)TE! ( k 1) /0 W e —w)f[—log(1 —w)]Pdu.  (3.5)

Substituting » = 1,2 in equation (3.5); the first two Type-AT TL-moments for Type-I right

censoring with left trim for Weibull distribution will be:

And,

A(2,0
Mz( )

A(2,0) _ 3a
ﬂ1( )=

2a
oA

1 1
+3_%(4 —¢)y(—3log(1l —¢), 3 +1)— 4_%7(—4log(1 —0), 3 +1).

e Type-BT; t; =1

3

{’y(— log(1 — ¢), % +1)— 2*%7(—210g(1 —¢), % +1)

1
+3 G0 (=31log(1 — ¢), 7 +1).

[(4 —3¢)y(=log(1 = ¢), % +1) —27%(6 — 3¢)y(—2log(1 — ¢), T

b

)

(3.7)

From equation (2.10), the r** population Type-BT TL-moments for Type-I right censoring for
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the Weibull distribution is

r—1
B(t1,0)
Nr(

r+t)! )k
1 Z ’I“—l—tl

p 1)kl (rk: 1>*
[

B 11— bk D= log(1 = )+ [ a0 ) dog(1 — ) du

0

a(r+1)! .
pE0)

o)
(

B~ ko Lk D[ log(1 = 9 + [ 01— ) log(1 — )]

1,2 in equation (

(3.8)

By taking that the value of smallest trim is equal to one t; = 1, from (2.11) we get

Substituting r

(3.9)
); the first two Type-BT TL-moments for Type-I right
censoring with left trim for Weibull distribution will be

1
p " = 2a | S (1= )~ log(1 — )b +y(~log(1 —¢). 7 +1)
. (3.10)
27 (—210g(1 —chp+ |-
And,
B(1,0) Lo 3 11 1
pa 7 =3a | 5(c” = ¢)[=log(l = ¢)]F + oy(=log(l —¢), p +1)
i (3.11)
_1 1 370 1
—27b~(—2log(1 — ¢), 5 +1)+ 5 ~v(—3log(1 — ¢), 3 +1)|.
e Type-BT; t; =2

ar+2!r71 —1)k
o0 S G

(%)
L (r—k+ 1)K\ k

5= ke 2 D Tog(t Ol + [ - 0¥ gt — b

When we suppose the value of smallest trim is equal to two, i.e. t; = 2, from (2.13), we get

(3.12)
Substituting » = 1,2 in equation (3.12); the first two Type-BT TL-moments for Type-I right
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censoring with left trim for Weibull distribution will be:

1-¢e3 1
Y = 30 | === log(1 — O} +y(~log(1 — ), 7 +1)
(3.13)
_1 1 _(l+1) 1
—275y(—2log(1 — ¢), 7 +1)+ 37Ty (=3log(l —¢), 3 +1).
And,
B(2,0) ct 1
py =20 |(36(3,2) — )[~ log(1 — )]
1 1
+y(~log(1 — ). 7 +1) — 3 27t~y (—2log(1 — ¢), R (3.14)

1 1 1 1
+3'" (=3 log(1 — ¢), 5 +1) —47vy(—4log(l —¢), 3 +1)|.

3.2 Left censoring with right trim

e Type-A'T; ;=1
From equation (2.17), the 7" population Type-A’T TL-moments for Type-I left censoring for

the Weibull distribution is:

A(0t2) _ a(r—|—t2)! r—1 (_1)k r—1 .
Hor r(1— h)rttz kZ:o (r—k =1k +12)! ( k ) (3.15)

1
/h [—log(1 — w)]* (u — h)"F (1 — w)" "2 du.

When we suppose the value of largest trim is equal to one, i.e. to = 1, from (2.18), we get

*

A'(0,1) _ a(r+1)! ! (—1)k o1
Hy r(1—h)rtl p (r—k—1Dl(k+1)! ( k ) (3.16)

/l(u — )R — W) = log(1 — u)] ¥ du.
h

Substituting » = 1,2 in equation (3.16); the first two Type-A’T TL-moments for Type-I left

censoring with right trim for Weibull distribution will be:

1

aon _ _2a g )2
7% - h)QF( 2log(1 — h), A +1). (3.17)
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And,

Aon_ __3a 1—h)275T(—=2log(1 — 1 1) — 37 5T(-3log(1 — ! 1
1 OB (1 —h)27sT(—2log( h),b+ ) =377 I'(—3log( h)ab+ )| -

(3.18)
e Type-A'T; ty =2

When we suppose the value of largest trim is equal to one, i.e. t3 = 2, from (2.20), we get

r—1

/ a(r + 2)! —1)k r—1 ! ke 1
i 0,2) _ r(l(_ h)r)+2 > = k(_ 1))!(k; - ( L ) /h (u—h)""F 1 (1—0)" 2]~ log(1—u)] * du.

(3.19)

Substituting » = 1,2 in equation (3.19); the first two Type-A’T TL-moments for Type-I left

censoring with right trim for Weibull distribution will be:

A2 _ 30 po ST 3.20
Hy (1_h)3r( 310g(1 )7b+ ) ( . )
And,
A(0,1) 2a _1 1 1 1

e Type-B'T; ty =1
From equation (2.23), the " population Type-B'T TL-moments for Type-I left censoring for

the Weibull distribution is:

1"—1 k
B'(0,ta) _ (r+ t2 (-1) r—1
Hor 2 r—k-DIk+t)!\ & )"

k=0

1
[Bh(r"“k“ﬁlﬂ—bg(l—h)ﬁ + /h WL )R [ log(1 - w)] b dul .
(3.22)

When we suppose the value of largest trim is equal to one, i.e. to = 1, from (2.24), we get

B'(0,1) = ) r—1
e 0= gr— k— 1)l k+1)!( k )*

k=0

: (3.23)
[Bh(r —k,k+2)[~log(1 — h)]* + /h w (L = w) = log(1 — w)] du | .

Substituting » = 1,2 in equation (3.23); the first two Type-B’'T TL-moments for Type-I left
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censoring with right trim for Weibull distribution will be:

u?(o’l) =a[l—(1-h)?*][-log(l— h)]% + 2_%aI‘(—2 log(1 —¢), % +1). (3.24)

And,

B0 s, Hé(l + (1= %)+ Bn(2,2)| [ log(1 — m)}
(3.25)

1 37 1
+27 D (<2log(1 — h), 5 +1) - TbI‘(—3log(1 —h).p 1)

e Type-B'T; ty =2

When we suppose the value of largest trim is equal to one, i.e. to = 2, from (2.26), we get

02 alr +2)1 S (=DF rel
pB'02) - " ;)(T_k_l)!(kw)!( k )*

1
[Bu(r — k, k + 3)[—log(1 — h)]® + /h [—log(1 — w)]Pu""F1(1 — u)**2du]. (3.26)

Substituting » = 1,2 in equation (3.26); the first two Type-B'T TL-moments for Type-I left
censoring with right trim for Weibull distribution will be:

1 1 1 1
PP = 34 [3 [1 = (1= 1)’ [Flog(1 = W)]¥ +37GFIT(=3log(1 —h), . +1)| . (3.27)

And,

pb O = 9 Hi(—l + (1= h)Y) +36,(2,3)| [~ log(1 — h)]?
(3.28)
+373T(=3log(1 — h), % +1) —473T(—4log(1 — h), % +1)].

4 Simulation Study

This section is devoted to illustrate the effect of an adaptation of the TL-moments method to
censored data in estimation process using a comparative numerical study. We will estimate the
two unknown parameters of the Weibull distribution using TL-moments, Direct L-moments and
ML methods given both right and left Type-I censored data. In this study we used the TL-
moments by trimming one and two data from the right and also from the left. A comparative

numerical study was carried out among the three methods based on estimate average, root of
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mean square error (RMSE) and relative absolute biases (RAB). Following are the steps of this

numerical study:
1. Generate random sample size n (60, 100 and 200) from the Weibull distribution with pa-
rameters (a,b) take these initial values (0.5,5), (2,4) and (0.2,0.8).
2. The generated data is ordered.
3. Determine the level of censoring, take ¢ = 20% and ¢ = 50%.

4. Use TL-moments, Direct L-moments and ML estimators formulas mentioned in (2.9), (2.15),
(2.22) and (2.28) respectively and equate them with the corresponding theoretical moments

to get a and b estimates.
5. The simulation process to be repeated 5000 times.

6. Calculate means, root of mean square error (RMSE) and relative absolute biases (RAB) for

each sample size used and parameter values considered.

7. The simulation results are reported in Table (1) to Table (6).

5 RESULTS AND CONCLUSION

The simulations show, when the data contained outliers the TL-moments gave better estimates
comparing by Direct L-moments and ML methods. The tables show the results of various simu-
lation studies to assess the effect of the adaptation of the TL-moments method to censored data.
It should be noticed that; the RMSE and RAB of are fluctuate with small variations because
the estimates of the parameter a and b have negative but small covariance. In all cases, results

berform better when n gets larger.

18
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APPENDIX

The formal definition of the gamma function take the following form:
a~’T(b) :/ 2 lem % dy; a >0, (A. 1)
0
putting y = e~ ** this form becomes:
! b—1
[ (- log) "y =) (A-2)
0
Also; the lower incomplete gamma function is:
a y(ac,b) = / 2 le %y, (A.3)
0

it can be shown that,

/OC (—log(y)"'dy = +(c,b). (A. 4)

And; the upper incomplete gamma function is
a~'T(ac,b) :/ 2P lem %y, (A.5)

it can be shown that,

| sy ay = e (A 6)

The formal definition of the beta function take the following form:

1
B(a,b) = / 12711 — )b Lt (A.7)
0
Lower incomplete beta function:
Bu(a,b) = / 11— )y, (A. 8)
0
Upper incomplete beta function:
1
B¢(a, b) :/ t27 (1 — )b L. (A.9)
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